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Abstract

We compare heuristics based on Lagrangean and surrogate relaxations of the Maximal Covering Location Problem

(MCLP). The Lagrangean relaxation of MCLP used in this paper has the integrality property and the surrogate relaxed

problem we solve is the LP relaxation of the original 0ÿ1 knapsack problem. The heuristics were compared using 331

test problems available in the literature, corresponding to networks ranging from 55 to 900 vertices. The gaps obtained

with both heuristics were very low and did not di�er substantially among themselves for the several problem sets used,

in accordance with theoretical results reviewed in the paper. When the initial set of multipliers was determined using a

valid bound for MCLP the computing times did not di�er signi®cantly between the Lagrangean and surrogate heu-

ristics. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

The Maximal Covering Location Problem
(MCLP) is a well-studied problem in the category
of models that provide coverage to demand areas.
In these models, often used in applications related
to the location of emergency facilities, a demand
area is considered covered if it is within a prede-
®ned service distance from at least one of the ex-
isting facilities. MCLP was proposed by Church

and ReVelle [6] and does not require that all de-
mand areas be covered; the objective is to locate p
facilities such that the maximal population is
covered within the service distance.

Since its proposal MCLP has been generalized
in di�erent ways (Bo�ey and Narula [4]). Appli-
cations are found both in the public and private
sectors. Chung [5] reviews several applications of
MCLP. In relation to emergency services, Eaton et
al. [13] used it to determine ambulance deployment
in Santo Domingo (Dominican Republic), Current
and O'Kelly [7] to locate warning sirens in cases of
emergency. In the private sector MCLP has been
used to locate bank branches, see Pastor [27].
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Other applications of MCLP can be found in
Dwyer and Evans [12] (selection of mailing lists);
Daskin et al. [8] (¯exible manufacturing); and
Hougland and Stephens [23] (air pollution con-
trol), among others.

Early solution methods proposed for MCLP
include the Linear Programming (LP) relaxation of
the 0ÿ1 integer programming formulation of the
problem and ``greedy''-interchange heuristics (see
Church and ReVelle [6]). Galv~ao and ReVelle [15]
developed a Lagrangean heuristic for the problem;
they report computational experience using data
from the literature and randomly generated
networks. Exact methods include the algorithm of
Dwyer and Evans [12], developed for the particular
case where all demand areas have equal weights,
and the dual-based algorithm of Downs and
Camm [9]. The latter authors present an extensive
computational evaluation of their method, in
terms of both variety of applications and problem
size.

In this paper we compare Lagrangean and
surrogate-based heuristics for MCLP. In Section 2
we give Lagrangean and surrogate relaxations of
MCLP and discuss how the integrality property of
the problem relates the corresponding duals. The
heuristics are described in Section 3 and compu-
tational results are given in Section 4; this is fol-
lowed by the conclusions.

2. Lagrangean and surrogate relaxations of MCLP

The use of surrogate constraints in integer
programming was introduced by Glover [18,19].
Theoretical treatments of surrogate duality in
mathematical programming are given in Green-
berg and Pierskalla [21,22] and Glover [20]. Ka-
rwan and Rardin [24] investigated relationships
between bounds obtained from Lagrangean and
surrogate duals and proposed a two-phase algo-
rithm which optimizes ®rst the Lagrangean and
then the surrogate dual.

Due to the successful use of Lagrangean
relaxation in solving an extensive list of combina-
torial optimization problems, and to the fact that
surrogate bounds are more di�cult to obtain
because of the ``knapsack'' nature of the corre-

sponding relaxed problems, surrogate duals are
lesser known and less used than Lagrangean duals.
However, a very important result (see Greenberg
and Pierskalla [21]) is that surrogate duality gaps
are at least as small as Lagrangean duality gaps.
Surrogate bounds might therefore still provide a
powerful alternative for calculating bounds
for tree search procedures. Within this context
the conjunction of Lagrangean and surrogate
duals, for example as proposed by Karwan and
Rardin [24], could be of great value in some
applications.

Lorena and Lopes [25] and Lorena and Narciso
[26] used, respectively, surrogate relaxation in
heuristics for the Set Covering and Generalized
Assignment problems, solving continuous surro-
gate relaxations (where 0ÿ1 knapsack problems
are replaced by their continuous relaxations) in
order to reduce computational times. In both cases
they report their approach to be superior to La-
grangean heuristics, mainly with respect to com-
puting times. Almi~nana and Pastor [1] devised a
very e�ective surrogate-based heuristic for the
Location Set Covering Problem (a special case of
the Set Covering Problem (SCP)).

In this paper we consider two relaxations for
MCLP: (i) a Lagrangean Relaxation (LR), ob-
tained by dualizing the cover constraints, as in
Galv~ao and ReVelle [15]; (ii) a Surrogate Relax-
ation (SR), obtained by combining the cover
contraints into a single knapsack constraint.

2.1. Mathematical formulation of MCLP

Let S be the service distance for MCLP, i.e., a
demand area is covered if it is within distance S
from at least one of the existing facilities. Now let
J � f1; 2; . . . ;mg be the set of demand areas, I �
f1; 2; . . . ; ng the set of potential facility sites, fj the
population of demand area j, aij� 1 if demand
area j can be covered by a facility located at i 2 I
within service distance S (aij� 0 otherwise), and p
the number of facilities to be located. xj� 1 if
demand area j is covered (xj� 0 otherwise); yi� 1
means that a facility must be located at site i 2 I
(yi� 0 otherwise). The mathematical formulation
of MCLP is given by:
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(MCLP)

v�MCLP� � max
X
j2J

fjxj �1�

s.t.X
i2I

aijyi ÿ xj P 0; j 2 J ; �2�

X
i2I

yi � p; �3�

xj 2 f0; 1g; j 2 J ; �4�

yi 2 f0; 1g; i 2 I : �5�
In the formulation above the objective function

seeks to maximize the total population covered.
Constraints (2) state that a demand area j2 J is
covered if there is at least one facility within dis-
tance S from it. Constraint (3) limits the number of
facilities in the solution to p. Finally, constraints
(4) and (5) de®ne the 0ÿ1 nature of the decision
variables.

MCLP is related to the classical SCP. The
Lagrangean relaxation of MCLP, obtained by
incorporating constraint (3) into the objective
function, is an SCP. By varying the Lagrangean
multiplier we may solve MCLP for most values
of p but not necessarily for the speci®c value(s)
we may be interested in. Furthermore, the com-
putational e�ort to solve the resulting (parametric)
SCP may be greater than that required for typical
SCPs of the same size. For these reasons we
prefer to develop algorithms specialised for MCLP.

2.2. Lagrangean relaxation MCLPk

Let kj P 0 be multipliers associated with con-
straints (2). The Lagrangean relaxation MCLPk is
de®ned in the following way:

(MCLPk)

v�MCLPk�

� max
X

j

fjxj

(
�
X

j

kj

X
i

aijyi

"
ÿ xj

#)

� max
X

j

�fj

(
ÿ kj�xj �

X
i

X
j

aijkjyi

)
:

Or, making ai � ai�k� �
P

j aijkj,

v�MCLPk� � max
X

j

�fj

(
ÿ kj�xj �

X
i

aiyi

)
�6�

subject to (3)±(5).
The solution of this Lagrangean problem is

straightforward and its optimal value is given by

v�MCLPk� �
X

j

max�0; fj ÿ kj� �
Xp

ai; �7�

where
Pp ai is the sum of p largest ai, ties being

broken arbitrarily, with xj� 1 if kj6 fj (xj� 0
otherwise) and yi� 1 for p largest ai (yi� 0 other-
wise). As noted by Galv~ao and ReVelle [15], a
primal solution vprimal can be readily obtained from
the optimal y�k 's of MCLPk: for each of the p y�ki � 1
make xprimal

j � 1 if aij� 1, all other xprimal
j � 0. Then

vprimal�
P

j fjx
primal
j is a lower bound for MCLP.

Theorem. There is an optimal solution of the
Lagrangean dual

(DMCLPk)

v�DMCLPk� � min
k P 0

v�MCLPk�

for which kj6 fj for all j 2 J .

Proof. Suppose k� is an optimal solution of
DMCLPk and k�k > fk for some k. A new feasible
solution k̂ is de®ned by: k̂k � fk and k̂j � k�j for all
j 6� k. Then:

m�MCLPk� � �
X

j

max�0; fj ÿ k�j � � ai�1��k�� � � � �

� ai�p��k��; �8�
where ai�1��k��P ai�2��k��P � � � P ai�n��k��.

From the de®nition of k̂ and the ai, it is readily
veri®ed that max�0; fj ÿ k̂j� � max�0; fj ÿ k�j � and
ai�k̂�6 ai�k�� for all i 2 I . Consequently,

m�DMCLPk� �
P
X

j

max�0; fj ÿ k̂j� � ai�1��k̂� � � � � � ai�p��k̂�

P m�DMCLPk̂�; �9�
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the second inequality resulting from the observa-

tion that ai�1��k̂�; . . . ; ai�p��k̂� are not necessarily the

p smallest ai�k̂�. Since k� is optimal, (9) implies k̂ is
optimal also. The desired result follows by re-
peating the above argument to each k for which
k�k > fk. �

Corollary. v�DMCLPk� �
P

j�fj ÿ kj� �
Pp ai for

some k with 06 kj6 fj for all j 2 J .

2.3. Surrogate relaxation MCLPl

For any vector lP 0, l 6� 0 we consider the
following surrogate relaxation, obtained by com-
bining cover constraints (2) into a single knapsack
constraint:

(MCLPl)

v�MCLPl� � max
X

j

fjxj �10�

s.t.

X
j

lj

X
i

aijyi

(
ÿ xj

)
P 0 �

X
i

biyi ÿ
X

j

ljxj P 0

�11�
and (3)±(5), where bi �

P
j aijlj.

Clearly those yi corresponding to p largest bi

should be set to 1. Call y�li the yi's set in this way
and make c �Pi biy

�
li; the resulting problem in

xj's is the following 0ÿ1 knapsack problem:

v�MCLPl� � max
X

j

fjxj

s.t.X
j

ljxj6 c; �12�

and (4).
As the 0ÿ1 knapsack problem is NP-hard (see

Garey and Johnson [16]), a strategy often used
(see, for example, Lorena and Lopes [25]; Lorena
and Narciso [26]) is to relax the integrality of the
xj's. The knapsack constraint (12) will now be
satis®ed with equality and the solution of the re-
sulting problem, which we call RMCLPk, is
straightforward (see Duszinski and Waluckiewicz

[10,11]). We note that there will (at most) be a
single fractional variable, say xj0, which we will
refer to as the critical variable.

Since MCLPl and MCLPl0are equivalent
problems if l0 � Kl, K a strictly positive number,
it follows that there is an optimal solution l of the
surrogate dual DMCLPl for which lj6 fj for all j
(cf. theorem earlier). Similar to MCLPk, a primal
solution vprimal can be readily obtained from the
optimal y�l's of MCLPl.

2.4. Lagrangean and surrogate bounds

The Lagrangean and surrogate relaxations de-
scribed above provide upper bounds for MCLP
for any kP 0; lP 0; l 6� 0. The central problem
here is to ®nd vectors k and l that minimize these
upper bounds. It is also important to determine
how the bounds produced by these two relaxations
relate to each other.

It is clear that the best choice for the multipliers
would be an optimal solution that minimizes the
corresponding duals. In addition to DMCLPk,
de®ned in the theorem and repeated below
for the sake of convenience, let DMCLPl and
DRMCLPl be respectively the duals of MCLPl

and RMCLPl:

�DMCLPk�: v�DMCLPk� � min
kP 0

v�MCLPk�:

�DMCLPl�: v�DMCLPl� � min
lP 0;l6�0

v�MCLPl�:

�DRMCLPl�: v�DRMCLPl�
� min

lP 0;l6�0
v�RMCLPl�:

These duals are solved approximately through a
subgradient optimization algorithm described in
Section 3. We turn now to theoretical relationships
that exist between LPMCLP, the LP relaxation of
MCLP and the duals described above.

Let Pk and Pl be, respectively, Lagrangean and
surrogate relaxations of a combinatorial optimi-
zation problem P (maximization), v(LP) the opti-
mal solution of the LP relaxation of P, and Dk, Dl

and RDl, respectively, the duals of the LR, SR and
relaxed SR of P. Let ®nally DLPk and DLPl be the
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LP relaxations of Dk and Dl and v(.) the corre-
sponding optimal values. Geo�rion [17] proved
that v(LP)� v(DLPk) P v(Dk). He also proved that
if Pk has the integrality property, then v(LP)�
v(DLPk) � v(Dk).

Greenberg and Pierskalla [21] proved that any
true surrogate duality gap, v�P � ÿ v�Dl�, is at least
as small and often smaller than the Lagrangean
duality gap, v�P � ÿ v�Dk�, i.e., that v�LP�P v�Dk�
P v�Dl�P v�P �. Karwan and Rardin [24] ob-
tained important results that relate Lagrangean
and surrogate duality. They proved that v�LP� �
v�DLPk� � v�DLPl� and that, if Pl has the integ-
rality property, then v�LP� � v�Dk� � v�Dl� (Note
that if Pl has the integrality property, so does Pk).

When these results are applied to MCLP, not-
ing that MCLPk has the integrality property, it is
possible to write:

v�LPMCLP� � v�DMCLPk�
� v�DRMCLPl�P v�DMCLPl�
P v�MCLP�: �13�

Note therefore that for MCLP neither the LR
bound, nor the surrogate bound obtained from the
LP relaxation of the corresponding knapsack
problem, will improve the bound obtained from
the LP relaxation of the problem.

As noted by Galv~ao and ReVelle [15], the jus-
ti®cation for the use of other than LP relaxations
in this case lies in lower computing times for large
problems, and on the possibility of obtaining good
primal solutions as a byproduct in the course of
Lagrangean/surrogate-based heuristics. Our inter-
est in this paper lies in comparing Lagrangean and
surrogate relaxations of MCLP, both with respect
to quality of bounds and computing times. Spe-
ci®cally, we are interested in determining how the
convergence of the subgradient optimization al-
gorithms compares with the theoretical results
shown above and what are the corresponding
computing times.

3. A subgradient-based heuristic for MCLP

We use a subgradient optimization algorithm in
the search of multipliers both to minimize

v(DMCLPk) (Lagrangean dual) and v(DRMCLPl)
(relaxed surrogate dual). The structure of the al-
gorithm is therefore the same for both cases, the
only di�erence being whether we solve a La-
grangean problem or a surrogate problem for a
®xed vector of multipliers (k-Lagrangean, l-sur-
rogate).

In the algorithm given below we obtain upper
bounds for MCLP using either Lagrangean re-
laxation MCLPk or surrogate relaxation
RMCLPl. Lower bounds are obtained through
`greedy'-interchange and interchange heuristics.
After an initial lower bound is obtained through
a `greedy'-interchange heuristic, the subgradient
optimization algorithm is activated. In each iter-
ation of the subgradient optimization algorithm
the upper bound is tentatively updated. A primal
solution (lower bound vprimal) for MCLP is also
obtained using the procedure described in Sec-
tion 2. This lower bound is generally a weak
bound, so under certain conditions (described in
(b). Feasible solutions generated throughout the
procedure below) the corresponding primal solu-
tion is used as an initial solution in an inter-
change heuristic that attempts to obtain a
stronger lower bound. The MCLP lower bound is
then tentatively updated before a new iteration of
the subgradient optimization algorithm takes
place.

We are now able to describe, in pseudocode, a
general subgradient-based heuristic for MCLP.
This description is valid for use with either the
Lagrangean or surrogate relaxation of MCLP; use
with the surrogate relaxation is indicated by the or

operator.
Procedure Subgradient_Heuristic for MCLP;
{Initialize}
{Uses the `greedy'-interchange heuristic to ®nd an
initial solution for MCLP}
Lb:� `Greedy'-interchange (MCLP); {lower
bound for MCLP}
Ub:��1; {upper bound for MCLP}
{Apply dual descent procedure to obtain initial set
of multipliers}
inva:� 0; {counts the number of consecutive iter-
ations without upper bound improvement}

s�kj� :� 0 8j 2 J or s�lj� � 0 8j 2 J ;
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while (stop_test� false) do

solve relaxation MCLPk or RMCLPl obtain-
ing [�x�k; y�k� and v(MCLPk)] or [�x�l; y�l�

and v(RMCLPl)]; {optimal solution of re-
laxed problem}

obtain a feasible solution (xprimal, vprimal).
Make vf � val_FeasSol;
if (Ub 6 v(MCLPk) or Ub 6 v(RMCLPl))
then inva:� inva + 1
else

inva :� 0;
if conditions described in b below are met
then vertex_substitution (xprimal);
obtain vf � val_FeasSol;
end_if

end_if

Lb:�max[Lb,vf ];
Ub:� min[Ub, (v(MCLPk) or v(RMCLPl))];
compute g�kj� :�

P
i aijyki ÿ xkj or g�lj� :�P

i aijyli ÿ xlj; {subgradient in �x�k; y�k� or

�x�l; y�l� };
make s�kj� :� g�kj� � 0:5 � s�kj� or s�lj� :�
g�lj� � 0:5 � s�lj�; {using a `discounted' sub-
gradient};
update step_size;
make kj :� maxf0; kj ÿ step size � s�kj�g or

lj :� maxf0; lj ÿ step size � s�lj�g; {update
multipliers}
make stop tests;

end_while;
write results;
end_procedure.
Corresponding to the solution �x�l; y�l� of

RMCLPl we de®ne xU
l and xL

l to be the same as x�l
but with the critical variable xj0 set to 1 and 0,
respectively. Then, as in Lorena and Lopes [25],
the vector with components

P
i aijyli ÿ xU

lj is a
subgradient of v(MCLPk) where k � �fj0=lj0�l. It
may be veri®ed that this remains true if xL

l replaces
xU

l and hence if x�l replaces xU
l since a convex

combination of subgradients is again a subgradi-
ent (for the same k).

The factors that in¯uence the convergence of
the heuristic are: the relaxation used (Lagrangean
or surrogate); the value of the initial lower bound;
the quality of feasible solutions (lower bounds)
generated throughout the procedure; the initial set
of multipliers; the step size; the stop rules. Among

these we will now examine the issues not yet ad-
dressed in this paper.

(a) Value of the initial lower bound. A `greedy'-
interchange heuristic is used to obtain an initial
lower bound for MCLP, such as in Galv~ao and
ReVelle [15]. This heuristic consists of a vertex
addition phase used in conjunction with a vertex
substitution phase and is similar to heuristics de-
veloped for other facility location problems, for
example the heuristic of Eilon and Galv~ao [14] for
the p-median problem.

(b) Feasible solutions generated throughout the
procedure. A `stand-alone' interchange heuristic is
used to improve the primal solution vprimal under
certain conditions. In preliminary runs of the
Subgradient_Heuristic described above two facts
were observed: (i) upper bounds provided by the
heuristic are highly variable in the initial iterations
(tending to stabilize as the number of iterations
increases); (ii) the interchange heuristic is very time
consuming. Given these two observations, we de-
cided to activate the interchange heuristic de-
pending on the percentage decrease of the upper
bound as a function of the number of iterations, in
the following way.

In the ®rst 100 iterations, starting from the
0.750% level, the threshold improvement in the
upper bound to activate the interchange heuristic is
multiplied by 0.50 every 20 iterations. Accordingly,
in the ®rst 20 iterations the interchange heuristic is
activated whenever the upper bound decreases by at
least 0.750%; in iterations 21±40 it is activated
whenever the upper bound decreases by at least
0.375%; and so on, up to iteration 100. In iterations
101±200, the threshold value is multiplied by 0.75
every 30 iterations; in iterations 201±400 this value is
multiplied by 0.90 every 50 iterations. This thresh-
old value, however, cannot be inferior to 0.050%.

(c) Initial set of multipliers. Motivated by the
work of Beasley [3] on the Set Covering Problem a
dual descent procedure was used to choose the
initial set of multipliers.

Looking at the form of v(MCLPk) in Eq. (6) it
is clearly desirable that for all j,k:

(i) kj be as large as possible (subject to kj 6 fj);
(ii) ak be as small as possible.

These are con¯icting aims. However, since an
increase in kj leads to an increase in ak for all
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k 2 Nj � fi : aij � 1g, it seems sensible to put
more emphasis on increasing those kj for which
nj� |Nj | is relatively small. The routine SetMul-
tipliers(M) that follows makes use of this obser-
vation.

SetMultipliers(M)

{Set k subject to kj, ai6M for all i,j}

For all j taken in increasing order of the nj set

ej � min
i2Nj
�M ÿ ai�; kj � min�M ; fj; ej�:

If W(M) denotes v(MCLPk) when k is deter-
mined by SetMultipliers(M), we may expect some
values of M to lead to better bounds W(M) than
others. For a given p, we use a Golden Section
Search (see for example Walsh [29]) to ®nd an M
which approximately minimises W(M). The initial
`range of uncertainty' is taken to be
06M 6 3n

P
j fj=2pm, where n� |I| and m� |J|.

The search terminates when the range has been
reduced by a factor of approximately 15.

It may be thought that use of Golden Section
Search is invalid since the function W is only
`approximately convex'. This is not so as we are
using the procedure to calculate W(M) for several
suitable values of M with the best set of multipliers
encountered being retained.

(d) Step size. We calculate the step size at it-
eration k applying the commonly used formula
hk � ak�Ubk ÿ Lbk�=ksk2

, where ak, the value of
the step size parameter at iteration k, is a scalar
satisfying 0 < ak 6 2, Ubk and Lbk are, respec-
tively, the upper and lower bounds at iteration k,
and ksk2

is the norm of the discounted subgra-
dient at iteration k. In view of the theorem, if
(sj < 0 and uj� fj) or (sj > 0 and uj� 0) then sj is
reset to zero before the update step. If after the
update uj > fj then, again in view of the theorem,
we set uj� fj. We start with the value of the step
size parameter at a0� 2 and halve it whenever
there is no improvement in the upper bound after
15 iterations.

(e) Stop rules. In all cases the solution for
MCLP is given by the primal solution corre-
sponding to the current value of the best lower
bound found. The stop rules for the algorithm are
the following:

(i) (Ub ÿ Lb) < 1. As the data for all test prob-
lems are integers, in this case the optimal solu-
tion of MCLP has been reached.
(ii) Total coverage has been achieved by the pri-
mal solution. In this case the optimal solution of
MCLP has also been reached.
(iii) g�kj��g�lj�� � 0 8j 2 J . In this case the opti-
mal solution of the dual (Lagrangean or surro-
gate) has been reached. There may or may not
be a duality gap in relation to the optimal solu-
tion of MCLP.
(iv) hk < 0.01. In this case there exists a gap be-
tween the best upper and lower bounds ob-
tained through the procedure and optimality is
not proven.
(v) Num_iter (number of iterations) > 400. In
this case a gap also exists.
(f) Problem reduction. There are various prob-

lem reductions for the SCP. However, for MCLP
the restriction to p facilities implicitly implies equal
cost facilities and there is only one relevant re-
duction. This is that if a facility at r can cover the
same demand as a facility at s (and possibly more)
then there is an optimal solution in which no fa-
cility is placed at s. Precisely, we may set ys � 0 if
air � ais for all i. We performed such an initial
problem reduction not that it improves conver-
gence but because it permits the interchange heu-
ristic to be implemented more e�ciently.

As the algorithm progresses we may be able to
®x more yi to be zero. This is determined by con-
sidering the e�ect of adding the constraint yi� 1 to
the appropriate relaxation. Then, if this yields a
value no greater than the best primal solution so far
found, we may infer that there is an optimal solu-
tion for which yi� 0. We checked for such variable
®xing only at iterations leading to dual bound im-
provement, but the number of situations in which it
was successful did not justify the computational
e�ort involved. Of course, a similar possibility for
setting yi to be 1 exists, but again the computational
e�ort involved did not justify its implementation.

4. Computational results

In order to compare the Lagrangean and sur-
rogate relaxations of MCLP we used test problems
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available in the literature. These are the 55-vertex
problem of Swain [28], the 100 and 150-vertex
problems of Galv~ao and ReVelle [15] and the fol-
lowing problems, whose distance matrices were
taken from Beasley's OR Library [2] Pmed prob-
lems: (i) ®ve sets each of 100, 300, 500 and 600-
vertex networks (Beasley's problems Pmed01 to
Pmed05; Pmed11 to Pmed15 and Pmed21 to
Pmed30), (ii) four sets of 700-vertex networks
(Beasley's problems Pmed31 to Pmed34); (iii) three
sets each of 800 and 900-vertex networks (Beas-
ley's problems Pmed35 to Pmed40). The Galv~ao
and Revelle problems were randomly generated; a
description of how these networks were generated
can be found in the corresponding paper.

The values of p and S used in each test problem
are not meaningful when taken separately, but
their combined values determine the percentage of
the total population covered in each case. We
chose values of p and S that generated a range of
total population covered varying from 59% to
100% for the 331 test problems used in this paper.

Beasley's OR Library Pmed problems are
problems generated for the p-median problem and
as such his data do not include the population of
each vertex (demand area). We randomly gener-

ated these populations, from a uniform distribu-
tion de®ned in the range [20,30] for the 100-vertex
problems, and from a normal distribution with
mean 80 and standard deviation 15 for the prob-
lems with 300 or more vertices. A summary of the
test problems used is given in Table 1.

The two heuristics (Lagrangean and surrogate)
were implemented under identical hardware and
software con®gurations. The heuristics were coded
in Digital's Pascal and run on a Digital Alpha
3000/300 workstation. The solutions obtained
from the heuristics were compared with optimal
solutions obtained via CPLEX, Version 4.0.7, run
on the same workstation, for problems with up to
600 vertices and for two sets of the 700-vertex
problems, CPU times becoming prohibitive for
larger problems. For these larger problems (Ta-
ble 3) the gaps shown are % gaps between the
upper and lower bounds provided by the heuris-
tics.

A summary of the computational results is
given in Tables 2 and 3. In Table 2 we show a
summary of the results for problems for which it
was possible to obtain the optimal solution
through CPLEX: we give average CPLEX times,
average and maximal heuristic times and average

Table 1

Summary of test problemsa

Problem set Number of

vertices

Values of p Values of s Source No. of

problems

S55 55 [03,04,05,06,07,08] [06,08,10,12] Swain [28] 24

G&R100 100 [08,10,12] [50,65,80] Galv~ao and Revelle [15] 9

B100_01 100 [08,10,12] [55,65,75] (Pmed01) 9

B100_02 to B100_05 100 [08,10,12] [55,70,85] (Pmed02±Pmed05) 36

G&R150 150 [05,06,07,08,10,12,14,

16,18,20]

[70,75,80,85,

90,95]

Galv~ao and Revelle [15] 28

B300_11 to B300_15 300 [18,20,22] [25,30,35] (Pmed11±Pmed15) 45

B500_21 500 [18,23,28] [15,20,25] (Pmed21) 9

B500_22 500 [15,18,21] [20,25,30] (Pmed22) 9

B500_23 & B500_24 500 [24,27,30] [15,20,25] (Pmed23 and Pmed24) 18

B500_25 500 [24,28,32] [15,20,25] (Pmed25) 9

B600_26 600 [15,20,25] [15,20,25] (Pmed26) 9

B600_27, B600_29

&B600_30

600 [17,20,23] [15,20,25] (Pmed27, Pmed29 and Pmed30) 27

B600_28 600 [16,19,22] [15,20,25] (Pmed28) 9

B700_31 to B700_34 700 [20,24,28] [13,15,20] (Pmed31±Pmed34) 36

B800_35 to B800_37 800 [18,21,24] [13,15,20] (Pmed35±Pmed37) 27

B900_38 to B900_40 900 [20,24,28] [10,13,16] (Pmed38±Pmed40) 27

a All problems of the form `Pmed**' are from Beasley's OR Library [2].
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Table 3

Summary of computational results, optimal solutions not included

Problem set Lagrangean heuristic Surrogate heuristic

Average timea Maximal timea % gapb Average timea Maximal timea % gapb

B700_33 913.56 1836.00 1.32 970.67 1820.00 1.29

B700_34 1049.00 2064.00 0.85 1046.78 2094.00 0.87

B800_35 2272.00 5275.00 0.79 2232.89 4508.00 0.77

B800_36 1448.00 3012.00 1.23 1466.56 3048.00 1.15

B800_37 1367.44 2698.00 1.73 1322.56 2815.00 1.80

B900_38 2256.33 4165.00 0.79 2038.67 4263.00 0.86

B900_39 2049.89 4292.00 0.71 2032.00 4244.00 0.73

B900_40 1454.33 2877.00 0.91 1398.33 2781.00 0.92

Average 1.04 1.05

a Cpu seconds on a Digital 3000/300 workstation, exclusive of I/O times.
b % gap calculated between upper and lower bounds provided by the heuristics: % gap� (upper bound ÿ lower bound)/(upper

bound) ´ 100.

Table 2

Summary of computational results, optimal solutions included

Problem set CPLEX Lagrangean heuristic Surrogate heuristic

Average timea Average timea Maximal timea % gapb Average timea Maximal timea % gapb

S55 0.08 0.17 2.00 0.24 0.13 1.00 0.16

G&R100 62.34 2.44 4.00 0.65 1.89 3.00 0.47

B100_01 0.15 0.78 1.00 0.06 1.00 2.00 0.06

B100_02 1.31 1.00 2.00 0.14 0.89 2.00 0.33

B100_03 0.18 0.67 2.00 0.28 1.22 2.00 0.19

B100_04 0.17 0.78 2.00 0.00 1.00 2.00 0.00

B100_05 0.18 1.00 2.00 0.32 0.78 1.00 0.49

G&R150 692.76 8.57 15.00 0.54 8.86 14.00 0.41

B300_11 3.90 81.67 133.00 0.47 83.56 142.00 0.40

B300_12 3.38 53.22 90.00 0.44 55.67 84.00 0.34

B300_13 5.02 65.67 112.00 0.43 65.56 115.00 0.24

B300_14 58.36 63.89 104.00 0.33 63.56 105.00 0.30

B300_15 3.20 71.56 125.00 0.35 71.33 127.00 0.32

B500_21 28.62 346.44 784.00 0.32 357.56 748.00 0.33

B500_22 869.38 416.78 785.00 0.38 400.89 668.00 0.38

B500_23 49.58 365.44 696.00 0.51 369.56 686.00 0.55

B500_24 30.57 429.67 758.00 0.36 375.89 664.00 0.45

B500_25 47.07 464.67 962.00 0.27 456.89 915.00 0.28

B600_26 302.36 794.56 1769.00 0.30 791.56 1847.00 0.27

B600_27 527.26 839.11 1632.00 0.42 806.67 1482.00 0.63

B600_28 105.52 799.56 1644.00 0.15 759.44 1360.00 0.17

B600_29 543.96 777.67 1541.00 0.22 756.11 1301.00 0.24

B600_30 697.16 589.56 1176.00 0.33 579.78 1166.00 0.34

B700_31 1206.32 1119.00 2391.00 0.44 1142.56 2222.00 0.21

B700_32 18028.92 950.89 2158.00 0.26 942.44 2076.00 0.29

Average 0.33 0.31

a Cpu seconds on a Digital 3000/300 workstation, exclusive of I/O times.
b % gap calculated in relation to the optimal solution provided by CPLEX: % gap � (opt. sol. ÿ heur. sol.)/(opt. sol.) ´ 100.
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% gaps in relation to the optimal solution, both for
the Lagrangean and surrogate heuristics, for each
group of problems. In Table 3 we show a summary
of the results for the problems where CPLEX
times became prohibitive: we give average and
maximal heuristic times and average % gaps be-
tween upper and lower bounds.

As can be seen in Tables 2 and 3, the gaps
produced by both heuristics are very close to each
other in all cases. The computing times also do not
di�er signi®cantly between the two heuristics.
These computing times do not con®rm the con-
clusions of Lorena and Lopes [25] and Lorena and
Narciso [26], who applied Lagrangean and surro-
gate relaxations to the Set Covering and Gener-
alized Assignment problems, respectively. In both
cases they report signi®cantly lower computing
times for their surrogate heuristics (as compared
with Lagrangean heuristic times), especially for
large problems.

In an earlier version of this paper we obtained
surrogate heuristic times that were approximately
half of the corresponding Lagrangean times for
networks with more than 300 vertices (a sample of
these preliminary results is shown in Table 4). On
that occasion, however, we did not use the theo-
rem of Section 2 to obtain the initial set of multi-
pliers. When we used the theorem and applied a
dual descent procedure to determine the initial
multipliers, Lagrangean times were halved but
surrogate times remained practically unchanged.

An explanation for this is that with a carefully
chosen set of initial multipliers both heuristics
quickly achieve stability and the surrogate heu-
ristic loses its ``advantage'' of greater stability re-
ported by Lorena and Lopes (see [25], Figs. 1 and
2).

Tables 5±7 show complete results for selected
problem sets. These tables are self-explanatory.
The (% Cover) columns indicate the percentage of
the total population covered in the solutions found
by the heuristic procedures.

A word should be said about CPLEX times.
These times are generally low for the Beasley
problems of up to 500 vertices (with the exception
of the B500_22 problem set), but high for the
randomly generated networks G&R100 and
G&R150. CPLEX times became prohibitive for
the Beasley problems with more than 600 vertices.
It is also interesting to note that these times are
highly variable among individual problems, as can
be easily seen in Tables 5 and 6.

We formulated MCLP as e�ciently as we could
for the CPLEX runs (for example, only the yi

variables were de®ned as binary: the xj variables
were de®ned in the range 06 xj6 1 8j 2 J , as the
problem formulation implies that these variables
will be binary in the solution anyway; this saved
considerable computational e�ort when CPLEX
was executed). However, it was found that CPU
times depend more on the data of speci®c prob-
lems than on problem size. This fact justi®es the

Table 4

Sample of preliminary results: Dual descent procedure not used for obtaining initial set of multipliers

Problem set CPLEX Lagrangean heuristic Surrogate heuristic

Average timea Average timea Maximal timea % gapb Average timea Maximal timea % gapb

G&R100 62.34 3.44 6.00 0.23 2.67 5.00 0.63

B100_01 0.15 2.33 3.00 0.01 2.33 3.00 0.07

G&R150 692.76 12.54 20.00 0.23 10.07 18.00 0.35

B300_11 3.90 245.00 430.00 0.09 97.00 125.00 0.30

B300_13 5.02 248.78 423.00 0.11 99.67 129.00 0.14

B500_21 28.62 949.33 1838.00 0.16 434.11 703.00 0.29

B500_25 47.07 1192.00 2208.00 0.16 550.11 862.00 0.19

B700_32 18028.92 3048.11 5077.00 0.14 1479.67 1968.00 0.17

B700_33 ÿ 2532.11 3734.00 ÿ 1399.67 1888.00 ÿ
B700_34 ÿ 2910.78 3969.00 ÿ 1378.78 2008.00 ÿ
a Cpu seconds on a Digital 3000/300 workstation, exclusive of I/O times.
b % gap calculated in relation to the optimal solution provided by CPLEX: % gap � (opt. sol. ÿ heur. sol.) / (opt. sol.) ´ 100.
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development of specialized algorithms for MCLP.
Besides becoming prohibitive for the larger prob-
lems, low average CPLEX times for some sets of
the smaller problems do not mean that these
problems may in general be expected to run in
predictable computing times when CPLEX is used.
In this respect the Lagrangean and surrogate times
are more well-behaved, increasing moderately with
problem size and not showing high variability
among problems of the same set.

5. Conclusions

In this paper we compare heuristics based on
Lagrangean and surrogate relaxations of the
Maximal Covering Location Problem. The surro-
gate relaxed problem reduces to a 0ÿ1 knapsack
problem; as 0ÿ1 knapsack problems are NP-hard,
we solve instead the corresponding relaxed knap-
sack problem. The Lagrangean relaxation of
MCLP used in this paper has the integrality

Table 5

Selected results for problem set G&R150

Problem CPLEX Lagrangean heuristic Surrogate heuristic

n p s Optimal

solution

Total

timea

No.

iter.

Heuristic

solution

% gap %

Cover.

Total

timea

No.

iter.

Heuristic

solution

% gap %

Cover.

Total

timea

150 10 70 8272 15.73 376 8272 0.00 68.86 9.00 400 8272 0.00 68.86 11.00

150 12 70 9291 50.23 339 9198 1.00 76.57 8.00 400 9261 0.32 77.09 11.00

150 14 70 10022 277.32 306 10012 0.10 83.34 12.00 369 10012 0.10 83.34 13.00

150 16 70 10587 2253.72 355 10490 0.92 87.32 12.00 340 10541 0.43 87.75 13.00

150 18 70 11153 6373.78 353 11099 0.48 92.39 12.00 376 10961 1.72 91.24 8.00

150 20 70 11610 5830.93 271 11286 2.79 93.95 6.00 168 11286 2.79 93.95 6.00

150 8 80 7387 4.45 335 7387 0.00 61.49 4.00 382 7387 0.00 61.49 7.00

150 10 80 8518 13.98 324 8518 0.00 70.91 6.00 336 8518 0.00 70.91 8.00

150 12 80 9394 100.63 392 9387 0.07 78.14 10.00 400 9387 0.07 78.14 12.00

150 14 80 10147 427.77 396 10097 0.49 84.05 11.00 345 10147 0.00 84.47 12.00

150 6 90 9907 3.05 323 9907 0.00 82.47 4.00 400 9907 0.00 82.47 5.00

150 8 90 10787 6.58 347 10787 0.00 89.79 8.00 397 10787 0.00 89.79 9.00

150 10 90 11311 30.17 345 11241 0.62 93.57 10.00 262 11297 0.12 94.04 7.00

150 12 90 11759 53.42 354 11616 1.22 96.70 9.00 153 11644 0.98 96.93 5.00

150 14 90 12013 17.92 279 11896 0.97 99.03 8.00 122 11896 0.97 99.03 5.00

150 5 95 10479 8.02 313 10479 0.00 87.23 4.00 382 10479 0.00 87.23 7.00

150 7 95 11285 20.88 348 11208 0.68 93.30 6.00 365 11285 0.00 93.94 8.00

a Cpu seconds on a Digital 3000/300 workstation, exclusive of I/O times.

Table 6

Complete results for problems set B700_32

Problem CPLEX Lagrangean heuristic Surrogate heuristic

n p s Optimal

solution

Total

timea

No.

iter.

Heuristic

solution

%

gap

%

Cover.

Total

timea

No.

iter.

Heuristic

solution

%

gap

%

Cover.

Total

timea

700 20 13 38993 258.47 331 38946 0.12 70.03 334.00 379 38907 0.22 69.96 329.00

700 24 13 41402 479.60 323 41402 0.00 74.44 399.00 366 41402 0.00 74.44 615.00

700 28 13 43408 488.75 349 43379 0.07 78.00 448.00 345 43408 0.00 78.05 536.00

700 20 15 44310 9146.02 345 44247 0.14 79.56 592.00 359 44138 0.39 79.36 424.00

700 24 15 46297 45649.63 384 46256 0.09 83.17 764.00 380 46256 0.09 83.17 662.00

700 28 15 48006 98769.20 354 47932 0.15 86.18 890.00 375 47932 0.15 86.18 841.00

700 20 20 53608 1607.87 360 53261 0.65 95.76 1332.00 316 53261 0.65 95.76 1281.00

700 24 20 54270 4750.65 339 53956 0.58 97.01 1641.00 400 53956 0.58 97.01 1718.00

700 28 28 54825 1110.08 400 54514 0.57 98.02 2158.00 350 54514 0.57 98.02 2076.00
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property; therefore, in this case, neither the LR
bound nor the surrogate bound obtained from the
LP relaxation of the corresponding knapsack
problem, will improve the bound obtained from
the LP relaxation of the problem.

The two heuristics were compared using several
test problems available in the literature. For sev-
eral of these problems the corresponding optimal
solutions were obtained through CPLEX. In line
with the theoretical results mentioned above, the %
gaps calculated for the two heuristics did not di�er
substantially for any group of problems used in
this paper; in Table 2 for example the average gap
was 0.33% for the Lagrangean heuristic and 0.31%
for the surrogate heuristic. In this sense both
heuristics can be considered very e�cient in ®nd-
ing good quality solutions for MCLP.

The computing times we report do not con®rm
the ®ndings of Lorena and Lopes [25] and Lorena
and Narciso [26] for the Set Covering and Gen-
eralized Assignment problems: when we used the
theorem and a dual descent algorithm to deter-
mine the initial set of multipliers the computing
times did not di�er signi®cantly between the La-
grangean and surrogate heuristics.

Due to an e�cient formulation of MCLP as a
mixed integer programming problem for the
CPLEX runs, for networks of up to 600 vertices
whose distances were calculated according to the
Euclidean metric (the Beasley problems) average
CPLEX times were generally lower than times
obtained using the two heuristics (this was not true
for the randomly generated networks G&R100

and G&R150). Nevertheless, even for the more
favourable data sets, the high variability of
CPLEX times among individual problems does
not recommend its use as a standard technique for
solving MCLP for large data sets. In this respect
these computing times are not predictable, de-
pending more on the data of speci®c problems
than on problem size.
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