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1. Introduction & Motivation 

The Capacitated Facility Location Problem (CFLP) is a classical combinatorial optimization problem in 

operations research that addresses the challenge of determining which facilities to open and how to assign 

customers (or suppliers) to those facilities, subject to capacity constraints, while minimizing total cost. The 

problem arises naturally in logistics, supply chain design, telecommunications, energy infrastructure, and 

public service planning. Efficient facility location decisions can generate substantial reductions in logistics 

costs, improve resource utilization, and enhance the sustainability of supply chains. Because transportation 

expenses often represent a significant fraction of total operating costs, even small improvements in facility 

placement may yield considerable economic benefits. 

Classical location models such as the p-Median and p-Center problems assume that all customers must be 

served and that facilities have no capacity limitations — assumptions that frequently fail in real industrial 

contexts. The CFLP addresses this gap by introducing hard capacity bounds on each facility, ensuring that 

the total demand assigned to any open facility does not exceed its maximum (or minimum) throughput. 

The specific variant studied in this report is motivated by biomass supply chain design for green energy 

production — in particular, the design of wheat straw ethanol plants in the Champagne-Ardenne region of 

France. In this setting, each potential plant location carries a minimum feedstock requirement: the facility 

is only economically viable if it receives a sufficient volume of raw material. This minimum-threshold 

orientation distinguishes this variant from the classic maximum-capacity CFLP and introduces a 

fundamentally different feasibility landscape. 

 

Why the Standard CFLP Is Insufficient? 

The p-Center and p-Median problems assume all demand nodes must be served and that facilities have no 

minimum input threshold. In biomass supply chain design: 

• Ethanol plants require a minimum feedstock volume to achieve economies of scale. 

• Below this threshold, the facility is economically non-viable — a constraint classical models 

ignore. 

• The total supply available often greatly exceeds the combined needs of all open plants 

(oversupply condition), so the optimization goal shifts from full coverage to strategic selection. 

Core insight: In oversupply environments, optimization shifts from coverage to strategic selection — 

choosing the most cost-efficient subset of suppliers while satisfying minimum capacity requirements at 

each open facility. 

 

The CFLP in the Broader Literature 

The CFLP is also known as the Capacitated Warehouse Location Problem or the Capacitated p-Median 

Problem. The problem was originally formulated by Balinski (1965) [2] and has since been extensively 



studied. The problem has applications across regional planning, distribution networks, telecommunications, 

energy management, and public service infrastructure planning such as hospitals and fire stations. 

Recent research has also highlighted the importance of facility location decisions for resilient and 

sustainable supply chain performance under uncertainty [5]. 

Key variants in the literature include: the Single-Source CFLP (SSCFLP), where each customer is served 

by exactly one facility; the multi-source CFLP, where demand can be split across facilities; and stochastic 

versions where demand is uncertain. This report focuses on the single-source variant with minimum 

capacity requirements, applied to biomass procurement. 

 

2. Problem Description & Mathematical Model 

It should be noted that the variant studied here differs from the classical CFLP formulation because facilities 

are subject to minimum throughput requirements rather than maximum-capacity limits. The CFLP 

considered in this work involves selecting p facility sites from a set of candidates and assigning a subset of 

suppliers to each open facility, subject to minimum supply requirements, at minimum total cost. 

 

Data Inputs & Decision Variables 

Symbol Description 

S Set of available suppliers (indexed i = 1…m) 

svᴵ Supply volume of supplier i 

P Set of potential facility sites (indexed j = 1…n) 

cᴵⱼ Assignment cost: transporting supplier i to site j 

FPⱼ Fixed opening cost for a facility at site j 

CRⱼ Minimum capacity requirement at site j 

p Exact number of facilities to open 

yⱼ Binary: 1 if facility j is opened; 0 otherwise 

xᴵⱼ Binary: 1 if supplier i is assigned to facility j; 0 otherwise 

 

Key Assumption: Each supplier commits their entire supply volume svᴵ to a single assigned facility. Partial 

fulfillment or split assignments are not permitted, reflecting contractual and logistical norms in biomass 

procurement. Binary variables are commonly used in facility location problems because opening decisions 

and supplier assignments are indivisible in practice. A facility is either opened or closed, and a supplier is 

either assigned to a facility or not assigned at all. 

 

 

 



Objective Function & Constraints 

The CFLP is formulated as a Mixed-Integer Program (MIP) with a minisum total cost objective: 

Minimize  Z  =  Σᴵ∈S Σⱼ∈P cᴵⱼ · xᴵⱼ  +  Σⱼ∈P FPⱼ · yⱼ 

Subject to the following constraints: 

Label Formula Interpretation 

C1 · Assignment Σⱼ xᴵⱼ ≤ 1  ∀i∈S Each supplier is assigned to at most one plant. Some may remain 

unassigned in oversupply. 

C2 · Min Supply Σᴵ svᴵ·xᴵⱼ ≥ CRⱼ·yⱼ  ∀j∈P If facility j opens, total assigned supply must meet its minimum 

requirement 𝐶𝑅𝑗. 

C3 · Facility 

Count 
Σⱼ yⱼ = p Exactly p facilities must be opened — no more, no fewer. 

C4 · Binary 

Domain 
xᴵⱼ, yⱼ ∈ {0,1} All variables are binary. Facilities are fully open or closed; 

suppliers are fully assigned or not. 

 

The interplay of C1 and C2 defines this variant’s unique character: suppliers can be excluded (C1), yet 

facilities must still be adequately fed (C2). This tension is the core of the optimization challenge. 

Constraint C1 prevents suppliers from simultaneously serving multiple facilities, reflecting contractual 

exclusivity. Constraint C2 guarantees that every opened facility receives enough supply to operate 

economically. Constraint C3 enforces strategic planning requirements by fixing the number of facilities to 

be opened. Finally, Constraint C4 ensures that all decisions remain discrete and realistic. 

 

3. Case Study: Champagne-Ardenne Biomass Project 

The motivating real-world instance for this work is the design of a wheat straw ethanol supply chain in the 

Champagne-Ardenne region of France. This case study directly inspired the minimum-threshold variant of 

the CFLP studied here. 

 

Candidate Sites Plants to Open (p) Wheat Straw Suppliers Min. Capacity per Plant 

6 4 ~2,000 𝐶𝑅𝑗 (site-specific) 

 

Viability Thresholds 

Ethanol production is only economically viable above a critical throughput. Each plant carries a hard 

minimum capacity requirement CRj. Falling below this threshold makes the facility financially 

unsustainable, motivating the minimum-supply constraint C2 in the model. 

 

 



The Oversupply Paradox 

The total regional wheat straw supply greatly exceeds the combined needs of all four plants. The 

optimization goal therefore becomes strategic selection — choosing the cheapest subset of suppliers — 

rather than full coverage of all nodes. This is the defining characteristic that differentiates this CFLP variant 

from classical maximum-capacity formulations. 

Contractual Integrity 

Each agricultural cooperative is contractually bound to supply a single processing plant, avoiding logistics 

complexity. No split-supply agreements are permitted, directly motivating the binary single-assignment 

constraint C1 in the model. 

3.1 Illustrative Example 

To further illustrate the mathematical model, consider a simplified instance of the problem involving four 

suppliers (S1–S4) and two candidate facility locations (F1 and F2). The available supply volumes are 40, 

30, 50, and 20 units, respectively. Facility F1 has a fixed opening cost of 100 monetary units and facility 

F2 has a fixed opening cost of 120 monetary units. Both facilities require a minimum throughput of 80 units 

in order to operate. Transportation costs are assumed to be: S1→F1 = 10 and S1→F2 = 25; S2→F1 = 15 

and S2→F2 = 20; S3→F1 = 12 and S3→F2 = 18; and S4→F1 = 20 and S4→F2 = 10. 

Assume that exactly one facility must be opened (p = 1). A feasible solution consists of opening facility F1 

and assigning suppliers S1, S2, and S3 to that facility, while supplier S4 remains unassigned. The total 

assigned supply is 40 + 30 + 50 = 120 units. Since 120 ≥ 80, the minimum-capacity requirement is satisfied. 

Furthermore, each supplier is assigned to at most one facility and exactly one facility is opened, satisfying 

constraints C1 and C3 of the model. 

 

Figure 1. Feasible solution for the illustrative CFLP instance. Suppliers S₁, S₂, and S₃ are assigned to 

facility F₁, generating a total throughput of 120 units and satisfying the minimum-capacity requirement of 

80 units. Facility F₂ remains closed and supplier S₄ is excluded under the oversupply condition. The 

resulting objective value is Z = 137. 



The objective function value is obtained by adding transportation costs and facility opening costs. The 

transportation component is equal to 10 + 15 + 12 = 37, while the fixed opening cost of facility F1 is 100. 

Therefore, the total cost of the solution is: 

Z = (10 + 15 + 12) + 100 = 137 

Thus, the objective value of the feasible solution is Z = 137. This small example demonstrates how 

feasibility is verified through the capacity and assignment constraints, and how the objective function 

evaluates the trade-off between transportation costs and facility opening costs. 

 

4. Theoretical Foundations, Solution Architecture & Heuristics 

4.1 NP-Hardness of the CFLP 

Understanding the computational complexity of the CFLP is essential for justifying the use of heuristic and 

Lagrangian relaxation approaches rather than exact solvers for large-scale instances. The CFLP is NP-hard 

(non-deterministic polynomial-hard), a fact well established in the combinatorial optimization literature. 

This holds even in special cases — notably, the uncapacitated facility location problem (UFLP) is also NP-

hard. A large body of work has been devoted to designing approximation algorithms for CFLP and its 

variants. As problem size grows, the solution space expands exponentially, requiring specialized 

decomposition and relaxation methods. 

Reduction to the 0-1 Knapsack Problem 

A direct reduction demonstrates NP-hardness via the 0-1 Knapsack Problem. Consider the minimal subcase: 

n = 1, p = 1 (a single candidate site, a single facility). The location decision is trivial (y₁ = 1). The remaining 

task becomes: 

Minimize Σᴵ cᴵ₁ · xᴵ₁    subject to:    Σᴵ svᴵ·xᴵ₁ ≥ CR₁ 

Defining the complement variable Zᴵ₁ = 1 − xᴵ₁, the problem becomes: maximize savings from excluded 

suppliers within a budget defined by total supply minus CR₁. This is precisely the 0-1 Knapsack Problem 

— NP-Complete. Since the CFLP contains the Knapsack Problem as a special case, the CFLP is NP-Hard. 

 

Hierarchy of Location Models 

The CFLP studied here sits at the frontier of facility location models. The table below shows how it relates 

to predecessor models: 

Model Objective Capacity Type 

p-Median Minisum distance Uncapacitated 

p-Center Minimax distance Uncapacitated 

Cap. p-Median Minisum distance Maximum cap. 



Standard CCP Minisum distance Maximum cap. 

CFLP (this work) ★ Minisum total cost Minimum requirement 

 

 

Figure 2. Visual hierarchy of facility location models by constraint richness. 

 

4.2 Lagrangian Relaxation 

Given the NP-hardness of the CFLP, exact methods are computationally intractable for large instances. 

Lagrangian relaxation, originally formalized by Geoffrion [1], provides a powerful framework for 

decomposing large-scale integer programming problems. Lagrangian relaxation provides a principled 

approach to compute tight lower bounds and guide heuristic construction of feasible solutions. The 

decomposition framework and solution strategy presented in this report follow the approach described by 

Alenezy [3] for capacitated facility location problems 

The per-site subproblem for site j is a minimum-cost covering knapsack: given a set of suppliers each with 

a supply volume svᴵ and a modified cost (cᴵⱼ + λᴵ), select the cheapest subset whose total volume meets or 

exceeds CRⱼ. Formally: 

Minimize Σᴵ (cᴵⱼ + λᴵ)·xᴵⱼ + FPⱼ    subject to:    Σᴵ svᴵ·xᴵⱼ ≥ CRⱼ,  xᴵⱼ ∈ {0,1} 

This is solved via dynamic programming. The DP table tracks the minimum cost achievable for each 

possible accumulated volume level from 0 up to CRⱼ. Suppliers are processed one by one; for each volume 

level v, the algorithm considers whether including supplier i (moving from state v − svᴵ to v at cost cᴵⱼ + λᴵ) 

is cheaper than not including them. Once the table is filled, the minimum-cost assignment that meets or 

exceeds CRⱼ is read off. 

 

 

 

 



Subgradient Method 

At each iteration k, after solving all n knapsack subproblems and selecting the p best sites, the subgradient 

for multiplier i is computed as: 

gᴵᵏ = Σⱼ xᴵⱼᵏ − 1 

This measures how much the assignment constraint is violated in the relaxed solution. The step size is: 

𝑡𝑘 = 𝜃𝑘
𝑧𝑈𝐵 − 𝑧𝐿𝑅(𝜆

𝑘)

‖𝑑𝑘‖2
 

 

where z_UB is the best known feasible upper bound, 𝑧𝐿𝑅(𝜆
𝑘) is the current lower bound, and θᵏ ∈ (0, 2] is 

a scalar that is halved whenever the lower bound fails to improve for a fixed number of consecutive 

iterations. The multiplier update is: 

λᴵᵏ⁺¹ = max { 0, λᴵᵏ + tᵏ · dᴵᵏ } 

Phase 1 — Subgradient Deflection 

Instead of using gᵏ directly as the search direction, the direction incorporates a weighted memory of recent 

movement: 

ℎ𝑘 =
𝑔𝑘 + 0.1 ℎ𝑘−2 + 0.3 ℎ𝑘−1

1.4
 

 

The coefficients (0.1 and 0.3) give more weight to the most recent direction, producing a smoothed 

trajectory analogous to momentum in gradient descent. This prevents zig-zagging across narrow valleys in 

the multiplier space. 

Phase 2 — Standard Subgradient Refinement 

Once Phase 1 stagnates, the best multiplier vector λ* found in Phase 1 is used as the starting point, θ is reset 

to its original value to allow larger steps again, and the search direction reverts to the raw subgradient dᵏ = 

gᵏ. This restart behavior allows the algorithm to escape the local plateau reached by Phase 1 and continue 

refining the lower bound. 

 

4.3 Greedy Regret-Based Construction Heuristic 

The greedy construction proceeds as follows once the p facility sites are fixed: 

• Initialize all facilities as open with zero assigned supply. Mark all suppliers as unassigned. 

• For every (unassigned supplier i, open facility j) pair, compute the efficiency ratio cᴵⱼ / svᴵ — the 

transportation cost per unit of supply contributed. 



• Compute the regret score for each unassigned supplier: regretᴵ = (second-best cᴵⱼ / svᴵ) − (best cᴵⱼ / 

svᴵ). A high regret means failing to assign supplier i to their best facility is very costly. 

• Sort unassigned suppliers in descending order of regret. The supplier with the highest regret is 

assigned first. 

• Assign that supplier to their best available facility j* (lowest cᴵⱼ / svᴵ). Update accumulated supply 

of facility j*. 

• Repeat, recomputing regret at each iteration, until every open facility j has accumulated supply ≥ 

CRⱼ. Any unassigned suppliers remain excluded (oversupply condition). 

 

This regret-based ordering ensures that suppliers who are “locked in” to one facility (high regret) are 

assigned early, preventing locally cheap assignments that force expensive corrections later. Heuristic 

procedures similar to those proposed by Avella and Boccia [4] have proven effective for obtaining high-

quality solutions in large-scale facility location problems. 

 

 

Redundancy Elimination 

After greedy construction, each facility j typically has more assigned supply than CRⱼ requires. The 

redundancy elimination procedure trims this excess by solving a minimum-cost covering knapsack 

restricted to already-assigned suppliers for each facility. Any supplier not part of the minimum-cost 

covering subset is removed and returned to the unassigned pool. This step can significantly reduce total 

transportation cost. 

 

Tabu Search Metaheuristic 

The Tabu Search operates on the best feasible solution found after redundancy elimination. The key 

components are: 

Neighborhood — Move 1 (Supplier Exchange): For each unassigned supplier i and each open facility j, 

consider swapping i into facility j, simultaneously checking whether any assigned supplier i′ can be 

removed while keeping supply ≥ CRⱼ. The net cost change is Δ = cᴵⱼ − cᴵ′ⱼ. 

Neighborhood — Move 2 (Inter-Facility Transfer): For each pair of open facilities (j₁, j₂), consider 

moving supplier i from j₁ to j₂. Feasible only if supply at j₁ remains ≥ CRⱼ after removal. Cost change: Δ = 

cᴵⱼ₂ − cᴵⱼ₁. 

Tabu list: Each move is identified by the (supplier, facility) pair. After execution, the pair is forbidden for 

a tabu tenure of 5–15 iterations. An aspiration criterion overrides the tabu restriction if a tabu move yields 

a new best solution. 



Stopping criterion: The search terminates after a fixed maximum number of iterations without 

improvement to z_UB, or after a global iteration limit is reached. 

 

 

5. Worked Numerical Example & Computational Results 

To illustrate the algorithm, a scaled instance with p = 2 facilities, 6 candidate sites (Reims, Châlons, Troyes, 

Charleville, St-Dizier, Chaumont), and 10 cooperatives is used. Minimum capacity CRⱼ = 90 units, fixed 

opening cost FPⱼ = 1,200 per site, and all Lagrange multipliers λᴵ = 0 at iteration k = 1. 

 

Iteration k = 1 — Initial Lagrangian Walkthrough 

Site Cheapest Suppliers Selected Volume Assign. Cost Total ZKP 

Reims (RE) ★ S2(30)+S1(40)+S3(45) 130 ≥ 90 115 1,315 

Charleville (CM) ★ S5(30)+S3(50)+S10(55) 95 ≥ 90 135 1,335 

St-Dizier (SD) S1(35)+S8(50)+S2(85)+… ~100 ≥ 90 ~200 ~1,400 

Troyes (TR) S6(45)+S9(55)+S8(65)+S4(75) 105 ≥ 90 240 1,440 

Châlons / Chaumont (Not selected for p = 2) – – Higher 

 

A feasible solution is obtained by selecting Reims (RE) and Charleville (CM) as the two open facilities. 

The assigned suppliers provide 130 and 95 units of supply, respectively, satisfying the minimum capacity 

requirement of 90 units for each facility. Suppliers S4, S6, S8, and S9 remain unassigned under the 

oversupply condition. This example illustrates how the heuristic identifies facility locations and supplier 

assignments that satisfy all model constraints while maintaining low transportation and facility-opening 

costs. 

The computational results reported in this section are reproduced from the experimental study conducted 

by Alenezy [3] and are included to illustrate the effectiveness of the proposed decomposition and 

heuristic framework. 

 

Experimental Results Tables — Sets A, B & C 

The following figures show the detailed experimental results for each instance set: 



 

Figure 3. Experimental results — Set A (n=1,000, p=10). 

 

Figure 4. Experimental results Set B (n=10,000, p=100).  

  

 

Figure 5. Experimental results — Set C (n=1,000,000, p=1,000).  



Computational Performance — Large-Scale Validation 

To illustrate the behavior of the proposed approach, experiments were conducted on three instance sets 

containing 10, 100, and 1,000 suppliers. The results show how solution quality and computational effort 

evolve as the size of the problem increases. 

Requirement Ratio (r) Avg Exec. Time (ms) 

40% — Low Constraint 122.3 

60% — Moderate 125.4 

80% — High Constraint 154.6 

95% — Near-Full Usage 358.7 

 

 

Figure 6. Average and maximum duality gap (%) as a function of requirement ratio. 

 

 

Figure 7. Average execution time (ms) per requirement ratio level. 



 

Key Observations 

• Gap < 0.5% for r ≤ 80%: highly effective under typical industrial oversupply conditions. 

• Scalable to 4,000 suppliers: decomposition performance is insensitive to the number of suppliers. 

• Phase transition at r = 95%: gap and execution time more than double as supply flexibility 

vanishes. 

• Tabu Search adds 30–40% gap reduction over greedy construction alone. 

 

Constructive Heuristic vs. Local Search 

Three sets of experiments were conducted comparing the Constructive Heuristic (CH) and Local Search 

(LS) approaches across instances of increasing size. 

Set A (n = 1,000, p = 10): The Local Search consistently achieved lower solution costs (approximately 17–

52% improvement over CH), while requiring less runtime. CH runs in milliseconds (0.027–0.04 s) while 

LS requires about 0.02 s. 

Set B (n = 10,000, p = 100): Similar improvement ratios at larger scale. CH costs ranged from 5,911 to 

7,271 while LS reduced these to 4,342–5,125 — a 27–35% reduction — confirming the benefit of local 

search at medium scale. 

Set C (n = 1,000,000, p = 1,000): LS still improved upon CH by approximately 11–12%. LS runtimes were 

competitive (~8.9 s) compared to CH (~31.8 s) — an improvement of 64–80%. 

 

 

Figure 8. Relative solution cost comparison between Constructive Heuristic (CH) and Local Search (LS) 

across instance sets.  



Although the model captures the essential characteristics of biomass procurement planning, several 

simplifying assumptions are adopted. Transportation costs are assumed deterministic, supplier availability 

is considered fixed, and facility disruptions are not modeled. Future extensions could incorporate 

uncertainty, multi-period planning horizons, and stochastic supply conditions. 

6. Key Conclusions 

Consistent with the findings reported by Alenezy [3], Lagrangian decomposition transforms the original 

problem into tractable subproblems while maintaining solution quality. 

 

Minimum Thresholds Drive Cost Structure: In upstream biomass procurement, the dominant cost factor 

is not material availability but the strategic satisfaction of minimum processing thresholds at the lowest 

transport cost. 

 

Two-Phase Subgradient Outperforms Standard Methods: The deflection-refinement strategy produces 

consistently tighter lower bounds, with average duality gaps well below 0.5% for typical requirement ratios 

— providing decision-makers with high-confidence solutions. 

 

Tabu Search is Necessary, Not Optional: Greedy construction alone is insufficient for industrial 

deployments. Tabu Search metaheuristic refinement closes the duality gap by 30–40%, justifying its 

computational overhead in strategic decisions worth millions. 

 

The CFLP remains a vital model for green energy infrastructure planning — economically rigorous, 

computationally tractable, and practically validated on real-world biomass supply chain instances. 
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