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The article presents theoretical and experimental investigations of computational intelligence techniques
for machine sequencing problems. Contrary to other approaches, which are experimentally driven only,
our work is motivated by gaining insights in the underlying principles of heuristic search for this partic-
ular problem. We therefore first theoretically analyze local search neighborhoods, deriving expectations
about their relative performance. An empirical study on benchmark data follows, verifying the initial
propositions.

In result, we may conclude theoretically and empirically on the relative performance of neighborhood
search operators for the single machine total weighted tardiness problem. The results are useful for the
proposition of heuristic search procedures based on local search, as they lead to an order of neighborhood
structures with respect to their relative performance. The obtained insights are verified by investigating
the effectiveness of a (multi-operator) Variable Neighborhood Search approach for the problem at hand.
We are able to show that most known benchmark instances are reliably solved to optimality, leaving an
overall average gap of around 1% above the optimum.

� 2010 Elsevier B.V. All rights reserved.
1. Introduction

Machine scheduling plays an important role in modern manu-
facturing. After having agreed upon particular delivery dates with
the customers, the production and delivery of goods needs to be
organized such that orders can be fulfilled within the given time
boundaries, thus avoiding tardiness of orders as much as possible.
One aspect in this context is the already mentioned machine sched-
uling of the job floor, where starting times have to be found for the
operations with respect to a set of side constraints and one or sev-
eral optimality criteria. The side constraints usually ensure the
technical feasibility of the schedule, such as the common circum-
stance that a machine may only process a single operation at a
time. The optimality criteria allow an evaluation of a particular
production schedule, expressing its quality from the perspective
of a decision maker (production planner).

Research in machine scheduling and related fields is particu-
larly active and has led to the development of numerous exact
optimization approaches, many of which involve e.g. branch-and-
bound techniques. Most problems unfortunately are however
NP-hard. Consequently, heuristic approximation approaches have
been developed for a variety of scheduling problems. These
approaches range from problem specific heuristics such as
ll rights reserved.
dispatching rules to problem-independent metaheuristics/local
search algorithms. The latter class of search algorithms is based
on neighborhood search, a search principle which tries to improve
alternatives through a process of successive improving and/or
non-improving steps. In each step of the algorithm, one or several
alternatives are modified with the ultimate goal of identifying the
optimal solution. A transition from one alternative x to x0 is re-
ferred to as a move, and the computational procedures used to
map x into x0 are known as neighborhood operators.

In this sense, local search may be seen as an iterative walk
through a neighborhood graph G = (V,A). While the vertex set V
in G is given by the set of alternatives admissible to the heuristic
search procedure, the set of arcs A is induced by the particular
neighborhood structure. It becomes clear, that the appropriate
choice of these neighborhood operators highly influences the per-
formance of the search algorithm as it defines the possible way
how the algorithm may progress in the search space. Therefore,
reliable information on a qualitatively good neighborhood struc-
ture is beneficial when designing heuristic search algorithms.

In the current article we present an investigation of local search
neighborhoods for the single machine total weighted tardiness
scheduling problem (SMTWTP). The SMTWTP is a well-known
planning problem from operations research, engineering and com-
puter science. It is characterized by the assignment of starting
times for a given set of jobs on a single processor, minimizing
the (weighted) tardy completion of the jobs with respect to given
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due dates. In this sense, the tardiness is given an economical inter-
pretation, referring to the consideration of costs which conse-
quently have to be avoided as much as possible.

Although most practical problems involve multiple resources
(e.g. machines), many problems can be decomposed into a subse-
quently solved series of single machine problems, as for example
done in the famous shifting bottleneck heuristic [2]. The effective
solution of each single machine subproblem is therefore a relevant
aspect for solving more complex models.

Besides the problem’s relevance with respect to the applicabil-
ity in real-world situations, the SMTWTP is computationally chal-
lenging, as it has been proven to be strongly NP-hard [17].

While some exact methods are available, many successful solu-
tion approaches are based on heuristics [1]. More recently, several
different metaheuristics have been developed for the SMTWTP,
successfully solving benchmark instances from the scientific liter-
ature. Important work includes simple local search [19], Evolution-
ary Algorithms [11], Ant Colony Optimization [5,13,20]. Iterated
Local Search [14], and Simulated Annealing [21]. A particularly suc-
cessful neighborhood search technique for the SMTWTP is Iterated
Dynasearch [10], which uses dynamic programming to determine
an optimal series of moves to be executed simultaneously.

While it has been pointed out that available benchmark in-
stances are comparably easily solvable by local search [14], several
recent publications aim to push the scientific knowledge even fur-
ther by proposing more refined metaheuristics [3,7,9,18,22,24].
Common to these approaches is the fact that they lead to rather
impressive results within the chosen experimental settings. On
the other hand, comparably little has been learned about suitable
neighborhood search operators for this problem, or about the
underlying principles of why local search successfully solved
known benchmark instances.

Instead of identifying appropriate neighborhoods in a rigorous
way, some investigations rely on multi-operator search that com-
bines different search strategies in an additive way, without giving
priority to promising moves first. A key ingredient of such algo-
rithms therefore is the availability of sufficient computational
capacity. On the other hand, several approaches identify promising
moves, successfully avoiding inferior ones and thus improving the
effectiveness of search. A prominent example consists of the previ-
ously mentioned Dynasearch approach [10,15], which allows the
searching of an exponential size neighborhood in polynomial time
by exploiting problem specific structures. Other problem specific
improvements have been obtained by a block-based tabu search
approach [8], which, on the basis of either tardy or early blocks
of jobs, refines the set of promising neighborhood moves.

Instead of presenting a slight modification/improvement of
some existing search algorithm, we aim to address the fundamen-
tal question of what neighborhood yields good results in the
SMTWTP, and why. Knowing the answer to this challenging re-
search question will then help to improve local search for the given
problem on a sound theoretical and empirical basis.

From this perspective, and taking into account the remarks of
[14], we also need to raise the question whether recent results
are so surprising after all. Or is it possible that, despite the prob-
lem’s complexity, the SMTWTP is a ‘solved’ problem for metaheu-
ristics? Are there ‘difficult’ instances, and if so, how can they be
described in terms of their technical properties? Can we draw con-
clusions on how to organize future research?

With respect to the research questions, the article is organized
as follows. In Section 2, the single machine total weighted tardi-
ness scheduling problem is given and a simplifying representation
for the schedules is introduced. The following Section 3 presents
neighborhood search operators for the problem at hand. A theoret-
ical discussion of their performance is given, and expectations
about their relative performance are derived. Experiments are
carried out in Section 4, investigating, and thus verifying/falsifying
the hypotheses of the previous section. As a synthesis, we then
combine different neighborhood search operators in a Variable
Neighborhood Search algorithm, and investigate the effectiveness
of this approach for benchmark instances taken from the literature.
Conclusions are given in Section 6.
2. Problem description

2.1. Notations

The single machine total weighted tardiness problem (SMTWTP)
can be stated as follows. A set of jobs J ¼ fJ1; . . . ; Jng needs to be
processed on a single machine. Each job Jj consists of a single opera-
tion only, involving a processing time pj > 0, j = 1, . . . ,n. The relative
importance of the jobs is expressed via a nonnegative weight
wj > 0, j = 1, . . . ,n. Processing on the machine is only possible for a
single job at a time, excluding parallel processing of jobs. Each job
Jj is supposed to be finished before its due date Dj. If this is not the
case, a tardiness Tj occurs, measured as Tj = max{sj + pj � Dj; 0}. The
overall objective of the problem is to find a feasible schedule x
minimizing the total weighted tardiness as given in Expression (1)

min TWT ¼
Xn

j¼1

wjTj: ð1Þ

A schedule for a particular problem can be interpreted as a vec-
tor of starting times of the jobs, x = (s1, . . . ,sn). We assume that pro-
cessing starts at time 0, thus sj P 0, j = 1, . . . ,n. A possible
overlapping of jobs on the machine is avoided by the formulation
of disjunctive side constraints given in Expression (2)

sj P sk þ pk
__sj þ pj 6 sk 8j; k ¼ 1; . . . ;n; j – k: ð2Þ
2.2. Solution representation

As the objective function of the single machine total weighted
tardiness problem is a regular function [4], it is known that at least
one active schedule exists which is also optimal. The problem of
finding an optimal schedule may therefore be reduced to the prob-
lem of finding an optimal sequence of jobs. A given sequence is
represented by a permutation p = {p1, . . . ,pn} of the job indices.
Each element pi in p stores the index of the job which is to be pro-
cessed as the ith job in the processing sequence. The permutation
of indices is then ‘decoded’ into a schedule by the following
Expressions (3)

sp1 ¼ 0;
spi
¼ spi�1

þ ppi�1
8i ¼ 2; . . . ;n: ð3Þ

Obviously, this leads to an active schedule without any waiting
times between jobs.

2.3. Benchmark instances from the literature

Optimization approaches for the SMTWTP are commonly veri-
fied using the benchmark instances of [11]. The authors presented
375 data sets with varying characteristics. For values of n = 40,
n = 50, and n = 100, 125 instances are each proposed. The computa-
tion of the processing times pj is randomly drawn from a uniform
distribution [1,100], while the weights are taken from [1,10].
Depending on the relative range of due dates RDD and the average
tardiness factor TF, the due dates are randomly computed as inte-
ger values within P 1� TF � RDD

2

� �
; P 1� TF þ RDD

2

� �� �
, where P ¼Pn

j¼1pj. Five instances have been computed for each combination
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of RDD and TF: RDD 2 {0.2,0.4,0.6,0.8,1.0}, TF 2 {0.2,0.4,0.6,0.8,
1.0}.

All data sets are available in the OR-Library under http://
people.brunel.ac.uk/�mastjjb/jeb/info.html. For the ones with
n = 40 and n = 50, optimal solutions are known, while for the ones
of size n = 100, at least to our knowledge, only best known solu-
tions are reported in the literature, lacking their final proof of opti-
mality. It should be noticed however, that the results for the larger
data sets are commonly assumed to be optimal, as, despite rather
active research in this area, there has not been any improvement
of the best known upper bounds within past ten years.

3. An a priori view on search operators

3.1. Local search neighborhoods

Computational intelligence methods aim to solve the SMTWTP
by altering the job sequence p until an optimal solution is identi-
fied or at least no further improvement is possible. Apart from ge-
netic crossover operators, which stochastically recombine the
permutations of two solutions, simple local search operators are
commonly used for this problem [14]:

� Exchange (EX) of the positions of two jobs, placed at position i
and j, i – j, sometimes referred to as ‘interchange’. In the follow-
ing example, the job at position i = 3 is exchanged with the one
at position j = 7, and a modified permutation of jobs p0 is
obtained
p ¼ f 1; 3; 4; 2; 7; 5; 8; 6 g
i j

p0 ¼ f 1; 3; 8; 2; 7; 5; 4; 6 g
:

� Shift of a job from its previous position i to another position j,
i – j, also called ‘insert’.

While the exchange operator leads to nðn�1Þ
2 moves, the shift

neighborhood is of cardinality n(n � 1). With respect to the follow-
ing analysis, a distinction will be made between the following two
different types of shift operators [23]:

� Forward shift (FSH), removing a job from position i and reinsert-
ing it at position j, i < j. As an example, a job at position i = 3 may
be removed and reinserted at position j = 7.
p ¼ f 1; 3; 4; 2; 7; 5; 8; 6 g
i j

p0 ¼ f 1; 3; 2; 7; 5; 8; 4; 6 g
:

� Backward shift (BSH), removing a job from position j and rein-
serting it at position i, i < j. The following example illustrates
such a move with i = 3 and j = 7.
p ¼ f 1; 3; 4; 2; 7; 5; 8; 6 g
i j

p0 ¼ f 1; 3; 8; 4; 2; 7; 5; 6 g
:

Both forward and backward shift lead to nðn�1Þ
2 possible moves

and therefore are, also in comparison to the exchange neighbor-
hood, of identical cardinality.

It should be noticed that the described neighborhoods are not
disjunct, meaning that a true subset of the neighbors is generated
by all operators. This is the case for an exchange of adjacent jobs,
and for a shift of jobs from position i to j with ji � jj = 1. In the work
of [12], a further distinction between the neighborhoods is intro-
duced which eliminates the common neighbors, assigning them
to a separate ‘adjacent pairwise exchange’ (aEX) neighborhood.
Consequently, the following operators are derived:

� Adjacent exchange (aEX), exchanging all jobs at positions i and j
with j = i + 1.
� Non-adjacent exchange (naEX), consisting of an EX operator

without the neighboring solutions of aEX. It is therefore
required that ji � jj > 1.
� Non-adjacent forward shift (naFSH), being defined as FSH with-

out aEX.
� Non-adjacent backward shift (naBSH), representing a neighbor-

hood identical to the one of BSH without the elements of aEX.

Contrary to the initially introduced operators EX, FSH and BSH,
the neighborhoods as given in [12] are disjunct. While the cardi-
nality of aEX is n � 1, the others (naEX,naFSH,naBSH) are
nðn�1Þ

2 � ðn� 1Þ and therefore slightly smaller than the ones of EX,
FSH and BSH.

3.2. Elimination of moves

When analyzing alternatives and their job sequences for the
SMTWTP, an observation can be made that may be used to add
some problem specific structure to the previously presented
neighborhoods.

For any given permutation of jobs p = {p1, . . . ,pn}, let t be the
lowest position index of a tardy job, 1 6 t 6 n + 1, where we as-
sume a value of t = n + 1 if there is no tardy job. Using t, a separa-
tion of p into two disjunctive subsequences pa and pb may be made
such that pa = {p1, . . . ,pt�1} and pb = {pt, . . . ,pn}.

Knowing that none of the jobs in pa is tardy, we can conclude
that no modification to pa alone exists which improves the overall
evaluation of the solution. As a corollary, any improving local
search move is required to include at least one of the elements of
pb. This could mean that local search is performed in pb only, or
that jobs from pa and pb are involved. In the both cases, an
improvement is possible if the reduction in the weighted tardiness
outweighs the increase.

When integrating this separation into the neighborhoods EX,

FSH and BSH, the cardinality of the neighborhoods increases with
n and decreases with t such that an overall number of nðn�1Þ

2 �
ðt�1Þðt�2Þ

2 possible moves can be computed for EX, FSH and BSH. Sim-
ilarly, aEX contains n � t + 1 elements, and naEX, naFSH and
naBSH lead to nðn�1Þ

2 � ðt�1Þðt�2Þ
2 � ðn� t þ 1Þ neighboring solutions.

The neighborhoods naturally become empty for t = n + 1. In this
special case, pb = ;, and thus there is no tardy job that can be im-
proved (TWT = 0).

It should be noticed, that similar considerations are used in
the block-based tabu search approach [8]. Here, the permutation
of jobs is decomposed into disjunct subsets of two categories:
subsequent tardy (‘T-blocks’) and subsequent non-tardy (‘E-
blocks’) jobs. In brief, this allows to accelerate search by reducing
the cardinality of promising neighborhood moves. In relation to
this more general approach, we only consider (at most) two dis-
junct subsets of jobs.

3.3. Neighborhoods and their effect on the tardiness

3.3.1. Introductory considerations
The commonly discussed principle of local search stresses the

modification of alternatives such that an improvement is obtained.
With a modification on one hand, some aspects of the alternatives
are implicitly kept intact on the other hand. Successful neighbor-
hood search techniques consequently keep a balance between
maintaining certain structures of the alternatives while improving
others at the same time. In this sense, local search is not only about

http://people.brunel.ac.uk/~mastjjb/jeb/info.html
http://people.brunel.ac.uk/~mastjjb/jeb/info.html
http://people.brunel.ac.uk/~mastjjb/jeb/info.html


Table 2
Effect of the operators for each job.

Operator i i < k < j j

aEX T 0pi
P Tpi T 0pj

6 Tpj

EX/naEX: ðppj
� ppi

Þ ¼ 0 T 0pi
P Tpi T 0pk

¼ Tpk T 0pj
6 Tpj

EX/naEX: ðppj
� ppi

Þ > 0 T 0pi
P Tpi T 0pk

P Tpk T 0pj
6 Tpj

EX/naEX: ðppj
� ppi

Þ < 0 T 0pi
P Tpi T 0pk

6 Tpk
T 0pj
6 Tpj

FSH/naFSH T 0pi
P Tpi T 0pk

6 Tpk
T 0pj
6 Tpj

BSH/naBSH T 0pi
P Tpi T 0pk

P Tpk T 0pj
6 Tpj
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modifications by means of some operator, but equally about con-
stance of favorable attributes.

The relative performance of neighborhood search techniques is
often analyzed on the basis of experimental investigations. A priori
results of the underlying principles of the used operators are how-
ever comparably scarce. For the here studied SMTWTP, some in-
sights may be gained by analyzing the effect of the operators on
the job sequences. In the a priori investigation of EX, FSH, BSH,
aEX, naEX, naFSH and naBSH we are going to refer to changes
in the permutation by means of two positions i, j with i < j. Starting
times prior to the application of a move are denoted as sj, the ones
after the move as s0j.

� Exchange
Applying the EX operator, we obtain starting times of
s0pj
¼ spi

; s0pi
¼ spj

þ ðppj
� ppi

Þ, and s0pk
¼ spk

þ ðppj
� ppi

Þ; i <
k < j. The operator may improve the tardiness of the job at posi-
tion j; T 0pj

6 Tpj
, lead to a worse tardiness for the job at position

i; T 0pi
P Tpi

and have an effect on the jobs at the positions k,
i < k < j depending on the value of ðppj

� ppi
Þ. For ðppj

� ppi
Þ >

0 we obtain T 0pk
P Tpk

, for ðppj
� ppi

Þ < 0 we get T 0pk
6 Tpk

, and
if ðppj

� ppi
Þ ¼ 0 we have T 0pk

¼ Tpk
.

This observation equally holds for EX as well as for naEX. The
special case of aEX only affects exactly two jobs, the one at posi-
tion i and the one at j. While the computation of the effects for
job pi and pj remain as described above, no intermediate jobs at
the positions k, i < k < j exist.
� Forward shift

The application of FSH and naFSH leads to a starting time
s0pi
¼ spj

þ ðppj
� ppi

Þ, whereas the jobs starting from position
i + 1 to j obtain values of s0pk

¼ spk
� ppi

; i < k 6 j. As j > i, we
know that spj

P spi
þ ppi

and therefore obtain s0pi
P spi

þ ppj

and finally T 0pi
P Tpi

. For the jobs starting from position i + 1
to j, values of T 0pk

6 Tpk
; i < k 6 j are derived.

� Backward shift
BSH and naBSH leads to a reduction of the starting time for the
job at position j; s0pj

¼ spi
whereas the jobs from position i to

j � 1 are delayed such that s0pk
¼ spk

þ ppj
. While it holds for

the tardiness of the job at position j that T 0pj
6 Tpj

, the tardiness
of the jobs from position i to j � 1 are T 0pk

P Tpk
; i 6 k < j.

The described impact of the operators is summarized in Tables
1 and 2.

3.3.2. On the influence of t and the move intensity
It follows from Section 3.2 that t 6 j. The value of i on the other

hand may be t 6 i as well as t > i. The latter case has an influence on
the positive effect of the forward shift operators, namely FSH and
naFSH. Here, for the jobs at the positions k, i < k < t, the initial tar-
diness is Tpk

¼ 0 and therefore the relation T 0pk
6 Tpk

may be re-
placed with T 0pk

¼ Tpk
¼ 0, making an improvement of the jobs at

these position impossible.
Table 1
Effect of the operators on the tardiness.

Operator Positive effect Negative effect

aEX T 0pj
6 Tpj T 0pi

P Tpi

EX/naEX: ðppj
� ppi

Þ ¼ 0 T 0pj
6 Tpj T 0pi

P Tpi

EX/naEX: ðppj
� ppi

Þ > 0 T 0pj
6 Tpj T 0pi

P Tpi ,

T 0pk
P Tpk ; i < k < j

EX/naEX: ðppj
� ppi

Þ < 0 T 0pj
6 Tpj , T 0pi

P Tpi

T 0pk
6 Tpk

; i < k < j

FSH/naFSH T 0pk
6 Tpk ; i < k 6 j T 0pi

P Tpi

BSH/naBSH T 0pj
6 Tpj T 0pk

P Tpk
; i 6 k < j
While the same observation holds for EX and naEX iff ðppj
� ppi

Þ
6 0, it does not hold for the BSH and the naBSH operator, as well as
EX and naEX in case of a ðppj

� ppi
Þ > 0. In brief, this indicates that

there might be a difference between the relative performance of
the neighborhood operators depending on the value of t. As t will
depend on the actual properties of the actual data set, this can
be expected to be a problem specific behavior.

Besides these general effects of the operators on the tardiness,
the weights of the jobs affected by the moves play an important
role as well. It is generally possible to suspect that jobs Jj having
relatively large weights wj should be scheduled at the beginning
of the sequence. Unfortunately, this can only be considered as a
general tendency, and counterexamples to this observation are
likely to exist.

At least for existing benchmark instances from the literature
however, we may suspect that the influence of the weights of the
jobs is rather small. Recalling that the weights have been randomly
drawn from the rather narrow uniform distribution [1,10], the rel-
ative importance of a job can only become at most ten times the
one of another. In average however, the difference between
weights will be even smaller. Consequently, moving a block of sev-
eral jobs is likely to influence the tardiness more than a single job
only, and we expect that the above described neighborhoods work
in this sense on the data sets from the literature. This however im-
plies that for benchmark data with other properties, e.g. ones with
correlated weights and due dates, the weights wj should not be left
aside in the analysis.

3.3.3. Formulation of working hypotheses
First of all, it is possible to observe that the aEX operator im-

proves the tardiness of a single job only while worsening the one
of another. Besides, the neighborhood has by far the smallest car-
dinality. Also, its cardinality only grows linear with n, as opposed
to a quadratic growth for the other neighborhoods. On the basis
of these observations, we suspect that aEX is relatively less power-
ful when trying to improve a given alternative, and we may formu-
late this in Hypothesis 1. It should be noticed however that this
expected relative operator performance has already been experi-
mentally investigated for other scheduling problems, such as the
permutation flow shop scheduling problem [23].

Hypothesis 1. aEX performs worse than the other neighborhoods.
It becomes obvious that BSH and naBSH have a negative effect

on the tardiness values of several jobs while improving the situa-
tion for a single job only, the one at pj. FSH and naFSH on the other
hand improve a set of jobs while worsening the situation for a sin-
gle one. This tendency can be suspected to be a general behavior of
the two operators, and the effects also depend on the distance j � i.
With increasing j � i, the number of forward shifted jobs in BSH

and naBSH and the number of backward shifted jobs in FSH and
naFSH increases. As j � i is bounded by n � 1, the gap between
FSH/naFSH and BSH/naBSH in terms of their relative performance
should increase with increasing number of jobs n. This observation
leads to the proposition of the following Hypotheses 2 and 3 on the
relative performance of BSH/naBSH vs. FSH/naFSH.
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Hypothesis 2. BSH/naBSH are inferior to FSH/naFSH.
Hypothesis 3. The effect of Hypothesis 2 increases with increasing
number of jobs n.

Similar considerations can be made for EX/naEX vs. BSH/naBSH.
EX/naEX exchange two jobs, possibly improving the tardiness of
the one at position j while possibly worsening the situation for
the job from position i. The potential tardiness changes of jobs in
between positions i and j depend on the processing time difference
ðppj
� ppi

Þ. In direct comparison to BSH/naBSH, this leads to the
observation that EX/naEX keep the starting times comparably
more stable, resulting in a relatively superior performance as sus-
pected in the following Hypothesis 4. Again, this effect is expected
to become more obvious with increasing number of jobs n, ex-
pressed in Hypothesis 5.

Hypothesis 4. BSH/naBSH are inferior to EX/naEX.
Hypothesis 5. The effect of Hypothesis 4 increases with increasing
number of jobs n.

When comparing FSH/naFSH and EX/naEX, different aspects
can be observed that undermine a superior relative performance
of either of the two operator principles. For FSH/naFSH, it is the
ability to improve a block of jobs from position i + 1 to j. For EX/
naEX, it is the behavior of maintaining relatively stable starting
times for the jobs from i + 1 to j � 1. Based on the investigations
carried out above, it does not appear to be possible to formulate
justified hypotheses about the relative performance of the neigh-
borhood operators. We expect this to depend on problem specific
structures, possibly even on instance specific data. Instead, we
are going to resolve this in an experimental investigation which
is also to verify or falsify the hypotheses given above.
Table 3
Number of instances for which optimal/best known solutions have been found in the
test runs. Results are reported for both the best-improvement and the first-
improvement-strategy.

Acceptance strategy Operator n = 40 n = 50 n = 100

Best-imp. EX 108 85 48
FSH 86 65 31
BSH 48 35 13

aEX 8 4 0
naEX 30 28 23
naFSH 63 44 26
naBSH 25 21 12

First-imp. EX 118 99 45
FSH 85 64 29
BSH 46 31 23

aEX 13 6 0
naEX 40 31 27
naFSH 34 29 24
naBSH 19 19 18
4. Experiments with hillclimbing

4.1. Experimental setup

The theoretical insights and hypotheses gathered above have
been tested in an experimental setting. We used the benchmark in-
stances given in the OR-library [6], available online under http://
people.brunel.ac.uk/�mastjjb/jeb/info.html and described in the
previous Section 2.3.

It has been pointed out already, that some of the instances, par-
ticularly the ones with n = 40 and n = 50 can be solved rather easily
with simple local search [14], and therefore do not present a chal-
lenge for state-of-the-art heuristics. As we on the other hand aim
to concentrate on the relative performance of neighborhoods,
and thus on the relations among them, we do not expect this to
lead to problems or a bias in the analysis.

The relative performance of the operators has been tested using
a simple hillclimbing algorithm. During search, both a best-
improving-move and a first-improving-move strategy are imple-
mented, replacing the current solution x with the overall best or
the first identified improving neighboring solution x0. An initial solu-
tion is randomly computed, consisting of a random permutation of
jobs. Random restarts are made once a locally optimal alternative
has been found. The definition of the experimental setting aims
to minimize the potential bias of problem specific heuristics such
as constructive approaches e.g. based on the Earliest Due Date rule.
While it is known that integrating specific heuristic knowledge im-
proves the quality of the solutions considerable [5], it equally could
create a bias towards a certain subset of the search space.

Experiments are run executing 100 random restarts for each
neighborhood operator/problem instance-combination The
obtained local optima are stored so that average and best values
of the weighted total tardiness of the solutions can be computed.

4.2. Identification of optimal alternatives

We first analyzed the number of instances for which the opti-
mal solutions have been found by the different operators, keeping
in mind that for the instances with n = 100, the best known solu-
tions are not yet proven to be optimal. Table 3 gives these num-
bers. A possible maximum value is 125 due to the available 125
instances for each class of instance sizes.

The results reported in Table 3 investigate the neighborhoods
for two generic acceptance strategies. On the one hand, the best-
improvement strategy searches the entire neighborhood of the
alternatives, finally accepting the best one in the end. On the other
hand, the first-improvement strategy starts searching the neighbor-
hood and accepts the first-improving-move, thus excluding the
remaining alternatives in the neighborhood from being considered.

It can be seen, that with increasing number of jobs n, the num-
ber of instances in which an optimal solution has been identified
decreases. This is to be expected as the growth of the search space
is not polynomially bounded and the instances become more diffi-
cult to solve using this simplistic approach. With respect to the
here carried out investigation however, an interesting pattern of
the relative performance of the operators can be seen. Obviously,
EX is able to identify the optimal/best known solutions in consid-
erable more cases than FSH, while BSH leads to the worst results.

With respect to the acceptance strategy of best-versus first-
improving move, the numbers differ, the overall conclusions on
the relative comparison of the different neighborhood structures
are however the same.

A more detailed analysis is given in Table 4. Here, the influence
of the parameters RDD and TF is investigated. As the numbers are
aggregated over all instances with n = 40, n = 50, and n = 100, the
maximum possible value in each cell is 15.

The results indicate that medium values of TF lead to more dif-
ficult instances, while instances being generated using small (0.2)
and high (1.0) values are easier to solve.

Another comparison of the neighborhoods is based on the min-
imum (best) values of the total weighted tardiness obtained during
all test runs. We count the number of instances for which the direct
comparison of two operators, based on the best found objective
values over all test runs, holds the relations given in Table 5. As
the results for the first-improvement-strategy are rather similar,
we chose to omit the corresponding data.

Comparing the values of BSH and FSH leads to the observation
that FSH leads in significantly more instances to better results than

http://people.brunel.ac.uk/~mastjjb/jeb/info.html
http://people.brunel.ac.uk/~mastjjb/jeb/info.html
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Table 4
Solved instances depending on RDD and TF (best-improvement-strategy).

EX FSH BSH

TF: 0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

RDD: 0.2 11 13 7 10 15 5 6 3 7 13 0 0 0 2 12
0.4 11 9 6 11 15 12 8 8 6 9 3 0 0 4 9
0.6 15 6 3 9 11 15 4 4 3 9 12 0 0 5 6
0.8 15 4 4 7 12 15 6 5 2 6 13 0 0 1 7
1.0 15 8 5 8 11 15 11 3 1 6 13 4 0 1 4

aEX naEX

TF: 0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

RDD: 0.2 0 0 0 0 5 8 1 0 0 0
0.4 0 0 0 0 3 11 2 0 0 0
0.6 0 0 0 0 0 15 3 0 0 0
0.8 3 0 0 0 1 15 4 0 0 0
1.0 0 0 0 0 0 15 7 0 0 0

naFSH naBSH

RDD: 0.2 5 5 3 3 7 0 0 0 1 5
0.4 12 8 7 1 6 3 0 0 0 4
0.6 15 4 3 0 1 12 0 0 1 1
0.8 15 3 2 2 4 14 0 0 0 1
1.0 15 10 1 0 1 13 3 0 0 0

Table 5
Number of instances for which the comparison of minimum values holds (best-
improvement-strategy).

Operator comparison n = 40 n = 50 n = 100

EX vs. FSH: min (EX) < min (FSH) 37 43 84
min (EX) > min (FSH) 6 21 16
min (EX) = min (FSH) 82 61 25

FSH vs. BSH: min (FSH) < min (BSH) 71 80 105
min (FSH) > min (BSH) 6 12 7
min (FSH) = min (BSH) 48 33 13

EX vs. BSH: min (EX) < min (BSH) 77 89 112
min (EX) > min (BSH) 1 0 0
min (EX) = min (BSH) 47 36 13

naEX vs. naFSH: min (naEX) < min (naFSH) 18 28 70
min (naEX) > min (naFSH) 78 70 33
min (naEX) = min (naFSH) 29 27 22

naFSH vs. naBSH: min (naFSH) < min (naBSH) 90 94 108
min (naFSH) > min (naBSH) 12 12 5
min (naFSH) = min (naBSH) 23 19 12

naEX vs. naBSH: min (naEX) < min (naBSH) 69 81 100
min (naEX) > min (naBSH) 40 27 13
min (naEX) = min (naBSH) 16 17 12
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BSH. Also, the performance gap of the two operators increases with
increasing n. It has to be mentioned however, that the observation
of an increasingly better performing FSH relative to BSH is partially
based on the fact that the number of instances in which both oper-
ators identified the optimal/best known solution decreases with
increasing n.

Similar observations can be made when comparing BSH and EX.
Moreover, the difference between the operators is even bigger in
favor of EX.

The comparison of EX vs. FSH shows that the exchange neigh-
borhood leads in more instances to better results than vice versa.
While based on the theoretical comparison of the two operators,
no clear hypothesis could have been formulated, the experimental
investigations reveal a rather clear advantage of EX over FSH. There
are however still some instances in which the opposite relation
holds, and the results are therefore less obvious.

Somewhat surprisingly, a different picture arises when looking
at the results of the disjunct neighborhoods. Here, naFSH performs
best. Especially for instances which have been generated using a
TF 2 {0.6,0.8,1.0}, the naEX neighborhood fails to identify an opti-
mal solution. On the other hand, the rather weak operator aEX suc-
cessfully solves some of these data sets. This indicates that
adjacent moves are an important ingredient in EX, contributing
to the overall performance of the neighborhood operator.

4.3. Average quality of local optima

In addition to the minimum values for the total weighted tardi-
ness we computed and compared average values. It can be sug-
gested that this analysis leads to a clearer distinction between
the different operators, as only few instances can be expected in
which two neighborhoods lead in average to the same results. Ta-
bles 6 and 7 give the obtained values for the best-improvement
and the first-improvement strategies.

The comparison of average values leads to the same observa-
tions as comparing minimum values. Again, BSH turns out to lead
to inferior results in significantly more instances than FSH and EX.
Also, the performance gap grows with increasing n. Identical to the
observation made on the basis of minimum values, EX outperforms
FSH in more instances than FSH does EX. The relation in terms of
the relative performance also gets stronger with increasing n.

Contrary to the relative performance when looking for the best
results, naEX leads to, in average, better results than naFSH. Also,
this relation becomes stronger with increasing n.

Due to the stochastic nature of generating the initial solution,
some variance in the obtained results is present. We therefore
computed (counted) the number of instances for which a particular
neighborhood lead to significant better results than the other. The
maximum accepted error has been set to 1%, and the results are
shown in Tables 6 and 7. While for some few instances, the mea-
sured differences are not significant, for the vast majority of in-
stances they are.

In the light of the experimental results, we accept Hypotheses
2–5.

5. Variable neighborhood descent

5.1. Configuration

On the basis of past studies of local search for the SMTWTP [14],
and following the outcomes of the previous section, we investigate



Table 6
Number of instances for which the comparison of average values holds (best-improvement-strategy). Besides the total number of such instances (column ‘#’), 125 being the
maximum for each value of n, the number of instances for which the difference is significant (error 61%) is given in columns ‘#sig.’

Operator comparison n = 40 n = 50 n = 100

# #sig. # #sig. # #sig.

EX vs. FSH: aver (EX) < aver (FSH) 93 88 95 93 101 99
aver (EX) > aver (FSH) 19 13 19 9 8 6
aver (EX) = aver (FSH) 13 11 16

FSH vs. BSH: aver (FSH) < aver (BSH) 123 116 122 117 125 124
aver (FSH) > aver (BSH) 2 1 3 1 0 0
aver (FSH) = aver (BSH) 0 0 0

EX vs. BSH: aver (EX) < aver (BSH) 124 121 125 124 125 125
aver (EX) > aver (BSH) 1 0 0 0 0 0
aver (EX) = aver (BSH) 0 0 0

naEX vs. naFSH: aver (naEX) < aver (naFSH) 81 70 87 82 99 97
aver (naEX) > aver (naFSH) 33 24 27 23 11 8
aver (naEX) = aver (naFSH) 11 11 15

naFSH vs. naBSH: aver (naFSH) < aver (naBSH) 117 113 123 119 124 122
aver (naFSH) > aver (naBSH) 8 1 2 1 1 0
aver (naFSH) = aver (naBSH) 0 0 0

naEX vs. naBSH: aver (naEX) < aver (naBSH) 117 115 118 117 125 125
aver (naEX) > aver (naBSH) 8 7 7 4 0 0
aver (naEX) = aver (naBSH) 0 0 0

Table 7
Number of instances for which the comparison of average values holds (first-improvement-strategy). Again, significance test are carried out (error 61%).

Operator comparison n = 40 n = 50 n = 100

# #sig. # #sig. # #sig.

EX vs. FSH: aver (EX) < aver (FSH) 104 99 104 103 105 105
aver (EX) > aver (FSH) 5 4 6 2 1 0
aver (EX) = aver (FSH) 6 5 19

FSH vs. BSH: aver (FSH) < aver (BSH) 106 89 107 89 90 73
aver (FSH) > aver (BSH) 19 6 18 7 35 16
aver (FSH) = aver (BSH) 0 0 0

EX vs. BSH: aver (EX) < aver (BSH) 124 122 124 124 125 125
aver (EX) > aver (BSH) 1 0 1 1 0 0
aver (EX) = aver (BSH) 0 0 0

naEX vs. naFSH: aver (naEX) < aver (naFSH) 98 92 103 100 106 106
aver (naEX) > aver (naFSH) 14 8 7 5 2 0
aver (naEX) = aver (naFSH) 13 15 17

naFSH vs. naBSH: aver (naFSH) < aver (naBSH) 102 90 101 80 82 59
aver (naFSH) > aver (naBSH) 23 10 24 8 43 27
aver (naFSH) = aver (naBSH) 0 0 0

naEX vs. naBSH: aver (naEX) < aver (naBSH) 118 114 123 120 125 124
aver (naEX) > aver (naBSH) 7 4 2 0 0 0
aver (naEX) = aver (naBSH) 0 0 0
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two different configurations of Variable Neighborhood Descent
(VND), a simplified variant of Variable Neighborhood Search
(VNS) [16]. VNS is based on the observation, that an alternative
which is locally optimal with respect to a particular operator is
not necessarily locally optimal w.r.t. some other neighborhood.
On the other hand, the global optimum is, by definition, locally
optimum w.r.t. any operator. The VND/VNS metaheuristic thus
makes use of multiple neighborhoods, changing the operator when
some momentarily investigated neighborhood fails to improve the
current best solution.

The first proposed VND algorithm, VND-1, applies the basic
neighborhood operators in order of EX?FSH? BSH, while the sec-
ond, VND-2, implements the reverse order BSH? FSH? EX.
Knowing that there appears to be a relative order of neighborhood
operators, it will be interesting to further investigate the effects of
the different configurations of the VND algorithms.

All neighborhoods are searched in a best-move-fashion, thus
searching the entire neighborhood. As known from VNS, the
neighborhood is switched to the succeeding operator if the active
one fails to improve the current solution. Search terminates with
the identification of a local optimum, which is, in case of VND/
VNS, an alternative being locally optimal with respect to all consid-
ered neighborhoods. Obviously, the implemented VND algorithm
here deviates from the general concept of Variable Neighborhood
Search, which also makes use of escape strategies such as ‘shak-
ing’-moves. This however is intentional, as we aim to study the
quality of local optima that have been obtained by neighborhood
search only.

Again, 100 test runs have been carried out for each benchmark
instance/VND-configuration, each starting from a (different) ran-
dom job permutation.

In comparison to other metaheuristics, such as Simulated
Annealing or Tabu Search, the here presented VND algorithms
come with the feature of providing results on the basis of (local)
neighborhood search only, without employing escape strategies
that allow a continuation once a local optimum is reached. In this
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sense, we may expect that the obtained insights will be based on
the ‘power’ of the neighborhood operators, free from the influence
of additional control structures (which are helpful but not within
the scope of this study).

5.2. Results

Table 8 shows the number of instances which have successfully
been solved by the VND algorithms in at least a single out of the
100 test runs.

We can see that VND-2 is able to solve more instances than
VND-1. It can be suspected that this behavior originates from the
relative order of neighborhood operators. VND-2 starts with the
weak operator BSH, and then continues to relatively better neigh-
borhoods. Therefore, an improvement of solutions being locally
optimal to the initially searched neighborhoods appears to be more
likely as in the case of VND-1, where search is organized starting
with relatively good operators.

Again, the number of solved instances is decreasing with
increasing n. However, the results remain on a rather high level de-
spite the growing difficulty of the benchmark instances. Only few
instances remain unsolved.

More detailed results are given in Table 9, which shows the
number of solved instances with respect to the choices of RDD
and TF. In comparison to the results obtained by hillclimbing, a
Table 8
Number of instances for which optimal/best known solutions have been found by
VND.

Algorithm n = 40 n = 50 n = 100

VND-1 (EX? FSH? BSH) 121 114 108
VND-2 (BSH? FSH? EX) 125 124 117

Table 9
Number of instances solved to optimality by VND depending on RDD and TF.

VND-1 VND-2

TF: 0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

RDD: 0.2 15 14 11 13 15 15 15 15 15 15
0.4 13 14 14 12 15 15 15 14 14 15
0.6 15 11 11 15 15 15 15 15 15 14
0.8 15 11 13 15 15 15 15 12 14 15
1.0 15 14 12 15 15 15 14 15 14 15

Table 10
Average deviation from the optimal/best known solution.

Algorithm n = 40 (%) n = 50 (%) n = 100 (%)

VND-1 (EX? FSH? BSH) 2.59 2.36 2.10
VND-2 (BSH? FSH? EX) 0.99 1.45 0.98

Table 11
Average deviation of VND-2 from the optimal/best known solutions given in percent.

n = 40 n = 50

TF: 0.2 0.4 0.6 0.8 1.0 0.2 0.4

RDD: 0.2 6.7 0.4 0.2 0.2 0.0 1.5 0.4
0.4 0.0 0.3 0.6 0.1 0.0 13.9 1.2
0.6 0.0 4.6 0.9 0.0 0.0 0.0 3.1
0.8 0.0 9.7 0.3 0.0 0.0 0.0 10.3
1.0 0.0 0.0 0.6 0.1 0.0 0.0 0.0
similar pattern arises in the investigation of VND. Again, both small
and high values of TF lead to easy instances. In the light of the over-
all impressive results of VND however, this pattern is less obvious.
Knowing that VND-2 successfully solved 97.6% of the benchmark
instances, only few instances are left that can be considered to
be ‘difficult’.

Besides the best case behavior of the algorithms, the average
quality of the local optima over all 100 test runs is interesting. Ta-
ble 10 gives the results with respect to this.

Also on an average level, VND-2 leads to better results than
VND-1. Moreover, the average deviation from the optimal/best
known solutions is rather small, which indicates that VND is in-
deed an effective approach for most instances from the literature.

Unfortunately however, a considerable dispersion can be iden-
tified within these results. As shown in Table 11, the average re-
sults deviate for some few instances significantly more than in
the majority of data sets. Even for some smaller instances, i.e.
n = 40 and n = 50, considerable deviations can be found in some
cases.

Combining the results of Tables 10 and 11, an interesting obser-
vation emerges. While VND-2 successfully solves the instances
with TF = 0.2/RDD = 0.2, TF = 0.4/RDD = 0.6, TF = 0.4/RDD = 0.8 in
the best case, the results show a relative high deviation from the
optimal/best known results in the average case. On the other hand,
instances that are not solved in the best case, i.e. the ones with
TF = 0.6/RDD = 0.8, are approximated very nicely in average.

5.3. Computational effort

The following Table 12 gives an overview about the required
computational effort for finding a local optimum, depending on
the neighborhood operator/metaheuristic and the problem size n.
While the generation of the neighboring solution (by means of
modifying some job positions) as such is not very time consuming,
the evaluation of the newly generated schedule is, simply as the
starting times of various jobs need to be re-computed. Independent
from the computer hardware in use, this element of the local
search heuristics is consequently going to influence the computa-
tional effort the most. The number of evaluated solutions until
n = 100

0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

0.4 0.1 0.0 0.4 0.2 0.2 0.2 0.0
0.4 0.1 0.0 1.1 1.1 0.4 0.1 0.0
1.8 0.2 0.0 0.0 2.5 0.6 0.1 0.0
0.8 0.2 0.0 0.0 15.9 1.1 0.1 0.0
1.9 0.1 0.1 0.0 0.2 0.3 0.1 0.0

Table 12
Average number of evaluations for finding a local optimum (best-
improvement-strategy).

n = 40 n = 50 n = 100

EX 23,147 46,355 416,920
FSH 24,866 51,471 513,764
BSH 29,563 62,637 693,206
aEX 5,720 10,774 78,742
naEX 18,313 37,552 352,326
naFSH 23,084 48,191 489,338
naBSH 27,486 58,744 669,395
VND-1 26,389 52,692 471,406
VND-2 39,847 85,420 950,904
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identifying a local optimum has therefore been chosen for assess-
ing the computational effort of the different hillclimbers.

Clearly, the length of the hillclimbing runs significantly in-
creases with n, and it becomes clear that for large values of n,
the identification of even a local optimum becomes intractable.
On the other hand, the basic operators EX, FSH and BSH do not
show bigger differences. On the contrary, the relatively best-per-
forming neighborhood EX requires less computations for finding
(better) local optima. Consequently, the effort for the execution
of VND-1 is much smaller in comparison to VND-2, as the latter
implementation first starts with the computationally demanding
identification of qualitatively inferior local optima for BSH.

When analyzing the number of evaluations needed for the
decomposed neighborhoods aEX, naEX, naFSH and naBSH, we
are able to show that each of them converges faster to a local
optimum than the combined counterparts. This is not surprising,
as the neighborhoods are of smaller cardinality. Then however,
the obtained results are of lower quality, which balances out the
observed phenomenon.

Besides the number of evaluations required for identifying a lo-
cal optimum, the computing time for the generation and evalua-
tion of a single alternative influences the overall computational
effort. On an Intel Xeon X5550 processor, running at 2.67 GHz,
we have been able to compute and evaluate a single alternative
for n = 40 in 0.0111 milliseconds, while making use of a single core
only. For n = 50, the average time spent on an alternative is
0.0138 milliseconds, and for n = 100, it is 0.0300 milliseconds. This
implies that the computational effort for finding a local optimum is
heavier influenced by the number of evaluations, than the time re-
quired for evaluating a single alternative.
6. Summary and conclusions

An investigation of local search neighborhoods for the single
machine total weighted tardiness scheduling problem has been
presented. We first theoretically analyzed the possible effect of
the operators on the tardiness values, leading to the proposition
of four hypotheses on the relative performance of the
neighborhoods.

Experimental investigations have been carried out on bench-
mark instances taken from the literature. We observed that, espe-
cially for small problem instances, numerous optimal solutions
have been found despite the simplistic heuristic search framework.
In conclusion, and based on the numerical results, the proposed
hypotheses have been accepted.

The exchange of jobs turns out to be a superior local search
operator to forward shift, and both are clearly superior to the back-
ward shift neighborhood. The results are, with few counterexam-
ples, clear and hold for instances of different sizes. We suggest to
integrate these relations of operators in the future proposition of
local search heuristics for the SMTWTP. In multi-operator search,
EX should be given priority over FSH, and FSH over BSH.

When combining the elementary neighborhoods in a Variable
Neighborhood Search framework, surprisingly good results are ob-
tained. Almost all benchmark instances reported in the literature
are solved to optimality, and the average gap to the optima is
rather small. Our experiments therefore support the claim that
existing benchmark data does not present a challenge to state-
of-the-art metaheuristics, especially as rather simple local search
already leads to good results. Future research in the SMTWTP must
therefore make use of considerable larger instances, which prefer-
ably are generated with a tardiness factor TF around 0.6.
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