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he p-center problem consists of choosing p facilities among a set of M possible locations and assigning

N clients to them in order to minimize the maximum distance between a client and the facility to which
it is allocated. We present a new integer linear programming formulation for this min-max problem with a
polynomial number of variables and constraints, and show that its LP relaxation provides a lower bound tighter
than the classical one. Moreover, we show that an even better lower bound LB*, obtained by keeping the
integrality restrictions on a subset of the variables, can be computed in polynomial time by solving at most
O(log,(NM)) linear programs, each having N rows and M columns. We also show that, when the distances
satisfy triangle inequalities, LB* is at least one third of the optimal value. Finally, we use LB* in an exact solution
method and report extensive computational results on test problems from the literature. For instances where
the triangle inequalities are satisfied, our method outperforms the running time of other recent exact methods
by an order of magnitude. Moreover, it is the first one to solve large instances of size up to N =M =1,817.
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1. Introduction

Let N be the number of clients, called C;, C,, ..., Cy,
let M be the number of potential sites or facilities,
called K, K, ..., Fy, and let d;; be the distance from
C; to F. The p-center problem consists of opening at
most p facilities and assigning each client to its closest
open facility, in order to minimize the radius, i.e., the
maximum distance between a client and its closest
facility. More formally, the problem is to find a subset
Sof{1,..., M} such that:

* ISI=p

* radius(S) = max,_;,  y(min;cd;) is minimized.
Many applications of this problem arise in the pub-
lic sector, such as locating fire stations or ambulance
depots; see Daskin (1995) and Marinov and ReVelle
(1995).

This problem covers the case where a nonnegative
weight w; is associated with each client C; and where
the radius of a solution S is max,_;  y(w;min;.¢d;).
To consider such weights in an unweighted instance,
it suffices to modify the distances by setting d;; = w;d;;.
Note, however, that such a transformation may not
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preserve triangle inequalities and will thus make the
problem harder to solve.

The 1-center and the (M — 1)-center problems are
trivial and, for a fixed p, the p-center problem is
polynomial since no more than M’ different ways
to choose locations exist. In Megiddo et al. (1981),
the p-center problem is proved to be polynomial if
the d;;’s represent distances in a tree network (path
distances in the underlying tree) but in general, the
p-center problem is NP-hard; see Kariv and Hakimi
(1979) and Masuyama et al. (1981).

Many authors consider the particular case where
the facilities are to be located among the clients, i.e.,
N =M, and distances are symmetric and satisfy tri-
angle inequalities. We call this particular case the
symmetric p-center problem.

Many exact solution techniques are based on the
idea that the optimal radius can be computed by
solving different auxiliary problems. For instance,
a strong relation exists between the p-center prob-
lem and the set-covering auxiliary problem, and with
the dominating-set auxiliary problem in the symmet-
ric case. To see these relations, consider the following
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problem. For a given radius, minimize the number of
facilities needed to serve all clients within this radius.
This auxiliary subproblem is a minimal-cardinality
dominating-set problem in the symmetric case; see
Hochbaum and Shmoys (1985). In the general case,
this problem is a minimal-cardinality set-covering
problem; see ReVelle et al. (1971). Daskin (2000) con-
siders a different auxiliary subproblem, consisting of
maximizing the number of covered clients by no more
than p facilities, within a given radius. He calls this
the maximal covering problem. Ilhan and Pinar (2001)
consider yet a different subproblem that is a feasibil-
ity problem, checking whether or not it is possible
to serve all customers with no more than p facilities
within a given radius.

In an exact solution approach, different authors solve
the p-center problem by finding the smallest radius
such that the optimal solution of the considered aux-
iliary problem gives a feasible solution to the p-center
problem, i.e., no more than p facilities are needed. In
an approximate solution approach, several authors use
a heuristic algorithm to solve the auxiliary problem
and use it to search the smallest radius such that the
heuristic solution gives a feasible solution to the p-center
problem. For example, Hochbaum and Shmoys (1985)
consider the symmetric p-center problem and use a
greedy heuristic to build a dominating set in the square
of the initial graph. Their algorithm leads to a solu-
tion to the p-center problem with worst-case ratio 2.
According to the results of Hsu and Nemhauser
(1979), this 2-approximation algorithm is optimal in
the sense that, unless P = NP, it is impossible to find
a f-approximation polynomial time algorithm with
0 < 2. Hochbaum and Shmoys (1986) generalize these
results to obtain a 3-approximation algorithm when
distances satisfy the triangle inequalities.

In this paper we introduce a new formulation for
the p-center problem that is based on its relationship
with the set-covering problem. In the next section we
first recall the classical formulation (PC). Then we
present our new formulation (PC — SC). We show that
the LP relaxation of (PC —SC) provides a better lower
bound to the p-center optimal value than does the
LP relaxation of (PC). Furthermore, we show, with a
few experimental results, how formulation (PC — SC)
takes advantage of the knowledge of tight lower and
upper bounds. In §3 we present a method to com-
pute a lower bound LB* and an upper bound UB*. We
define LB* as the optimal value of a MILP obtained by
relaxing the integrality restrictions of some variables
of (PC — SC). Nevertheless, we show that LB* can be
computed by a polynomial-time algorithm consisting
of solving a series of linear set-covering problems.
UB* is simply the best solution to the p-center prob-
lem obtained while computing LB*. In §4 we show
that our lower bound LB* cannot be less than one
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third of the optimal radius when the distances sat-
isfy the triangle inequalities, and not less than one
half of the optimal radius for the symmetric p-center.
In §5 we describe our exact algorithm and we report
experimental results. Throughout this paper, our com-
putational results are mainly based on instances com-
ing either from OR-Lib or from TSPLIB. We give a
more precise description of these instances in §5. Fur-
thermore, we use a PC with 384 MB of RAM and a
400 MHz PentiumlI processor, C++, and CPLEX 7.0.

In §6, we outline a generalization of our formula-
tion and lower bound LB* to a generalization of the
p-center problem. We conclude in §7 with some pos-
sible extensions of this approach to related problems.

2. The Classical Formulation (PC) and

the New Formulation (PC — SC)
The p-center problem is usually formulated by (1)—(6)
(see, for example, Daskin 1995). For any feasible
solution (x,y,z), y; =1 if and only if facility F is
open, x; =1 if and only if client C; is assigned to facil-
ity F, and z is an upper bound on the radius of the
feasible solution.

Formulation (PC)

min z 1)
subject to
M
>y<p @)
j=1
M
Yx;=1 i=1,...,N 3)
j=1
<y, i=1,...,N; j=1,....M 4)
M
Ydpx;<z i=1,...,N ®)
j=1

x’/,yje{o,l} i=1,...,N; jzl,...,M. (6)

Constraint (2) limits the number of open facilities
to at most p; constraints (3) assign each client to
exactly one facility; constraints (4) forbid the assign-
ment of a client to a closed facility; and constraints
(5) force z to be larger than the distance from any
client to the assigned facility. In an optimal solution,
zZ=maxX,_; .y Zj’\il d;ix;; is the optimal radius.

Our new formulation of the p-center problem is
based on its well-known relation to the set-covering
problem. Let D™" (resp. D™) be the smallest (resp.
largest) value in the distance matrix, and let D™" =
D° < D' <D?* <--- < DX = D™ be the sorted different
values in that matrix. We now present a new formu-
lation (PC — SC) using variables Y j=1,..., M, and
z¥, k=1,...,K. In this formulation, for any feasible



Downloaded from informs.org by [148.234.29.140] on 04 February 2014, at 11:25 . For personal use only, all rights reserved.

Elloumi, Labbé, and Pochet: A New Formulation and Resolution Method for the p-Center Problem

86

INFORMS Journal on Computing 16(1), pp. 84-94, ©2004 INFORMS

solution (y, z), y=1 if and only if facility E is open,
and z* =0 only if it is possible to choose p facilities
and cover all the clients within the radius D¥'. In
an optimal solution, note that z¥ = 0 implies zF! =
-+-=2z5 =0 and the objective function is strictly lower

than D¥. Similarly, z¥ =1 implies zF"!=... =z =1.
Formulation (PC — SC)
K
min D’ + (D" — D¥ 1)z 7)
k=1
M
subject to ) y;>1 (8)
j=1
M
Y =P ©)
j=1
Z+ Y y=1
jrdij<DF
i=1,...,N, k=1,...,K (10)
Zef0,1} k=1,...,K (11)
y;e{0,1} j=1,..., M. (12)

Constraint (8) discards solutions with no open
facility. This constraint is automatically satisfied in
(PC) and is needed in order to compare (PC) and
(PC — SC). Constraint (9) is the same as (2). Note that
the coefficients of the objective function (7) are pos-
itive. Hence, in an optimal solution, constraints (10)
say that, for a given k, z* = 0, if and only if all
clients can be served at a distance strictly lower than
DF. Therefore, when zF =1, a distance (D* — D¥) is
added to the radius in the objective (7).

We investigate now the relation between (PC — SC)
and some auxiliary set-covering problems. We can
have zF =0 in an optimal solution to (PC — SC) if and
only if the optimal value of the set-covering problem
SCpi-1 is less than or equal to p.

Problem (SCy)

M
min ) y;
=1 (13)
subject to > y=1 i=1,...,N
jidij=<8

yel0,1) j=1,....M

We define v(SC;) as the optimal objective-function
value of SC;, where v(SC;) = oo when SCy contains no
feasible solution. Since a feasible solution for (SCp)
is also feasible for (SCp:1), we have that v(SCpo) >
v(SCp1) = --- > v(5Cpr). Now, we make precise the
relation between the optimal solutions of problems
SCp and (PC — SC). Let k* be the smallest k in
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{0, ..., K} such that v(SCp) <p, and let i be an opti-
mal solution to SCp-. Then an optimal solution (3, Z)
exists for (PC — SC) where z' = ... =2z =1 and
ZF+1 = ... = 2K = 0. Therefore, solving (PC — SC) can
be done by determining the value of k*, i.e., by solv-
ing at most (K + 1) set-covering problems. Note that
formulation (PC — SC) does not give the allocation of
the clients in an explicit way. One has to determine
the allocation of a client C; to the closest open facility
by looking for a facility F; such that d; =min; ; _, d;.

To compare the two formulations, we analyze their
LP-relaxations. Let (LPC) and (LPC — SC) be the two
linear programs obtained by relaxing the integrality
constraints in problems (PC) and (PC — SC), and let
v(LPC) and v(LPC — SC) be their respective optimal
objective values.

TrEOREM 1. v(LPC — SC) > v(LPC).

Proor. Let (i,z) be an optimal solution to
(LPC —5C). Such a solution always exists because
problem (LPC — SC) is feasible and bounded from
below by D°. We build a feasible solution (%, , Z) to
(LPC), whose value z is not larger than v(LPC — SC).

Y=y

e For any client C;, i=1,..., N, we consider the
following partition of {1, ..., M}. Let J?, ..., JX be the
set of facilities at distance D, ..., DX, respectively,
from client C,. That is, JF ={je{1,..., M} dij = Dk},
for k=0,...,K. In order to define the values of the
assignment variables J?ij, j=1,..., M, we consider the
two following cases:

1. Client C; satisfies Zje],.o g]. > 1. In this case,
the linear system

i€l (14)
O<x;<y jel
is consistent. Let X be any feasible solution to (14). We
now define the assignment variables as:

o X; forje]?
7710  otherwise.
2. Client C; satisfies 3 ;co¥; < 1. Define o; =
max{a €N: 37 ;. _pe §; < 1}. This ; always exists and
a; <(K-1) follows from (8). By definition of «;,
p 4 <Deit! ¥; =1 and then the linear system
) x;=1- > 17
aj+1 j:d,'ijai

jel (15)

O<x;<f je)"

is consistent. Let X be any feasible solution to (15). We
now define the assignment variables as:

¥; forjeJf, 0<k<a;

0 forjeJf, ;+1<k<K.



Downloaded from informs.org by [148.234.29.140] on 04 February 2014, at 11:25 . For personal use only, all rights reserved.

Elloumi, Labbé, and Pochet: A New Formulation and Resolution Method for the p-Center Problem

INFORMS Journal on Computing 16(1), pp. 84-94, ©2004 INFORMS

87

It is straightforward to see that (X,[) satisfies
(2)-(4).

* Z=max;_; y Z]'A/:Il d;%;;. It is easy to check that Z
satisfies constraints (5).

Let us now compare the value Z of the solution
(%,7,2) of (LPC), to the optimal solution value of
(LPC—SC), v(LPC —SC) = D+ Y_§_,(D* — D¥"1)z*. For
this, we compare v(LPC — SC) to Zj'\i 1 d;%;; for each i
and again consider two cases:

1. If i satisfies stjio ]7]- >1, then

jel? jel?

M
=1

2. If i satisfies 3 ;.o 7; <1, then

o(LPC — SC)
a;+1

> DO + Z (Dk _ Dk—l)ik
k=1

ZDO"'%l(Dk—Dk_l)(l— > ]7]')

k=1 jidij <Dk

(by constraints (10))
2 gt kDY 3y

jidij=D° jrdy=D%

> i)

j: dij<D”i+1

+ Da,v+l <1 _

DSt +D" T+ (1= T )

jel? jeli jdjj=D*i
=D} &+ +D" 3 %
jel? jek
+ Dt Z A.], [as 921.]., je ]1-0"'+1 satisfy (15)]

Hence, v(LPC — SC) > max,_; y Zj]\il di%j=z2. 0O
The following example shows that the domination
of (LPC — SC) over (LPC) may be strict.

ExampLE 1. Consider a symmetric instance with
N=M=3,p=2,d;,=0 (i=1,...,3),d,=d;3=2,
and d,; = 1. Take the obvious bounds LB =0 and
UB =2. Here, D' =0, D' =1, and D2 =2. An opti—
mal solution to (LPC) is Z= § 7= 5, 7, = y3
n=3 =3, xzz = %3 = 3, and Xy = %y = £
Hence, v(LPC) = An optimal solution to (LPC — SC)
is 2'=1, 22 = 0 7, =1, and ¥, = §3 = 3. Hence
v(LPC — SC) = 1. Note that for this example, the opti-
mal integer value is equal to 1, and the lower bound
LB* we describe below in §3 is also equal to 1. O

Moreover, for the majority of the instances for
which we computed the optimal values of problems
(LPC) and (LPC — SC), we observed a strict domina-
tion of (LPC — SC) (see Tables 1 and 2 for instance).

The two MILPs (PC) and (PC — SC) are polynomial
in size. Problem (PC) has (N + 1) x M binary vari-
ables, one continuous variable, and N x (M +2) + 1
constraints. Problem (PC —SC) has M + K binary vari-
ables and K x N + 2 constraints. Recall that (K +1) is
the number of different values in the distance matrix
and is therefore bounded by N x M. In the worst case
where K is equal to N x M — 1, the two problems
have almost the same number of variables but prob-
lem (PC — SC) has about N times more constraints.

OBSERVATION 1. In formulation (PC), if a lower
bound LB and an upper bound UB are known on z,
then we can reduce the problem size. Indeed,

d > UB implies x;;=0 i=1,...,N,j=1,...,. M. O

The knowledge of bounds on the optimal value is
even more useful when considering (PC — SC).

OBSERVATION 2. In formulation (PC — SC), if a
lower bound LB and an upper bound UB are known
then

for all k: D <LB implies zF=1 and
for all k: D* > UB implies z* =0.
This observation allows one to reduce the size of
problem (PC — SC) since fixing a z* variable either to

0 or 1 amounts to reducing the value of K and thus
the number of constraints (10). O

Table1  Solving (PC) and (PC— SC) with LB= LB, and UB= UB,

(PC) Used (PC — SC) Used

Instance N=M p Opt LB, UB, LP No.ofNodes Gap% CPU LP  No.of Nodes Gap%  CPU
Pmed1 100 5 127 0 186 91 28 — 3,600 108 38 — 3,600
Pmed2 100 10 98 0 178 64 51 — 3,600 85 82 20 3,600
Pmed3 100 10 93 0 205 63 107 — 3,600 82 50 11 3,600
Pmed4 100 20 74 0 204 42 160 — 3,600 61 96 22 3,600
Pmed5 100 33 48 0 169 20 2,598 10 3,600 35 214 0 2,500
Note. — = no integer feasible solution found after 3,600 seconds of CPU time.
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Table 2 Solving (PC) and (PC— SC) with the Tighter Bounds LB= LB, and UB= UB,

(PC) Used (PC — SC) Used
Instance N=M p Opt LB, UB, LP No.ofNodes Gap% CPU LP  No.of Nodes Gap% CPU
Pmed1 100 5 127 59 138 98 1,733 22 3,600 108 1,065 0 3,200
Pmed2 100 10 98 56 117 77 3,184 0 3,500 86 66 0 340
Pmed3 100 10 93 55 146 74 1,114 32 3,600 84 105 0 1,100
Pmed4 100 20 74 41 111 55 8,081 0 2,100 65 360 0 1,300
Pmed5 100 33 48 23 92 31 1,748 0 450 38 144 0 260

As suggested by Observations 1 and 2, the size of
the two formulations can be reduced if a lower bound
and an upper bound are known. In the remainder of
this section, we present a simple lower bound LB, and
a simple upper bound UB,,. We also give slightly more
sophisticated bounds LB; and UB,. Finally, we give
experimental results showing the impact of tighter
bounds on the behavior of each of the formulations
(PC) and (PC — SC).

The bound LB, comes from the observation that
the optimal radius is a decreasing function of p. Let
LB, be the solution value of the M-center problem. In
this problem, all of the facilities are opened, and each
client is allocated to the closest facility, so the radius
is LBy = max;_;, .“,N(minjzl, M dij)-

Now, let y; = max,_;,  y(min, ;dy) for any facil-
ity E. This expression can be viewed as a lower bound
on the values of all solutions with facility F; closed.
Furthermore, we know that in any feasible solution,
at least M — p facilities are closed, so the (M — p)th
smallest value in vy is a lower bound for the p-center
problem. Let y; <y, <... <v;, be the sorted values
of v, then LB, = Vi

The first upper bound UB; is the solution value of
the 1-center problem, i.e.,

LBy = ]:I1mnM< 2NN i )
The second upper bound UB, is obtained by the
greedy heuristic described by Mladenovic et al.
(2000). Once the 1-center problem is solved, a second
facility that minimizes the resulting radius is opened.
The same procedure can be repeated until p facilities
are opened.

Tables 1 and 2 show experimental results for five
instances from OR-Lib (see description in §5) of size
N = M = 100. The MIPs are solved by using CPLEX
7.0. The first three columns of each table give the char-
acteristics of the instance, and the fourth column gives
its optimal value. The next two columns give the val-
ues of the lower bound and upper bound used, LB,
UB, in Table 1 and LB,, UB; in Table 2. Columns 7
through 10 (resp. 11 through 14) indicate the results
obtained by using the same MIP solver on formula-
tion (PC) (resp. (PC — SC)) together with a prepro-
cessing phase based on Observation 1 (resp. Obser-
vation 2). Column LP contains the rounded up value
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of the linear relaxation of the formulation; Column
No. of Nodes contains the number of branch-and-bound
nodes. Column Gap contains the relative gap at the
end of the branch and bound, i.e., either 0% if the
problem is solved to optimality within 1 hour of
CPU time or the gap between the best lower bound
and best integer solution value found after one hour.
Column CPU indicates the total CPU time in sec-
onds devoted to that instance. The two tables show
that, for given values of the lower bound LB and the
upper bound UB, formulation (PC — SC) performs bet-
ter than does formulation (PC). They also indicate
how each formulation takes advantage of the knowl-
edge of good lower and upper bounds. Formulation
(PC —SC), used together with the tighter bounds LB,
and UB,, is the only one that can solve the five
instances within one hour of CPU time. In the next sec-
tion, we will focus on the computation of a tight lower
bound LB* by a polynomial-time algorithm. This algo-
rithm also computes a better upper bound UB*. We
will show that when these two bounds are used, for-
mulation (PC — SC) can solve all 40 OR-Lib instances.

3. A Polynomial Algorithm for
Computing a Tighter Lower Bound
LB*

Let (PC — SC — R) be the MILP obtained from (PC —

5C) by relaxing the integrality constraints on the y

variables only, that is, formulation (7)-(11) with 0 <

y; <1 forall j=1,..., M. Let LB* =v(PC — SC — R)

be the optimal value of (PC — SC — R).

PrOPOSITION 1. There exists h* such that LB* = D"
and LB* can be computed in polynomial time.

Proor. Let (LSC;) be the LP-relaxation of problem
(SCs). For problem (PC — SC — R), z¥ =0 in an opti-
mal solution if and only if the optimal solution value
to problem (LSCpi-1) is less than or equal to p. Fur-
thermore, the relation z**! < z* still holds for the opti-
mal solution of problem (PC — SC — R). Hence, in
an optimal solution (7, Z) to (PC —SC — R) and even
if 7 is fractional, Z has the form z! = ... =z" =1,
2"+l = ... = ZK = 0 where h* is the smallest h ¢
{0, ..., K—1} such that v(LSCp:) < p. This is equiva-
lent to LB* = D" and the computation of LB* can be



Downloaded from informs.org by [148.234.29.140] on 04 February 2014, at 11:25 . For personal use only, all rights reserved.

Elloumi, Labbé, and Pochet: A New Formulation and Resolution Method for the p-Center Problem

INFORMS Journal on Computing 16(1), pp. 84-94, ©2004 INFORMS

89

Set Cover values

Do DI Dh* Dk* Distances
o: optimal values v(SCpr)
o: optimal values v(LSCpr)

Figure 1 Illustration of /* and k*

done by solving at most K < N x M linear set-covering
problems (LSCy). O

Recall that k* is the smallest k in {0, ..., K—1} such
that v(SCpx) < p, or, equivalently v(PC — SC) = D" is
the optimal radius. Obviously, #* < k*. Whenever the
two values are equal for a given instance, it means
that there is no integrality gap between problems
(PC—-5C—R) and (PC — SC). Figure 1 illustrates the
definitions and relation between /* and k*.

Using an LP solver to compute v(LSC;), one can
easily compute LB* by searching h* in the interval
[0, K], or in a smaller interval if a better upper bound
or a lower bound on the optimal radius is known.
Binary search can be performed to reduce the maximal
number of (LSC;) to be solved to [log,(K +1)]. Our
algorithm Bsearch takes as input a p-center instance
and the value of the solution computed by the greedy
algorithm, UB,;. Note that the algorithm works with
any initial upper bound. It computes LB* and tries
to find a better solution value UB*. This bound UB*
is initialized to the value of the greedy solution and
then updated every time a better solution to the p-
center problem is found. At each iteration of the binary
search, for a given h and the corresponding distance
D", the main objective is to get LB* by comparing
v(LSCpi) to p, and the second objective is to get a bet-
ter solution value UB* for the p-center problem. At
any time in the algorithm, h* € {head +1, ..., tail}. The
algorithms starts by giving initial values to head and
tail such that D'+l < [ B* < Dl

Algorithm Bsearch

Input: N, M, P, UB,, distances D°, ..., DX = UB,,
and distances dij, i=1,...,N,j=1,..., M.

Output: LB*, UB".

RIGHTS L

Init. head = —1; tail = K;

Step 0. If (head > tail — 1), then {LB* = D"; STOP}

Step 1. h = | (head + tail)/2);

Step 2. Find a greedy solution y° to (SCp:);

Step 3. If (X1, y¢ <p), then {tail = h; UB* = D";
goto Step 0.}

Step 4. Deduce a heuristic solution to the p-center
from y©; update UB* if necessary;

Step 5. Find an optimal solution i to (LSCpu); keep
the reduced costs rej, j=1,..., M;

Step 6. If v(LSCpi) = Zj’\il y; > p, then {head = h;
goto Step 0.} else {tail = h)}

Step 7. Perform a reduced cost fixing phase;

Step 8. Compute a heuristic solution 7™ to (SCp)
based on the fractional solution 7;

Step 9. Deduce a heuristic solution to the p-center
from §°!; update UB* if necessary;

Step 10. while (UB* < D"y do tail = tail — 1;

Step 11. goto Step 0.

In Step 2, we use a classical greedy heuristic for
the set-covering problem, described by Balas and Ho
(1980). Let n; be the number of facilities that can cover
client C; within distance D". The clients are sorted by
increasing n;. In that order, each uncovered client C; is
covered by opening a new facility that minimizes the
number of uncovered clients. Once all clients are cov-
ered, we close redundant facilities, i.e., facilities that
can be closed without uncovering any client. When-
ever a greedy solution with no more than p facilities
is found, the current iteration is stopped at Step 3.
Steps 4 and 9 are performed to deduce a solution
to the p-center problem from a solution to the set-
covering problem (SCp;). If the number of open facil-
ities in the solution to the set-covering problem is at
most p, then the solution for the set-covering defines
also a solution for the p-center. Otherwise, we close an
open facility that minimizes the increase of the radius,
and then repeat this process until no more than p facil-
ities remain open. This gives a solution to the p-center
problem, with a radius larger than D" but that may be
smaller than UB". Steps 5 and 6 constitute the heart of
each iteration since the LP-relaxed set-covering prob-
lem (LSCp:) is solved and its optimal value com-
pared to p. Step 7 is performed if the optimal value of
(LSCpn) is at most p, i.e. v(LSCpi) = Z?ﬁl y; <p. Then
a reduced cost fixing phase can be applied, using the
reduced costs computed at Step 5: Fix y; to zero for all
facilities F; such that v(LSCpi) + rc; > p, where rc; is
the reduced cost associated with variable y;. Indeed,
every feasible solution to (SCp:) with y; =1 would
require more than v(LSCp) + rc; open facilities. It fol-
lows from the structure of Problem (LSCp;) that 0 <
rc¢; <1, so this phase is useless if v(LSCpi) <p —1.
Note also that this variable fixing is valid for all the
set-covering problems (SC;) with & < D" but in our
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Table 3 Results of Algorithm Bsearch for the 40 OR-Lib Instances

Instance N=M P Opt LB” us* CPU
Pmed1 100 5 127 121 127 0.2
Pmed2 100 10 98 98 98 0.2
Pmed3 100 10 93 93 93 0.1
Pmed4 100 20 74 74 74 0.1
Pmedb 100 33 48 48 48 0.1
Pmed6 200 5 84 83 84 0.8
Pmed7 200 10 64 64 64 0.5
Pmed8 200 20 55 55 55 0.4
Pmed9 200 40 37 37 37 0.1
Pmed10 200 67 20 20 20 0.3
Pmed11 300 5 59 59 61 1.1
Pmed12 300 10 51 51 51 1.3
Pmed13 300 30 36 36 36 0.8
Pmed14 300 60 26 26 26 0.9
Pmed15 300 100 18 18 18 1.0
Pmed16 400 5 47 47 47 1.6
Pmed17 400 10 39 39 39 21
Pmed18 400 40 28 28 28 1.4
Pmed19 400 80 18 18 19 0.4
Pmed20 400 133 13 13 13 1.8
Pmed21 500 5 40 40 40 5.2
Pmed22 500 10 38 38 39 6.9
Pmed23 500 50 22 22 23 21
Pmed24 500 100 15 15 15 45
Pmed25 500 167 11 11 11 2.7
Pmed26 600 5 38 37 39 8.8
Pmed27 600 10 32 32 32 8.2
Pmed28 600 60 18 18 18 21
Pmed29 600 120 13 13 13 5.1
Pmed30 600 200 9 9 9 5.4
Pmed31 700 5 30 30 30 8.1
Pmed32 700 10 29 28 30 13.2
Pmed33 700 70 15 15 16 43
Pmed34 700 140 11 1 11 6.5
Pmed35 800 5 30 30 30 13.7
Pmed36 800 10 27 27 29 21.2
Pmed37 800 80 15 15 15 2.0
Pmed38 900 5 29 29 29 18.5
Pmed39 900 10 23 23 24 21.2
Pmed40 900 90 13 13 13 7.8
Average 4.5

algorithm, we do not use this property, i.e. all the vari-
ables are unfixed when going back to Step 0. In Step 8,
another simple greedy heuristic is used to compute
a feasible solution for (SCp), based on the fractional
optimal solution 7 of its LP-relaxation. This heuristic
is identical to the greedy heuristic of Step 2, except
for the choice of a new facility to open. Here, to cover
the next client C;, a facility with a largest j; among
the facilities within distance D" from C; is selected.

For an informal proof of the correctness of algo-
rithm Bsearch, one can observe that the following
properties are satisfied every time Steps 1 through 11
are performed:

1. head < tail — 1,

2. v(LSCpui) <p, and

3. head = —1 or v(LSCpeut) > p.

RIGHTS L

Table 3 reports the results of the execution of
algorithm Bsearch on the 40 OR-Lib instances (see
description in §5). Columns 1 through 3 give the char-
acteristics of the instance, and the optimal radius is
in column 4. The following two columns give the val-
ues LB* and UB" computed by algorithm Bsearch and
the last column reports the CPU time required by this
algorithm. One can observe that a positive integrality
gap (difference between Opt and LB*) exists only for
the four instances Pmed1, Pmed6, Pmed26, and Pmed32.
For 29 of the 36 remaining instances, LB* = UB* i.e.,
algorithm Bsearch is sufficient to solve those instances
to optimality. In conclusion, the lower bound LB" is
tight and algorithm Bsearch is very efficient in comput-
ing it. To compare, we tried to compute LB* by solving
(PC—SC—R), using a direct MIP approach rather than
Bsearch, for the Pmedl instance. Although we applied
a preprocessing phase using the upper bound com-
puted by the greedy algorithm and Observation 2, we
got a MILP having 137 binary variables, 100 contin-
uous variables, and 13,901 constraints. Cplex needed
40 minutes and 178 Branch & Bound nodes (cutting
planes were turned off) to compute LB" i.e. algorithm
Bsearch is about 6,000 times faster for that instance.

4. Worst-Case Performance of LB”
Hochbaum and Shmoys (1986) describe a 3-ap-
proximation algorithm for the p-center problem satis-
tying the triangle inequalities and show that no better
approximation algorithm can exist unless P = NP. In
the case of what we call in this paper the symmetric
p-center, this result specializes to a 2-approximation
algorithm that had already been shown to be opti-
mal by Hsu and Nemhauser (1979). Using mainly
the same ideas, we derive a worst-case performance
for our lower bound LB*. However, for clarity rea-
sons, we adopt a different and more specific presenta-
tion than do Hochbaum and Shmoys (1986). This also
makes our presentation self-contained.

For a given distance 6, let the “neighborhood
graph” A; = (V,E) be the graph where V is the set
of clients and an edge {C;, C;} € E if and only if there
exists a facility F; that can cover both the clients within
distance 8. The maximum stable set problem (SSs) on
graph A; can be formulated by the following IP:

Problem (SS;)
N

max ) _x;
i=1

Y ox<1 j=1,...,M
;<8

x;€{0,1} i=1,...,N

subject to

where, in any optimal solution, x; =1 if and only if
client C; is in the optimal stable set. It is straight-
forward to observe that the linear relaxation of (SS;)
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is the dual of (LSCj), the linear relaxation of (SCj).
This implies that the cardinality of any stable set in
graph A; is a lower bound of v(SCs). Exploiting this
duality relationship, we prove the following proposi-
tion:

PROPOSITION 2. For a given distance D,

(i) if ©(SSpk) > p then D! < LB*

(if) if v(SSpr) < p and all distances between clients and
facilities satisfy the triangle inequalities then D¥ < 3DF
(this was shown by Hochbaum and Shmoys (1986)).

ProoFr.

(i) if v(SSpr) > p, then v(LSCpi) > p and, by defini-
tion of LB*, D¥! < LB*.

(ii) if v(SSpr) < p, we construct a feasible solution
to the p-center problem, with v(SSp:) open facilities
and with a radius at most 3D*.

Let S C V be a maximum stable set for graph
Api. Then |S| = v(SSp). For C; € S, let ¢(i) be a
facility within distance D* from C;. By definition of
graph Ap:, since S is a stable set for Ap: then ¢(i') #
¢(i) for all C; €S, C, € S, and i’ # i. Hence, one
needs at least |S| centers to cover all the clients of S,
within distance D¥. Let ®(S) = {¢(i): C; € S}. One has
|P(S)| =|S|. We consider the following two cases:

1. ®(S) is a feasible solution to problem (SCpy),
i.e., each client C; can be covered, by a facility in
®(S) within distance DF. In this case, ®(S) is a feasi-
ble p-center solution with a radius at most D*. Hence
DF < D*.

2. ®(S) is not a feasible solution to problem SCpy,
i.e. at least one client C; cannot be covered by any
facility in ®(S) within distance D*. But, since S is a
maximum stable set, C; is adjacent, in graph Ap, to a
client C; in S. Hence, there exists a facility F, & ®(5S)
that covers both C; and C; within distance DZ .

<Dk <Dk <DF .
C == F =2 G == o(i)

If all distances between clients and facilities satisfy
the triangle inequalities, client C; can be covered by
facility ¢(i’) within distance 3D*. Therefore ®(S) con-
stitutes a feasible p-center solution, with a radius of
at most 3DF. O

CoroLLARY 1. If all distances between clients and facil-
ities satisfy the triangle inequalities, then LB* > 1D¥".

Proor. For the same reasons as the set-covering
problems and their LP-relaxations, the optimal value
of the stable set problem (SS5p5) is a non-increasing
function of the distance 6. Then either v(SSp0) <p or
there exists k such that v(SS,;.1) > p and v(SSx) <p.
It follows from Proposition 2 that either D" <3D°, or
D* < LB* and D* < 3DFk. It then suffices to recall that
D <LB* to complete the proof. O

The specialization of Proposition 2 and Corollary 1
to the symmetric p-center is straightforward.

COROLLARY 2. For the symmetric p-center, LB* > 1D¥".

RIGHTS L

5. The Exact Solution Method

In order to compute the optimal radius, once the
bounds LB* and UB* have been computed by algo-
rithm Bsearch, one can apply Observation 2 to prob-
lem (PC — SC) and then solve it using an MIP solver,
in the same way as Tables 1 and 2 were obtained. But
one can again take advantage from the decomposition
property of the p-center problem into set-covering
problems. We call our exact solution algorithm
BsearchEx. Its objective is to find k* such that D" is the
optimal radius. It proceeds by binary search on the
distances LB* = D" < D"*! < ... < DX = UB*. Algo-
rithm BsearchEx is similar to our algorithm Bsearch of
§3, except in the following steps:

¢ The Init. step is replaced by

Init.ex head =h* —1; tail=K’;

* Step 6 is removed
¢ Step 8 and Step 9 are replaced by:

Step 8.ex. Compute an optimal solution
y™ to (SCpi);

Step 9.ex. If v(SCpi) = Z;Ai1 y?l >p,
then {head = h},
else {tail = h; update UB" if necessary}.

At any time in the new algorithm, k* € {head + 1,
..., tail}. At Step 8.ex, an optimal solution rather than
a heuristic one is computed for problem (SCp:). In
fact, we do not need to solve this problem to optimal-
ity but only to get an answer to the question “Does it
have a solution of value less or equal to p?” For this,
we use the MIP solver of CPLEX 7.0 and change some
of its default parameters:

e Change mip tolerances uppercutoff to (p + 0.001),
i.e., integer solutions with a value larger than p are
discarded;

e Change mip limits solutions to 1, i.e., the resolu-
tion stops as soon as an integer solution (with a value
at most p) is found; and

e Change time limit to 3,600, i.e. the resolution
stops if no integer solution is found after one hour of
CPU time.

Hence, the resolution process stops either because
a solution of value of at most p is found, or because
the solver proves that p is a strict lower bound for the
optimal value of the current problem (SCp:). More-
over, when the MIP solver is still unable to answer
after one hour, we consider p to be a strict lower
bound. If this happens we are no longer sure that our
algorithm BsearchEx computes the optimal solution
value for the p-center problem, but an upper bound
on it. Note that we tried to improve the solver per-
formances by changing some other settings, mainly in
the presolve and cut-generation phases. But none of
our changes led to significant improvement.
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Here we describe all the test instances used in this
paper:

OR-Lib Instances. There are 40 instances in
OR-Lib (Beasley 1990) that were initially used for the
p-median problem. These instances have also been
used for the p-center problem to compare heuristic
solution methods in Mladenovic et al. (2000) and to
test an exact solution method in Daskin (2000). All of
them are symmetric p-center instances. Here, N = M
and varies in the range from 100 to 900, and p varies
from 5 to 90. A first set of distances is given, defin-
ing a connected network of the clients, and one has to
compute a shortest path between each pair of clients
to get the whole distance matrix.

TSPLIB Instances. These instances come from
TSPLIB (Reinelt 1991) and are usually devoted to the
travelling salesman problem. If N is the number of
cities (clients), we set M = N and consider differ-
ent values of p, typically 10,20, 30, etc. Given the
coordinates of the clients in the plane, the Euclidean
distance is computed and rounded to the nearest
integer, for every pair of clients. We derive 15 (resp.
10, 15) instances from the ul060 (resp. rl1323, ul817)
TSP instances. These instances are symmetric p-center
instances, and the idea of using them comes from
Mladenovic et al. (2000).

Random Euclidean Instances. We also generated
a few random instances. Here, N = M = 100; coor-
dinates of the points in the plane are randomly
generated in [0,100]; and Euclidean distances are
computed between the points. Based on these com-
mon characteristics, three instances are considered
with different values for p: 5, 10, and 15. These
instances are named Euc100.

Random Instances. Again, N = M = 100 but now,
distances are randomly and uniformly generated in
[0,100] and satisty d;; =0 and d;; = d;;. We also build
three instances with p =5, 10, and 15. These instances
are named Rand100 and are the only instances among
all those we test for which the triangle inequalities are
not satisfied.

Table 4 gives results of our algorithm BsearchEx for
the 11 OR-Lib instances for which LB* < UB* (see
Table 3) and for the TSPLIB instances. The first three
columns characterize the instance. Column 4 gives
either the optimal value or the best found solution
value. Columns 5 through 8 report the results of Algo-
rithm Bsearch. Column #LSCs gives the number of
problems (LSC;) that have been solved, and cpul is
the CPU time devoted to Algorithm Bsearch. Column
9 gives #5C;, the number of problems (SC;) that have
been solved by Algorithm BsearchEx. The last col-
umn, cpu2, is the total CPU time devoted to solving
the instance, i.e., to read the instance data, perform
the greedy algorithm, sort the distances, and perform
Algorithms Bsearch and BsearchEx.
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Table 4 Results of Our Exact Solution Method for Instances from
OR-Lib and TSPLIB

Instance N=M p Opt LB* UB* #LSC; cpul #SC; cpu2

Pmed1 100
Pmed6 200
Pmed11 300 5 59 59 61
Pmed19 400 80 18 18 19
Pmed22 500 10 38 38 39
Pmed23 500 50 22 22 23
Pmed26 600 5 38 37 39
Pmed32 700 10 29 28 30

Pmed33 700 70 15 15 16 43 3.1
Pmed36 800 10 27 27 29 21.2 34.5
Pmed39 900 10 23 23 24 21.2 27.3
u1060 1,060 10 2,273 2,273 2,273 27 53

u1060 1,060 20 1,581 1,556 1,768
u1060 1,060 30 1,208 1,205 1,275
u1060 1,060 40 1,021 1,013 1,079
u1060 1,060 50 905 895 963
u1060 1,060 60 781 765 807
u1060 1,060 70 7N 707 761
u1060 1,060 80 652 652 711
u1060 1,060 90 608 604 636
u1060 1,060 100 570 570 570
u1060 1,060 110 539 539 539
u1060 1,060 120 510 510 538
u1060 1,060 130 500 495 510
u1060 1,060 140 452 452 500

OO NOITUOITOOONONDWOWOoWWOWO OTwWwoo oSO
(=23
w

u1060 1,060 150 447 430 447 34 50
rn1323 1,323 10 3,077 3,062 3,329 11 106 1,380
1323 1,323 20 2,016 2,008 2,152 11 115

r1323 1,323 30 1,632 1,611 1,797 11 99 900
1323 1,323 40 1,352 1,334 1,521 10 76 3,000
1323 1,323 50 1,187 1,165 1,300 9 61 8,580
1323 1,323 60 1,063 1,047 1,194 11 55 9,120
r1323 1,323 70 972 959 1,040 10 42 1,740
1323 1,323 80 89 889 948 10 37 420
1323 1,323 90 832 830 857 10 30 120

1323 1,323 100 787 777 803 9 26

ul8l7 1,817 10 458 455 467
u1817 1,817 20 3107 306 342
u1817 1,817 30 2507 240 287
ulgl7 1,817 40 2107 205 234
ul8l7 1,817 50 1877 180 205
u1817 1,817 60 163 163 183
u18l7 1,817 70 148 148 152
ul8l7 1,817 80 137 137 148
u1817 1,817 90 1307 127 148
u1817 1,817 100 127 127 130
ul8l7 1,817 110 109 108 127
ul8l7 1,817 120 108 108 108
u1817 1,817 130 108? 105 109
u18l7 1,817 140 105? 102 108
ul8l7 1,817 150  94? 92 108

7,202
300
420
120

3,720

4,020

5,640

LN 2O —-WW-D2BEbbbO00OSs ORI NOONNNUIO WW—=—=000LNWERERRERRDO — = 2NN —= 2 4 ddaWw
S
[==]
o

QO BT UIO OO W o
—
o
o
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Note. “?” = opt is the value of the best found solution for that instance.

For the 11 OR-Lib instances Pmedxx, BsearchEx
needed to solve 14 set-covering problems and took
123 seconds of CPU time. To compare, we also used
the first method suggested in this section i.e., solve
(PC — SC) directly, and observed that it was about 30
times slower than BsearchEx.

Daskin (2000) gives experimental results of his
exact solution method for the 40 OR-Lib instances
of Table 3. Even if it is not straightforward to com-
pare CPU times on different machines, we can give
as indication the fact that our average CPU total time
for all these instances is 9.1 seconds with a maxi-
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Table 5 Results of Our Exact Solution Method for Random Instances

Instance N=M p Opt LB UB* #LSC, cpul #SC; cpu2

Euc100 100 5 29 29 29 3 0.1 0 0.1
Euc100 100 10 20 20 20 3 0.1 0 0.1
Euc100 100 15 15 15 15 3 0.1 0 0.1
Rand100 100 5 28 20 39 6 0.4 4 37.2
Rand100 100 10 13 10 17 5 0.2 3 42.5
Rand100 100 15 7 6 10 4 0.2 2 4.9

mum of 59.1 seconds, while Daskin’s results show
91.5 seconds with a maximum of 1402.5 seconds.
Daskin’s results are obtained using a PC with 128MB
of RAM and a Pentium III processor at 650Mhz.

Another comparison can be done with the work
by Mladenovic et al. (2000), whose objective was to
design and test heuristic methods for the p-center
problem. We can now test the average deviation of
their best solution, computed by a variable neighbor-
hood search heuristic, the best among the other tested
heuristics. This deviation is 2.37% for the 40 OR-Lib
instances (average CPU time of 133.6 seconds for the
VNS heuristic on a SUN Sparc 10) and 0.02% (average
CPU time of 300 seconds) for the 15 TSPLIB instances
with N =M = 1060.

We also wanted to check how the quality of our
lower bound LB* varies if the distances do not satisfy
the triangle inequalities. For this, we constructed the
random instances described above. Table 5 reports the
results obtained for these instances. It appears that
the lower bound LB* is much tighter for the Euclidean
instances. In fact, the relative gap (Opt — LB*)/Opt
does not exceed 5% for any of the symmetric p-cen-
ter instances we tested, while it is equal to 28% for
problem Rand100 with p =5.

Finally, we did not test non-symmetric instances
systematically. We only solved the 40 OR-Lib
instances with M = N/2 to make the instances non-
symmetric, and observed that LB* is equal to the opti-
mal radius for all those instances. The average CPU
time needed to solve the 40 instances was less than
for the case M = N. Consequently, we do not expect
non-symmetric instances, for which triangle inequali-
ties are satisfied, to be more difficult to solve.

6. Extension to the Fault-Tolerant
p-Center Problem

Many variations and generalizations of the p-center
problem exist. One of them is the fault-tolerant
p-center introduced in Krumke (1995) and its varia-
tions in Khuller et al. (2000). Given an integer a <p,
each client is to be assigned to a of the p open facil-
ities, and the objective is to minimize the maximal
distance between any client and any of the facilities to
which it is assigned. Our formulation (PC — SC) can
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be generalized to the fault-tolerant p-center by replac-
ing constraints (10) by

aZ'+ Y yza i=1,..,N; k=1,..,K. (16)

j:d,-/<Dk

The binary search algorithms can be extended, both
for an exact solution method and for the computation
of a generalization of the lower bound LB*. For this,
one has to replace the set-covering sub-problem (SCy)
for a given distance & by the following set-a-covering
problem obtained by replacing constraints (13) by

Zyjza izl,...,N.
jid;<8

A short computational experiment, on the 40 prob-
lems from OR-Lib, is reported in Elloumi et al. (2002),
showing that the bound LB* remains of very high
quality for a = 3. In particular, we were able to solve
all the OR-Lib instances and all the ul060 instances
with @ = 3 and observe that LB* is equal to the
optimal value for all those instances.

7. Conclusion

In this paper, we introduced a new MIP formulation
for the general p-center problem. We proved that this
formulation is better than the previous one because
its LP relaxation gives a better lower bound. More-
over, it guided us to the lower bound LB*, which
is the optimal value of the problem obtained by the
continuous relaxation of a subset of the variables in
the new formulation. Another advantage of this for-
mulation is that it can be easily generalized to more
complex p-center problems such as the fault tolerant
p-center. Although we have not yet investigated this
question precisely, we think that this approach can
also be used for other problems with a min-max
objective.

We give a more combinatorial interpretation of
bound LB*, together with an efficient algorithm to
compute it, based on the resolution of a series of LP
problems. A by-product of this algorithm is an upper
bound UB*. Then, we use a quite elementary exact
solution method, based on the resolution of a series
of minimum-cardinality set-covering problems. Our
experimental results aimed at showing the quality of
the lower bound LB* and getting an idea on how it
can improve the resolution of the p-center problem.
One can probably get better computational results
by using state-of-the art methods for the set-covering
problem. Possibly, the usage of the lower bound
LB* in a bounding phase of a branch-and-bound
algorithm can lead to better global performance.

Our computational results show that LB* is a very
tight lower bound for the symmetric instances. For
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non-symmetric instances, LB* is not tight but algo-
rithm Bsearch is fast enough to be used as a prepro-
cessing phase in a different exact or heuristic solution
method. A polyhedral investigation of the new for-
mulation is probably an interesting and useful topic
for further research. Indeed, the addition of strong
valid inequalities to the new formulation or to the
related set-covering problems might yield a tighter
lower bound.

While finishing the writing of this paper, we
became aware of very recent work by Ilhan and Pinar
(2001). An exact solution method for the p-center
problem is proposed. Their solution method is com-
posed of two phases: the first phase, called the
LP-Phase, turns out to compute the same value as
our bound LB*. The main difference is that they
solve a series of feasibility problems rather than our
minimal-cardinality set-covering problems. Their fea-
sibility problems are our problems (SC;) with no
objective function but with an additional constraint
on the number of open facilities. Our first imple-
mentation of algorithm Bsearch also considered feasi-
bility problems, but we obtained substantially better
computational times when we changed to minimum-
cardinality set-covering problems. Having a look at
their results for instances from OR-Lib, one can how-
ever notice that our bound LB* is often slightly bet-
ter than their LP-Phase bound. We cannot explain this
difference, maybe due to numerical precision in the
solution of the LP feasibility problems.
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