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Abstract

The well-known, challenging problem of resource-constrained project scheduling is addressed. A solution scheme

based on variable neighbourhood search is presented. The solution is coded by using activity sequences that are valid in

terms of precedence constraints. The sequences are turned into valid active schedules through a serial scheduler. The

search of the solution space is carried out via generating valid sequences using two types of move strategy.

Much of the power of the solution scheme is attributable to repeatedly employing effective lower bounding and

precedence augmentation, both of which serve to reduce the solution space.

The effectiveness of the solution scheme is demonstrated through extensive experimentation with a standard set of

2040 benchmark problem instances. The best-known solutions have been improved upon for 48 instances and the best-

known lower bounds have also been improved upon for 148 problem instances. The results are inferior to the best-

known for a relatively small number of problem instances, but even then the average deviation is very small indeed.

� 2003 Published by Elsevier B.V.
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1. Introduction

The resource-constrained project scheduling

problem (RCPSP) [9] is concerned with n non-
preemptive activities j ¼ 1; 2; . . . ; n and m renew-

able resources. The availability of each resource is
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Rk, k ¼ 1; 2; . . . ;m. An activity j has to be processed

for dj time units. During this time a constant

amount rjk of resource k is occupied. Each activity j
has a set of immediate predecessors Pj and a set of
immediate successors Sj. It is enough to define ei-

ther sets of immediate successors or sets of imme-

diate predecessors only, because i 2 Pj () j 2 Si.
If i 2 Pj, then we say i � j (i precedes j) and an

activity j cannot be started before i is finished.

Moreover, if i � j and j � l, then also i � l. It is
often assumed that the first activity and the last

activity are dummy activities, i.e., they have zero
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duration and zero resource consumption, and
correspond respectively to the �project start� and
the �project end�. The objective is to find for each

activity j its start time sj (s1 ¼ 0) such that the

makespan of the project T ¼ sn is minimised.

RCPSP can be represented formally as the fol-

lowing binary integer program [19,21]:

min
XT
t¼EFn

txnt ð1Þ

subject to

XT
t¼EFj

xjt ¼ 1 8j; ð2Þ

XT
t¼EFj

xjtðt 
 djÞP
XT
t¼EFi

txit 8j; i 2 Pj; ð3Þ

Xn
j¼1

rjk
Xtþdj
1

q¼t

xjq

 !
6Rk 8k; t ¼ 1; . . . ;T; ð4Þ

xjt 2 f0; 1g 8j; t; ð5Þ

where the decision variable

xjt ¼
1 if activity j is completed in period t;
0 otherwise;

�

and the additional parameters are as follows: EFj

is the earliest finish time of activity j, computed by

a forward critical path pass on the project net-

work; T is the upper bound on horizon.
Constraints (2) ensure that activity j can finish

in one and only one time period, while constraints

(3) ensure that precedence relationships between

any two activities are not violated and constraints

(4) ensure that no resource is used beyond its

capacity.

A considerable amount of research on RCPSP

has appeared. The problem is well recognised as
important and difficult. It is easy to see that it is a

generalisation of the classical job shop schedul-

ing problem, and is thus NP-hard [2]. Even for

moderately sized problems, finding an optimal

solution in a reasonable amount of time can be

very difficult. This has motivated research on

various solution methods. Excellent reviews are
available [1,4,20]. Invaluable recent sources are
[3,10,23].

In this paper, we present an effective heuristic

solution scheme for the problem, based on a

variable neighbourhood search (VNS) enhanced

by effective lower bounding and precedence aug-

mentation techniques.
2. VNS for RCPSP

2.1. Schedule representation

A schedule is represented, as in [13,17], by a

valid sequence of activities a ¼ ða1; a2; . . . ; anÞ. A
valid sequence is one that satisfies the precedence

constraints:

8i ¼ 1; 2; . . . ; n; Pai � a1; a2; . . . ; ai
1f g
^ Sai � aiþ1; aiþ2; . . . ; anf g ð6Þ

To obtain start times sj from the sequence a, the
serial schedule generation scheme [13], shown in

Fig. 1, is applied. This scheme plays an important

role in classical machine scheduling, where it is

known as list scheduling [11,12]. It always gives an

active schedule; i.e., a schedule in which it is not

possible to left shift any activity without violating
the constraints [22]. It also ensures that for each

active schedule there exists an appropriate corre-

sponding sequence. However, a disadvantage of

this representation is that there is no one to one

correspondence between sequences and schedules,

in that the same schedule may be produced from

more than one unique sequence, with the result

that the space of representation is greater than the
space of active schedules.
2.2. Neighbourhood search

Neighbourhood search (NS) is an algorithm

aimed at finding a local minimum starting from a

given point in the solution space. The neighbour-

hood of the current point is searched for better
points and if one is found, it is adopted as the new

starting point. The process is repeated until a local

optimum is found; i.e., until no improving move

can be found.



Fig. 1. Serial sequence scheduler procedure.
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Neighbourhood and moves: In the present con-

text, a point in the solution space is represented by

the corresponding valid sequence and the neigh-

bourhood of a valid sequence is defined as the set

of valid sequences that result from moving one

activity to a new position.

If only direct predecessors and successors are
taken into consideration, then a move (shift) in the

neighbourhood can be defined such that an activ-

ity ai may be moved to a new position i0:

LLðaiÞ6 i0 6RLðaiÞ ð7Þ
where the left limit LLðaiÞ and right limit RLðaiÞ
are defined by

LLðjÞ ¼ maxfljal 2 Pjg þ 1;

RLðjÞ ¼ minfljal 2 Sjg 
 1:
ð8Þ

In this move strategy [13], if ai is moved to i0 < i,
then the activities ai0 ; ai0þ1; . . . ; ai
1 are shifted
rightwards by one position. Similarly, if ai is

moved to i0 > i, then the activities aiþ1; aiþ2; . . . ; ai0
are shifted leftwards by one position.

However, we have developed a more forceful

move strategy by taking account of both direct

and indirect predecessors and successors. Let P j be

the set of all direct and indirect predecessors of j
Fig. 2. An example of
and Sj be the set of all direct and indirect succes-

sors of j. A move in this strategy, which we term

an �enhanced move�, can then be defined such that

an activity ai may be placed in a new position i0:

ELLðaiÞ6 i0 6ERLðaiÞ ð9Þ
where ELLðaiÞ and ERLðaiÞ are the extended left

limit and the extended right limit respectively,

defined by

ELLðjÞ ¼ Pj

�� ��þ 1;

ERLðjÞ ¼ Sj

�� ��
 1:
ð10Þ

In order to preserve precedence relations, an en-

hanced move of activity j ¼ ai to the left (right)

forces all its predecessors Pj (successors Sj) to

move to the left (right), while activities that are not
in any precedence relation with j �jump� to the

other side of j. In the example of Fig. 2, the pre-

decessors and successors, both direct and indirect,

of activity 4 are marked with 0. The first move of

activity 4 to the left simply leads to activities 4 and

5 exchanging positions. The second move forces

activities 2 and 3 to move to the left, because they

have to precede 4. The nearest activity at the left
side that is not in a precedence relation to 4 is 6

and it �jumps� to the other side of 4. Note, that
enhanced moves.
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activities 2 and 3 remain in the same order. The

only possible move to the right forces activity 8 to

move to the right and activity 7 �jumps� to the

other side of 4.

It is clear that the neighbourhood defined by the

enhanced move strategy is larger than that defined

by the simple move strategy, in the sense that

several simple moves may be needed to reach a
point moved to by a single enhanced move. Thus

the enhanced move strategy helps diversify the

search and has proved in our experimentation to

lead to distinctly better results overall; albeit at the

expense of increasing processing time.

It is worth noting, however, that, in either move

strategy, not every move leads to a new schedule.

For example, if activity ai is moved to position
iþ 1 and activities ai and aiþ1 do not compete for

resources, then the new schedule will still be the

same. To find out whether a move does lead to a

change in schedule, it is sufficient to recalculate

only the new start times of the activities that have

changed positions. If none changes, then the

overall schedule will remain the same and there is

no point in computing it. This leads to significant
computation time saving when looking for the best

move of an activity.

Restricted NS: The worth of a move is calcu-

lated as the decrease in project makespan resulting

from it, with moves giving rise to larger decreases

being preferable.

The restricted NS scheme could be described as

follows. The sequence of n activities is searched as
if it were a circular array. Let a be a number less

than n, such that dividing n by a leads to a suitable

number of subdivisions with a remainder. Then

each activity is taken in turn and all the legal

moves involving it evaluated and so on until a
activities are processed. If the best move discov-

ered does lead to a decrease in project makespan,

then it is effected. Thereafter, the search is resumed
from where it reached and so on, processing the

sequence of activities in a circular fashion. The

process terminates, when a total of n activities are

processed without discovering a makespan-reduc-

ing move, which proves that the current solution is

a local optimum.

An effective choice of a has been found by ex-

perimentation to be a ¼ minf7; ng.
Three points regarding this scheme are note-
worthy:

1. The procedure is akin to a descent search with a

candidate list strategy, in the sense that the legal

moves involving the next a activities in the se-

quence are those on the candidate list at each

stage. In this way, a great deal of computation

time is saved in comparison with steepest de-
scent search.

2. Ameasure of search diversification is introduced

by the fact that as the search progresses, the

composition of the candidate lists changes, as a

result of searching the sequence of activities in

a circular fashion, with n=a having a remainder.

3. The procedure is also akin to Tabu search, in

the sense that when a move is effected, the activ-
ity concerned is unlikely to be moved back to its

old position until it is encountered again while

searching the sequence (variable Tabu dura-

tion), or unless the resulting sequence leads to

the best makespan so far (aspiration by objec-

tive). Thus this search scheme has all the advan-

tages of basic Tabu search.

2.3. Initial solution

Extensive experimentation has shown that the

better the initial solution with which VNS for

RCPSP is started, the better the final solution will

be on average. Moreover, on average, much

shorter computation times are needed.

The starting sequence is generated using well-
known, one-pass, priority-rule-based heuristics

[13], which build a schedule by adding activities

one by one. At each step, starting from the partial

schedule assembled thus far, a decision set D,
containing the activities that have all their prede-

cessors already scheduled and thus can be added to

the schedule, is calculated. For each activity j 2 D,
a priority vj is calculated and the activity with the
highest (or lowest) priority is selected. Six priority

rules for the serial schedule generation scheme may

be used [13]: greatest rank positional weight

(GRPW), latest finish time (LFT), latest start time

(LST), minimum slack (MSLK), most total suc-

cessors (MTS) and shortest processing time (SPT).

Table 1 summarises the rules we have used. LFj



Table 1

Priority rules

Rule Ref. vj

GRPW [1] dj þ
P

i2Sj di
LFT [4] LFj

LST [16] LFj 
 dj
MSLK [4] LFj 
 EFj

MTS [1] Sj

�� ��
SPT [1] dj
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denotes the latest finishing time and is calculated
by backward recursion on the basis of the current

upper bound [5], which is initially achieved by

applying one of the priority rules that do not re-

quire LFj; e.g., GRPW. EFj is the earliest finishing

time calculated on the basis of both precedence

and resource constraints and updated in accor-

dance with the current partial schedule.

Three strategies for generating an initial solu-
tion have been experimented with:

1. Use each priority rule to generate one sequence

and adopt the best.

2. Use each priority rule to generate a sequence a,
apply the restricted NS algorithm, NSðaÞ, to

find a local optimum. Adopt the best sequence

overall.
3. Apply sampling based on priority rules [13], fol-

lowed by NSðaÞ.

The third strategy, which proved to be the most

effective, resorts to generating sequences from the

priority rules cyclicly. Each time a new sequence is

generated, NS is applied and the best sequence

overall is adopted. Processing is stopped when a
number of cycles elapses without generating a

better sequence. In our implementation, we fixed

this number to 2, on the basis of some experi-

mentation. Obviously, the procedure is meaningful

only if different sequences can be generated from

the application of the same priority rule. This is

done by choosing the next activity from D with a

probability related to its priority value, rather than
according to the priority value itself. Let pj be the

probability of choosing activity j which has a

priority value vj. Then pj is calculated as follows

for rules that select the activity with the highest

priority value:
rj ¼ vj 
min
i2D

vi;

pj ¼
r2jP
i2D r

2
j
:

ð11Þ

For rules that select the activity with the lowest

priority value, vj is replaced with 
vj. It is worth
noting that this sampling strategy is one of regret-

based biased random sampling [7,16]. However, it

differs from the usual in squaring the regret values,

rj. This is done in order to give a strong preference

to the activities with higher priority values, which

in turn makes the sampling follow the original
heuristics more closely.
2.4. Variable neighbourhood search

VNS is a metaheuristic developed by Hansen

and Mladenovi�c [6,18], designed to find near-

optimal solutions. Let Nk, k ¼ 1; 2; . . . ; kmax, be a

set of predefined neighbourhood structures. The

search is started with an initial solution, corre-

sponding to a local optimum, from k ¼ 1. The

following steps are carried out repeatedly until a

stopping criterion is met:

Shaking: A random point from the Nk neigh-

bourhood of the current point is generated.

Local search: A local optimum is found starting

from the new point generated in the previous

step.

Move or not: If the new local optimum is better

than the previous one, it becomes the current
solution and the processing is restarted. Other-

wise k is increased by one.

For the problem in hand, we define the Nk

neighbourhood of a sequence a as the set of se-

quences that can be generated starting from a by

making k legal moves of k distinct activities. Thus,

randomly generating a sequence from neighbour-
hood Nk is carried out by a series of k random legal

moves of k randomly selected activities.

The VNS developed in this work is shown in

Fig. 3, where NSðaÞ is the procedure implement-

ing the restricted NS for finding a local optimum,

as described above; MKðaÞ is the makespan



Fig. 3. VNS procedure.

K. Fleszar, K.S. Hindi / European Journal of Operational Research 155 (2004) 402–413 407
corresponding to sequence a and LB is the best
(highest) lower bound discovered so far.

This algorithm differs from that suggested by

Hansen and Mladenovi�c by repeating the search k
times for each value of k, thus increasing the

chance of finding a good local optimum when the

neighbourhood is large.

The stopping criterion employed here is to ter-

minate the search whenever a solution with a
makespan equal to a known lower bound is

achieved or when k > kmax.
3. Lower bounds and precedence augmentation

Let the head, hj, of activity j be the time that for

some reason has to pass before j can be started.
Analogously, let the tail, tj, be the time that for

some reason has to pass after finishing activity j
before the project is completed.

Two activities i and j are incompatible, if they

cannot be processed in parallel. This may be due

to a precedence relation (direct or indirect) or due

to excessive resource consumption when 9kjrik þ
rjk > Rk.

Several lower bounding techniques, most de-

veloped by Robert Klein and Armin Scholl [12],

have been used: critical path bound (relaxation of

resource constraints), capacity bound (relaxation
of precedence relations), one-machine bound (re-
laxation of resource constraints to one resource-

machine), two-machine bound (another version of

relaxation of resource constraints, this time to two

parallel machines) and destructive improvement.

This latter approach [12] is based on computing

sharp time windows (maximising heads and tails),

using so called reduction techniques. From

amongst the latter, we have employed reduction by
forward and backward pass (i.e., CPM), reduction

by subprojects and reduction by core times. The

sharper time windows are then used in contradic-

tion arguments in an attempt to improve the value

of the lower bound.

Having calculated good heads and tails and

obtained a project schedule, with a makespan

equal to T , we can embark on a process of pre-

cedence augmentation, by which we denote the

procedure that permanently introduces new pre-

cedence relations into the project. Since we are

interested only in schedules with a makespan that

is shorter than T , we can assume an upper bound

UB ¼ T 
 1. To add new precedences, all pairs of

activities that are not in any precedence relation

are considered. The procedure for such a pair is as
follows:

1. If hj þ ti PUB, i.e., if i has to be finished before

j can start, then add i � j.
2. If i and j are incompatible and hj þ dj þ

ti þ di > UB, i.e., if enforcing j � i leads to a

makespan larger than UB, then add i � j.
3. As a trial, implicitly impose i§ j and calculate

the resulting heads and tails:

3.1. if i and j are incompatible (in which case

i§ j ) j � i), then
hi ¼ maxfhi; hj þ djg;
tj ¼ maxftj; ti þ dig;

3.2. if i and j are compatible (in which case

i§ j ) j � i _ i and j overlap), then
hi ¼ maxfhi; hj 
 di þ 1g;
tj ¼ maxftj; ti 
 dj þ 1g:

If any head or tail is thereby improved, then

with the improved values, calculate the resulting

lower bound LB0. If LB0 > UB, then add i � j.

Since there are Oðn2Þ pairs of activities to be

considered, computation of the lower bound in
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step 3 should be fast, yet effective. Extensive ex-
perimentation showed that both purposes are well

served by using time lags saved from the previous

reduction by subprojects procedure to update

heads and tails, followed by reduction by core

times. During the latter procedure, contradiction

may occur (LB0 > UB), in which case a new pre-

cedence is added.

Precedence augmentation is clearly advanta-
geous since it reduces the solution space, particu-

larly that adding one precedence relation results in
Fig. 4. Repair sequence algorithm.

Fig. 5. Overall
additional transitive precedence relations. Reduc-
tion of the solution space is manifested in nar-

rowing the limits of moves in NS, which, in turn,

has the benefit of reducing the processing time of

VNS. However, in some cases the sequence cor-

responding to the best solution found so far may

violate the new precedences. If this happens, the

sequence must be repaired (see the repair algorithm

of Fig. 4) before resuming the NS. The local
minimum found in this way is sometimes better

than the incumbent.
4. Overall scheme

The overall solution scheme is shown in Fig. 5.

The solution process is stopped whenever the in-
cumbent solution is proven to be optimal (make-

span ¼ lower bound); otherwise it is repeated

until two runs in a row fail to yield improvement.

A distinctive feature is the repeated attempts to

narrow the gap between the upper bound and the

lower bound by improving both. Moreover, an-

other attempt is made at the end to improve the
scheme.



Fig. 6. Lower bound improvement algorithm.
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lower bound using the algorithm shown in Fig. 6,
in order to narrow the gap further and improve

confidence in the upper bound solution. In the

VNS, kmax was set to 10.
5. Computational testing

The algorithm has been coded in Borland Del-
phi Pascal version 5 and all the tests have been

performed on a Pentium III 1 GHz running under

Windows 2000.

Although the algorithm has been tested on the

Patterson data sets [20], we do not include the

results here, due to the fact that the best of our

solution schemes finds the optimal solutions for all

instances and in only a few of them (13.3%) opti-
mality is not verified by coincidence with the lower

bound.

The four benchmark data sets of Kolisch et al.

[14] proved more taxing. These sets, referred to as

J30, J60, J90 and J120, consist of RCPSP instances

with 30, 60, 90 and 120 activities respectively. The

best-known results for these problem instances

have been compiled from a variety of sources using
many different algorithms [15], and can be down-

loaded from: ftp://ftp.bwl.uni-kiel.de/pub/opera-

tions-research/psplib/HTML/datasm.html.

Table 2 presents the results for the possible

combinations of the various features of our algo-

rithm; i.e., for the initial solution with and without

enhanced moves, for VNS, and for VNS combined

with augmentation, and with enhanced moves
separately, as well as with both jointly. The solu-

tions and the lower bounds are compared re-

spectively with the best-known solutions and the

best-known lower bounds. The �VNS� and �VNS þ
Aug.� algorithms are started from the initial solu-
tions without enhanced moves, whereas �VNSþ
Enh.� and �VNSþEnh.þAug.� are started from

initial solutions with enhanced moves.

Initial solutions are quite good and VNS effects

significant improvement. Enhanced moves im-

prove solution quality considerably, but at the

expense of increasing processing time. Precedence

augmentation, on the other hand, does not seem to
have an appreciable impact on solution quality,

but improves lower bounds; thereby increasing

chances of solution verification. Again, employing

precedence augmentation increases processing

time. However, for small problem instances be-

longing to the J30 class, introducing augmentation

to VNSþEnh. decreases average processing

time, since the time spent on augmentation is more
than offset by the saving due to optimality verifi-

cation.

The quality of solutions and lower bounds

achieved by VNS with enhanced moves and pre-

cedence augmentation is quite impressive. This can

be seen from the average and maximum relative

deviations from the best known (Table 2) and

from comparisons on the basis of the numbers of
problem instances (Table 3). Almost all solutions

for J30 are the same as the best-known ones and

due to the fact that the best-known solutions are

optimal, the overwhelming majority of our solu-

tions is also optimal. For J60 and J90, the algo-

rithm performs remarkably well in comparison

with the best-known solutions. For J120, about

50% of the solutions are worse, but the average
deviation is still less than 0.7%.

Table 2 indicates that employing precedence

augmentation and enhanced moves increases pro-

cessing times appreciably. This is all the more

ftp://ftp.bwl.uni-kiel.de/pub/operations-research/psplib/HTML/datasm.html
ftp://ftp.bwl.uni-kiel.de/pub/operations-research/psplib/HTML/datasm.html


Table 3

Results for VNS with enhanced moves and augmentation

Set Instances Sol. vs best-known LB vs best-known

Better Same Worse Better Same Worse

J30 480 0 476 4 0 398 82

J60 480 11 415 54 53 369 58

J90 480 7 396 77 30 372 78

J120 600 30 279 291 65 304 231

Table 2

Deviations from best-known solutions and lower bounds, and processing times (þEnh. ¼ with enhanced moves, þAug. ¼ with

precedence augmentation)

Set Algorithm Sol. dev. (%) LB dev. (%) Time (seconds)

Av. Max. Av. Max. Av. Max.

J30 Initial Sol. 0.48 6.90 1.81 15.87 0.07 0.17

Initial Sol.þEnh. 0.24 4.41 1.81 17.87 0.09 0.47

VNS 0.05 2.44 1.76 15.87 0.30 2.30

VNSþAug. 0.03 1.72 0.64 12.07 0.37 2.95

VNSþEnh. 0.01 1.49 1.76 15.87 0.71 5.94

VNSþEnh.þAug. 0.01 1.56 0.64 12.07 0.64 5.86

J60 Initial Sol. 1.61 12.50 0.85 10.48 0.32 1.00

Initial Sol.þEnh. 1.01 8.05 0.85 10.48 0.59 3.38

VNS 0.26 3.60 0.83 10.48 2.32 18.91

VNSþAug. 0.31 4.49 0.21 10.45 4.51 41.20

VNSþEnh. 0.15 3.09 0.83 10.48 7.09 75.77

VNSþEnh.þAug. 0.14 3.28 0.15 10.45 8.89 80.70

J90 Initial Sol. 1.91 11.70 0.49 7.92 0.98 3.14

Initial Sol.þEnh. 1.36 10.00 0.49 7.92 1.86 9.83

VNS 0.40 6.36 0.49 7.92 7.44 64.27

VNSþAug. 0.42 6.36 0.20 5.94 16.53 182.44

VNSþEnh. 0.27 4.11 0.49 7.92 25.55 212.97

VNSþEnh.þAug. 0.23 3.85 0.20 5.94 32.43 247.91

J120 Initial Sol. 5.55 16.00 0.75 8.30 3.44 9.02

Initial Sol.þEnh. 3.62 9.82 0.75 8.30 9.41 37.42

VNS 1.21 7.56 0.74 8.30 40.85 175.78

VNSþAug. 1.27 7.56 0.39 8.30 97.93 883.39

VNSþEnh. 0.73 3.92 0.74 8.30 174.43 1088.78

VNSþEnh.þAug. 0.69 4.08 0.38 8.30 219.86 1126.97

410 K. Fleszar, K.S. Hindi / European Journal of Operational Research 155 (2004) 402–413
remarkable for the J120 set, which is known to
be much more difficult than the other three sets,

because the resource strength for it is lower on

average (for more details see [14]). Neverthe-

less, processing times are reasonable, not exceed-

ing 20 minutes over all the problem instances

tackled.

Comparison of the lower bounds achieved by

our algorithm with the best known lower bounds is
also favourable. Since the lower bounds for the J30
set are optimal, it is not possible to find any better

values. However, for all other sets, it was possible

to find better lower bounds for a number of in-

stances, but for all sets, some obtained lower

bounds are inferior. However, even for the J120

set, where the number of instances with an inferior

lower bound is largest, the average deviation is still

less than 0.4%.
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Table 4 shows for each set the number of so-
lutions that have been verified to be optimal and

the deviation between the makespan and the lower

bound obtained by VNS with enhanced moves and

augmentation. The deviation is quite low for J30

but grows rapidly with the size of the problem

instance.

To ease comparison with other heuristic algo-

rithms, Table 5 shows the average deviations of
our solutions from the critical-path-based lower

bound, and the number of schedules generated. It

also shows the average deviation for the best-

known solutions and the solutions obtained by the

heuristic identified in [13] to be the most effective;

i.e., GA––activity list [8]. It can be seen that for

both sets of problem instances considered, the
Table 5

Solution deviation from critical-path lower bound and number of sch

Set Algorithm Dev. (%)

Av.

J60 Initial Sol. 12.98

Initial Sol.þEnh. 12.18

VNS 11.13

VNSþAug. 11.20

VNSþEnh. 10.96

VNSþEnh.þAug. 10.94

Best-known solutions 10.76

GA––activity list 11.89

J120 Initial Sol. 40.02

Initial Sol.þEnh. 37.38

VNS 33.88

VNSþAug. 33.96

VNSþEnh. 33.14

VNSþEnh.þAug. 33.10

Best-known solutions 32.17

GA––activity list 36.74

Table 4

Solutions vs lower bounds obtained by VNS with enhanced

moves and augmentation

Set Instances Verified

solutions

Verified

(%)

Dev. (%)

Av. Max

J30 480 397 82.7 0.69 14.04

J60 480 364 75.8 2.50 22.50

J90 480 367 76.5 2.81 21.05

J120 600 214 35.7 7.11 27.74
average deviation achieved by our best solution
scheme is better than that achieved by GA––

activity list and is very near that achieved by the

best-known solutions.

However, as expected in a NS-based solution

scheme, the number of complete schedules gener-

ated by our solution procedure is quite large. Since

in our implementation, we build a large number of

partial schedules, the number of complete sched-
ules was calculated by dividing the number of

tasks scheduled by the number of the tasks in the

problem instance concerned. It is worth noting

that it is customary to compare heuristics by re-

stricting each to generating the same number of

schedules; normally 1000 or 5000. But this is not

possible in the present context, since even one local

NS quite often involves generating more than 5000
schedules. In any case, it is a moot point whether

raising the ceiling on the number of schedules that

a particular heuristic is allowed to produce would

help it discover better solutions, since that depends

on the ability of the heuristic concerned to search

the solution space effectively.

As can be seen from Table 3, we have been able

to improve upon the best-known solutions and/or
the best-known lower bounds for a number of

instances. The instances for which the solutions
edules generated

Schedules generated

Av. Max.

1927 14,585

9272 79,823

39,500 393,327

37,153 393,327

164,676 1,653,641

152,503 1,653,641

– –

– 5000

11,947 69,763

88,279 346,710

310,876 1,648,990

310,126 1,648,990

1,968,606 10,778,083

1,874,641 10,778,083

– –

– 5000
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were improved are cited in ftp://ftp.bwl.uni-kiel.
de/pub/operations-research/psplib/HTML/datasm.

html.
6. Conclusion

An effective solution scheme for the RCPSP has

been presented. In addition to the use of VNS to
explore the solution space, the effectiveness of the

scheme is due to progressively reducing the solu-

tion space by repeatedly improving both lower and

upper bounds, as well as by discovering additional

valid precedences to augment the existing set.

The problem has been coded and the solution

space explored through the use of valid sequences

of activities. The enhanced move strategy devel-
oped in this work has contributed much to the

efficacy of solution space exploration.

The ideas and techniques developed in this

work should be useful also in the context of the

various extensions of the RCPSP, such as multi-

mode project scheduling, multi-project scheduling

and project scheduling with resource-time inter-

actions. This is also true for other problems
characterised by the presence of precedence con-

straints such as the line-balancing problem.
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