Available online at www.sciencedirect.com

sclENcECJDIRE(:T® @@M@@D@@Pg
OREFEAGCIONS

- reEseErEh

ELSEVIER Computers & Operations Research 33 (2006) 13801398

www.elsevier.com/locate/cor

Upper bounds and exact algorithms fsdispersion problems
David Pisingeft

DIKU, University of Copenhagen, Universitetsparken 1, DK-2100 Copenhagen, Denmark

Abstract

Thep-dispersion-sum problem is the problem of locatifgcilities at some oh predefined locations, such that
the distance sum between ghé&cilities is maximized. The problem has applications in telecommunication (where
it is desirable to disperse the transceivers in order to minimize interference problems), and in location of shops and
service-stations (where the mutual competition should be minimized).

A number of fast upper bounds are presented based on Lagrangian relaxation, semidefinite programming anc
reformulation techniques. A branch-and-bound algorithm is then derived, which at each branching node is able to
compute the reformulation-based upper boun@im) time. Computational experiments show that the algorithm
may solve geometric problems of size umte- 90, and weighted geometric problems of size 250.

The relategp-dispersion problem is the problem of locatipfacilities such that the minimum distance between
two facilities is as large as possible. New formulations and fast upper bounds are presented, and it is discussec
whether a similar framework as for thedispersion sum problem can be used to tighten the upper bounds. A
solution algorithm based on transformation of fhdispersion problem to the-dispersion-sum problem is finally
presented, and its performance is evaluated through several computational experiments.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

We consider the problem of establishipdacilities at some oh predefined locations. The distance
between two facilities and is given by a square matri;;), i, j =1, ..., n. In thep-dispersion-sum
problem(PDSP) the objective is to maximize the distance sum betwegndbiblished facilities. Since

*Tel.: +4535321354; fax: +4535321401.
E-mail addresspisinger@diku.dKD. Pisinger).

0305-0548/$ - see front matte€r 2004 Elsevier Ltd. All rights reserved.
doi:10.1016/j.cor.2004.09.033


http://www.elsevier.com/locate/cor
mailto:pisinger@diku.dk

D. Pisinger / Computers & Operations Research 33 (2006) 1380—1398 1381

the number of selected facilities is constant, maximizing the distance sum is equivalent to maximiz-
ing the average distance between facilities. A different variant of the problem callgddispersion
problemappears when the objective is to maximize the minimum distance between two established
facilities.

Both variants of the problem have several applications in telecommunication and warehouse loca-
tion. In telecommunication one may for example wish to disperse radio transceivers to service cellular
phones in order to minimize interference problems. In the case of locating branches of a chain, one
wishes to minimize mutual competition between similar shops or service-stations. Moreover, the prob-
lems have several applications in military defense, since itis common practice to scatter ones installations
in order to make it more difficult for the enemy to disarm them. The PDSP is thus also known as the
p-defense-sum problerfihe problem may also find applications in data mining, where diverse method
of data clustering are being explorgd. In graph theory, théaeaviest subgrapproblem considers a
weighted grapiV, E, d). The problem is to select a node sub&eC V of cardinality|K| = p such
that the weight of the subgraph induced Kyis maximized. This problem is obviously equivalent to
the PDSP.

Both of the problems arg”#-hard which easily can be proved by reduction from the clique problem
[2,3]. Evenifthe distance matrix satisfies the triangle inequality, the problems reftyaihard[2,3]. Ravi
et al.[4] showed that thp-dispersion problem cannot be approximated by a fixed patidess/ #2=2. If
the triangle inequality is satisfied, an approximation ratipef2 can be obtained, and (assuming? #

2) this is also a lower bounjd]. For thep-dispersion-sum problem it is open whether an approximation
algorithm with fixed ratiq exists, but if the triangle inequality is satisfied, an approximation algorithm
with ratio p = 4 has been presented by Ravi eff4]. It is unknown whether this is a lower bound.

Although no approximation algorithm with fixed ratio-boumntiave been found for the PDSP without
triangle inequality assumptions, Kortsarz and Péggave an approximation algorithm with variable
approximation ratio oD (n°-388%_—which, e.g., i, _10 = 2.446 andp,,_100 = 5.984. Asahiro et alf1]
presented an approximation algorithm based on greedy removal of facilities, where the approximation
ratio is bounded by

1+n i 0] ! <p< l+n 2+0 ! forn< <
2" 2p n) SPS\27 2, " 3 SPsh
1
2(n—l)—0()<p<2(n—l)+0<n2> forp<g. (2)
P P P P 3

For the case = n/2 the approximation ratio becomes= 9/4 + O(1/n). A different approach is to
consider the case wheyge= cn for a constant < 1. In this case, Srivastav and W8] presented an
approximation algorithm with ratio-boung._; > = 2.073, p._1/3 = 2.982 andp._1/4 = 4.189. Ravi

et al.[4] considered other special cases, e.g. where the facilities are located in one or two dimensions of
the plane and Euclidean distances are used foHassin et al[7] consider approximation algorithms for

the PDSP which satisfy the triangle inequality whergubsets op facilities are to be selected. Corneil

and Perl[8] consider the PDSP on different perfect graphs assuming that all distances are the same.
Polynomial algorithms are developed for problems defined on e.g. trees and cographs while problems
defined on other types of perfect graphs are shown te'behard.
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In contrast to the large number of theoretical results for the two problems, not very much experimental
work has been done: An exact algorithm for firdispersion problem based on branch-and-bound was
presented by Erkys], while Kincaid[9] presented metaheuristics based on simulated annealing and
tabu-search for the solution of tipedispersion-sum anpkdispersion problem. Billionnet and Faji0]
consider lower bounds for the PDSP in minimization version. The bounds are based on a reformulation
of the objective function into the sum of a constant term and a quadratic posiform. It is shown how the
reformulation leading to the best lower bound by this approach can be found in polynomial time through
linear programming. The approach is parallel to the technique by HammejJdt]dbr the unconstrained
guadratic 0—1 minimization problem.

The PDSP problem can be seen as a generalization afeihge subgraph proble(see e.g. Asahiro
[12]). In this problem one considers a graph E) and the objective is to select a node suliset V of
cardinality| K | = p such that the subgraph 6finduced byK contains as many edges as possible. This
problem can be modeled as a PDSP by setfjng= 1 iff the edge(, j) € E.

In the more generajuadratic knapsack problef@KP) each facility has an associated weightand
the problem is to maximize the overall distance sum between established facilities subject to an upper
limit ¢ on the applied weights. Exact algorithms for this problem include Michelon and Veu[t&jix
Hammer and Raddi.4], Billionnet et al.[15], Pisinger et al[16] and Caprara et a[17]. The latter
algorithm is based on branch-and-bound search where tight bounds are found through a reformulation
The present paper makes use of the same fundamental idea, but we are able to derive a tight reformulatio
intime O (n®) as opposed to the expensive subgradient optimization algorithm presefitéH Aiso, the
time bounds for deriving upper bounds inside the branch-and-bound algorithm are tighter for the PDSP
than for the QKP.

In the sequel we consider the most general cagedi$persion problems, where the distandgsdo
not need to satisfy the triangle inequality and in particular they may take on positive as well as negative
values. Hence any kind @ushandpull constraints between the individual facilities may be modeled as
described in Krarup et a]18].

The organization of the paper is as follows: We start by considering the PDSP in Section 2. Polyno-
mial upper bounds are presented in Section 2.1-2.3 based on reformulation, Lagrangian relaxation anc
semidefinite programming. The main branch-and-bound algorithm is presented in Section 2.4, and it is
shown how upper bounds can be deriveditrn) time inside this algorithm. Section 2.5 concludes the
treatment of the PDSP by showing some computational results.

Section 3 considers the-dispersion problem. The bounds presented for the PDSP are generalized
to thep-dispersion problem, and it is discussed whether a reformulation algorithm may be applied for
this problem. Finally, an exact algorithm is presented based on a reduction of the problem to a number
of PDSPs. Some computational results with this algorithm are presented in Section 3.1. The paper is
concluded by summing up the obtained results in Section 4. A preliminary version of the present paper
appeared ifi30].

2. Thep-dispersion-sum problem
GivenN ={1, 2, ..., n} locations, the PDSP asks to establisfil< p <n) of these facilities such that

the total distance sum is maximized. The distance between fadiiy j is given by a rational number
d;j. In most facility location problems;; = 0 but the following discussion is not restricted to this case.
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If we use the boolean variahlg to indicate whether a facility is opened, we may formulate the PDSP as
the following integer optimization problem:

maximizez Z dijxixj

ieN jeN
subjectto) ~ x;=p
JEN
x; €1{0,1}, jeN. (2)

Without loss of generality, we may assume that all distadges0, as otherwise a large constaiitmay
be added to all values af;. This transformation preserves the optimal solution, although the solution
value gets increased by p2.

2.1. Upper bounds from reformulation

An upper bound to PDSP can be foundin?) time by splitting the objective function into two parts.
As the objective function can be written

maximize Z (Z dijxl') X; (3)

JeEN \ieN

we first derive an upper bound on the term inside the parenthesis for each vgluSiate the term
> iendijxi only will contribute to the sum in (3) when; = 1 we get the following bound:

di=maxid;;+ Y  dyyl: Y ¥y =p-Ly €01, ieN{jt. (4)
ieN\(j) ieN\(j)

Having derived the valued;} for eachj € N, an upper bound on (2) is then derived as

1 = max Zd}XJ:ZXj=p;Xje{O,1},jeN . (5)
jeN jeN

Problems (4) and (5) basically ask to choosejthel orp largest values among a set of valdes. . ., d,.
These problems can obviously be solved in linear time through a median search algorithm. To derive the
bound#,, we solven + 1 subproblems each demandifgn) time, getting an overall time bound of
0 (n?). Since the input size i® (n%) we derive7, in linear time. An example of deriving the bound is
found inFig. L

A tighter upper bound can however be obtained by noting that if fagibtyd j are established, then
we get the contributior;; + d;; in the objective function. As long a&; + d;; are unchanged, we may
divide the “distances” betweeaf); andd;; as we will. Hence let4) be ann x n matrix satisfying that
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i J 1 2 3 4 5 6 7 | J 1 2 3 4 5 6 7
1 0 3 7 4 10 5 7 1 0 3 5 3 13 5 11
2 3 0O 9 5 5 10 6 2 3 0 12 3 3 10 5
3 7 9 0 1 3 2 4 3 9 6 0 1 2 2 4
4 4 5 1 0 1 9 1 4 5 7 1 0 1 5 1
5 |10 5 3 1 0 3 2 5 7 7 4 1 0 3 2
6 5 10 2 9 3 0o 3 6 5 10 2 13 3 0 3
7 7 6 4 1 2 3 0 7 3 7 4 1 2 3 0

Fig. 1. Left: An instance withh = 7 facilities andp = 3. We find that/] = 17,d; = 19,d5 = 16,d, = 14,d; = 15,dg = 19 and
d§ = 13. Hence the final upper bound4g = 55. Right: A reformulation of the instance. Now we find tk‘h‘i{t: 16,dé’ =17,
dy =17,dy =16,dg =16,dg =15 andd7 = 16. Hence the final upper bound#g =50. The optimal solution is; = x4 =xg =1
with objective value 48.

Zij + 4;i =0 for all values ofi, j € N. Problem (2) is now equivalent with

maximizez Z(d,‘j + Aij)xix;

ieN jeN
subjectto)  x; =p
JjeN
x; €1{0,1}, jeN. (6)

Using the same bounding technique as in (5) we first derive

dj=max{dj;+ > (ij+ipyl: Y. vl =p-1Ly €{0.1}ieN\) (7)
ieN\{j} ieN\{j}

for eachj € N, which leads to the upper bound

Ur(A)=maxq > dix;: Yy xj=pix;€{0,1},jeNL. (8)
JEN JEN
We wish to choose the matrix = {4;;} such that the tightest possible bounel(1) is derived for (6),
thus we have the dual problem

minimize %1(A)
subjecttol;; +2;; =0 i,jeN. 9)

The optimal choice of1 can be found through linear programming. A suboptimal but considerably
faster choice oft can however be derived through the following reformulation algorithm. We consider
a sequencetl, 42, ..., A" of matrices which in each iteration attempts to tighten the boupd*).
Initially we set’}; = 0in 4*. Each subsequent value of * is derived from1* as follows. Assume that

yij are the solution vectors to (7) for each valuejaf N, and thatx; is the solution vector to (8) for the
present value oft*. Then we set

/lf.cj""l = /ij + (yini — y;-xj) d !

JT’ i,jeN. (10)
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The motivation for this recursion is, that)jfx,- =1 andy;.xj =0 then the value ofd;; + }.fj) contributed
to the boundw1(A*) while dj; + )fj‘.l.) did not contribute to the bound. In order to decrease the bound,

we thus attempt to decreag* and increase’;* in the next iteration. By havingin the denominator,
we achieve smaller adjustmentskaimicreases.
The bound#, is obtained by choosing the best valueiaf(4) thus
Up= min U145, (12)
k=1,....,n

Since each value a1 (%) can be derived i) (n2) time and each new value af can be derived from
A1in 0(n?) in (10), the boundr, is derived inO (n3) time. As the input size is: = n? this time bound
can also be writtem® (m/m).

Proposition 1. The bound¥s, is tighter than the boundr1 given by(5).

Proof. SinceA?! has/;; = 0, we immediately observe thaty <#1(AY) = %1. The example irFig. 1
presents a specific instance wheére< #1. O

In the branch-and-bound algorithm to be described in Section 2.4, we choose thenfiatwhich the
smallest value of/,> was obtained, and considek; + /;;) as being the new distances in the reformulated
problem.

The presented bouri; has similarities to the bounds presented by Gallo ¢18].for the QKP based
on upper planes. The bourh is based on the reformulation scheme used by Carresi and Malucelli
[20] for the quadratic assignment problem, and Caprara ¢13].for the QKP. Where the latter used
time-consuming subgradient optimization based on the Held and Karp framfiddtio derive a good
reformulation, a much faster scheme is used here based on the g€2iesid=1, ..., n. Computational
experiments with the two reformulation approaches showed that although tighter bounds could be derived
at the root node by using the Held and Karp framework, the additional computational effort did not pay
off with respect to the number of branch-and-bound nodes visited in the sequel. As theZhocs be
derived efficiently, one may (in principle) evaluate it at every node of the branch-and-bound tree.

2.2. Upper bounds from Lagrangian relaxation

Using a similar approach as in Chaillou et[@2] one may relax the cardinality constraint, and solve
the associated Lagrangian dual problem. Using the result of Geof8nwe note that the Lagrangian
dual bound is equivalent to the bound obtained through continuous relaxation of PDSP. Using multiplier
). € R we get the problem

maximize Z Z dijxin — A Z Xj—4q
ieN jeN JEN
subjecttox; € {0,1}, j e N. (12)
By setting

o fdy o Wi#)
di '—{d,-j—z it i =), (13)
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the relaxed problem can be reformulated aguadratic 0-1 programming problemL ;(PDSB of the
form

maximize Y ~ Y " djxix; + ip
ieN jeN
subjecttox; € {0,1}, jeN. (14)
The problem can, for a given be solved efficiently asmaximum flow problenThe capacitated network

A= (V, E, ¢) is defined with a vertex sét = {s, 1, ..., n, t} wheres is the source andis the sink.
The edge seE is defined oV x V having the capacities

max(0, Y,y djx —4) ifi=s, j=1...,n,
C,'_/'()») = dl" if i,j = 1, oo, n, (15)
max(0, 1 — Y yeydix) if j=t,i=1...,n.

Assume that the value of the maximum flow freno ¢ in .4/ is ¥(./"). Then we have

Proposition 2. An optimal solution value t¢l2)is given by

2(Li(PDSP) =g + Y c5i(2) — P(N). (16)
ieN

Proof. Adapting the ideas of Chaillou et 422] we note that a cut(S, T) separates the set of nodés
into two subsetSandT wheres € S andr € T. Letx; = 1 if nodei is in setSandx; =0 ifitisin setT.
The capacity of a cutis henge,; .y csi(1 — xi) + ;e n D jen Cijxi (1 — x;) + >y cirxi- Since the
maximum flow¥ (/") equals a minimum cut(S, T') we obtain

YN = xe%i,rll}" IEZN cei(L—x;) + Z Z C,‘jxi(l — xj) + Z CitXi

ieN jeN ieN

Asci; —csi =4 — ZjeN cij we get

Y(AN) = Z Csi +x€%i’rll}n Z IXi — Z Z CijXiXj

ieN ieN ieN jeN
=Y ¢y —z(Li(PDSP) +/g. O (17)
ieN

The Lagrangian dual problem of (12) is
%3 =min L;(PDSP. (18)
LE

Chaillou et al[22] proved that the Lagrangian dual is a piecewise linear functiamath at most linear
segments. This observation can be used to construct a simple binary search algorithm for determining
the optimal choice* of Lagrangian multiplier, using no more th@h(n) iterations, each time solving a
maximum flow problem on a graph with+ 2 vertices and 2 + n2 edges. Using Karzanovs algorithm

[24] takesO (| V|3) time for each maximum flow problem, hence in tofain*) time is used.
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2.3. Upper bounds from semidefinite programming

A number of upper bounds for PDSP can be obtained through semidefinite programming by adapting
the bounds proposed for the QKP by Helmberg ef2di,26]to the PDSP.

The notation used in the sequel is as follows: The solution variables will be written as a column
vectorx = (x1, ..., x,)". Theinner product between matrices, B € R™*" is defined agA, B) :=
> ie12_=1aijbij. Thevector producbf two vectorsa, b € R" is

aitb1 -+ aib,
abT — . .

apby -+ ayby

Thevector of diagonal elementf a square matrid € R**" will be denoted diagA) and is defined as
follows

ailr -+ din ail
diag(A) := diag| : =1 - (29)
dpl -+ dpn Ann

Therank rank(A) of a matrix Ais defined as the number of linearly independent columng.ofhe
identity matrixis denoted/, and theunit matrixis denoted/. A matrix A € R"*" is said to bepositive
semidefinitéf we have for all vectory € R” thatyT Ay >0. We will use the notatiod > 0 to indicate
that A is symmetric and positive semidefinite.

For a binary decision variable e {0, 1} we note that the diagonal entriesXf=xx" are also binary
entriesX;; = xl.2 = x;. Using the same modeling techniques as in Helmberg {2&]l.the PDSP may be
formulated as:

maximize D, X)
subject td@/, X) = p,

X >0,
rank(X) =1,
Xii € {O, 1}. (20)

By dropping the rankX) = 1 constraint, and relaxing the last constraint we get a semidefinite relaxation
on the form

maximizg D, X)
subject td@/, X) = p,
X >0, (21)
leading to the bound 4.
A second bound is obtained by noting that for binary variables we havexthatO andX = xx'
implies thatX — diag(X)diag(X)" > 0. This leads to the relaxation
maximize D, X)
subject td@/, X) = p,
X — diagX)diag )" > 0, (22)
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which gives the bound/s. The last constraint can be written in standard form by using the Schur
Complement to get

. . T . 1 diag x)"
X —diagX)diagX)' =0 & X= (diag(X) % ) > 0.

The next relaxation is obtained by noting thiat X) = p implies (I, X)? = p? which can be rewritten
(J, X) = p? leading to the relaxation
maximizg D, X)
subject taJ, X) = p°,
X — diag(X)diag X)" > 0, (23)

which gives the boundse.
By multiplying the constrain} ;. yxi=p by >y x; we gety ;. y xid" ey Xj=pD_ ey Xj, Which
can be rewritten @y ;. (—p + X;cy ¥i) x; = 0. This leads to the following relaxation:

maximizg D, X)

-
. P 0 s
subjecttc<<_diag(1)> (diag(])) ,X> >0

X — diagX)diagx)" > 0, (24)

which gives the boundr.

Finally, we may multiply the cardinality constraint with each of the variahle®r i € N getting
equationszjeN x;xj =x;p fori e N. By introducingX;; for x;x; andX;; for x; we get the equations
ZjeN X;j = X;;p fori e N, which leads to the following relaxation:

maximizeg D, X)

subjecttoy ~ X;; = pX,;, i€N,
JEN
X — diag(X)diagX)" > 0, (25)

giving the boundzs.
2.4. The main branch-and-bound algorithms

Our branch-and-bound algorithm makes use of the upper bagntkscribed in Section 2.1 as exper-
imental results irff27] for the QKP have shown that this bound is quite tight and still computationally
cheap to derive.

At the root node of the branching tree, we apply the reformulation algorithm (10) with an embedded
heuristic procedure so as to define tight upper and lower bounds, as well as a convenient problem refor-
mulation. The reformulation algorithm is followed by a reduction procedure in which we try to fix some
variables at their optimal value.

The nodes of the branching tree other than the root are processed as fast as possible, thus no heuristi
reduction, or updating of the matrix are performed. We simply derive the bound (associated with
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the best1 matrix found at the root node), in linear time, possibly update the incumbent solution and then
branch on the first free variable. The details of the branch-and-bound algorithm are outlined in the
following sections.

2.4.1. Heuristics

In order to derive a good initial solution, we implemented the heuristic algorithm for QKP devised by
Billionnet and Calmel$28], and then used by Caprara et[dl7]. This algorithm is based on the greedy
principle, where first an initial solution is obtained by setting= 1 for all j € N, and then iteratively
choosing the variablewhich can be changed from = 1 to x; = 0 with minimal loss in the objective
function. This sequence is repeated u@}eij = p.

The second part of the algorithm is an ordinary 2-opt algorithm which repeatedly selects two variables
with x; =1 andx; =0 such that if their values are exchanged, the largest increase in the objective function
is achieved.

We apply the heuristic in its full form at the first step of our algorithm. Additionally, at each step of
the reformulation algorithm (10) we apply the 2-opt algorithm for the present solution vettid8). As
will be shown in the computational experiments, this approach gives very good initial solutions.

It is worth noting that the first step of the algorithm is identical to the greedy algorithm presented by
Asahiro et al[1], thus the approximation ratio (1) holds for our initial heuristic.

2.4.2. Reduction
In order to reduce the size of an instance, we apply a simple reduction algorithm immediately after the
reformulation algorithm: Assume that we have an incumbent solutisith objective value;. Letﬂz/;’:o

be an upper bound on (2) with the additional constraint that 0. If @/é':ogz we may conclude that
x; = 1 in every improved solution, and thus fixto 1 during the remaining algorithm. In a similar way
we IeW/Z":l be an upper bound on (2) with additional constraint that 1. If %)z‘izlgz we may fixx;

to 0.

The time complexity of the reduction algorithm @(n®) since for each variable; we derive the
bound» in O (n?) time. Notice that we use the same valuetdbr all reductions even though a better
reformulation may exist when imposing an additional constraint;oHaving fixed a variable; to 0, we
remove the corresponding rowand column from the distance matrix and decre&s@ his also happens
if the variabley; is fixed to 1, but in this case we also decrepséd setl;; := d;; + d;; + d;; for each
J # i.In addition, a constant term df; should be added to the objective function.

2.4.3. Branching scheme

The branching scheme is based on a simple depth-first approach, where we at each node derive ar
upper bound for the free variables based orvthdound (11). Since it is very time consuming to adjust
the multipliersA at every node, we chose to use the multipliers derived at the root node throughout the
whole search tree. This obviously means that we do not obtain the tightest possible bounds, but on the
other hand we can derive the boundglin) as will be shown in the next section.

The order of the branching variables is fixed in advance. For each variakl€éerive the value

Di=max{di+ Y (dij+di)yi: > Yi=p-1Lyie(01,jeN\li}p.  (26)
JEN\{i} JEN\{i}
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i~ 1 2 3 4 5 6 7 N 12 3 4 5 6 7
1|9 10 12 13 13 10 11 1] 9 10 12 13 13 10 11
2|7 7 5 3 3 5 5 2|7 7 5 3 3 5 5
3|5 7 4 3 3 5 4 3|5 7 4 3 3 5 4
45 7 4 1 2 3 3 45 7 4 1 2 3 3
5/ 3 6 2 1 2 3 2 513 6 2 1 2 3 2
6/ 3 3 1 1 1 2 1 6|3 3 1 1 1 2 1
7/ 0 0 O O 0 0 © 7/ 0 0 0 O O 0 O

d’ |16 17 17 16 16 15 14 d |— 17 16 16 6 15 9

Fig. 2. Left: The table fronfrig. 1 (reformulated problem) with each column ordered according to nonincreasing distances. The
bold numbers indicate thig — 1)th value in each column, and the button line shows the current valugs Bight: Having set

x1 = 0 the first column disappears as well as several entries in the other rows. This affects the positigp ef thth value in
each column as well as all vaIuesdi/f.

The valuesD; are a kind of estimate on the expected contribution of facility the objective value,

and thus we order the variables such that those variables having the largest vBluarefconsidered

first. The valuesD; are similar to thed” values given by (7) but it turned out that tii® values are

more appropriate as a guideline for the branching process. As seeffigod(right) the reformulation
attempts to smooth out the valuesdyfand thus leave no information for choosing the branching order.

The branch-and-bound algorithm is a recursive algorithm which in each step fixes the first free variable

x; to 1 and then 0. Having fixed the variableito= 1 we decreasp, add the tern#;i to the objective

value, setl;; :==d;; +d;j+d;; for j=i+1,...,n, and finally remove the rowand columr from the
problem. If the variable is fixed tg = 0 we only need to remove the row and colunfrom the problem.

2.4.4. Fast upper bounds

The inner loop of the branch-and-bound algorithm can be performe®i(ir) time, while a direct
evaluation of the bound, according to (7) and (8) demandqn?). By using the information from one
branching node to the next, we may however decrease the time for deriving bounds)tas follows:

At the root node, we sort each column of the distance méaifiy according to nonincreasing values
(seeFig. 2), and use a double-linked list to store the values. Additional information is saved, so that one
can find from an entry in the original distance matrix to the corresponding entry in the sorted distance
matrix. A pointer to the& p — 1)th element in each column is maintained together with the current sum of
the firstp elements.

If we consider a single columnof the sorted distance matrix during the branch-and-bound algorithm,
then two changes can happen to the list. If a variapls fixed to 0, then the corresponding distange
in the sorted matrix will be removed from the column (which can be done in constant time since we have
double-linked lists), and we may need to move our pointer tq phe 1)th element one step forward. If
the variablex; on the other hand is fixed to 1, then the distasigas removed from the column and we
decreasép — 1) by one, which may imply that the pointer to tlie — 1)th element is moved one step
backward. Knowing the old value dl’j/ it is easy to derive the new value by only adding or subtracting
the performed changes. Since both of the operations can be done in constant time, we can d%termine
forall j € N in O(n) time. The final boundr; is thus also derived i® (n) time.
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2.5. Computational experiments

To evaluate the practical performance of the algorithm, we ran a number of computational experiments
on instances with specific properties. For this purpose, we considered the following classes of randomly
generated instances:

GEO Thegeometrical problemeflects a typical location problem in the Euclidean space, as presented
in Erkut[3]. Thenfacilities are randomly located in a 18A.00 rectangle, ang; is the Euclidean
distance between facilitiesand .

WGEQTheweighted geometrical problemase constructed to illustrate the case where the facilities have
different weights (e.g. the radio transmitters located at some positions have different effect). As
previously, then facilities are randomly located in a 160100 rectangle, and each facility is
assigned a weighb; in the interval(5. .. 10]. The distance;; is then found asy; w; times the
Euclidean distance between facilitgnd ;.

EXP. Instances wittexponential distributiorof the distances were presented in Kincgifi(class 2).
These instances should investigate how the algorithms perform when the triangle inequality was
not satisfied. Eacli;; with i < j is randomly drawn from an exponential distribution with mean
value 50. We sef;; = d;; to ensure symmetry.

AEXP. Anasymmetric exponential distributi@smalso considered in Kincafé] (class 3). These instances
should reflect the case when neither triangle inequality or symmetry is satisfiedifaeith
i # jis randomly drawn from an exponential distribution with mean value 50.

RAN Instances witlhandom distanceare generated with;; randomly distributed irp1. .. 100].

DSURB Finally dense subgrapmstances reflect the unweighted case. Hefigés set to 100 or 0 with
50% probability each.

In all the instances, we sét; =0fori =1, ..., n. The number of facilitiep is in each instance randomly
chosenintheintervdR. ..n — 2]. The following results are average values of 10 instances, and solution
times are reported for a AMD 64-bit, 2.4 GHz. A time limit of 15h was assigned to each series of 10
instances, and a dash indicates when the optimal solution could not be found within this limit.

First, Table 1presents the quality of the upper boumd. The deviation in percent is derived as
100> — z*)/z*, wherez* is the optimal solution value. It is seen that the upper bound is reasonably
tight for most of the instances, and becomes as low as 2% for large-sized weighted geometrical problems.

Table 2gives the absolute deviation of the heuristic solution performed at the root node before the
reformulation algorithmwas run. Itis seen, that the heuristic is able to find very good initial solutions. Even
better heuristic solutions were found by the improvement algorithm performed as part of the reformulation
scheme (i.e. the solution of (8) followed by a 2-opt algorithm) as sedmlite 3 Indeed the optimal
solution is found by the heuristic in all the instances considered!

Table 4gives the number of variables fixed at their optimal value by the reduction algorithm. It is seen,
that on average only a few variables can be fixed. The gap between the upper and lower bound must be
below a few percent for the reduction algorithm to work appropriately.

Finally the solution times for solving the problems to optimality are givefable 5 The geometric
problems tend to be easier to solve, since we solve Euclidean geometric problems ep3@ and
weighted geometric problems up #o= 250. The remaining problems are somehow more difficult to
solve, but still instances up o= 60 are solved. For comparison it should be mentioned that Kir@gid
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Table 1

Relative deviation of upper bouri, in pct

n GEO WGEO EXP AEXP RAN DSUB
10 7.66 6.76 7.90 7.57 7.68 8.30
20 9.04 4.03 11.11 11.60 11.94 16.37
30 9.15 3.25 14.84 13.40 12.88 16.58
40 8.59 1.47 14.97 13.45 8.64 11.24
50 9.06 3.39 16.17 9.77 20.88 27.86
60 19.68 2.68 22.32 15.69 15.52 23.88
70 10.79 3.20 17.08 — — —
80 6.93 2.76 — — — —
90 8.17 2.92 — — — —

100 — 7.10 — — — —

150 — 2.38 — — — —

200 — 2.78 — — — —

250 — 2.20 — — — —

Average of 10 instances.

Table 2

Relative deviation of initial heuristic solution in pct

n GEO WGEO EXP AEXP RAN DSUB
10 0.0 0.2 2.0 1.2 0.5 0.0
20 0.0 0.0 0.8 0.8 0.4 0.7
30 0.0 0.0 0.8 0.3 0.4 0.4
40 0.0 0.0 0.6 0.3 0.2 0.3
50 0.0 0.0 0.4 0.5 0.3 0.2
60 0.0 0.0 0.4 0.9 0.3 0.4
70 0.0 0.0 0.4 — — —
80 0.0 0.0 — — — —
90 0.0 0.0 — — — —

100 — 0.0 — — — —

150 — 0.0 — — — —

200 — 0.0 — — — —

250 — 0.0 — — — —

Average of 10 instances.

using metaheuristics, obtained solutions for instances mith25 and 33 for the classe&sr andAexp.
Billionnet and Fayd10], using CPLEX to solve the problem to optimality, report results on randomly
generated instances withup to 30.

3. Thep-dispersion problem

The PDSP wishes to maximize the average distance between any pair of facilities. There are howevel
situations where the average measure is not appropriate. For instance, a shop owner would not be hapg
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Table 3

Relative deviation of heuristic solution in pct

n GEO WGEO EXP AEXP RAN DSUB
10 0.0 0.0 0.0 0.0 0.0 0.0
20 0.0 0.0 0.0 0.0 0.0 0.0
30 0.0 0.0 0.0 0.0 0.0 0.0
40 0.0 0.0 0.0 0.0 0.0 0.0
50 0.0 0.0 0.0 0.0 0.0 0.0
60 0.0 0.0 0.0 0.0 0.0 0.0
70 0.0 0.0 0.0 — — —
80 0.0 0.0 — — — —
90 0.0 0.0 — — — —

100 — 0.0 — — — —

150 — 0.0 — — — —

200 — 0.0 — — — —

250 — 0.0 — — — —

Average of 10 instances.

Table 4

Number of variables fixed at their optimal values

n GEO WGEO EXP AEXP RAN DSUB
10 3 5 5 5 5 8
20 2 8 1 2 1 5
30 3 9 2 3 2 4
40 4 25 5 0 0 2
50 0 16 0 2 12 20
60 0 16 9 6 2 18
70 0 14 0 — — —
80 0 20 — — — —
90 0 13 — — — —

100 — 3 — — — —

150 — 27 — — — —

200 — 18 — — — —

250 — 38 — — — —

Average of 10 instances.

to have a competing shop located next door, although this would lead to the overall best distribution of
the p shops. In this case it may be appropriate to considepttespersion problenfPDP) where the
objective is to maximize the minimum distance between any two established facilities.

To be more formal, assume thsit={1, 2, . . ., n} facilities are given ang, (1< p <n) of these should
be opened. The distance between faciliydj is given by an integed;;, where we in this case assume
thatd;; = oo. Without loss of generality, we may assume that all distangesO0, as otherwise a large
constant¥ may be added to all values @f;. This will affect the optimal solution value by but not the
optimal solution vector.
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Table 5

Solution times in seconds

n GEO WGEO EXP AEXP RAN DSUB
10 0.00 0.00 0.00 0.00 0.00 0.00
20 0.00 0.00 0.00 0.00 0.00 0.00
30 0.00 0.00 0.00 0.00 0.01 0.01
40 0.02 0.00 0.05 0.13 0.25 0.61
50 0.28 0.01 1.23 0.26 5.63 12.04
60 1.24 0.02 38.65 27.45 2001.53 4269.02
70 16.22 0.04 2906.07 — — —
80 60.54 0.07 — — — —
90 3957.20 0.12 — — — —

100 — 0.17 — — — —

150 — 1.24 — — — —

200 — 68.02 — — — —

250 — 5132.53 — — — —

Average of 10 instances.

If we use the boolean variablg to indicate when a facility is opened tpedispersion problermay
be formulated as follows:

maximize r
subjectto rx;x;<d;; i,jeN
D %=
JEN
x;€{0,1}, jeN
r=0. (27)
The first constraint in (27) has the effect thatik; = 1 thend;; >r. If on the other hand;x; = 0 the
constraint sayd,; >0 which is satisfied by assumption.

An upper bound for the PDP can be found by using the same techniques as/iniband for PDSP.
For eachj € N derive

r_;-:max r:rylj<dl-j,ieN\{j}; Z y{=p—l;yfE{O»l}JEN\{j};r}O . (28)
ieN\{j}
Herer’. is an upper bound on the minimum distance froofi p — 1 facilities. The valuer;. is found by

establishing facilityj and with it thep — 1 facilities located furthest away from
Then an upper boun#pgp, on PDP is found as the solution value to

Updp=Maxyr:rx;<ri, j € N; Z xj=p;x;€{0,1},jeN;r>0¢. (29)
JEN
Problems (28) and (29) ask to find thanedian of a set, which obviously can be done in linear time.
Since we solve: + 1 such problems, the bourithgp can be derived ir0 (n?) time.
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Proposition 3. The value#pgp gives an upper bound 27).

Proof. We prove the statement by showing that any feasible solution to (27) is also a feasible solution to
(29). Hence assume that the pait ) is a feasible solution to (27). We construct a solution to (28) and
(29) for the same value of By settingy! = x; andr;. =r for j € N we notice thaty/, r}) is a feasible
solution to (28). Hence the paix, r) is a solution to (29).

Since the values’. andr in (28) and (29) are found as a maximum over larger set than the original
solution space we will not obtain smaller values than the optimal solutian.

It is however not obvious how we should tighten the boungd,. Using the same approach as for the
PDSP, we may add a matrix to the given distance matrix. The valugg must however satisfy that
4ij =0orZ;; =0forall values of, j € N. But any choice oft with this property does not improve the
bound#pdp.

A different approach is to decompose tidispersion problem (27) into a number of clique problems.
Hence for a predefined value ofdefine a grapl’ (r) = (V, E) whereV is the setV of locations, and
(i, j) € Eifand only ifd;; >r. The problem is now to find a clique of sipelf such a clique exists, we
know that the current value efis a feasible solution to (27). Sineecan only attain one of the (n?)
different values ifdi1, d1o, . . ., d,,}, we may preorder these values according to increasing values and
use binary search to identify the maximum value.dflence assuming th&f?, . .., d*} is the ordered set
of distinct values- can attain, then we look for a clique of sigén G (d*/?). If such a clique exists, then
we search for among thafd*/?, ..., d*}, otherwise we search feramong the valuegi?, . .., d¥/?~1}.

This process is repeate?i(logn?) times.

Answering the question whether a clique of gizexists inG (r) can be restated as a dense subgraph

problem. Lete;; = 1 if and only if (i, j) € E. Then the dense subgraph problem can be formulated as

maximize) " > e;jxx;

ieN jeN
subjectto)  x;=p
JEN
x; €1{0,1}, jeN. (30)

If a solution of valuez® = p(p — 1) is found to (30) we know that a clique of sipeexists in the graph

(V, E), and thus the current value ofis feasible for (27)Fig. 3illustrates the bound/pqp and the
reduction to a clique problem. As the dense subgraph problem (30) is a special case of the PDSP, we may
use the algorithm from Section 2 to solve the problem.

3.1. Computational experiments

We conclude this section by showing some computational experiments with the presented algorithm
for PDP. The instances are generated as in Section 2.5 with the only exceptidp tlatays is set to
oo. Preliminary experiments indicated that boumgl, was too weak to efficiently prune the search tree
of a branch-and-bound algorithm. Hence the generated problems are solved by considering a number of
dense subgraph problems (30). Each dense subgraph problem is solved by use of the PDSP algorithmr
from Section 2.
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3] 1 2 3 4 5 6 7 21 2 3 4 5 6 7
Tlo 3 7 4 10 5 7 100 0 1 0 1 0 1 3 2
2013 oo 9 5 5 10 6 200 01 0 0 1 0
317 9 s 1 3 2 4 311 1.0 0 0 0 0 1/ s 6
414 5 1 oo 1 9 1 410 0 00 0 1 0
5010 5 3 1 oo 3 2 501 0 0 0 0 0 0 . A
65 10 2 9 3 oo 3 610 1 0 1 0 0 0
717 6 4 1 2 3 711 0 0 0 0 0 0

Fig. 3. Left: An instance witl = 7 facilities andp = 3. We find thatr/1 =7,r,=9, ré =7,r)=5, ré =5, ré =9 andr§ = 6.
Hence an upper bound #,gp = 7. Right: Forr = 7 we get the clique problem represented by the given matrix. Since a clique
of size 3 does not exist,= 7 is not a feasible solution value. The optimal solution is obtained witl x4 = xg = 1 having
objective value 5.

Table 6
Solution times in seconds for solving tpedispersion problem

n GEO WGEO EXP AEXP RAN DSUB
10 0.00 0.00 0.00 0.00 0.00 0.00
20 0.00 0.01 0.01 0.00 0.00 0.00
30 0.02 0.03 0.02 0.02 0.02 0.00
40 0.24 0.13 0.06 0.07 0.05 0.01
50 2.05 2.15 0.22 0.08 0.49 0.01
60 15.41 14.04 1.53 0.59 6.10 0.03
70 650.55 398.80 17.83 12.31 28.47 0.05
80 — — 1151.43 11.46 314.15 0.08

100 — — — — — 0.17

200 — — — — — 2.73

300 — — — — — 22.34

400 — — — — — 50.38

Average values of 10 instances.

Table 6gives the overall solution time as average of 10 randomly generated instances run on a AMD
64-bit, 2.4 GHz. It is interesting to note, that the two geometrical problems are slightly more difficult to
solve in the PDP version than in the PDSP version. On the other hand, the non-geometric problems tenc
to be easier to solve in the PDP version.

For comparison, Erkys] reports that his branch-and-bound algorithm uses about 14 s on average for
instances of size = 30, while instances with = 40 take half an hour to solve. The instances considered
by Erkut are of theseo type. Although Erkut performed his experiments on a PC-AT, it should be obvious
that the transformation of PDP to PDSP leads to significantly better solution times.

4. Conclusion

The p-dispersion-sum problem has several applications in theory and practice, but currently no ap-
proximation algorithm with fixed ratio bound is known for its solution. For small instances, or when the
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number of facilitieg is a large fraction of, one may obtain an approximation ratio of about two, which
however may be insufficient in practical applications.

The study of exact algorithms gives an interesting contrast to the results on approximation algorithms.
In particular it is interesting to see that moderately large problems can be solved to optimality. Knowing
the exact solutions makes it possible to evaluate the quality of heuristics, and it is surprising to note that
the here presented heuristic is able to find optimal solutions in all the considered instances. This indicates
that although th@-dispersion-sum problem is difficult to approximate in the worst-case situation, greedy
heuristics may perform very well on instances occurring in practice.

The promising solution times for the exact algorithm have been obtained by deriving tight upper
bounds based on a reformulation of the problem. During the branch-and-bound algorithm these bounds
can be derived i© (n) time by using appropriate data structures. An algorithm for finding a near-optimal
reformulation of the problem i (»3) time was presented.

We have finally made some preliminary experiments with exact solution qf-thigpersion problem,
based on reduction to a number of clique problems. The computational results show that this may be
a promising way of solving the problem, although better solution times can be obtained by using more
sophisticated algorithn&9] for solving the clique problems.
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