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Preface

Combinatorial (or discrete) optimization is one of the most active fields
in the interface of operations research, computer science, and applied math-
ematics. Combinatorial optimization problems arise in various applications,
including communications network design, VLSI design, machine vision, air-
line crew scheduling, corporate planning, computer-aided design and man-
ufacturing, database query design, cellular telephone frequency assignment,
constraint directed reasoning, and computational biology. Furthermore,
combinatorial optimization problems occur in many diverse areas such as
linear and integer programming, graph theory, artificial intelligence, and
number theory. All these problems, when formulated mathematically as the
minimization or maximization of a certain function defined on some domain,
have a commonality of discreteness.

Historically, combinatorial optimization starts with linear programming.
Linear programming has an entire range of important applications including
production planning and distribution, personnel assignment, finance, alloca-
tion of economic resources, circuit simulation, and control systems. Leonid
Kantorovich and Tjalling Koopmans received the Nobel Prize (1975) for
their work on the optimal allocation of resources. Two important discover-
ies, the ellipsoid method (1979) and interior point approaches (1984) both
provide polynomial time algorithms for linear programming. These algo-
rithms have had a profound effect in combinatorial optimization. Many
polynomial-time solvable combinatorial optimization problems are special
cases of linear programming (e.g. matching and maximum flow). In addi-
tion, linear programming relaxations are often the basis for many approxi-
mation algorithms for solving NP-hard problems (e.g. dual heuristics).

Two other developments with a great effect on combinatorial optimiza-
tion are the design of efficient integer programming software and the avail-
ability of parallel computers. In the last decade, the use of integer program-
ming models has changed and increased dramatically. Two decades ago,
only problems with up to 100 integer variables could be solved in a com-
puter. Today we can solve problems to optimality with thousands of integer
variables. Furthermore, we can compute provably good approximate solu-
tions to problems with millions of integer variables. These advances have
been made possible by developments in hardware, software and algorithm
design.



vi Preface

The Handbooks of Combinatorial Optimization deal with several algo-
rithmic approaches for discrete problems as well as with many combinato-
rial problems. We have tried to bring together almost every aspect of this
enormous field with emphasis on recent developments. Each chapter in the
Handbooks is essentially expository in nature, but of scholarly treatment.

The Handbooks of Combinatorial Optimization are addressed not only to
researchers in discrete optimization, but to all scientists in various disciplines
who use combinatorial optimization methods to model and solve problems.
We are certain that experts in the field as well as nonspecialist readers will
find the material of the Handbooks stimulating and helpful.

We would like to take this opportunity to thank the authors, the anony-
mous referees, and the publisher for helping us produce these volumes of
the Handbooks of Combinatorial Optimization with state-of-the-art chap-
ters. We would also like to thank Mr. Arnold Mayaka for making Author
Index and Subject Index for this volume.

Ding-Zhu Du and Panos M. Pardalos
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1 Introduction

Polynomially solvable special cases have long been studied in the litera-
ture on combinatorial optimization problems (see, for example, Gilmore et
al. [19]). Apart from being mathematical curiosities, they often provide im-
portant insights for serious problem-solving. In fact, the concluding para-
graph of Gilmore et al. [19] states the following, regarding polynomially
solvable special cases for the traveling salesperson problem.

113

... We believe, however, that in the long run the greatest
importance of these special cases will be for approximation algo-
rithms. Much remains to be done in this area.”

This chapter describes a step in the direction of incorporating polynomi-
ally solvable special cases into approximation algorithms. We review data
correcting algorithms — approximation algorithms that make use of poly-
nomially solvable special cases to arrive at high-quality solutions. The basic
insight that leads to these algorithms is the fact that it is often easy to
compute a bound on the difference between the costs of optimal solutions to
two instances of a problem, even though it may be hard to compute optimal
solutions for the two instances. These algorithms were first reported in the
Russian literature (see Goldengorin [9, 10, 11, 12, 13]).

The approximation in data correcting algorithms is in terms of an ac-
curacy parameter, which is an upper bound on the difference between the
objective value of an optimal solution to the instance and that of a solution
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returned by the data correcting algorithm. Note that this is not expressed
as a fraction of the optimal objective value for this instance as in common
g-optimal algorithms but as actual deviations from the cost of optimal so-
lutions.

Although we suggest the use of data correcting algorithms to solve NP-
hard combinatorial optimization problems, they form a general problem
solving tool and can be used for functions defined on a continuous domain
as well. We will in fact, motivate the algorithm in the next section using
a function defined on a continuous domain, and having a finite range. We
then show in Section 3, how this approach can be adapted for combinatorial
optimization problems. In the next three sections we describe actual imple-
mentation of data correcting algorithms to three problems, the asymmetric
traveling salesperson problem, the maximization of a general submodular
function, and the simple plant location problem.

2 Data Correcting for Real-Valued Functions

Consider a real-valued function f : D — R, where D is the domain on which
the function is defined. We assume that f is not analytically tractable over
D, but is computable in polynomial time for any z € D, and concern our-
selves with the problem of finding a-minimal solutions to the function f over
D, i.e. the problem of finding a member of {z|z € D, f(z) < f(z*) + a},
where z* € argminp{f(z)}, and @ is the pre-defined accuracy parameter.
The discussion here is for a minimization problem; the maximization prob-
lem can be dealt with in a similar manner.

Let us assume a partition {D4,..., Dp} of the domain D. Let us further
assume that for each of the sub-domains D; of D, ¢ = 1,...,p, we are able
to find functions g; : Dy — R, which are easy to minimize over D;, and such
that

f@)-gi(@)| < 5 Voe D (1)

We call such easily minimizable functions regular.

Theorem 2.1 demonstrates an important relationship between the regular
functions g; and the original function f. It states that the function value of
f at the best among the minima of all the g;’s over their respective domains
is close to the minimum function value of f over the domain.
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Theorem 2.1 Let = € arg mingcp,{gi(z)}, 2% € a.rgming{f(m?)}, and let
z* € argmingep{f(z)}. Then

Flz™) < f(2*) + o

Proof: Let zi € argmingep,{f(z)}. Then for i =1,...,p, f(z8) - § <
9i(zf) < gilay) < f(27) + §iie. f(2F) < f(2f) + o. Thus ming{f(zf)} <
min;{ f(z})} -+ @, which proves the result. ]

Notice that z* and ® do not need to be in the same sub-domain of D.

Theorem 2.1 forms the basis of the data correcting algorithm to find
an approximate minimum of a function f over a certain domain D. The
procedure consists of three steps: the first in which the domain D of the
function is partitioned into several sub-domains; the second in which f is
approximated in each of the sub-domains by regular functions following the
condition in expression (1) and a minimum point of the regular function
is obtained; and a third step, in which the minimum points computed in
the second step are considered and the best among them is chosen as the
output. This procedure can be further strengthened by using lower bounds
to check if a given sub-domain can possibly lead to a solution better than
any found thus far. The approximation of f by regular functions g; is called
data correcting, since an easy way of obtaining the regular functions is by
altering the data that describe f. A pseudocode of the algorithm, which we
call DC-G, is provided below.

Procedure DC-G(f, D, a)
Output: z* € D such that f(z*) < min{f(z)|z € D} + a.

Code:

1. begin

2 create a partition {D,,...,D,} of D;

3 for each sub-domain D;

4 begin

5. fi == a lower bound to f(z), z € D;;
6. if f; > bestvalue

7 continue;

8 construct a regular function g;(z) obeying (1);
9. T € arg min:EDi{gi(x)};

10. end;

11. bestvalue := oo;

12. if f(z) < bestvalue;
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13. begin

14. % =z

15. bestvalue := f(z*);
16. end;

17. return r%;

18. end.

Lines 5 through 7 in the code carry out the bounding process, and lines
8 and 9 implement the process of computing the minima of regular functions
over each sub-domain. These steps are enclosed in a loop, so that at the end
of line 10, all the minima of the regular functions are at hand. The code in
lines 11 through 16 obtain the best among the minima obtained before. By
Theorem 2.1, the solution chosen by the code in lines 11 through 16 is an
c-minimum of f, and therefore, this solution is returned by the algorithm
in line 17.

We will now illustrate the data correcting algorithm through an example.
The example that we choose is one of a real-valued function of one variable,
since these are some of the simplest functions to visualize.

Consider the problem of finding an e-minimum of the function f shown
in Figure 1. The function is assumed to be well-defined, though analytically
intractable on the domain D.

f(x

D

Figure 1: A general function f

The data correcting approach can be used to solve the problem above,
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= Original Function
—— Regular Function

Figure 2: Illustrating the Data Correcting approach on f

i.e. of finding a solution z® € D such that f(z*) < min{f(z)|z € D} + a.

Consider the partition{D1, D2, D3, D4, D5} of D shown in Figure 2. Let
us suppose that we have a regular function gi{z) with |gl{z) — f(z)| < §,
Yz € D1. Assume also, that z1 is a minimum point of gl{z) in D1. Since
this is the best solution that we have so far, we store 1 as an c-minimal
solution to f(z) in the domain D1. We then consider the next interval in
the partition, D2. We first obtain a lower bound on the minimum value
of f(z) on D2. If this bound is larger than f{z1), we ignore this domain
and examine domain D3. Let this not be the case in our example. So we
construct a regular function ¢2(z) with |g2(z) — f(z)| < §, Yz € D2, and
find 2, its minimum point over D2. Since f{(z2) > f(z1) (see Figure 2),
we retain £l as our a-optimal solution over D1 U D2, Proceeding in this
manner, we examine f(z) in D3 through D5, compute regular functions
93(z) through g5(z) for these domains, and compute z3 through z5. In this
example, 3 replaces z1 as our e-minimal solution after consideration of D3,
and remains so until the end. At the end of the algorithm, 3 is returned
as a value of z.

There are four points worth noting at this stage. The first is that we
need to examine all the sub-domains in the original domain before we re-
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turn a near-optimal solution using this approach. The reason for this is
very clear. The correctness of the algorithm depends on the result in The-
orem 2.1, and this theorem only concerns the best among the minima of
each of the sub-domains. For instance, in the previous example, if we stop
as soon as we obtain the first a-optimal solution z; we would be mistaken,
since Theorem 2.1 applies to z1 only over D1 U D2. The second point is
that there is no guarantee that the near-optimal solution returned by DC-G
will be in the neighborhood of a true optimal solution. There is in fact,
nothing preventing the near-optimal solution existing in a sub-domain dif-
ferent from the sub-domain of an optimal solution, as is evident from the
previous example. The true minimum of f lies in the domain D5, but DC-G
returns #3, which is in D3. The third point is that the regular functions
gi(z) approximating f(z) do not need to have the same functional form. For
instance in Example 1, gl{z) is quadratic, while g2(z) is linear. Finally, for
the proof of Theorem 2.1, it is sufficient for {Dy,...,Dp} to be a cover of
D (as opposed to a partition as required in the pseudocode of DC-G).

3 Data Correcting for Combinatorial Optimiza-
tion Problems

The data correcting methodology described in the previous section can be
incorporated into an implicit enumeration scheme (like branch and bound)
and used to obtain near-optimal solutions to NP-hard combinatorial opti-
mization problems. In this section we describe how this incorporation is
achieved for a general combinatorial optimization problem.

We define a combinatorial optimization problem P as a collection of
instances /. An instance I consists of a ground set G = {ej,eg,...,ep}of n
elements, a cost vector Cf = (c{r ,c%, s ,c{,) corresponding to the elements
in G, a set $ C 29 of feasible solutions, and a cost function fri 8= R
The objective is to obtain a solution, i.e. a member of S that minimizes the
cost function. For example, for an asymmetric traveling salesperson problem
(ATSP) instance on a digraph G = (V, A), with a distance matrix D = [d;;],
wehave G = A, cfj = d;;, S is the set of all Hamiltonian cycles in G, and
f1(s) = X(i jyes dij foreach s € S.

Implicit enumeration algorithms for combinatorial problems include two
main strategies, namely branching and fathoming. Branching involves parti-
tioning the set of feasible solutions S into smaller subsets. This is done under
the assumption that optimizing the cost function over a more restricted so-
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lution space is easier than optimizing it over the whole space. Fathoming
involves one of two processes. First, we could compute lower bounds to the
value that the cost function can attain over a particular member of the par-
tition. If this bound is not better than the best solution found thus far, the
corresponding subset in the partition is ignored in the search for an optimal
solution. The second method of fathoming is by computing the optimum
value of the cost function over the particular subset of the solution space
(if that can be easily computed for the particular subset). We see there-
fore that two of the main requirements of the data correcting algorithm
presented in the previous section, i.e. partitioning and bounding, are auto-
matically taken care of for combinatorial optimization problems by implicit
enumeration. The only other requirement that we need to consider is that
of obtaining regular functions approximating fr over subsets of the solution
space.

Notice that the cost function fr(s) is a function of the cost vector C.
So if the values of the entries in C are changed, fr(s) undergoes a change
as well. Therefore, cost functions corresponding to polynomially solvable
special cases can be used as “regular functions” for combinatorial optimiza-
tion problems. Also note that for the same reason, the accuracy parameter
can be compared with a suitably defined distance measure between two cost
vectors, (or equivalently, two instances). Consider a subproblem in the tree
obtained by normal implicit enumeration. The problem instance that is
being evaluated at that subproblem is a restricted version of the original
problem instance, i.e., it evaluates the cost function of the original problem
instance for a subset S of the original solution space S. If we alter the data
of the problem instance in a way that the altered data corresponds to a poly-
nomially solvable special case, while guaranteeing that the cost of an optimal
solution to the altered problem in S is not more that an acceptable amount
higher than the cost of an optimal solution to original instance in Sk, then
the altered cost function can be considered to be a regular approximation
of the cost function of the original instance in Sk.

For combinatorial optimization problems, let us define a proximity mea-
sure p(I1, I3) between two problem instances I1 and I2, as an upper bound
for the difference between fr,(s¥) and fr,(s3), where s and s3 are opti-
mal solutions to Iy and Iz respectively. The following lemma shows that
the Hamming distance between the cost vectors of the two instances is a
proximity measure when the cost function is of the sum type or the max
type.
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Lemma 3.1 If the cost function of an instance 1 of a combinatorial opti-
mization problem is of the sum type, (i.e. fi(s) = L., cs el) or the max
type, (i.e. fr(s) = maxe.es (‘fc) then the measure

plli )= 3 |¢ft = cf| (2)

e; e

between two instances 1 and Is of the problem is an upper bound to the
difference between fr,(s1) and fr,(s3), where s} and s} are optimal solutions
to Iy and Iz, respectively.

Proof: We will prove the result for sum type cost functions. The proof for
max type cost functions is similar.

For sum type cost functions, it is sufficient to prove the result when
the cost vectors Cr, and Cy, differ in only one position. Let ci‘ = ci“ for
k=1,2...,7—1,7+1,...,n, and c_‘;’ # c?. Consider any solution s € S.
There are two cases to consider:

e ¢; € s: In this case, |fr,(s) — fr,(s)| = E.,es |C£1 - cizf = |c;-rl - cjf-“[ :
» ¢; ¢ 8: In this case it is clear that fr,(s) = fr,(s).

Therefore, |f1,(8)— f1(s)| < Te,eq lei* —cf?| = p(I1, I2) for any solution
s € 8, which automatically implies that p(I1, I2) as defined in the statement
of Lemma 3.1 is an upper bound for the difference between fr,(sf} and
Fr,(s3), where s} and s are optimal solutions to I3 and Iz, respectively. m

At this point, it is important to point out the difference between a fath-
oming step and a data correcting step. The bounds used in fathoming
steps consistently overestimate the objective function of optimal solutions
in maximization problems and underestimate it for minimization problems.
The amount of over- or underestimation is not bounded. In data correcting
steps however, the “regular function” may overestimate or underestimate
the objective function, regardless of the objective of the problem. However,
there is always a bound on the deviation of the “regular function” from the
objective function of the problem.

One way of implementing the data correcting for a NP-hard problem
instance [ is the following. We first execute a data correcting step. We
construct a polynomially solvable relaxation Iz of the original instance, and
obtain an optimal solution z7, to Iz. Note that zz need not be feasible to
I. We next construct the best solution z to I that we can, starting from
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zr. (If such a solution is not possible, we conclude that the instance does
not admit a feasible solution.) We also construct an instance I¢ of the
problem, which will have z as an optimal solution. The proximity measure
p(I,1Ic} then is an upper bound to the difference between the costs of z
and of an optimal solution to I. Ig is called a correction of the instance
1. If the proximity measure is not more that the allowable accuracy, then
we can output  as an adequate solution to [. If this is not the case, then
we partition the feasible solution space of I (these are formed by adding
constraints to the formulation of /) and apply the data correction step to
each of these subproblems.

The similarity in the procedural aspects of the data correcting step de-
scribed above (and illustrated in the example) to fathoming rules used in
branch and bound implementations makes it convenient to incorporate data
correcting in the framework of implicit enumeration. We present the pseu-
docode of a recursive version of branch and bound incorporating data cor-
recting below. The initial input to this procedure is the data for the original
instance I, the feasible solution set S, any solution s € §, and the accuracy
parameter «. Notice that the data correcting step discussed earlier in this
section is implemented in lines 6 through 10 in the pseudocode.

Algorithm DC(I, S, a)
Output: z* € § such that fr(z*) < min{f;(z)|z € S} + a.

Code:

1. begin

2. s := a solution in S;

3 Ib := a lower bound on the value of f;(z) over S;

4 if fr(s) = b return s;

5 compute an optimal solution sz, to a polynomially solvable

6. relaxation I, to I;

7 if possible then construct a solution s to I starting from sp;

8 else return “infeasible”; (* No solution s can be constructed *)
9. construct an instance I that has s as an optimal solution;

10. if p(Ie,I) <

11. return s;

12. else begin

13. partition S into subsets S; through Sy;

14. fori:=1ton (* Branch *)

15. 8; = DC(Ia Siv 0.);
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16. return the best solution from among s; through s,;
17. end;
18. end.

The algorithm described above is a prototype. We have not specified
how the lower bound is to be computed, or which solution to choose in the
feasible region, or how to partition the domain into sub-domains. These are
details that vary from problem to problem, and are an important part in
the engineering aspects of the algorithm. Note that this is just one of many
possible ways of implementing a data correcting algorithm.

We can now describe our implementation of data correcting on specific
combinatorial optimization problems. The next section deals with asym-
metric traveling salesperson problems. The implementation of the data cor-
recting algorithm for this problem closely follows the pseudocode above.
Sections 5 and 6 deal with the maximization of general submodular func-
tions and the simple plant location problem. Our implementations of data
correcting for these two problems are slightly different, in which the data
correction is done in an implicit manner.

4 The Asymmetric Traveling Salesperson Prob-
lem

In an asymmetric traveling salesperson problem (ATSP) instance we are
given a weighted digraph G = (V, A) and a |V| x |V| distance matrix D =
[d;;] and our objective is output a least cost Hamiltonian cycle in this graph.
This is one of the most studied problems in combinatorial optimization, see
Lawler et al. [26] and Gutin and Punnen [20] for a detailed introduction.

4.1 The Data Correcting Algorithm

The data correcting algorithm (DC) presented in the previous section can be
easily mapped to the ATSP. Lemma 3.1 takes the following form for ATSP
instances.

Lemma 4.1 Consider two ATSP instances Iy and Ia defined on digraphs
G = (W1, A1) and Ga = (Vz, A) respectively, with |Vi| = |Va|. Let D1 =
[d}j] and Dy = [d?j] be the distance matrices associated withl, and I.
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Further let T1 and Ta be optimal solutions to Iy and I, and let L, and Lo
respectively represent the lengths of Ty and Ty in instance I. Then

Lo—Li< Y ldi; - -
{i,5)eA

Before presenting a pseudocode for the algorithm, let us illustrate the
data correcting step for the ATSP with an example. Consider the 6-city
ATSP instance with the distance matrix D = [di;] shown below. (This
corresponds to [ in the discussion in the previous section.)

D 1 2 3 4 5 6

1 - 10 16 19 25 22
2119 - 10 13 13 10
3,10 28 - 22 16 13
4119 25 13 - 10 19
5116 22 19 13 - 11
613 22 15 13 10 -

If we allow subtours in solutions to the ATSP, we get the assignment problem
relaxation. Solving the assignment problem on D, using the Hungarian
method, we get the following reduced distance matrix Df = [dg]. (The
assignment problem with the distance matrix D corresponds to [z,.)

DH |1 2 3 4 5 6
1/- 06 7 16 12
2/9 - 0 1 4 0
3/0 18 - 10 7 3
418 14 2 - 0 8
5/5 11 8 0 - 0
6/2 11 4 0 0 -

This leads to a solution with two cycles (1231) and (4564) (corresponding
to #r). Using patching techniques (see for example Lawler er al. [26]), we
obtain a solution (1245631) (corresponding to z). Notice that (1245631)
would be an optimal solution to the assignment problem if d£ and d¢§ had
been set to zero in DH, and that would have been the situation, if da4 and
dgs were initially reduced by 4 and 1 respectively, i.e. if the distance matrix
in the original ATSP instance was D¥ defined below. (This corresponds to
Ic.)
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DP| 1 2 3 4 5 6

1) - 10 16 19 25 22
2119 - 10 9 13 10
3110 28 - 22 16 13
4119 25 13 - 10 19
5/16 22 19 13 - 11

6|13 22 14 13 10 -

Therefore Df is the distance matrix of the correction of the instance with
distance matrix D. The proximity measure p{D, DF) = 3°%_, E?ﬂ ldij —
df| = |doa — dfy| + |des — df3l =4+ 1 =5.

A proximity measure is an upper bound to the difference between the
costs of two solutions for a problem instance, so the stronger the bound, the
better would be the performance of any enumeration algorithm dependent
on such bounds. It is possible to obtain stronger performance measures for
ATSP instances, for example

n

i
p(D, D7) = min {3 max |dij — dfj|, ) max dy - dfjl}  (3)
i=1 == i=1

1<i<n

is a better proximity measure than the one defined in (2).

Given the data correcting step, the DC algorithm presented in the pre-
vious section can be modified to solve ATSP instances. The pseudocode for
a recursive version of this algorithm is given below.

Algorithm DCA-ATSP(G, )
Output: A tour z® such that the difference between the cost of z* and the cost
of an optimal tour is not more than o

Code:

1. begin

2 s := an arbitrary tour in G;

3. Ib := a lower bound on the cost of an optimal tour;

4. if f1(s) = Ib return s;

5. sy, := an optimal solution to the assignment problem on Gj
6. construct a solution s from s;, through patching;

7. using sy, compute the proximity measure p;

8. ifp<a

9. return s;
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10. else begin (* Branch *)
11. branch according to a pre-decided branching rule;

12. for each subproblem ¢ generated

13. s; = the solution output by DCA-ATSP on subproblem i;
14. return the best solution from among all s;’s;

15. end;

16. end.

Note that a good lower bound can be incorporated into DCA-ATSP to
make it more efficient.

We next illustrate the DCA-ATSP algorithm above on an instance of the
ATSP. Consider the 8-city ATSP instance with the distance matrix D = [d;;]
shown below. (This example was taken from Balas and Toth [1], p. 381).

D 1 2 3 4 5 6 7 8
1/ - 2 11 10 8 7 6 5
2,6 - 1 8 8 4 6 7
3] 5 2 - 11 8 12 3 11
4,11 9 10 1 9 8 10
501 11 9 4 - 2 10 9
612 8 5 2 11 - 11 9
7710 11 12 10 9 12 - 3
8 7 10 10 0 6 3 1 -

We use

the proximity measure p (see Expression (2)) for data correction,
the assignment algorithm to compute lower bounds for subproblems,

a patching algorithm to create feasible solutions, and compute prox-
imity measures, and

the patched solution derived from the assignment solution as a feasible
solution in the domain.

The branching rule used in this example is as follows. At each sub-
problem, we construct the assignment problem solution and then patch it.
We also correct the original matrix to a new matrix that would output the
patched solution if the assignment problem is solved on it. We next identify
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the arc corresponding to the entry in the new matrix that had to be cor-
rected by the maximum amount. The tail of this arc is identified, and we
branch on all the arcs in the subtour containing that vertex. For example, in
this problem, the assignment solution is (1231)(4564)(787), which is patched
to (123786451) and the cost of patching is 9. If we correct the problem data,
we will see that the entry ds; (corresponding to arc (5,1)) contributes the
maximum amount (7) to the patching. Hence we branch on each arc in the
cycle (4564), and construct three subproblems, the first with the additional
constraint that arc (4,5) be excluded from the solution, the second with
the additional constraint that arc (5,6) be excluded from the solution, and
the third with the additional constraint that arc (4,5) be excluded from the
solution.

The polynomially solvable special case that we consider is the set of all
ATSP instances for which the assignment procedure gives rise to a cyclic
permutation.

Using the branching rule described above, depth-first branch and bound
generates the enumeration tree of Figure 3. The nodes are labeled accord-
ing to the order in which the problems at the corresponding nodes were
evaluated.

Since the cost of patching equals the value of g, we can now evaluate the
performance of data correcting on this example. If the allowable accuracy
parameter « is set to 0, then the enumeration tree constructed by DC will
be the one shown in Figure 3 and evaluates 8 subproblems. However if the
value of « is set to 1, then enumeration stops after node 4, since the lower
bound obtained is 25 which is one less than the solution we have at hand.

The previous example shows that the data correcting algorithm can be
a very attractive alternative to branch and bound algorithms. In the next
subsection we report experiences of the performance of the data correcting
algorithm on ATSP instances from the TSPLIB [30].

4.2 Computational Experience with ATSP Instances

TSPLIB has twenty seven ATSP instances, out of which we have chosen
twelve for our experiments. These twelve can be solved to optimality within
five hours using an ordinary branch and bound algorithm. Eight of these
belong to the ‘ffv’ class of instances, while four belong to the ‘rbg’ class. We
implemented DCA-ATSP in C and ran it on a Intel Pentium based computer
running at 666MHz with 128MB RAM.

The results of our experiments are presented graphically in Figures 4
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Fathomed (% om &7 ok (8,7) out
,7) ou
® @
Fathomed Tour Fathomed Fathomed
Subproblem Upper Lower Assignment Patched Cost of Revised
at node bound bound solution tour patching  bound
1 o 17 (1231)(d564)(787) (123786451) 9 26
2 26 29 Fathomed by bounds - 26
3 26 25  (12631)(454)(787) (126453781) 6 26
4 26 25  (12631)(454)(787) (126453781) 6 26
5 26 31 Fathomed by bounds - 26
6 26 26 (123786451) Patching not required 26
7 26 31 Fathomed by bounds - 26
8 26 27 Fathomed by bounds - 26

Figure 3: Branch and bound tree for the instance in the example.
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Figure 6: Accuracy achieved versus « for rbg instances
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Figure 7: Variation of execution times versus « for rbg instances

through 7. In computing accuracies, (Figures 4 and 6) we have plotted
the accuracy and deviation of the solution output by the data correcting
algorithm from the optimal (called ‘achieved accuracy’ in the figures) as a
fraction of the cost of an optimal solution to the instance. We observed that
for each of the twelve instances that we studied, the achieved accuracy is
consistently less than 80% of the pre-specified accuracy.

There was a wide variation in the CPU time required to solve the different
instances. For instance, fiv70 required 17206 seconds to solve to optimality,
while rbg323 required just 5 seconds. Thus, in order to maintain uniformity
while demonstrating the variation in execution times with respect to changes
in a values, we represented the execution times for each instance for each «
value as a percentage of the execution time required to solve that instance to
optimality. Notice that for all the ffv instances when e was 5% of the cost
of the optimal solution, the execution time reduced to 20% of that required
to solve the respective instance to optimality. The reduction in execution
times for rbg instance was equally steep, with the exception of rbg323 which
was in any case an easy instance to solve.

In summary, it is quite clear that data correcting is an effective method-
ology for solving ATSP instances. There are usually steep reductions in
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execution times even when the allowed accuracy is very small. This makes
the method very useful for solving real world problems where a near-optimal
solution is often acceptable provided the execution times are not too long.

5 Maximization of General Submodular Functions

Let N = {1,2,...,n} and 2~ denote the set of all subsets of N. A function
z: 2N o Ris called submodular if for each I, J € 2N, 2(I)+2(J) = 2(IUJ)+
z(INJ). The solution process of many classical combinatorial optimization
problems, like the generalized transportation problem, the quadratic cost
partition (QCP) problem with nonnegative edge weights, and set covering,
can be formulated as the maximization of a submodular function (MSF),
i.e. the problem:

max{2()|T C N}.

Although the general problem of the maximization of a submodular func-
tion is known to be NP-hard (see Lovasz [28]), there has been a sustained
research effort aimed at developing practical procedures for solving medium
and large-scale problems in this class. In the remainder of this section we
suggest two data correcting algorithms for solving the problem. Note that
Lemma 3.1 assumes the following form for this problem.

Lemma 5.1 Consider two submodular functions 21(T) = ¥ iq i c‘J

b—i Tk and 29(F) = Liq ey ,J “}'::t- zx. Let =} and 3} be the maxi-
mum points of 21(Z) and Zz(l‘) respectively. Then

zl(-ﬁ) E2 zl(m_a) < ZZ |C}j = C?g|

i=1j=1

The algorithm described in Section 5.1 have been published in Gold-
engorin et al. [14] while that described in Section 5.2 have been published
in Goldengorin and Ghosh [18]. For each of the two algorithms in we first
describe a class of polynomially solvable instances for submodular function
maximization problems. We then describe the data correcting algorithms
that uses this class of polynomially solvable instances to solve a general sub-
modular function maximization problem. The classes of polynomially solv-
able instances are algorithmically defined, i.e. they are classes of instances
that are solved to optimality using a pre-specified polynomial algorithm.
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5.1 A Simple Data Correcting Algorithm

The class of polynomially solvable instances that we describe here is defined
using a polynomial time algorithm called the Preliminary Preservation (PP)
algorithm. Normally these algorithms terminate with a subgraph of the
Hasse diagram of the original instance which is guaranteed to contain the
maximum. However, for instances where PP returns a subgraph with a
single node, that node is the maximum, and the instance is said to have
been solved in polynomial time. Instances such as these make up the class
of polynomially solvable instances that we consider here.

Let z be a real-valued function defined on the power set 2V of N =
{1,2,...,n};n > 1. For each 8,T € 2V with § C T, we define

S, T ={Ie2V|ScICT}

Note that [@, N] = 2¥. Any interval [S,T] is a subinterval of [§, N] if
0 C S CTCN. We denote this using the notation [S,T] C [, N]. In this
section an interval is always a subinterval of [0, N]. It is assumed that z
attains a finite maximum value on [@, N] which is denoted by 2z*[@, N], and
2*[8,T] = max{z(I)|I € [S,T}} for any [S,T] C [B,N] . We also define
& (I)=2(T + k) — z{I) and d; (I) = 2(I — k) — 2(I).

The following theorem and corollaries from Goldengorin et al. [14] act as
a basis for the Preliminary Preservation (PP) algorithm described therein.

Theorem 5.2 Let z be a submodular function on [S,T] C [0, N] and let
k € T\S. Then the following assertions hold.

1. 2*[S+k,T) - 2*[S, T — k] < 2(S + k) — 2(5)) = df (5).
2. 2*[8,T — k] — 2*[S+ k,T) < 2(T ~ k) — 2(T) = d (T).
Corollary 5.3 (Preservation rules of order zero). Let z be a submodular

function on [8,T] C [B,N], and let k € T\S. Then the following assertions
hold.

1. First Preservation Rule: Ifdf (S) <0, then 2*|8,T] = 2*[S, T — k} >
2*[S + k,T).

2. Second Preservation Rule: If di (T) < 0, then z*[S,T}| = z*[S+k,T] =
2*[8, T —k].
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The PP algorithm accepts an interval [S,7], § € T and tries to apply
Corollary 5.3 repeatedly. It returns an interval [X, Y], § C X CY C T,

such that 2*[S,T] = z*|X,Y]. The pseudocode for this algorithm is given
below.

Algorithm PP([S,T])
Output: A subinterval of [S,T] containing the maximum of z over [5,T).

Code:

1. begin

2. if T = 8 return [S, S);

3 while T' # S do begin

4 d}a, =max{df|k € T\ S}

5. dr.. :=max{d; |k €T\ S}

6. if d}f,,, <0 then begin

7 k$aa: := argmin{k € T\S|d+ = dg—'mz};
8 To=T—ft .-

9. end

10. else if d ;.. < 0 then begin

11. Kmaz = a.rgrmn{keT\Sld; :d;m:}i
12. S:= 8+ koz;

13. end

14. else return [S, T7;

15. end;

16. end.

The PP algorithm is called repeatedly by the DCA-MSF to generate a
solution to the MSF instance within the prescribed accuracy level a. The
pseudocode for DCA-MSF is given below. As in the case of ATSP, a good
problem-specific upper bound will improve the performance of the algorithm.

Algorithm DCA-MSF([S, T}, )
Output: z* € [S,T] such that z(z*) > 2*[5,T] — a.

Code:
1. begin
2 [S,7)=PP(S,T));
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3 if T = S return S;

4 dar = max{df |k € T\ S}

5. dimaz = max{dy |k € T\ S};

6. if dt,, <d,,. then begin

7 if d} .. < « then begin

8 k., :=argmin{k € T\ S|df =d} ..}
9. return DCA-MSF([S, T - k.. ],a—dt,.) (* Correction *)
10. end;

11. else begin (* Branch %)
12. 21 := DCA-MSF([S + k},,., T), @);

13. zq := DCA-MSF([S, T - kf,.), a);

14. if z(z1) = 2(x2) return z;

15. else return xs;

16. end;

17. end

18. else begin

19. if d . < « then begin

20. kpoe = argmin{k € T\ S|d, =d,,.};

21. return DCA-MSF([S + k..., T],a —d;,..) (* Correction*)
29, end;

23. else begin (* Branch *)
24. z1 := DCA-MSF([S + kr0z, T), @);

25. zq 1= DCA-MSF([S, T — k2], @);

26. if z(z1) > z(z2) return z,

2T, else return zo;

28. end;

29. end;

30. end.

5.2 A Data Correcting Algorithm based on Multi-Level Search

The preservation rules mentioned in Corollary 5.3 look at a level which is
exactly one level deeper in the Hasse diagram than the levels of S and T.
However, instead of looking one level deep we may look r levels deep in order
to determine whether we can include or exclude an element. Let

MIS,T] = {Iel[ST)|N\S|<r},
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MZ[8,T] = {T€[ST)IT\I|<r}.

The set M;F[S,T] is a collection of all sets representing solutions contain-
ing more elements than S, and which are no more than r levels deeper than
S in the Hasse diagram. Similarly, the set M,7[8,T] is a collection of all
sets representing solutions containing less elements than 7, and which are
no more than r levels deeper than 7 in the Hasse diagram. Let us further
define the collections of sets

N:—[S’T] = M:_[S,T]\Mj_l[S,T],
N:[S,T} — M:[S!T]\Mr_—l{srﬂ

The sets N,;[S,T] and N[S,T] are the collection of sets which are
located exactly r levels above S and below T in the Hasse diagram, respec-
tively.

Further, let v [S, T] = max{z(I)|I € M, [S,T)}, v, [S,T] = max{z(I)|I €
MZIS,T1}, wh(S,T] = max{df(DII € N}[S + k,T]} and wi[S,T] =
max{d, (I)|I € N [S,T — kl]}.

Theorem 5.4 Let z be a submodular function on [S,T] C [0, N] with k €
T\S and let r be a positive integer. Then the following assertions hold.

1. If[Nj[S_i'k!T” >0, then Z*[S'l'k:TI_max{Z*[SaT_k]!v:[Slq’]} <
max{w,[$,T],0}.

2. If |NJ[S, T—k]| > 0, then 2*[S,T — k] —max{z*[S+k,T],v,[S,T]} <
max{w, (5, T],0}.

Proof: We prove only part 1 since the proof of the part 2 is similar. We
may represent the partition of interval [S, 7] as follows:

S =MMsTIU |J 7.

IeNF[S,T]

Using this representation on the interval [S + k,T}, we have 2*[S +
k,T) = max{v}[S + k,T),max{z*[I + &k,T)|I € NF[S,T]}}. Let I(k) €
argmax{2*[I + k,T]|I € N[$,T]}.

There are twocases to consider: z*[I{k) + k,T] > vF[S + k, 7], and
2*[I(k) + k,T] < v}{S +k,T).
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In the first case 2*[S + k,T| = z*{I{(k) + &, T]. For I{k) € N[5, T] we
can apply Theorem 5.2(a) on the interval [I(k),T] to obtain 2*[I(k)+k, T —
2*[I(k), T—k] < d}f (I(k)), so that in this case z*[S+k, T]—z*[I(k),T~k] <
di (I{k)). Note that for [I(k),T — k] € [S,T — k] we have z*[8,T — k] >
2*[I(k), T — k), which implies that 2*[S + k, T} — 2*[S,T — k| < df (I(k)).
Adding two maximum operations we get

2*[8 + k, T) — max{z*[S,T — k], v; [S + k, T} < max{d] (I(k)),0}.

Since w}[8,T)is the maximum of djf (Ifor I € N;*[S + k, T, we have
the required result.

In the second case z*[S + k, T} = v;F[S + k, 7] which implies that z*[S +
k,T)—vF[S+k,T]} = 0 or 2*[S+k,T|—max{z*{S, T -k}, v} [S+k,T|} <0.

Adding a maximum operation with w[S,T] completes the proof. m

Corollary 5.5 (Preservation rules of orderr ). Let z be a submodular func-
tion on {S,T| C [0, N] and let k € T\S. Then the following assertions hold.

1. First Preservation Rule of Order r: Ifw}[S,T) <0, then 2*[S,T] =
max{z*[3, T — k|, v [§ + k, T} 2 2*[S + k, T].

2. Second Preservation Rule of Order r: Ifw_[S,T] <0, then z*[S,T] =
max{z*[S + k, T],v-[S, T — k|} > 2*[S, T — k]

Notice that when we apply Corollary 5.3 to an interval, we get a reduced
interval, however, when we apply Corollary 5.5, we get a value v, in addition
to a reduced interval.

It can be proved by induction that the portion of the Hasse diagram
eliminated by preservation rules of order r — I while searching for a maxi-
mum of the submodular function will certainly be eliminated by preservation
rules of order . In this sense, preservation rules of order r are not weaker
than preservation rules of order » — 1. (A detailed proof for the result that
preservation rules of order 1 are not weaker than preservation rules of order
0, refer to Goldengorin [17]).

In order to apply Corollary 5.5, we need functions that compute the value
of wh[8, T, wi[S, T] v} [S+k,T), and v, [S, T — k]. To that end, we define
two recursive functions, PPArplus to compute w[S,T] and v} [S + k, T,
and PPArminus to compute w.[S,T] and vy [S,T — k]. The pseudocode
for PPArplus is shown below. Its output is a 3-tuple, containing, in order,
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w [S,T] and v;F[S + &, 7], and a solution in M8 + k,T] whose objective
function value is v [§ + k,T]. The pseudocode for PPArminus can be
constructed in a similar manner.

function PPArplus([S,T],r,k)

1. begin

2. w = —00;

3. V= —00;

4. vset := B;

5. (w, v, vset) := IntPPArPlus([S + k, T, r, w, v, vset);
6. return (w, v, vset);

7. end;

function IntPPArplus([X, Y], r,w, v, vset)

1. begin

2 for each t € Y \ X do begin

3. if 2(X +t) > v then begin

4. vi=z(X +t);

5 vset := (X +t);

6. end;

g if df (X +1t) > w then w:=df (X +1);
8. if df (X +t) > 0and r > 1 then

9. (w, v, vset) := IntPPArPlus([X +¢,Y],r — 1,w, v, vset);
10. end;

11. return (w, v, vset);

12. end;

Note that PPArplus and PPArminus are both O{n("}), i.e. polynomial
for a fixed value of . However, in general, they are not polynomial in 7.

We now use PPArplus and PPArminus to describe the Preliminary
Preservation Algorithm of order » (PPAr(r)). Given a submodular function
zon [X,Y} C |8, N], PPAr outputs a subinterval [S, T] of /X, Y] and a set B
such that 2*[X,Y] = max{2*[9, T, 2(B)} and min{w} [S, T],w[S,T]} >0
for all & € T\S. At iteration ¢ of the algorithm when the search has been
restricted to [S;, T3], starts by applying the PP algorithm (from Goldengorin
et al. [14]) to this interval and reducing it to [S%, T{]. If |[T{\ S| > 0, an ele-
ment k& € T} \S; is chosen, and the algorithm tries to apply Corollary 5.5.1 to
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decide whether it belongs to the set that maximizes z(-) over [S;, T;] or not.
If it does, then the search is restricted to the interval {8} +k, T}]. Otherwise,
the search tries to apply Corollary 5.5.2 to decide whether the interval can
be reduced to [S}, T} — kJ.

Algorithm PPAr([S,T),r)
Output: z* € [9,T] such that 2(z*) > z*[S,T] — o

Code:

1. begin

2. X:=8,Y :=T; B:=argmax{z(5),z(T};

3 while Y # X do begin

1 [S4 T = PP(IX, Y]);

5. d* := max{d] (S)|k € T\S};

6. d™ = max{d, (T)|k € T\S};

T if d* > d~ then begin

8 k := arg max{d; (S)|t € T\S};

9. (w, v, vset) := PPArplus([S;, T3], r, k);
10. if v > z(B) then B := vset;

11. ifw<O0thenY :=T; - k;

12. else return ([S;, 7], B);

13. else begin

14. k := argmax{d; (S)|t € T\S};

15. (w,v,vset) := PPArminus([S;, T3], 7, k);
16. if v > 2(B) then B := vset;

17. ifw <0 then X :=8; + k;

18. else return ([S;, T3], {w[Si, T3]}, {w;[S:, T3]}, B);
19. end;

20. end;

21. end.

It is clear that if » = |T'\ S|, PPAr will always find an optimal solution
to our problem. However, PPAr is not a polynomial in r, and so PPAr with
a large r is not practically useful.

We can embed PPAr in a branch and bound framework to describe
DCA-MSFr, a data correcting algorithm based on PPAr. It is similar to
the DCA-MSF proposed in Goldengorin et al. [14]. For DCA-MSFr we are
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given a submodular function z to be maximized over an interval [S, 7], and
an accuracy parameter &, and we need to find a solution such that the
difference between the objective function values of the solution output by
DCA-MSFr and the optimal solution will not exceed .

Notice that for a submodular function z, PPAr with a fixed » may ter-
minate with T # 8 and min{w}[S, T],w[S,T) | i € T\S} = w > 0. The
basic idea behind DCA-MSFr is that if this situation occurs, then the data
of the current problem is corrected in such a way that w is non-positive for
the corrected function and PPAr can continue. Moreover, each correction of
z needs to be carried out in such a way that the corrected function remains
submodular. The attempted correction is carried out implicitly, in a manner
similar to the one in Goldengorin et al. [14] but using Corollary 5.5 instead
of Corollary 5.3. Thus, for example, if w;t,v[S, T] = w £ @, then PPAr is
allowed to continue, but the accuracy parameter reduced to o — w.

If such a correction is not possible, i.e. if w exceeds the accuracy param-
eter, then we branch on a variable k € argmax{d; (S),d; (T)|i € T\ S} to
partition the interval [S, T into two intervals [S +k,T] and [S,T — k}. This
branching rule was proposed in Goldengorin [10]. An upper bound for the
value of z for each of the two intervals is then computed to see if either of
the two can be pruned. We use an upper bound due to Khachaturov [23]
described as follows. Let dt(S,T) = {df (S)|d](S) > 0,i € T\S} and
d=(8,T) = {d; (T)|d; (T) > 0,i € T\S}. Further let d*[i] (respectively
d~[i]) denote the ith largest element of d*(S,T) (respectively d~(S,T)).
Then ub described below is an upper bound to z*[S, T7.

WS, T] = max{_min ((5(9) + 32" o7) + Yo L))

The following pseudocode describes DCA-MSFr formally.

Algorithm DCA-MSFr([S,T),a,r)

1. begin

2. best_set := arg max{z(9),z(T)};

3. best := z(best_set);

4. (best_set, best) := IntDCA-MSFx([S, T, o, r, best_set, best);
5. return best_set;

6. end.

function IntDCA-MSFr([S, T), a, 1, best_set, best)
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1. begin

2 (ST, {wh}, {w5}, B =PPA((S,T},");

3 if 2(B) > best then begin

4, best_set := B;

5. best := z(B);

6 end;

7 if § = T return (best.set, best);

8 wt = max{w}[S,T)|k € T\ S}

9. choose k* from min{k|w[S,T] =w*, k€ T\ S}

10. w™ = max{w_[S,T)|k € T\ S}

11. choose &~ from min{k|w[S,T] =w™,k €T\ S}

12. if w? < a then (* Correction *)
13. IntDCA-MSFx([S + k1, T), @ — wt, r, best_set, best);

14. else if w™ < a then (* Correction *)
15. IntDCA-MSFr([S,T — k™), — w™, 1, best_set, best);

16. else begin (* Branch [S,T] — [S + &, T),[S,T — k] %)
17. choose k from arg max{d; (S),d; (T)|i € T\ S};

18. if ub[S + k,T] > best then begin (* Bound *)
19. (bs1,b1) :=IntDCA-MSFx([S + k,T], a, r, best_set, best);
20. if b; > best then begin

21. best_set := bsy;

22, best := by;

23. end;

24, end;

25. if ub[S,T — k] > best then begin (* Bound *)
26. (bsz2, ba) :=IntDCA-MSFr([S,T — k], a, 1, best_set, best);
27. if by > best then begin

28. best_set := bsg;

29. best := by;

30. end;

31. end;

32. end;

33. end;
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5.3 Computational Experience with Quadratic Cost Parti-
tion Instances

In this section we report our computational experience with DCA-MSFr. We
choose the quadratic cost partition problem as a test bed. The quadratic
cost partition (QCP) problem can be described as follows (see e.g., Lee et
al. [27]). Given nonnegative real numbers g;; and real numbers p; with
i,7 € N ={1,2,...,n}, the QCP is the problem of finding a subset § C N
such that the function 2(S) = ¥;c5pi — 3 Li jes @ Will be maximized. The
density d of a QCP instance is the ratio of the number of finite g;; values to
n(n—1)/2, and is expressed as a percentage. It is proved in Theorem 2.2 of
Lee et al. [27] that z{-) is submodular.

In Goldengorin et al. [14] computational experiments with QCP have
been restricted to instances of size not more than 80, because instances
of that size have been considered in Lee ef al. [27]. For these instances,
it was shown that the average calculation times grow exponentially when
the number of vertices increases and reduce exponentially with increasing
density.

Herein we report the performance of DCA-MSFr on QCP instances of
varying size and densities. The maximum time that we allow for an instance
is 10 CPU minutes on an personal computer running on a 300MHz Pentium
processor with 64 MB memory. The algorithms have been implemented in
Delphi 3.

The instances we test our algorithms on are statistically similar to the
instances in Lee et al. [27]. Instances of size n and density d% are gener-
ated as follows. A graph with n nodes and % x ﬂ%—-ﬂ random edges is
generated. The edges are assigned costs from a [1,100] distribution. n
edges connect each node to itself, and these edges are assigned costs from
a U[0,100] distribution. The distance matrix of this graph forms a QCP
instance.

We first report the effect of varying the value of » on the performance of
DCA-MSFr(r). It is intuitive that DCA-MSFr(r) will require more execution
times when the value of r increases. Our computation experience with 10
QCP instances of size 100 and different densities is shown in Figures 8-10.
Figure 8 shows the number of subproblems generated when r is increased
from a value of 0 (i.e. DCA-MSF) to 5. As is intuitive, the number of
subproblems reduce with increasing  for all density values. Figure 9 shows
the execution times of DCA-MSFr(r) with varying d and r values. Recall
that when the value of r increases, the time required at each subproblem
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#SP &
d="T0
10000-—\
d = 80
d = 90
d=1
o - - - - >
i} 1 2 3 4 5
r

Figure 8: Average number of subproblems generated against # for QCP
instances with 7 = 100 and varying d values

increases, since PPAr requires more computations for larger = values. The
decrease in the number of subproblems approximately balance the increase
in the time at each subproblem for r values in the range O through 4. When
r = 5, the computation times for DCA-MSFr{r) increase significantly for all
densities. From Figure 9 it seems that for dense graphs, r values of 3 or 4
are most favorable. This effect also holds for larger instances — Figure 10
shows the execution times for instances with # = 200 and d = 100.

We next report the results of our experiments to solve large sized QCP
instances with DCA-MSFr(r). Using results obtained from the previous part
of our study, we choose to use DCA-MSFr(3) as our algorithm of choice. We
consider instances of the QCP with size n ranging from 100 to 500 and
densities varying between 10% and 100%. We try to solve these instances
exactly {ag = 0%), and with a prescribed accuracy ag = 5% within 10 min-
utes. We report in Tables 1 and 2 the average execution times in seconds for
exact and approximate solutions with DCA-MSFr(3) and DCA-MSF. The
entries marked ‘*’ could not be solved within 10 minutes. From the table, we
note that the execution times increase exponentially with increasing prob-
lem size and decreasing problem densities. Therefore QCP instances with
500 vertices and densities between 90% and 100% are the largest instances
which can be solved by the DCA-MSFr(3) within 10 minutes on a standard
personal computer. We also see that on an average DCA-MSFr(3) takes
roughly 11% of the time taken by DCA-MSF for the exact solutions, and
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Time 4

Figure 9: Average execution time (in seconds) against r for QCP instances
with n = 100 and varying d values

Time

1.5

Figure 10: Average execution time (in seconds) against r for QCP instances
with n = 200 and d = 100
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roughly 13% of the time taken by DCA-MSF for the approximate solutions.
The reduction in time is more pronounced for problems with higher size and
higher densities.

Table 1: Average execution times on QCP instances when a = 0%

Problem size (n)

Density(%)  Algorithm 100 200 300 400 500
100 DCA-MSFr(3)  0.098 2.63 18.316  85.827  229.408
DCA-MSF ~ 0.831  64.372  340.681 1894.811 *
90 DCA-MSFr(3) 0.138 3824  37.931  173.063 624.925
DCA-MSF 1.027  78.614  794.037  3505.892 *
80 DCA-MSFr(3)  0.28 9.506 98.69  679.914 *
DCA-MSF 1784  217.898  2681.973 * *
70 DCA-MSFr(3) 0.393  17.643  413.585 * *
DCA-MSF 2498  631.492 * * *
60 DCA-MSFr(3) 0731  86.33 * * *
DCA-MSF 3509  1414.103 * x *
50 DCA-MSFr(3) 1752  345.723 * * *
DCA-MSF  9.382 x * * *
40 DCA-MSFr(3)  3.457 * * * *
DCA-MSF  17.245 * * * *
30 DCA-MSFr(3)  11.032 * * * *
DCA-MSF  48.013 * * * *
20 DCA-MSFr(3)  47.162 * * * *
DCA-MSF  195.82 * * * *
10 DCA-MSFr(3)  70.081 * * x *
DCA-MSF  446.293 * * * *

6 The Simple Plant Location Problem

The Simple Plant Location Problem (SPLP) takes a set J = {1,2,...,m}of
sites in which plants can be located, a set J = {1,2,...,n} of clients, each
having a unit demand, a vector ¥ = (f;) of fixed costs for setting up plants
at sites 1 € I, and a matrix C = [¢i;] of transportation costs from 7 € I to
4 € J as input. It computes a set P*, § € P* C I, at which plants can
be located so that the total cost of satisfying all client demands is minimal.
The costs involved in meeting the client demands include the fixed costs of
setting up plants, and the transportation cost of supplying clients from the
plants that are set up. A detailed introduction to this problem has appeared
in Cornuejols et al. [6], which also classifies the problem as NP-hard. The
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Table 2: Average execution times on QCP instances when a = 5%

Problem size (n)

Density(%) Algorithm 100 200 300 400 500
100 DCA-MSFr(3) 0.094 2.444 17.179 85.096  222.883
DCA-MSF 0.752 38.351 220.396 1162.396 %
90 DCA-MSFr(3) 0.118 3.607 34.972 166.996  608.755
DCA-MSF 0.916 49.926 583.754  1996.544 a
80 DCA-MSFr(3) 0.228 8.186 89.685 580.789 *
DCA-MSF 1.108 162.455 1875.603 3604.715 *
70 DCA-MSFr(3) 0.304 15.693 364.48 " »
DCA-MSF 1.593  376.629 3165.384 * *
60 DCA-MSFr(3) 0.517 72.931 - o *
DCA-MSF 2.874 895.426 * » ¥
50 DCA-MSFr(3) 1.298  267.445 x * *
DCA-MSF 5.931 1937.673 x " i
40 DCA-MSFx(3)  2.179 * * * *
DCA-MSF 10.327 * * ks %
30 DCA-MSFr(3) 5.88 " 4 x "
DCA-MSF 22.209 * . i o
20 DCA-MSFr(3) 17.477 ' * * ¥
DCA-MSF 74.841 ¥ * * *
10 DCA-MSFr(3) 12.196 * * * *
DCA-MSF 95.122 * * ¥ *

objective function of the SPLP is supermodular, but we do not use the
results of the previous section explicitly in this section.

In applying data correcting to the SPLP, we work with a pseudo-Boolean
formulation of the problem. We show how data correcting can be used to
preprocess SPLP instances efficiently, and then to solve the problem.

6.1 A Pseudo-Boolean Formulation of the SPLP

The pseudo-Boolean approach to solving the SPLP (Hammer [21], Beres-
nev [4]) is a penalty-based approach that relies on the fact that any instance
of the SPLP has an optimal solution in which each client is supplied by
exactly one plant. This implies, that in an optimal solution, each client will
be served fully by the plant located closest to it. Therefore, it is sufficient to
determine the sites where plants are to be located, and then use a minimum
cost assignment of clients to plants.

An instance of the SPLP can be described by a m-~vector F' = (f;},
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and a m x n matrix C' = [¢;5]; m,n > 1. We will use the m x (n + 1)
augmented matrix [F|C] as a shorthand for describing an instance of the
SPLP. The total cost firjc)(P) associated with a subset P of I consists
of two components, namely the fixed costs } ;cp fi and the transportation
costs 3¢y min{e;jli € P} ie.

firic)(P) =Y fi + > min{eyli € P},

iEP JeJ

and the SPLP is the problem of finding
P e al'gmiﬂ{flﬂc](P)l@ Cc PC I]-. (4)

In the remainder of this subsection we describe the pseudo-Boolean for-
mulation of the SPLP due to Hammer [21].

A m X n ordering matrix 11 = [m;;] is a matrix each of whose columns
I = (715, ..., Tm;)T define a permutation of 1,...,m. Given a transporta-
tion matrix C, the set of all ordering matrices II such that ¢ry;; < ery;5 <

- < €y for j=1,...,n, is denoted by perm(C).

Defining for each ¢ =1,...,m
0 if1eP
#= { 1 otherwise, ()
we can indicate any solution P by a vector ¥ = (y1,¥%2,---,¥m). The fixed

cost component of the total cost can be written as

5 =3 fill — w). (6)
=1

Given a transportation cost matrix C, and an ordering matrix II € perm(C),
we can denote differences between the transportation costs for each j € J
as

Acf0,] = Cryjjs  and
Acll,j] = eagpyyi—Cmyi 1=1,...,m—1

Note that Aecfl, j] > 0, even if the transportation cost matrix C contains
negative entries. The transportation costs of supplying any client j € J
from any open plant can be expressed in terms of the Ac[-, j] values. It is
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clear that we have to spend at least A¢[0, j] in order to satisfy j's demand,
since this is the cheapest cost of satisfying j. If no plant is located at the
site closest to 7, i.e. Ymyy; = 1, we try to satisfy the demand from the next
closest site. In that case, we spend an additional Ac[1,4]. Continuing in
this manner, the transportation cost of supplying j € J is

min{c‘ij’h‘ € P} = AC[OI J] e AC[]_,j] " Ymy + Ac[2,j] * Yyt Yy
s tiearp &C[m - 1!3] “Ym; ot Umim—y;

m—1 k
Acl0, 51+ > Aclk, i1+ ] vrrss
k=1 r=1

so that the transportation cost component of the cost of a solution ¥ corre-
sponding to an ordering matrix II € perm(C) is

Ten(@ = 3. {aco, + Z‘, Aclk, 5} Hy«,,} M

i=
Combining (6) and (7), the total cost of a solution ¥ to the instance

[FIC] corresponding to an ordering matrix II € perm(C) is given by the
pseudo-Boolean polynomial

fimen(@ = Fr(@) + Ton(y)

= Y fil-w)+

=1
Xn: {Acl0,5) + Z Aclk, 5] - H Yres | (8)
=1 k=1

It can be shown (see Goldengorin et al. [15]) that the total cost function
firic,m(e) is identical for all II € perm(C). We call this pseudo-Boolean
polynomial the Hammer function Hipe(%) corresponding to the SPLP in-
stance [F|C} and T € perm(C}. In other words

Hipe)(@) = firicyn(7) where T € perm(C). (9

We can formulate (4) in terms of Hammer functions as

y* € argmin{Hpc;(¥)|7 € {0,1}™,7 # 1}- (10)
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As an example, consider the SPLP instance:

917 12 22 13
418 9 18 17

FICI=13]16 17 10 27 (1)
6(9 13 10 11
Two possible ordering matrices corresponding to C are
1 23 4 1 2 4 4
2141 2131
M=)y 49 |mdlz=] 45, L12)
3313 3313

The Hammer function is Hrc)(7) = {9(1 — 1) +4{1 —y2) +3(1 —y3) +
6(1 = ya)} + {7+ 1y1 + ly1ye + Tvaveya} + {9 + 3y2 + lyiye + 4y} +
{10 + Oyz + 8ysus + 4yavava} + {11 + 2ys + 4y1y4 + 1019294} = 59 — 8y; —
y2 — 3ys — dya + 211y2 + 4v1ys + 8ysys + 21y1y2y4 + 4y2y3ys.

6.2 Preprocessing SPLP instances

The first preprocessing rules for the SPLP involving both fixed costs and
transportation costs appeared in Khumawala [24]. In terms of Hammer func-
tions, these rules are stated in the following theorem. We assume (without
loss of generality) that we cannot partition / into sets I3 and J2, and J into
sets J1 and Js, such that the transportation costs from sites in J; to clients
in Jq, and from sites in I3 to clients in J; are not finite. We assume too,
that the site indices are arranged in non-increasing order of f; + > ;< ci;
values.

Theorem 6.1 Let Hipc)(§) be the Hammer function corresponding to the
SPLP instance [F|C] in which like terms have been aggregated. For each
site index k, let ar be the coefficient of the linear term corresponding to yx
and let be the sum of the coefficients of all non-linear terms containing yy.
Then the following assertion holds.

RO: Ifay >0, then there is an optimal solution y* in which y}, = 0, else

RC: Ifap +tx <0, then there is an optimal solution y* in which yj, =1,
provided that ¥ # 1 for some i # k.
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Notice that RO and RC primarily try to either open or close sites. If
it succeeds, it also changes the Hammer function for the instance, reducing
the number of non-linear terms therein. In the remaining portion of this
subsection, we describe a completely new reduction procedure (RP), whose
primary aim is to reduce the coefficients of terms in the Hammer function,
and if we can reduce it to zero, to eliminate the term from the Hammer
function. This procedure is based on fathoming rules of branch and bound
algorithms and data correcting principles.

Let us assume that we have an upper bound (UB) on the cost of an
optimal solution for the given SPLP instance. This can be obtained by
running a heuristic on the problem data. Now consider a non-linear term
85 LB 4 Ym,; in the Hammer function. This term will contribute to the cost
of a solution, only if plants are not located in any of the sites mij,. .., mg;.
Let LB be a lower bound on the cost of solutions in which facilities are
not located in sites 7y;,...,mk;. If LB < UB, then we cannot make any
judgement about this term. On the other hand, if LB > UB, then we know
that there cannot be an optimal solution with gr,, = ... = Ym; = L. In this
case, if we reduce the coefficient s by LB —UB —¢, (€ > 0, small), then the
new Hammer function and the original one have identical sets of optimal
solutions. If after the reduction, s is non-positive, then the term can be
removed from the Hammer function. Such changes in the Hammer function
alter the values of {, and can possibly allow us to use Khumawala’s rules to
close certain sites. Once some sites are closed, some of the linear terms in
the Hammer function change into constant terms, and some of the quadratic
terms change into linear ones. These changes cause changes in both the a
and the t; values, and can make further application of Khumawala’s rules
possible, thus preprocessing some other sites, and making further changes
in the Hammer function. A pseudocode of the reduction procedure (RP) is
provided below.

Procedure RP(H{r (7))
Output: A preprocessed instance of the SPLP, i.e. an equivalent instance

of reduced size, and decisions to either locate or not locate plants in some
of the sites.

Code:

1. begin

2. repeat

3. compute an upper bound U B for the instance;
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4 for each nonlinear term s - [[7_; ¥r,; in Hiric)(7) do

5 begin

6. compute lower bound LB on the cost of solutions in

7 which plants are not located in sites 7y , ..., mx;;

8 if LB > UB then

9. reduce the coefficient of the term by

10. max{s,LB —UB —¢};

11. apply Khumawala’s rules until no further preprocessing is possi-
ble;

12. recompute the Hammer function Hp\¢(7);

13. until no further preprocessing of sites was achieved in the current itera-
tion;

14. end;

Let us consider the application of all preprocessing rules to the example
with the Hammer function Hp¢) (¥) =59 — 8y1 — y2 — 3yz — dys + 21150 +
41 va + 8ysya + 211yeys + dyoyayvs. The values of ey, & and ay -+ £ are as
follows:

ko 1 2 3 4
ay : -8 -1 -3 -4
th 27 27 12 37

ap+tg: 19 26 9 33

It is clear that neither RO nor RC is applicable here, since the coefficient
of the term 21y;yay4 is too large. Therefore, we try to reduce this coefficient
by applying the RP.

An upper bound of UB = 51 to the original problem can be obtained by
setting y1 == y4 = 1 and y» = y3 = 0. A lower bound to the problem under
the restriction g = y2 = yq4 = 1 is 73, since Hpj¢y(1,1,0,1) = 73. Using
RP therefore, we can reduce the coefficient of 21y1yays by 73 — 51 —e = 20,
so that the new Hammer function with the same set of optimal solutions as
the original function becomes H'(§) = 59 — 8y1 — y2 — 3ys — 4ya + 2p1y2 +
49194 + Byaya + 1y1yoya + 4yoy3ya. The updated values of ax, tr, and ax + g
are presented below.
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k: 1 2 3 4
ay -8 -1 -3 -4
i : 77 12 17

ap+1tp: —1 6 9 13

RC can immediately be applied in this situation to set y3 = 1. Updating
H'(y), we can apply RO and set y2 = y4 = 0. This allows us to apply RC
again to set y3 = 1, thus giving us an optimal solution (i.e. (1,0,1,0)) to
the instance, with a cost of 48.

6.3 The Data Correcting Algorithm

The basic idea behind the data correcting algorithm is to modify the Ham-
mer function in a way, such that the RO and RC rules can be applied to
the modified instance. While modifying the instance, care is taken so that
an optimal solution to the modified instance is not too sub-optimal for the
original instance. We make use of the following suitably modified version of
Lemma 3.1 for this problem.

Lemma 6.2 Consider two Hammer functions Hy () and Ha(y). Let y} and
ys be the optimal solutions to H1(§) and Ha(Y) respectively. Then

m—1 n
Hi() — Hi@3) < Y D 1Ac [, 4] — A, 4]
i=0 j=1

Consider a SPLP instance with accuracy parameter « in which RO and
RC cannot be applied. Clearly, in the Hammer function for this instance,
ar < 0 and ay + £ > O for all k. Let ky = argmin{|ag|, ax -+ tx}. Also let
lak,| < @i, + tk,- In this case, if we change (correct) the Hammer function
of the instance by increasing the coefficient of yx, to zero, then RO can be
applied to the corrected instance and preprocessing can continue. However,
this is allowed only if min{|ax,|, ek, + txe} < @. In such a situation, if
|er,] > ar, + ti,, then the instance can be corrected by decreasing the
coefficient of y, by ag, + ti,; then RC can be applied to the corrected
instance and preprocessing can continue. Notice that while correcting the
instance, we allow for suboptimality to the extent of |ag,| in the first case,
and ag, + tx, in the second case. Thus, the accuracy parameter for the
corrected instance is reduced appropriately.
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It may happen however, that min{|ak,|, ax, + tks} > @. In that case,
correction is not possible at this stage and the problem has to be broken
down into subproblems. This is done by a branching operation. Goldengorin
et al. [16] suggest that the algorithm branches on an index from arg max{¢;}.

The logic behind this rule is the following. A plant would have been
located in this site in an optimal solution if the coefficient of linear term
involving ¥ in the Hammer function would have been increased by —a.
We could have predicted that a plant would not be located there if the same
coefficient would have been decreased by tx + ax. Therefore we could use
the average of —ap and ey + t; as a measure of the chance that we will
not be able to predict the fate of site k in any subproblem of the current
subproblem. If we want to reduce the size of the branch and bound tree by
assigning values to such variables, then we can think of a branching function
that branches on the index kg with the largest average value, i.e. the largest
value of —ay + (ay + tx), i.e. the largest value of #.

On the basis of the discussion above, the pseudocode for a data correcting
algorithm for SPLP is given below. It works by maintaining three sets, {}
containing the sites where facilities are to be located, A containing the sites
where facilities are not to be located, and ¥ containing the rest of the sites.
RO and RC rules are assumed to be able to manipulate these three sets.

Algorithm DCA-SPLP(Hip|c)(¥), @)
Output: A solution y* to the SPLP such that Hipic|(¥*) < Hip|c)(v*) + .

Code:

1. begin

2. apply RP to initialize Q, A and ¥;

3. y® := Int-DCA-SPLP(Q, A, ¥, Hip|c(+), @);
4. return y%;

5. end.

Function Int-DCA-SPLP(Q, A, ¥, Hip¢) ("), @)

1. begin

2. while RO or RC is applicable

3. update Q, A, ¥, and Hipc(-) by applying RO and RC;
4, k* € arg{k € Y| min{|ax|,ax + tx} =

i min{min{|a,|,a, + t.}|s € ¥}};

B if |ag+| < ag+ + tx- then begin

6. if lag-| < a then (* Correct *)
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T return Int-DCA-SPLP(Q+k*, A, ¥ — k*, H[F‘IC}('): a—|ak-|);
8. else begin (* Branch *)
9. kb := arg max{tx|k € ¥};

10. 71 :=Int-DCA-SPLP(Q + k, A, ¥ — k°, Hip(c)(+), );

11. Y2 :=Int-DCA"SPLP(Q, A+ kb, v — kb, H[p|o]('), a);

12. return arg max{Hr\c)(%1), Hir|c)(72) };

13. end;

14. else begin

15. if ag+ + txe < a then (* Correct *)
16. return Int-DCA-SPLP(Q, A + k*, ¥ — k*, Hipic)(+), @ — ag» — g+ );

17. else begin (* Branch *)
18. kb := arg max{t;|k € ¥};

19. 77 :=Int-DCA-SPLP(Q + kb, A, ¥ — kb, Hipic)(+), @);

20. 7z :=Int-DCA-SPLP(Q, A + k%, ¥ — k®, Hip ("), @);

21. return arg max{Hp|c) (1), Hir|c)(¥2)};

22. end;

23. end;

24. end;

6.4 Computational Experience with SPLP Instances

We report our computational experience with the DCA-SPLP on several
benchmark instances of the SPLP in the remainder of this section. The per-
formance of the algorithm is compared with that of the algorithms described
in the papers that suggested these instances. We used one of two bounds in
the implementations of RP and DCA-SPLP: a combinatorial Khachaturov-
Minoux bound (Khachaturov [22] and Minoux [29]); and a much stronger
Erlenkotter bound based on a LP dual-ascent algorithm (Erlenkotter [7]).
We implemented the DCA-SPLP in PASCAL, compiled it using Prospero
Pascal, and ran it on a 733 MHz Pentium III machine. The computation
times we report are in seconds on our machine.

6.4.1 Testing the Effectiveness of the Reduction Procedure RP

Given an instance of the SPLP, the reduction procedure RP reduces it to a
smaller core instance by making decisions to locate or not locate plants in
several sites. The effectiveness of the RP can thus be measured either by
computing the number of free locations in the core instance, or by computing
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the number of non-zero nonlinear terms present in the Hammer function
of the core instance. Tables 3 and 4 shows how the various methods of
reduction perform on the benchmark SPLP instances in the OR-Library
(Beasley [3]). In the tables, procedure (a) refers to the use of the “delta”
and “omega” rules from Khumawala [24], procedure (b) to the RP with
the Khachaturov-Minoux combinatorial bound to obtain a lower bound,

and procedure (c) to the RP with the Erlenkotter bound to obtain a lower
bound.

Table 3: Number of free locations after preprocessing SPLP instances in the
OR-Library

Problem m n Procedure

a b c
cap7l 16 50 4 0 0
capT2 6 50 6 0 O
cap73 6 50 6 3 3
capT4 6 50 2 0 0
capl01 25 50 9 0 0
capl02 25 50 13 3 0O
capl03 25 50 14 0 0
capl04 25 50 12 0 O
capl3l 50 50 34 32 8
capl32 50 50 27 25 5
capl33 50 50 25 19 10
capl34 50 50 19 0 O

The existing preprocessing rules due to Khumawala [24] and Golden-
gorin et al. [15] (i.e. procedure (a), which was used in the SPLP example
in Goldengorin et al. [14]) cannot solve any of the OR-Library instances to
optimality. However, the variants of the new reduction procedure (i.e. pro-
cedures (b) and (c)) solve a large number of these instances to optimality.
Procedure (c), based on the Erlenkotter bound is marginally better than
procedure (b) in terms of the number of free locations (Table 3), but sub-
stantially better in terms of the number of non-zero nonlinear terms in the
Hammer function (Table 4).

Tables 3 and 4 also demonstrate the superiority of the new preprocessing
rule over the “delta” and “omega” rules. Consider for example the problem
cap132. The “delta” and “omega” rules reduce the problem size from m = 50
and 2389 non-zero nonlinear variables to m = 27 and 112 non-zero nonlinear
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Table 4: Number of non-zero nonlinear terms in the Beresnev function after
preprocessing SPLP instances in the OR-Library

Problem Non-zero terms Procedure
before preprocessing a b c
cap7l 699 6 0 0
cap72 699 12 0 0
cap73 699 13 2 2
capT4 699 1 0 0
capl01 1147 24 0 0
capl02 1147 33 2 0
capl03 1147 38 0 0
capl04 1147 29 0 0
capl3l 2389 163 136 8
capl32 2389 112 92 3
capl33 2389 101 60 11
capl34 2389 62 0 0

variables. However, the new preprocessing rule reduces the same problem
to one having m = 5 and 3 non-zero nonlinear variables!

6.4.2 Bilde and Krarup-type Instances

These are the earliest benchmark problems that we consider here. The exact
instance data is not available, but the process of generating the problem
instances is described in Bilde and Krarup [5]. There are 22 different classes
of instances and in this subsection we use the nomenclature used in Bilde
and Krarup [5]. In our experiments we generated 10 instances for each of the
types of problems, and used the mean values of our solutions to evaluate the
performance of our algorithm with the one used in Bilde and Krarup [5]. In
our implementation, we used the Khachaturov-Minoux combinatorial bound
in the reduction procedure RP as well as in the DCA-SPLP.

The reduction procedure was not useful for these instances, but the DCA-
SPLP could solve all the instances in reasonable time. The results of our
experiments are presented in Table 5. The performance of the algorithm
implemented in Bilde and Krarup [5S] was measured in terms of the number
of branching operations performed by the algorithm and its execution time in
CPU seconds on a IBM 7094 machine. We estimate the number of branching
operations by our algorithm as the logarithm (to the base 2) of the number
of subproblems it generated. From the table we see that the DCA-SPLP
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Table 5: Results from Bilde and Krarup-type instances

Problem DCA Bilde and Krarup
Type Branching CPU time Branching CPU Time'
B 11.72 0.67 43.3 4.33
C 17.17 14.81 * >250
D1 13.80 0.65 216 11
D2 12.13 0.38 218 24
D3 10.87 0.19 169 19
D4 10.25 0.15 141 17
D5 9.24 0.07 106 14
D6 8.99 0.09 101 15
D7 8.79 0.09 83 13
D8 8.60 0.09 55 11
D9 8.15 0.07 47 11
D10 7.29 0.03 43 11
El 18.66 35.28 1271 202
E2 16.14 8.64 1112 172
E3 14.59 3.81 384 82
E4 13.65 2.74 258 65
E5 12.73 2.01 193 53
E6 11.82 0.90 136 43
E7 10.82 0.53 131 42
E8 10.79 0.68 143 48
E9 10.62 0.76 117 44
E10 10.36 0.69 79 37

t IBM7094 seconds.
* could not be solved in 250 seconds.

reduces the number of subproblems generated by the algorithm in Bilde and
Krarup [5] by a factor of 1000. This is especially interesting because Bilde
and Krarup use a bound (discovered in 1967) identical to the Erlenkotter
bound in their algorithm (see Korkel [25]) and we use the Khachaturov-
Minoux combinatorial bound. The CPU time required by the DCA-SPLP
to solve these problems were too low to warrant the use of any a > 0.

6.4.3 Galvao and Raggi-type Instances

Galvdo and Raggi [8] developed a general 0-1 formulation of the SPLP and
presented a 3-stage method to solve it. The benchmark instances suggested
in this work are unique, in that the fixed costs are assumed to come from
a Normal distribution rather than the more commonly used Uniform dis-
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tribution. The reader is referred to Galvdao and Raggi [8] for a detailed
description of the problem data.

As with the data in Bilde and Krarup [5], the exact data for the instances
are not known. So we generated 10 instances for each problem size, and used
the mean values of the solutions for comparison purposes. In our DCA-SPLP
implementation, we used the Khachaturov-Minoux combinatorial bound in
the reduction procedure RP and in the DCA-SPLP. The comparative results
are given in Table 6. Since the computers used are different, we cannot
make any comments on the relative performance of the solution procedures.
However, since the average number of subproblems generated by the DCA-
SPLP is always less than 10 for each of these instances, we can conclude
that these problems are easy for our algorithm. In fact they are too easy for
the DCA-SPLP to warrant o > 0.

Table 6: Results from Galvdo and Raggi-type instances

Problem DCA Galvao and Raggi
Size # solved by pre- # of sub- CPU # of open CPU  # of open
(m=n) processing problems!  time! plants! time* plants
10 6 2.3 <0.001 4.7 <1 3
20 5 2.4 <0.001 9.0 <1 8
30 7 1.8 0.002 13.6 1 11
50 7 2.6 0.002 20.3 2 20
T0 2 3.8 0.004 28.8 6 31
100 3 35 0.011 41.1 6 44
150 1 7.8 0.010 64.4 25 74
200 4 2.9 0.158 81.8 63 84

t Average over 10 instances.
+ IBM 4331 seconds.

Notice that the average number of opened plants in the optimal solutions
to the instances we generated is quite close to the number of opened plants
in the optimal solutions reported in Galvdo and Raggi [8]. Also notice that
the reduction procedure was quite effective — it solved 35 of the 80 instances
generated.

6.44 Instances from the OR-Library

The OR-Library [3] has a set of instances of the SPLP. These instances were
solved in Beasley [2] using an algorithm based on the Lagrangian heuristic for
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the SPLP. Here too, we used the Khachaturov-Minoux combinatorial bound
in the reduction procedure RP as well as in the DCA-SPLP. We solved the
problems to optimality using the DCA. The results of the computations are
provided in Table 7. The execution times suggest that the DCA-SPLP is
faster than the Lagrangian heuristic described in Beasley [2]. The reduction
procedure was also quite effective for these instances, solving 4 of the 16
instances to optimality, and reducing the number of free sites appreciably
in the other instances. Once again the use of & > 0 cannot be justified,
considering the execution times of the DCA.

Table 7: Results from OR-Library instances

DCA
Problem m after pre- # of sub- CPU CPU time # of open
name m n  processing problems time (Beasley [2])! plants
capT7l 16 50 * 0 <0.01 0,11 11
cap72 16 50 - 0 <0.01 0.08 9
cap’3 16 50 * 0 <0.01 0.11 5
capT74 16 50 * 0 <0.01 0.05 4
capl01 25 50 9 6 <0.01 0.18 15
capl02 25 50 13 16 <0.01 0.16 11
capl03 25 50 14 16 <0.01 0.14 8
capl04 25 50 12 7 0.01 0.11 4
capl3l 50 50 34 196 0.01 0.31 15
capl32 50 50 27 183 0.02 0.28 11
capl33 50 50 25 71 <0.01 0.29 8
capl34 50 50 19 25 <0.01 0.15 4

* instance solved by preprocessing only.
t Cray-X-MP /28 seconds.

6.4.5 Korkel-type Instances with 65 Sites

Korkel [25] described several relatively large Euclidean SPLP instances (m =
n = 100, and m = n = 400) and used a branch and bound algorithm to
solve these problems. The bound used in that work is an improvement on a
bound based on the dual of the linear programming relaxation of the SPLP
due to Erlenkotter [7] and is extremely effective. In this subsection, we use
instances that have the same cost structure as the ones in Korkel [25] but for
which m = n = 65. Instances of this size were not dealt with in Korkel [25].
We implemented the Khachaturov-Minoux combinatorial bound both for
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the reduction procedure RP and the DCA-SPLP.

In Korkel [25], 120 instances of each problem size are described. These
can be divided into 28 sets (the first 18 sets contain 5 instances each, and the
rest contain 3 instances each). We solved all the 120 instances we generated,
and found out that the instances in Sets 1, 2, 3, 4, 10, 11, and 12 are
more difficult to solve than others. We therefore used these instances in the
experiments in this section. The transportation cost matrix for a Korkel
instance of size n x n is generated by distributing n points in random within
arectangular area of size 700 x 1300 and calculating the Euclidean distances
between them. The fixed cost are computed as in Table 8.

Table 8: Description of the fixed costs for instances in Korkel (1989)

Problem Set # of instances Fixed cost for i'" instance

Set 1 5 Identical, set at 141 + 6.6

Set 2 5 Identical, set at 174 + 6.61

Set 3 5 Identical, set at 207 + 6.6i

Set 4 5 Identical, set at 174 + 662
Set10 5 Identical, set at 7170 + 6601
Setll 5 Identical, set at 7120.5 + 333.3¢
Set12 5 Identical, set at 8787 + 333.3¢

The values of the results that we present for each set is the average of
the values obtained for all the instances in that set. Interestingly, the pre-
processing rules were found to be totally ineffective for all of these problems.
Since the fixed costs are identical for all the sites, the sites are distributed
randomly over a region, and the variable cost matrix is symmetric, no site
presents a distinct advantage over any other. This prevents our reduction
procedure to open or close any site. Table 9 shows the variation in the costs
of the solution output by the DCA-SPLP with changes in «, and Table 10
shows the corresponding decrease in execution times.

The effect of varying the acceptable accuracy & on the cost of the solu-
tions output by the DCA-SPLP is also presented graphically in Figure 11.
We define the achieved accuracy 8 as

_ cost of the DCA-SPLP output — cost of an optimal solution
B cost of optimal solution

B

and the relative time T as
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Table 9: Costs of solutions output by the DCA-SPLP on Korkel-type in-
stances with 65 sites

Problem  Optimal Acceptable accuracy™
Set 1% 2% 3% 5% 10%
Set 1 6370.0 6404.8 6450.6 6480.6 6569.2 6781.0
Set 2 6920.6 6952.2 6971.4 7028.4 7123.8 7320.2
Set 3 77074 7738.0 7770.2 7797.6 7854.6 8053.8
Set 4 9601.2 9642.4 9680.2 9698.4 9786.6 9932.0
Set10 146691.2 146896.6 146909.6 147543.6 148062.0 151542.2
Setl1 168598.4 168858.2 169655.0 170341.6 170597.0 173913.8
Set12 186386.3 186729.7 187112.0 188002.7 188854.2 192528.7

* As a percentage of the optimal cost.

Table 10: Execution times for the DCA-SPLP on Kérkel-type instances with

65 sites
Problem Optimal Acceptable accuracy®
Set 1% 2% 3% 5% 10%
Set 1 119.078  90.948 70.758 55.494  43.200 20.426
Set 2 290.388  225.108 172.422 145.828 96.240 36.966
Set 3 458.370 339.420 259.022 203.036 150.216 50.378
Set 4 158.386 129.694 109.754 89.666 65.548 30.058
Set10 428 598 370.120 319.804 283.832 230.078 142.090
Setll 542,530 476.350 418.628 408.594 290.338 160.744
Set12 479.092 416472 370.832 326.572 261.835 149.038

+ As a percentage of the optimal cost.

execution time for the DCA-SPLP for acceptable accuracy a

T =
execution time for the DCA-SPLP to compute an optimal solution

Note that the achieved accuracy § varies almost linearly with «, with
a slope close to 0.5. Also note that the relative time 7 of the DCA-SPLP
reduces with increasing a. The reduction is slightly better than linear, with
an average slope of -8.

6.4.6 Korkel-type Instances with 100 Sites

We solved the benchmark instances in Korkel [25] with m = n = 100 to
optimality and observed that the instances in Sets 10, 11, and 12 required
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Figure 11: Performance of the DCA-SPLP for Korkel-type instances with
65 sites

relatively longer execution times. So we restricted further computations to
instances in those sets. The fixed and transportation costs for these prob-
lems are computed in the procedure described in Subsection 6.4.5. Tables
11 and 12 show the results obtained by running the DCA-SPLP on these
problem instances. In our DCA-SPLP implementation for solving these in-
stances, we used the Erlenkotter bound in both the reduction procedure RP
and the DCA-SPLP.

Table 11: Costs of solutions output by the DCA-SPLP on Kérkel-type in-
stances with 100 sites

Problem Optimal Acceptable accuracy*

Set 1% 2% 3% 5% 10%
Set10 190782.0 191550.8 192755.4 192080.6 195983.2 203934.2
Setl1l 219583.4 220438.8 222393.6 221947.2 228467.2 235963.4
Setl2 240402.4 241609.6 243336.8 244209.4 247417.6 259168.6

* As a percentage of the optimal cost.

Figure 12 illustrates the effect of varying the acceptable accuracy « on
the cost of the solutions output by the DCA-SPLP for the instances men-
tioned above. The nature of the graphs is similar to those in Figure 11.
However, in several of the instances we noticed that 8 reduced when « is
increased, and in some other instances T increased when & was increased.
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Table 12: Execution times for the DCA-SPLP on Korkel-type instances with
100 sites

Problem Optimal Acceptable accuracy®
Set 1% 2% 3% 5% 10%
Setl0 133.746 91.774 65.99 65.908 44.2 32.074
Setll 81.564 55.356 39.554 38.348 33.628 17.598
Setl2 111.272 85.858 65.608 55.928 61.758 33.014

# As a percentage of the optimal cost.
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Figure 12: Performance of the DCA-SPLP for Koérkel-type instances with
100 sites
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1 Introduction

Starting with the famous book “What is Mathematics” by Courant and
Robbins the following problem has been popularized under the name of
Steiner:

For a given finite set of points in a metric space find a network
which connects all points of the set with minimal length.

Such a network must be a tree, which is called a Steiner Minimal Tree
(SMT). It may contain vertices other than the points which are to be con-
nected. Such points are called Steiner points.'

Given a set of points, it is a priori unclear how many Steiner points one has
to add in order to construct an SMT, but one can prove that we need not
more than n — 2, whereby n is the number of given points.

A classical survey of Steiner’s Problem in the Euclidean plane was presented
by Gilbert and Pollak in 1968 [28] and christened “Steiner Minimal Tree” for
the shortest interconnecting network and * Steiner points” for the additional
vertices.

Without loss of generality, the following is true for any SMT for a finite set
N of points in the Euclidean plane:

1. The degree of each vertex is at most three;

2. The degree of each Steiner point equals three; and two edges which
are incident to a Steiner point meet at as angle of 120°

3. There are at most |[N| — 2 Steiner points.

Moreover, in the paper by Gilbert and Pollak, there are a lot of interesting
conjectures, stimulating the research in this field in the next years.

It is well-known that solutions of Steiner’s problem depend essentially
on the way in which the distances in space are determined. In recent years
it turned out that in engineering design it is interesting to consider Steiner’s
Problem and similar problems in several two-dimensional Banach spaces and
some specific higher-dimesnional cases. Over the years Steiner’s Problem

"The history of Steiner’s Problem started with P.Fermat [22] early in the 17th century
and C.F.GauB} [27] in 1836. At first perhaps with the famous book What is Mathematics
by R.Courant and H.Robbins in 1941, this problem became popularized under the name
of Steiner.
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has taken on an increasingly important role, it is one of the most famous
combinatorial-geometrical problems. Consequently, in the last three decades
the investigations and, naturally, the publications about Steiner’s Problem
have increased rapidly. Surveys are given by Cieslik [10], Hwang, Richards,
Winter [32] and Ivanov, Tuzhilin [33]. However, all investigations showed
the great complexity of the problem, as well in the sense of structural as in
the sense of computational complexity. In other terms:

Observation I.
In general, methods to find an SMT are hard in the sense of compu-
tational complexity or still unknown. In any case we need a subtile
description of the geometry of the space.

On the other hand, a Minimum Spanning Tree* (MST) can be found easily
by simple and general applicable methods.

Observation II.
It is easy to find an MST by an algorithm which is simple to realize
and running fast in all metric space.

Hence, it is of interest to know what the error is if we construct an MST
instead of an SMT. In this sense, we define the Steiner ratio for a space to
be the infimum over all finite sets of points of the length of an SMT divided
by the length of an MST:

L(SMT for N)
L(MST for N)

This quantity is a parameter of the considered space and describes the per-
formance ratio of the the approximation for Steiner’s Problem by a Minimum
Spanning Tree.

m = inf { : N a finite set in the space} :

This present paper concentrates on investigating the Steiner ratio. The
goal is to determine or at least to estimate the Steiner ratio for many different
spaces.

2 Banach-Minkowski Spaces

Obviously, Steiner’s Problem depends essentially on the way how the dis-
tances in the plane are determined. In the present paper we consider finite-
dimensional Banach spaces. These are defined in the following way: Ag4

This is a shortest tree interconnecting a finite set of points without Steiner points.
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denotes the d-dimensional affine space with origin 0. That means; Aq is
a set of points and these points act over a d-dimensional linear space. We
identify each point with its vector with respect to the origin. In other words,
elements of A4 will be called either points when considerations have a geo-
metrical character, or vectors when algebraic operations are applied. In this
sense the zero-element o of the linear space is the origin of the affine space.
The dimension of an affine space is given by the dimension of its linear
space. A two-dimensional affine space is called a plane. A non-empty sub-
set of a affine space which is itself an affine space is called an affine subspace.

The idea of normed spaces is based on the assumption that to each
vector of a space can be assigned its “length” or norm, which satisfies some
“natural” conditions.

A convex and compact body B of the d-dimensional affine space A4 centered
in the origin o is called a unit ball, and induces a norm ||.|| = |I.||g in the
corresponding linear space by the so-called Minkowski functional:

|lv||g = inf{t > 0: v € tB} for any v in Az \ {0}, and
llollz = 0.

On the other hand, let [|.|]| be a norm in A4, which means:
[|.]] : Ag = R is a real-valued function satisfying

(i) positivity: |[v]| = 0 forany v in Ag;

(ii) identity: ||v|| = 0if and only if v = ¢;

(iii) homogenity: ||tv|| = |¢] - ||v|| for any v in A4 and any real ¢;
and
(iv) triangle inequality: |jv +v'|| < [lv]| +[¢/]| for any v, 7" in Aqg.

Then B = {v € Ag : ||v|| £ 1} is a unit ball in the above sense. It is not
hard to see that the correspondences between unit balls B and norms ||.||
are unique. That means that a norm is completely determined by its unit
ball and vice versa. Consequently, a Banach-Minkowski space is uniquely
defined by an affine space Az and a unit ball B. This Banach-Minkowski
space is abbreviated as Mg{B). In each case we also have the induced norm
{l.]lz in the space.
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A Banach-Minkowski space Mg(B) is a complete metric linear space if we
define the metric by

p(v,v") = |lv = |5 (1)
Usually, a (finitely- or infinitely-dimensional) linear space which is complete

with regard to its given norm is called a Banach space. Essentially, every
Banach-Minkowski space is a finite-dimensional Banach space and vice versa.

All norms in a d-dimensional affine space induce the same topology, the
well-known topology with coordinate-wise convergence.” In other words:
On a finite dimensional linear space all norms are topologically equivalent,
i.e. there are positive constants ¢; and ¢z such that

e[l I < ez -1 (2)

for the two norms |.|| and {|[.|||.
Conversely, there is exactly one topology that generates a finite-dimensional

linear space to a metric linear space satisfying the separating property by
Hausdorff.

Let My(B) and M4(B’) be Banach-Minkowski spaces.
My(B) is said to be isometric to Mg(B') if there is a mapping ® : Az — Ag
(called an isometry) which preserves the distances:

[18(v) — 2(v)||pr = |lv —¥'li5 (3)

for all »,v' in Ag.

A well-known fact given by Mazur and Ulam says that each isometry map-
ping a Banach-Minkowski space onto another, such that it maps o on o, is
a linear operator. Hence, Mg{B) is isometric to Ma(B') if and only if there
is an affine map & : Ag » Ay with 8B = B’. Also the affine map ® is the
isometry itself.

Steiner’s Problem looks for a shortest network and in particular for a
shortest length of a curve € joining two points. For our purpose, we regard
a geodesic curve as any curve of shortest length.

If we parametrize the curve C by a differentiable map = : [0,1] — R? we
define

i
length of C = / 11511 d. (4)
0

3This is the topology derived from the Euclidean metric.
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It is not hard to see that among all differentiable curves C from the point v
to the point v’ the segment

v ={tv+ (1 -t} :0<t <1} (5)

1
minimizes the length of C.
A unit ball B in an affine space is called strictly convex if one of the
following pairwise equivalent properties is fulfilled:

e For any two different points v and +' on the boundary of B, each point
w=tv+ (1 —t',0<t <1, lies in intB.

¢ No segment is a subset of bdB.

e |lv+'||B =\lvlls +||v'|ip for two vectors v and @' implies that v and
v’ are linearly dependent.

One property more we have in

Lemma 2.1 All segments in a Banach-Minkowski space are shortest curves

(in the sense of inner geometry). They are the unique shortest curves if and
only if the unit ball is strictly convex.

Hence, we can define the metric in a Banach-Minkowski space My(B) by

2-|lv—||pe
v,0') = 6

where ww’ is the Euclidean diameter of B parallel to the line through » and
v' and ||.||g« denotes the Euclidean norm.

A function F defined on a convex subset of the affine space is called a
convex function if for any two points v and v' and each real number ¢ with
0 <t <1, the following is true

Fltv+ (1= < tF(v) + (1 = t)F(v'). (7

A function F is called a strictly convex function, if the following is true
for any two different points v and v' and each real number ¢ with 0 <t < 1:

Fltv+ (1 =t)) < tF(v) + (L - )F (). (8)

A norm is a convex function. Moreover, the unit ball of a strictly convex
norm is a strictly convex set.
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Lemma 2.2 For a norm ||.|| in a finite-dimensional affine space the follow-
ing holds:
(@) A norm ||.|| in a finite-dimensional affine space is a convex and thus a

continuous function.

(b) A norm ||.{| is a strictly convex function if and only if its unit ball
B={ve A;:||lv|l €1} is a strictly convex set.

The dual norm || - |ips of the norm || - || 5 is defined as
(*u,'w)
llvllps = max ——= 9
155 = 22X Tfwlls ©
and has the unit ball DB, called the dual unit ball, which can be described
as
DB = {w: (v,w) <1 for all v € B}.

(Here, (., .) denotes the standard inner product.) Immediately, we have that
for any two vectors v and w the inequality

{(v,w) < |[vlips - [lwlis; (10)

is true and it is not hard to see that B € B’ holds if and only if DB’ C DB.
An example of non-Euclidean norms dual to each other is

[(t1, - .., ta)l|B = max{|ta], ..., [tal} (11)
and
|{(t1s .- -, ta)llpB = [t} + ... + [tal, (12)
whereby B is a hypercube and DB is a cross-polytope.
Particularly, we consider finite-dimensional spaces with p-norm, defined
in the following way: Let Ag be the d-dimensional affine space. For the
point v = (1, ..., £4) we define the norm by

d 1/p
o]l = (Z |$s'l”)
i=1

where 1 < p < oo is a real number. If p runs to infinity we get the so-called
Maximum norm

[Vlloo = max{|z;|: 0 << < d}
In each case we obtain a Banach-Minkowski space written by Eg.
L§ and f.‘.fo normed by a cross-polytope and a cube, respectively. For 1 < p <

oo the space Eg is strictly convex. The spaces ;Cg and £§ with 1/p+1/¢=1
are dual.
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3 Steiner’s Problem and the Steiner ratio

A (finite) graph G = (V, E) with the set V of vertices and the set E of edges
is embedded in the Banach-Minkowski space My(B) in the sense that

e V is a finite set of points in the space;

e Each edge v’ € E is a segment {tv+ (1 —t)v' : 0 <t < 1}, v,0' €V
and

® The length of G is defined by

L(G) =Lp(G) = ) Iv—7|l5.

w'eE

Now, Steiner’s Problem of Minimal Trees is the following:
Given: A finite set N of points in the Banach-Minkowski space M4(B).

Find: A connected graph G = (V, E) embedded in the space such that
-NCV and
- Lp(@G) is minimal as possible.

A solution of Steiner’s Problem is called a Steiner Minimal Tree (SMT)
for N in the space Ma(B)." The vertices in the set V\ N are called Steiner
points. We may assume that for any SMT T = (V, E) for N the following
holds: The degree of each Steiner point is at least three and

[VAN| < |N|-2. (13)

If we don’t allow Steiner points, that is if we connect certain pairs of given
points only, then we refer to a Minimum Spanning Tree (MST). Starting
with Boruvka in 1926 and Kruskal in 1956, Minimum Spanning Trees have
a well-documented history [29] and effective constructions [3].

A minimum spanning tree in a graph G = (N, E) with a positive length-
function f : E — IR,can be found with the help of Kruskal’s [34] well-known
method:

1. Start with the forest T' = (N, #);

*That for any finite set of points there an SMT always exists is not obvious. Particu-
larly, it is proved in [10].
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2. Sequentially choose the shortest edge that does not form a circle with
already chosen edges;

3. Stop when all vertices are connected, that is when |N| — 1 edges have
been chosen.

Then an MST for a finite set N of points in My(B) can be found obtaining
the graph G = (N, (‘g]) with thelength-function f(w') = |lv —¥'||B.

Let N be a finite set of points in Mz(B). We saw that it is easy to find
an MST for N; this is valid in the sense of the combinatorial structure as
well as in the sense of computational complexity. On the other hand, meth-
ods to find an SMT for N are still unknown or at least hard in the sense of
computational complexity. More exactly:

space complexity source
Euclidean plane A P-hard [24]
Rectilinear plane £ AN'P-hard [25]

Ly-planes algorithm needs exponential time [13]
Banach plane algorithm needs exponential time [9]

For higher-dimensional spaces the problems are not easier than in the planes.
For a complete discussion of these difficulties see [10] and [32].

Moreover, to solve Steiner’s Problem we need facts about the geometry of
the space. On the other hand, for an MST we only use the mutual distances
between the points.

Consequently, we are interested in the value

mg(B) := inf {LH(SMT for.lV) N C M4(B) is a finite set} , (14)

Lp(MST for N) "~ ~

which is called the Steiner ratio of the space My(B).
The quantity ma(B)- L(MST for N) would be a convenient lower bound for
the length of an SMT for N in the space My(B); that means, roughly speak-
ing, mq4(B) says how much the total length of an MST can be decreased by
allowing Steiner points.

For the space Eﬁ the Steiner ratio will be briefly written by m(d, p).



64 D. Cieslik

4 Basic properties for the Steiner ratio

It is obvious that 0 < mg4(B) < 1 for the Steiner ratio mg(B) of each Banach-
Minkowskispace My(B). Of course, if d = 1 then the MST and the SMT
are identical, and it is m1(B) = 1. Moreover,

Theorem 4.1 (E.F.Moore in [28]) For the Steiner ratio of every Banach-
Minkowski Space

mg(B)> - =0.5

b =

holds.

In the d-dimensional affine space Ag, the unit ball B(1) is the convex
hull of

N = {%(0,..,0,1,0,...,0) : the i’th component is equal to 1, =1,...,d}.

(15)

The set N contains 2d points. The rectilinear distance of any two different

points in N equals 2. Hence, an MST for N has the length 2(2d — 1).

Conversely, an SMT® for N with the Steiner point 0 = (0,...,0) has the
length 2d. This implies the first fact of

Theorem 4.2 For the Steiner ratio of spaces with rectilinear norm the fol-
lowing are true.

(a) Inthe case of d dimensions we have
m{d,1) < ——. (16)

(b) (Hwang [31]) In two dimensions in (16) equality holds:

m(2,1) = % (17)

Graham and Hwang [30] conjectured that in (16) always equality holds,
which is true in the planar case, (17), but the methods by Hwang do not
seem to be applicable to proving the conjecture in the higher dimensional
case.

Comparing the last two theorems, we observe the following:

>that this tree is indeed an SMT is not simple to see!
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Corollary 4.3 The lower bound 1/2 is the best possible for the Steiner ratio
over the class of all Banach-Minkowski spaces.

Let My(B) be a d-dimensional Banach-Minkowski space, and let Ag
be a d'-dimensional affine subspace (d' < d) with 0 € Ay. Clearly, the
intersection B N Ag can be considered as the unit ball of the space Ag.
This means that Mg (BN Ag) is a (Banach-Minkowski) subspace of M4(B).
Let v and v’ be two different points in Ag. Then the line through v and v’
lies completely in Ag, and in view of 2.1 and (6) we see that the distance
between the points v and ¢’ is preserved:

llv — |l = [lv = /|| Bra,- (18)

Then we have

Theorem 4.4 Let My(B') be a (Banach-Minkowski) subspace of My(B).
Then ma(B') > ma(B).

An interesting problem, but which seems as very difficult, is to determine
the range of the Steiner ratio for d-dimensional Banach-Minkowski spaces,
depending on the value d. More exactly, determine the best possible reals
¢g and Cy such that

ca < ma(B) < Cq, (19)

for all unit balls B of Ay.
The quantity Cj is defined as the upper bound of all numbers m4(B) ranging
over all unit balls B of Ag:

Ca = sup{ma(B) : B € By} (20)

The sequence {Cj3}d=1,,.., starting with €} = 1 is a decreasing and bounded,
consequently a convergent one. Is it true that Cqg = m(d,2)ford =2,3,...?
On the other hand,

cq = inf{my4(B) : B € By}. (21)

is of interest. Does the equality ¢g = m(d, 1) for d = 2,3, ... hold?

S The Steiner ratio of the Euclidean plane

Original, Steiner’s Problem was considered in the Euclidean plane. Even
here, we find that the complexity of computing an SMT is NP-hard. The
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complexity of computing SMT’s in higher-dimensional spaces is demonstra-
bly even more difficult, since here is no inherent combinatorial structure
present in the problem, compare [40].

A long-standing conjecture, given by Gilbert and Pollak in 1968, said
that m(2,2) = v/3/2. Many persons have tried to show this; successively
establishing that v/3/2 does indeed hold for sets with a small number of
points: Pollak [36] and Du, Yao, Hwang [15] have shown that the conjecture
is valid for sets N consisting of n = 4 points; Du, Hwang, Yao [17] stated
this result to the case n = 5, and Rubinstein, Thomas [37] have done the
same for the case n = 6.

On the other hand, many attempts have been made to estimate the Steiner
ratio for the Euclidean plane from below:

m(2,2) > 1/v/3 =0.57735... Graham, Hwang [30]
m(2,2) > /2v3+2— (7+2v3) =0.74309... Chung, Hwang [5]
m(2,2) > 4/5 =028 Du, Hwang [16]
m(2,2) >0.82416... Chung, Graham [6]

Finally, Du and Hwang created a lot of new methods and succeeded in
proving the Gilbert-Pollak conjecture completely:

Theorem 5.1 (Du, Hwang [18], [19]) The Steiner Ratio of the Euclidean
plane equals
V3

m(2,2) = - = 0.86602....

Now, we are interested in the sets of points which achieve the Steiner
ratio. Clearly, when N contains the nodes of an equilateral triangle we have
L(SMT for N) /3
g Y el i Ly S PR A 2.2). 22
I(MSTfor V) ~ 2~ %2 (%)
In a first view, it seems that no other finite set of points has this property.
Probably, this is true, but Du and Smith [21] had an surprising idea: Let’s
look at some special set configurations created by joining equilateral trian-
gles at a common side. This is actually called a 2-sausage, more formally:

1. Start with a unit circle;

2. Successively add unit circles so that the n’th circle you add is always
touching the min{2,n — 1} most recently added circles.

This procedure uniquely® defines an infinite sequence of interior-disjoint

Sup to congruence
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numbered circles. The centers of these circles form a discrete point set,
which is called the (infinity) 2-sausage. The first n points of the 2-sausage
will be called the “n-point 2-sausage” N(n,2) or “flat-sausage” for simplic-
1ty.

V\)’/hat is remarkable about the sausages? At first their regularity and then
the fact that the ratio between the length of an SMT and the length of an
MST for N(2n,2) decreases with increasing number n. Moreover,

Theorem 5.2 (Du, Smith [21])

L(SMT for N(2n,2)) 3 _
A TOMST for N@nym)) ~ 2 - B2

6 The Steiner ratio of £,-planes

If we have an analytic formula, which decribes the norm, we have also the
possibility to estimate the Steiner ratio with direct calculations. In this sec-
tion we will determine upper and lower bounds for the Steiner ratio m(2, p)
of two-dimensional £,-spaces.

Du and Liu determined an upper bound for the Steiner ratio using direct
calculations of the ratio between the length of SMT’s and of MST’s for sets
with three elements:

Theorem 6.1 (Du, Liu [35]) The following is true for the Steiner ratio of
the Ly-planes Mao(B(p)):

(27 — 1)1/P 4 (29 - 1)1/a

<
m{2,p) < 1 :

(23)
where q is the conjugated number to p; that means % + % =1

Corollary 6.2 Forl <p < oo it holds

m{2,p) < m(2,2) = ? = 0.866025....

Furthermore, equality holds if and only if p = 2.

The proof of 6.1 uses a specific triangle. Now, we will use a triangle
which has a side parallel to the line {(z,z) : ¢ € R}. Let 1 < p <
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and © = (0,1), v = (1,0) and w = (zp,zp). We want that the triangle
spanned by u,» and w is equilateral and, additionally, z, lies between 1
and 2. Considering this triangle Albrecht [1] gives the following new upper
bounds for m(2,p) for specific values p:

p q Theorem 6.1 new with p new with q
1.1 11 0.782399... 0.775933. .. 0.775933...
12 6 0.809264... 0.797975... 0.797975. ..
1.3 4.3... 0.829043... 0.816708. . . 0.816708. . .
14 35 0.842759. .. 0.832320... 0.832320. ..
1.5 3 0.852049. .. 0.844625. .. 0.844625. ..
1.6 2.6... 0.858207... 0.853640. .. 0.853640. ..
1.7 2.428571... 0.862145... 0.859755... 0.859755. ..
1.8 2.25 0.864491... 0.863518. . . 0.863518. . .
19 2.1... 0.865681. . . 0.865460. .. 0.865460. . .
2.0 2 0.866025... 0.866025. . . 0.866025. ..
It is not hard to see, that considering sets with three points only creates

estimates for the Steiner ratio which are at least 3/4, compare [28]. Using
sets with four points gives

Theorem 6.3 (Albrecht [1]) The Steiner ratio of f.f, is essentially less than
Sifp<l2orif p>6.

How can we find a lower estimate for the Steiner ratio of the planes?

Here,

1.

we use two facts:

The values for £} and £} are exactly known: m(2,1) = 2/3 and

m(2,2) = /3/2.

. We introduce a distance function between classes of Banach-Minkowski

spaces in the following way: Let By denote the class of all unit balls
in Ag4, and let [By] be the space of classes of isometrics for B;. Then
the Banach-Mazur distance abst is a metric on [By] defined as

abst([B),[B']) = Ininf{h > 1:there is an isometry A such that
B C AB C hB}

for[B], [B'] in [B4]. The space {[B,], abst) is a compact metric space,
with diameter = In %, compare [42].
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With these facts in mind we find

Theorem 6.4 (C. [8], [10]) The following are true for the Steiner ratio of
the Lp-planes:

21/
32& = . In 135 < 2'

We can find bounds for m(2,p), » > 2, if we replace p by p/(p — 1) on the
right side.

7 The Steiner ratio of Banach-Minkowski planes

For many specific planes the Steiner ratio is known or well estimated. In the
section before we find the values for £-planes, including the exact value for
the Euclidean plane and the plane with rectilinear norm. Additionally, it
is an interesting question to consider planes which are normed by a regular
polygon with an even number of corners.

We defined the so-called A—geometry Ma(B™) in the following way: The
unit ball BW is a regular 2\-gon with the z-axis being a diagonal direction.
Particularly, it holds

i

Ma(B@) Vi, (24)
My(B(®)y = [2 (25)

We have the

Theorem 7.1 (Sarrafzadeh, Wong [38]) For the Steiner ratio of the planes
with A-geometry it holds that

N
ma(BMy > L= R (26)

It follows from the last theorem that ma(B®)) > 3/4. B®) isan affinely
regular hexagon. In view of an isometry, we may assume that

B® = conv{(1,1),(-1,-1),(1,0),(~1,0),(0,1),(0,-1)},  (27)
which implies that

l(z1, 22)l| gy = max{|z1], |22, |€1 — 22[}. (28)
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Then it is easy to see that the set N = {(1,1), (—1,0), (0, —1)} has an MST
of the length 4 and an SMT of the length at most 3. Hence, the Steiner
Ratio is not greater than 3/4, and we have

Theorem 7.2 (Du et.al. [20]) Let B be an affinely regular hexagon in the
plane. Then

ma(B) = % = (0.75.

What is known about the Steiner ratio of two-dimensional Banach spaces
in general? A sharp lower bound for the Steiner ratio of any Banach-
Minkowski plane we have in

Theorem 7.3 (Gao, Du, Graham [23]) For the Steiner ratio of Banach-

Minkowski planes the following is true:
2
ma (B) = ‘é

If there is a natural number n such that the bound 2/3 is adopted by a set
of n points, then n =4, and B is a parallelogram.

This bound is the best possible one, since the plane with rectilinear norm
has Steiner ratio 2/3. Such a nice result for an upper bound is unknown,

but we have

Theorem 7.4 (Du et.al. [20]) For any unit ball B in the plane the following

is true:
13—-1
ma(B) < \/_3 =0.8685.... (29)
Is it true that /3
mg(B) < ~—2§ = (.86602..., (30)

which is the Steiner ratio of the Euclidean plane?

8 The Steiner ratio of Cg

In this section we will determine upper bounds for the Steiner ratio m(3, p) of
three-dimensional £,-spaces. Our goal is to estimate the quantities m(3, p)
with help of investigations for configurations of points in a regular situation



The Steiner Ratio 71

in the space ﬁf;. To do this we start with the consideration of tetrahedrons:
Let 1 < p < oo and consider the four points

v = (1,0,0),
v = (0,1,0),
v3 = (0,0,1) and
vy = (1,1,1)

which build an equilateral set. Hence,

Theorem 8.1 (Albrecht [1]) Let 1 < p < oo and let g be conjugatedto p.
Then we have for the Steiner ratio of Ef,

“ : i
1(2 lfp+(2q—1)1/q) Coif 1<p< gl

(%)lq : otherwise

m(3,p) < {

Another way: We consider a cross-polytope created by the set of nodes
N = {v1,...,vg} whereby

vy = (1,0,0),

va = (0! 1!0):

M = [0, 0, 1),

vg = (-1,0,0),

vs = (0,—-1,0) and
v = (0,0,-1).

The points »; and vj, ¢ # j, have the distance

ol 2 : if |i—j|=3
plvi, vj) = 2/ <2 : otherwise

and consequently an MST for N has the length
L,(MST for N) =5.21/P, (31)

On the other hand, using the fact that it holds p(v;,0) = 1fori=1,...,6,
there is a tree for N U {o} of the length 6. Hence,
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Theorem 8.2 For the Steiner ratio of a three-dimensional Lp-space it holds

6 [1\!/P
m(3,p) < 5 ('2') .

Now, we will consider a cross-polytope in another way which gives better
bounds for the Steiner ratio if p > 2.

At first we assume that p % oo and consider the set N = {vy,...,vg} of
given points with

M = (.”L‘u,mu -1,1 —:Bn),
vg = {(z0,70,2— o),

vg = (1,0,1),

vy = (0!0!0)1

vg = {0,1,1) and

ve = (x0—1,20,1— x0),

whereby g denotes the unique zero of the function f with
flz)=2P4+2(z—-1)" -2 (32)
over the range (1,2). Here,

Theorem 8.3 (Albrecht [1]) Let 1 < p < 00, }/p+1/q =1 and let z¢ be

the unique determined zero of the function f defined in (32) over the range
(1,2). Then the Steiner ratio of .Cg can be estimated by

1/p 1/p
1 1k i b 3 p i 553
m(3 p) < 5 ((2q B 1) L w (5) + (E) EG) ' 1<p< 1053?—-]0g2
e i/p
1(3 5 log 3
E(E) (o+2) @  Eipm <p<o

9 The Steiner ratio of Euclidean spaces

In the d-dimensional Euclidean space, we consider the set N of d + 1 nodes
of a regular simplex with exclusively edges of unit length. Then an MST for
N has the length d. It is easy to compute that the sphere that circumscribes
N has the radius R(N) = 1/d/(2d + 2). With the center of this sphere as
Steiner point, we find a tree T interconnecting N with the length Lp(3)(T) =
(d+ 1)R(N). Hence, we find the following nontrivial upper bound:

"But between p = 2 and p & 2.0619508 the bound will be greater than the bounds
given before.
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Theorem 9.1 The Steiner ratio of the d-dimensional Euclidean space can
be bounded as follows:
1 1

<=+ —.
m(d,2) < 2 + 2d (33)
In the proof we used a Steiner point of degree d + 1, but it is well-
known that all Steiner points in an SMT in Euclidean space are of degree
3. Consequently, the tree T described above is not an SMT for N, if d > 2.
Better estimates for m(d,2), we find in

Theorem 9.2 (Chung, Gilbert [4], Smith [39] and Du, Smith [21]) The
Steiner ratio of the d-dimensional Euclidean space is bounded as follows:

dimension upper bound upper bound  upper bound
by Chung, Gilbert by Smith by Du, Smith
=2 0.86602 . . .
=3 0.81305... 0.81119... 0.784109. ..
=4 0.78374 . .. 0.76871 ... 0.74398 . ..
=5 0.76456 . .. 0.74574 . . . 0.72181. ..
=6 0.75142.. .. 0.73199... 0.70853 . ..
=7 0.74126. .. 0.72247. .. 0.70012. ..
=8 0.73376 . .. 0.71550. . . 0.69455 ...
=9 0.72743 ... 0.71112... 0.69076. ..
=10 0.72250... 0.68812. ..
=11 0.71811... 0.68624 . ..
=20 0.69839. ..
=40 0.68499. ..

=80 0.67775 ...
=160 0.67392...
— 00 0.66984 . ..

The first column was computed by Chung and Gilbert considering reg-
ular simplices. Here, Du and Smith [21] showed that the regular d-simplex
cannot achieve the Steiner ratio if & > 2. That means that these bounds
cannot be the Steiner ratio of the space when d > 2.

The second column given by Smith investigates regular octahedra, respec-
tively cross polytopes. Note, that it is not easy to compute an SMT for the
nodes of an octahedra.

The third column used the ratio of sausages, whereby a sausage is con-
structed by
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1. Start with a ball (of unit diameter) in £g;

2. Successively add balls so that the n’th ball you add is always touching
the min{d, n — 1} most recently added balls.

This procedure uniquely® defines an infinite sequence of interior-disjoint
numbered balls. The centers of these balls form a discrete point set, which is
called the (infinity) d-sausage N{oo,d). The first n points of the d-sausage
will be called the “n-point d-sausage” N(n,d). Note, that N{d+ 1,d) is a
d-simplex if d > 3.

Du and Smith [21] present many properties of the d-sausage, in particular,

that
L(SMT for N(o0,d))

L(MST for N(o9,d)) L

is a strictly decreasing function of the dimension d.” Hence, u(d), d = 2,3, ...
is a convergent sequence, but the limit is still unknown.

It seems that probably there does not exist a finite set of points in the d-
dimensional Euclidean space, d > 3, which achieves the Steiner ratio m/(d, 2).
But, if such set in spite of it exists, then it must contain exponentially many
points. More exactly: Smith and McGregor Smith [41] investigate sausages
in the three-dimensional Euclidean space to determine the Steiner Ratio and
following they conjectured that for the Steiner Ratio of the three-dimensional
Euclidean space

uw(d) 1=

m(3.9) J283 3v21 911~ +/21v2

700 700 140
— 0.78419...

holds.
Moreover, Du and Smith used the theory of packings to get the following

8up to congruence
Here, we use a generalization of Steiner’s Problem to sets of infinetly many points.
This is simple to understand. For a finite number of points it is shown that

L{SMT for N(2d + 1,d)) _ L(SMT for N(d + 1,d))
L(MST for N(2d + 1,d)) — L(MST for N(d + 1,d))’

which is a finite version of

L(SMT for N(co,d)) _ L(SMT for N(d + 1,d))
L{MST for N{co,d)) ~ L(MST for N(d+ 1,d))’

for d > 1.
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Theorem 9.3 (Du, Smith [21]) Let N be a finite set of n points in the d-
dimensional Euclidean space Ma(B(2}), d > 3, which achieves the Steiner
ratio mg(B(2)) of the space. Then

n> E f(g,d)] =

2[&_2 (?7/2)
Iy 2(6)

where
f(0,d) =
and

Ia(2) = f:(sinu)m du.

9.3 implies that the number n grows at least exponentially in the dimen-
sion d. Some numbers are computed:

d= = is at least
49 49
50 53
100 2218
200 3481911
500 106
1000 5-10%

10 The Steiner ratio of L%

For our investigations we have the following facts: Let 1 < p < oc and d > 3.
Then there are in .Cf, at least d+ 1 equidistant points. This can be seen with
the following considerations: For ¢ =1,...,d let

v = (Zig, - Ti,d)
with
N S TR
71 0 : otherwise.
These are d points with |jv; — vj]| = 2'/P forall 1 <i < j < d.

For the point v = (z, ..., ) it holds ||v —v|| = ||lv —v;|| forall 1 <4,5 < d.
To create ||v — v]| = 21/? the value z has to fulfill the equation

((@=Dlzf” + |1 - 2?)/? = 21/7.
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This we can realize by the fact that the function f : [0,1] = R with
flz) = ((d - DzP + (1~ 2)")V/P ~ 21/7
has exactly one zero in [0,1].

Theorem 10.1 (Albrecht [1], [2]) Let 1 < p < 0o and d> 3. Then

d+1 (d\'/?
o T2 s .
md,) < 8- (5)

Moreover, when we use an idea by Liu and Du [35] for the planar case
extending to an approach using equilateral sets and a “center” we find:

Theorem 10.2 (Albrecht [1], [2]) Let 1 < p < co. Then

d+1 (1\Vr
m{d,p) < g (5) .

This bound is not sharp, since the estimation of the distance of the points
to the center is to inefficient, at least for small dimensions. On the other
hand, we only use one additional point, and it is to assume that more than
one of such points decrease the length.

Now, we compare the bounds given in 10.1 and 10.2. Obviously,

d+1 (d)”” L d+1 (1)”?
2d 2 - d 2
holds if and only if
d < 2°,
Hence,

Corollary 10.3 Looking for the Steiner ratio of high dimensional Lp-spaces
we have only to consider the bound given in 10.2.

11 When the dimension runs to infinity

What do we know of the development of the Steiner ratio of Banach-Min-
kowski spaces if the dimension d runs to infinity? First, we consider the
spaces L‘.f,, namely

m{p) = dlLrgo m(d, p). (35)

We know the following values and estimates for m(p):
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p= lower bound exact value upper bound source
1 3=05 4.2
2 % = 0,57785... 0.66984... 9.2
00 % =05 calculation
P 1 1 1/p
arbitrary 3=035 (5) 10.2

Moreover, combining all facts, we have

Theorem 11.1 Ler m(p) = limg,oo m{d,p). Then it holds

5 <m(p) < min{(%)up ,m(z)}

for any reall < p < 0o, and

m(1) = m(c0) = .

Above we discussed the limiting process for the class of all Banach-
Minkowski spaces considering the sequence {Ca}4=1,2,... whereby

Cq = sup{my(B) : B € B,}.

Moreover, we find that our conjectures from the end of section 4 are true
if we go to infinity.

Theorem 11.2 (C. [12])

B Bo= B8, sy

whereby
0.57735... < lim m(d,2) < 066984...;
d—yoo

and

;i}ngc Ca= dlinc}o m(d, 1) = 0.5.
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1 Introduction

Probabilistic verification in the broad sense includes the zero knowledge
proof systems of Golwasser, Mikhali and Rackoff [80], the Arthur-Merlin
games of Babai and Moran [25], various multi-prover games and Probabilis-
tically Checkable Proofs (PCP), which will be the focus of our investigations.
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In 1991 Feige, Goldwasser, Lovasz, Safra and Szegedy [62] showed that
results about multi-prover systems, or equivalently PCPs imply the relative
hardness of approximating the maximum clique number of a graph. Their
discovery married the subject of probabilistic verification with the theory of
NP optimization for a long time if not forever. One can call this bond the
one in between the beauty and the beast, where the later is the monstrous
body of code constructions and combinatorial-algebraic lemmas we need for
the PCP theorems. Not surprisingly most surveys like to display the beauty,
and keep the beast at bay. With this chapter it is our goal to give a fair
treatment to both.

The basic PCP theorem states that every proof has a probabilistically
checkable version where there is a verifier who looks only at a constant
number of bits and tells with high certainty whether the proof is correct.
We give a complete proof of the basic theorem that, we hope, highlights
the necessary technical steps of the proof. We do not turn the beast into
a prince, but at least we groom it a little bit. For those readers’ sake who
prefer to skip the specifics of the constructions we made the construction
part self-contained, and placed it to the end of the entire text. This way
the proof of the basic theorem shrinks to a thin section (Section 2.4) which
uses the former as a black box. Not counting the appendix style addendum
of the code constructions the text is composed of three parts.

1. Probabilistic verification (Section 2): We start this part with basic
definitions and the history of probabilistic verification. In Section 2.3 the
reader can find a short explanation of the language cryptographers use. The
main mathematical content of the verification part is the topmost layer of the
proof of the basic PCP theorem. This is different from what is considered the
topmost layer in other papers and reflects the writer’s special mathematical
taste.

2. Non-approximability (Section 3): Sections in the non-approximability
part represent one of two didactic approaches. Sections ??, 3.2, 3.3, 3.4 and
3.5 give general methods for proving hardness of approximation. In con-
trast, Sections 3.6, 3.7, 3.8 and 3.9 give details on specific NP optimization
problems. It was our choice to focus only on a few number of problems,
namely MaxClique, the chromatic number, the set cover and various con-
straint satisfaction problems, and to leave out many interesting ones. Since
new advances in the PCP theory are tied to non-approximability issues,
they can also be found in Section 3, either together with the corresponding
non-approximability results or in one of the general sections. Of course we
had to make a concession and omit the hard proofs in this part, like that of
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the breath-taking result of Hastad that if NP € ZPP then the MaxClige
cannot be efficiently approximated within a factor of n!~¢ [85].

3. Structure theoretical consequences (Section 4): The theory of approx-
imation preserving reductions and the structure theory for non-approxima-
bility classes have been developing at a rapid rate due to breakthroughs in
the theory of PCP. We present two completeness theorems that well signify
this development: MAX SAT is complete for APX-PB with respect to the
E reduction, and MAX SAT is complete for APX with respect to the AP
reduction.

1.1 Literature and Acknowledgments

Several excellent articles deal with the PCP theory and NP optimization.
Among them are the survey article of Laszl6 Babai, that he wrote for the
European Congress of Mathematics [20], a relatively early work of Bellare,
O. Goldreich and M. Sudan [31], which is an original paper, but well sum-
marizes results up to that stage; the survey article of Arora and Lund [9],
which mostly deals with non-approximability; the theses of Arora [5] and
Sudan [131] just to mention a few. There is a book on the subject by G.
Ausiello, P. Crescenzi, G. Gambosi, V. Kann, A. Marchetti-Spaccamela, M.
Protasi [15], which also contains a compendium of NP optimization prob-
lems. Many good non-approximability results are not included in any of the
surveys, and it is often best to reach for the original source. The theory of
reductions get a very good treatment in Trevisan’s works [54, 55, 99, 45],
including his thesis [136].

The author is grateful to Johan Héastad for letting him use his unpub-
lished proof of Feige’s set cover result. Many thanks go to Marek Karpinski
for making detailed comments on the first manuscript. Remarks or refer-
ences coming from Uri Feige, Luca Trevisan improved on the quality of the
text.

2 The Basics of PCP Theory
The theory of PCP has at least four interpretations:

¢ Construction of very efficiently checkable mathematical proofs
e Design of a generic mechanism for instant checking of computations

¢ New definitions for the class NP
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e NP hardness of approximating certain optimization problems

The first two points are explained in Babai, Fortnow, Levin and Szegedy
[23] and further developed in [120], the third point was made by Arora and
Safra [12], and the fourth point is the subject of a great number of papers
starting with [62]. The theory developed so quickly in the beginning of
the 90’s and so many researchers gave their contributions to it, that it has
became a loose collection of a technically very remarkable, but occasionally
handwaivingly written results.

In this chapter we would like to put the basics of the theory in a uni-
fied framework. The construction of such framework is difficult because
its presentation requires concepts from different branches of mathematics
and theoretical computer science such as the theory of NP, cryptography,
combinatorics, algebra and probability theory. We tried to separate those
components of the theory that can be dealt with within one or two of these
paradigms. In particular, we eliminated the language of cryptography from
the most technical component, and treated it as an independent theory in
Section 5.

We discuss only the results of Arora and Safra [12] and Arora, Lund,
Motwani, Sudan and Szegedy [10] and their prerequisites in details. What
justifies our choice for drawing the line in between the basics and the more
advanced part exactly here is that most subsequent results rely upon the
above two in an essential way.

2.1 Probabilistically Checkable Proofs

Probabilistic verification stands in contrast with deterministic verification.
Recall that every language L € NP is deterministically verifiable in poly-
nomial time, meaning that for every I € NP there is a polynomial time
machine V such that if x € L then there exists a a membership proof P
such that V(z,P) = 1 and if £ € L then for every P, V(z,P) = 0. The
concept of probabilistic verification is more complicated, but analogous:

Definition 2.1 (Probabilistic Verification) For functions f,g : N —
N, a probabilistic polynomial-time verifier V(z, P,r) is (f, g)-restricted i,
for every input T of size n, it uses at most f(n) random bits and examines
at most g(n) bits in the membership proof while checking it. Let ¥ be an
alphabet and L C £*. V is an (f, g)-restricted polynomial-time probabilistic
verifier for L if there exists an € > 0 such that for every input x:
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Checked bits of the proof

Proof

Random string

Sl

Machine

Figure 1: A schematic picture of a probabilistic verifier. Only the black bits
are read for a fixed random choice r.

e if & € L, then there exists a membership proof P such that:
Prob.(V(z,P,r)=1) =1,
(i.e., accepts for every choice of its random bits);
e if © & L, then for any membership proof P:
Prob,(V(z,P,r)=1)<1-—¢.

Here we have to make a couple of comments. First, it is best to think of
V as a random access machine. Since Turing machines and random access
machines are polynomial time equivalent, we may also view V as a Turing
machine, but we have to assume that V has random access to the bits of
P. Another issue is the adaptivity of V. Are the bits of P which V accesses
determined in advance from « and r, or the location of the second bit read
from P may depend on value of the first bit read from P, etc.? In the
first case we call the verifier non-adaptive, and in the second case we call

the verifier adaptive. Most verifier constructions in the PCP theory are
non-adaptive.

Definition 2.2 (PCP Classes[12]) A language L is in the class PCP{f, g)
iff there exists a constant ¢ > 0 and an (f{|z|%), g{|z|®})-restricted polynomial-
time probabilistic verifier for L.
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Clearly, NP C PCP(0, |z{).

Lemma 2.3 If L € PCP(f,g) and L1 many-one reduces to L then L1 €
PCP(f,g).

Proof. Since L1 many-one reduces to L, there is a polynomially com-
putable 7 such that for every # € £*: T(z) € L iff x € L. Let V(z, P,r)
be a probabilistic verifier for L. Then V(T'(z), P,r) is a probabilistic verifier
for Lq. a

The PCP notation allows a compact description of many known results:

Arora=A, Babai=B, Feige=Fe, Fortnow=F, Goldwasser=G
Levin=Le, Lovasz=Lo, Lund=Lu, Motwani=M, Safra=Sa
Sudan=Su, Szegedy==Sz

NEXP = PCP(n,n) BFLu [22]

NP C PCP(lognloglogn,lognloglogn) | BFLeSz [23]

NP C PCP(lognloglogn,lognloglogn) | FeGLoSaSz [62]
NP = PCP(logn,+/logn) ASa [12]

NP = PCP(logn, 3) ALuMSuSz [10]

In Section 2.4 we are going to prove the last one ([10]) which we also call the
basic PCP theorem because it is the basis of many further improvements. To
describe these improvements we need to introduce new parameters such as
free bit complexity, amortized complexity, and their combinations. We can
further parameterize PCP classes by allowing the acceptance and rejection
probabilities to vary rather than fixing them to 1 and 1 - e. The various
parameters will be discussed in details in Section 3.3.

2.2 A Brief History of Probabilistic Verification

The usual definition of NP uses the notion of a deterministic verifier who
checks membership proofs of languages in polynomial time. Goldwasser, Mi-
cali and Rackoff [80] and Babai [17, 25] were the first who allowed the verifier
to be a probabilistic polynomial-time Turing Machine that interacts with a
“prover,” which is an infinitely powerful Turing Machine trying to convince
the verifier that the input x is in the language. A surprising result due to
Lund, Fortnow, Karloff and Nisan [107, 18] and Shamir [129] has shown that
every language in PSPACE — which is suspected to be a much larger class
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than NP — admits such “interactive” membership proofs. Another vari-
ant of proof verification, due to Ben-Or, Goldwasser, Kilian and Wigderson
[35], involves a probabilistic polynomial-time verifier interacting with more
than one mutually non-interacting provers. The class of languages with
such interactive proofs is called MIP (for Multi-prover Interactive Proofs).
Fortnow, Rompel and Sipser [66] gave an equivalent definition of MIP as lan-
guages that have a probabilistic polynomial-time oracle verifier that checks
membership proofs (possibly of exponential length) using oracle access to
the proof.

Babai, Fortnow and Lund [22] showed that MIP is exactly NEXP, the
class of languages for which membership proofs can be checked determinis-
tically in exponential time. This result is surprising because NEXP is just
the exponential analogue of NP, and its usual definition involves no notion
of randomness or interaction. Therefore researchers tried to discover if the
MIP = NEXP result can be “scaled-down” to say something interesting
about NP. Babai, Fortnow, Levin and Szegedy [23] introduced the notion
of transparent membership proofs, namely, membership proofs that can be
checked in poly-logarithmic time, provided the input is encoded with some
error-correcting code. They showed that NP languages have such proofs.
Feige et al. [62] showed a similar result, but with a somewhat more efficient
verifier. Arora and Safra [12] further improved the efficiency of checking
membership proofs for NP languages up to the point that they were able to
give a new definition for NP this way.

They define a parameterized hierarchy of complexity classes called PCP
(for Probabilistically Checkable Proofs). This definition uses the notion of a
“probabilistic oracle verifier” of Fortnow et al. [60] and classifies languages
based on how efficiently such a verifier can check membership proofs for
them. The notion of “efficiency” refers to the number of random bits used
by the verifier as well as the number of bits it reads in the membership proof.
Note that we count only the bits of the proof that are read - not the bits of
the input which the verifier is allowed to read fully. The definition of a class
very similar to PCP was implicit in the work of Feige et al. [62].

The paper of Arora, Lund, Motwani, Sudan and Szegedy [10] in 1992
building on [12] was the first to decrease the number of check bits to constant.
It is not just philosophically important that every transparently written
proof can be checked with high accuracy by looking only at a constant
number of places in the proof, but the construct of ALMSS also serves as a
building block for nearly every construct that comes after it. Later results
were greatly motivated by their non-approximability consequences.
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2.3 The Language of Cryptography

Articles in cryptography often describe mathematical objects such as infor-
mation, knowledge, and secret through interactions between human charac-
ters. While the framework originally was used almost exclusively by cryp-
tographers, it has become an integral part of the entire computer science
culture.

In the remaining part of the text we are going to need expressions such
as “true prover,” “verifier,” and “cheating prover.” But what do they mean
exactly? When we prove that a probabilistic verifier V recognizes a language
L, our argument consists of two parts. In the first part we show thatif z € L,
the verifier accepts with probability 1. In the second part we show that if
z ¢ L then the verifier rejects with probability at least e.

The first part of the argument features the true prover who is responsible
to provide a string P which is accepted by the verifier with probability one.
In formula: Prob,(V(z,P,r) = 1) = 1. The presumed structure of P is
expressed in terms of the actions of the true prover. For instance, when we
say that “the good prover encodes string a using an encoding E,” it means
that the presumed structure of the proof is a code word E{a).

When we hypothesize that & ¢ L, the main character is the cheating
prover. By assumption he is an ultimately devious creature whose proof does
not adhere to the structure of the true prover. He has to cheat somewhere,
since no correct proof exists when z ¢ L. This property is required by
our notion of a good proof system. The goal of the cheating prover is to
maximize the probability with which the verifier accepts P, the “proof” he
presents. It is important to emphasize that the proof of the cheating prover
is an arbitrary string formed from the letters of the given alphabet, typically
¥ = {0,1}. When we argue about the € L case we never need to talk
about the cheating prover.

Like in the case of other formal proof systems in the case of PCPs, the
proof itself is just a vehicle to indicate that a statement holds, and itself
is not interesting for the verifier at all. Only the mere existence or non-
existence of its corrected version matters. The verifier does not want to
learn the entire proof or to verify that the proof adheres to the structure
of the good prover everywhere. It is sufficient for us to show thatif = ¢ L,
no matter what string the cheating prover may write down, it is so far from
being consistent either with the structure of the true prover or with other
constraints defined by input z that the verifier is able to catch the error with
probability e.
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2.4 The Proof of the Basic PCP Theorem

Theorem 2.4 NP C PCP(logn,3). Moreover we can also assume that the
verifier is non-adaptive and his accepting criterion is a disjunct (i.e. “or”
of the literals made from the three bits he looks at.

Notice that by Definition 2.2 the factor logn scales by a constant, but
not the second argument. First we show that

Lemma 2.5 NP C PCP(logn,c) for some fixed constant c.

This lemma is equivalent to Theorem 2.4 and it is also often called the
basic PCP theorem. We however prefer to call the stronger form this way,
which is implied from the seemingly weaker form by Lemma 2.10.

Proof. [of Lemma 2.5] By Lemma 2.3 it is sufficient to present a proba-
bilistic verifier for a specific NP complete problem.

Definition 2.6 (QSAT) The input instance of QSAT over ¥ is a set of
quadratic equations ¥ = {31 cicn@ijTi + X1cpicn TGk ThTl = ¢ | 1 <
i < m}, where all coefficients are from Fo. ® is accepted iff there are
Z1,...,2Zn € Fa that satisfy all equations of ¥ simultaneously.

Lemma 2.7 QSAT is NP complete.

Proof. In order to see that QSAT is NP complete we make a derivation
to it from 3SAT. Let F = Cy ACaA. .. ACyy be a 3SAT instance, so that each
clause C; contains three literals. We keep the names of the original variables
and add m auxiliary variables 2; (1 < ¢ < m). Then we arithmetize each
clause as the following example shows: If C; = x1 V z3 V 23, we turn Cj into
z1Veg = 2; and z; V3 =1, and express these equations arithmetically over
Fypas zy+z2—2122—2 = 0 and z; + 23— 223 —1 = 0. If ; is negated in C;
we replace z; with 1 — z; in the expressions. Clearly, F is satisfiable if and
only if the 2m quadratic equations we constructed above are simultaneously
satisfiable. i

Next we give a necessary and a sufficient conditions to ¥ € QSAT. Let
yi (1<i<n),y; (1<i,j<n)ben +mn? elements of Fy. Define:

y (yi)1<j<n (a row vector of length n),
Y = (yrt)i<ki<n (ann x n matrix),
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8y = Z a; jY; + Z Qi k 1Ykl (a vector of length m)
1<j<n 1<k]<n o
cy = (ci)i<j<m (a vector of the right hand sides of ¥).

Clearly, ¥ € QSAT iff a y exists which satisfies the equations

sg = cy, (1)
Y = yTy. (2)

We will encode these equations using error correcting codes. Let M be
the matrix of an {my,m,my/4) error correcting code over Fa, and N be the
matrix of an {nj,n,n1/4) error correcting code over Fa, such that both codes
are efficiently constructible, n; is polynomial in » and m, is polynomial in
m. We state the existence of these codes in Proposition 5.25 in Section 5.1.8.
Equations (1) and (2) are satisfied by some y if and only if

seM = coM (3)
NTYN = NTyTyN (4)

hold for the same y, since the M and N have full row-rank. We also
claim that

Lemma 2.8 [f¥ & QSAT then for everyy e F, Y € ng at least one of
the following holds:

1. seM and cgM differ in at least my/4 entries.

2. NTYN and NTyTyN differ in at least n}/16 entries.

Proof. Let y = (y,‘)ls,g_/_m Y = (y,',j)lgi,jin be arbitrary. If Yij = Yi¥i
for 1 <i,j < n then we have that sy # cg, since ¥ is not satisfiable. Then
M takes sg and ey to two different code words. By definition these code
words differ in at least /4 places.

Consider now the case when there is an 1 € 4,7 < n pair such that
vij # viy;. ThenY # yTy, or in other words, ¥ —yTy = X, where X
is not the identically zero matrix. We claim that in this case NTXN has
at least n3/16 non-zero entries implying that 2. holds. Indeed, if X is non
zero, then XN has a row with at least nj/4 ones in it. This follows from
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X XN
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Figure 2: If we start form any matrix X of size n x n with at least one 1 in
it, the the fraction of the non-zero entries of NTX N is at least %

the error correction property of &, and from the fact that it can be thought
of being applied to each row of X separately. Thus at least ny/4 columns
of XN are not identically zero. When multiplied from the left by N7, each
such column is taken into a column of NT XN which contains at least 71/4

non-zeros (see Figure 2). The n?/16 lower bound on the number of ones in
NTXN follows. =

Naive Protocol: In the first attempt we can try to construct a PCP for

the QSAT by requesting that the prover writes down the entries of s¢M,
NTY N, andyN. The verifier checks:

1. a random entry of sg M and compares it with the corresponding entry
of ey M (the later the verifier can compute without help from the
prover).

2. a random entry with index j,k of NTY N and compares it with the
product of the 5*® and k' entries of yN.

The verifier accepts if both comparisons give equality, otherwise rejects. It
follows from Equations (3) and (4) that if & € QSAT and y is a solution for
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U, Y = yTy, the verifier accepts with probability 1. It follows from lemma
2.8 that if ¥ ¢ QSAT no matter what y and Y the prover starts from, the
verifier rejects with probability at least 1/16. Moreover, the verifier looks at
at most four bits of the proof. The problem, however with this proof system
is that the bits of sg M, NTY' N, and yN must satisfy certain linear relations.
Therefore a cheating prover may mislead the verifier by presenting a “proof”
where these relations do not hold. To remedy this problem in Section 5.3
we construct codes that consistently encode linear combinations of variables
or else an error is detected. More precisely:

Lemma 2.9 (Basic Encoding Lemma) For some fixed & > 0, ¢ > Q the
following holds. Let {Li ..., Lyp} be arbitrary linear functions from F§ to Fa
(p > k). There is a @ < p°, a linear encoding E : F§ — F3, a decoding
function D : ¥y — F& and aprocedure P¥(r,i), whichrecovers L;(D(w))
from any w € ¥% in the following weak sense: P inputs a number 1 <4 < p,
selects a random number 1 < r < p®,reads c¢ entries of w € ¥} and outputs
either an element of Fa or a symbol “Reject,” such that:

1. If w = E(y) then the probability that P on input ¢ outputs Li{y) is 1.
2. For any w € F} and for any 1 <i < p:

Proby<r<pe(P¥(r, i) = “Reject”) +
PI‘OblS,-SPC(Pw(T,i)=L£(D(W))] 2 é

Moreover P works in time polynomial in p.

The theorem is a consequence of Theorem 5.56 of Section 5.3.5 and the
Decoding theorem for holographic codes (Section 5.3.6, Lemma 5.58 ). All
constructions of Section 5 are explicit, so the decoder P of Lemma 2.9 works
in polynomial time.

Correct Protocol: The prover is asked to encode y and Y with the code
of Lemma 2.9 that is created specifically to retrieve the entries of sgM,
NTY N, and yN. Note that these entries are all linear combinations of the
entries of ¥ and Y, so the lemma applies. The verifier works in two phases.
In the first phase he uses decoding procedure P of the lemma to retrieve the
four bits he needs for the naive test and in the second phase he performs the
naive test. In this protocol the verifier performs the randomized retrieval of
the four bits with four independent strings of random seeds.
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If ¥ € QSAT the true prover follows the encoding instructions starting
from a solution y of ¥. By property 1 of Lemma 2.9 the verifier decodes the
questioned entries from the code correctly never giving any error message,
and the tests of the naive protocol also go through with probability 1, since
y and Y were correctly given by the prover.

If ¥ ¢ QSAT then every proof w is cheating. Nevertheless D(w) =
(y,Y) exists, although the naive verifier rejects {sg M, N"YN,yN) with
probability at least 1/16. Recall that the naive verifier looks at four entries.
Fixing any of those four tuples of entries that causes the verifier of the naive
protocol to reject we compute the conditional property that the verifier of
the correct protocol rejects this four tuple (decoding error in the first phase
can result in wrongly accepting a four tuple). Let A; (for 1 <4 < 4) be the
event that the decoding procedure P either outputs “Reject” or it correctly
decodes the ith member of the four tuple. By property 2 of Lemma 2.9 we
have that Prob{A4;) > é for 1 < 7 < 4. Since A; and A; are independent
for 1 <1i < j < 4, we have that Prob{41 N Aa N A3 N Ay) > 8% Any event
in A; N Ag N A3 N A4 results in an error message either in the decoding
phase, or — if all four bits are decoded correctly — in the naive protocol
phase. Therefore the (unconditional) probability that the verifier rejects
any w when ¥ ¢ QS AT is at least §*/16. o

Lemma 2.10 Let ¢ > 3 be a constant and f(n) be an arbitrary function
from the positive integers to the positive integers. If there is a non-adaptive
(f(n), c)-restricted verifier V which recognizes a language L then there is a
non-adaptive (f(n)+ 3c+6,3)-restricted verifier V! which recognizes L such
that its checking criterion is always a disjunct of three literals made from
the three bits he reads.

Proof. We prove this lemma with a technique called proof composition.
Proof composition is a general principle stating that if the prover gives an
evidence that there exists a prooffor € L then this is a proof for z € L. A
very useful composition technique was introduced in [12], but here we need
a rather trivial version of it.

Let us fix z. For every fixed random choice r the accepting criterion of
V is a Boolean function f.(P) = V(z,P,r) of the ¢ bits of P examined by
V. The composed proof consists of the original proof, which we call the core
and a small (constant size) proof B, for every r € {0,1}/™. Each small
proof is constructed as follows. Recall that every Boolean function f{a) of
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¢ variables can be written in the form (38) g(e, ), where g is a 3CNF
formula of at most 2°*! variables (including the variables in «), and at most
23¢+6 clauses. The variables in 8 are called the auxiliary variables. Let g» be
the 3CNF formula equivalent to f. in the above manner. The small proof
associated with r € {0, 1}”") is any 8, forwhich gr(e;,,5r) = 1. Here a; is
the sequence of ¢ bits V reads from P for random string r. Verifier V' picks
a random r and a random clause of g» and accepts if the later evaluates to
1. Since g, has at most 23¢+6 (lauses, the composed verifier needs at most
3¢+ 8 more random bits than the original one. If V accepts a proof P with
probability 1 then for every r there exists a 8y such that gr{ar,Br) = 1,
so there exists a composed proof which V' accepts with probability 1. On
the other hand if V rejects every proof with probability at least € (for input
z), then no composed proof will be accepted with probability greater than
1— 5555 by V', To see this consider a composed proof with core P. Since V
rejects P with probability at least 1 — €, fr{cr) = 0 for at least ¢ fractionof
rs. For any such r no matter what 8, is we have gy(as, 8-) = 0. Then (con-
ditioned on r) a false clause is found by V' with probability at least 273¢~6.0

3 Non-Approximability Results

NP optimization problems (NPO) (see [90] [53] [52]) have one of the following
forms:

» Find max), <4y P(z,¥) given input z. [Maximization]
¢ Find minyy<q(z)) P(2,¥) given input z. [Minimization]

Here P(z,y)is a polynomially computable function that assigns non-
negative rationals to pairs of strings, and g is a polynomial. (In the literature
witness ¥ is selected from an arbitrary polynomial time computable set of
strings not necessarily only of the form {y | |y| < g(|z|)}. Our definition is
sufficient to describe all relevant problems, and enables us to avoid anomalies
that arise from the more general definition.)

While one can construct optimization problems that are not in NPO,
the class plays a primary role in optimization theory with such well known
problems as coloring, allocation, scheduling, steiner tree problems, TSP,
linear and quadratic programming, knapsack, vertex cover etc. The conse-
quences of the PCP theory almost solely concern NPO problems. There are
exceptions [49, 50], but we do not discuss them here.
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Most NPO problems are NP hard to compute exactly. A (polyno-
mial time) algorithm A is said to approximate an NP maximization prob-
lem P to within a factor r{z) > 1, if A outputs a witness y such that
the optimal solution for input z lies within max)y<q(zpy Pz, y)/r(z) and
max, <q(jz) P(,y). Here r(z) is called approximation ratio, and can be
generalized also to minimization problems in an obvious way.

Below we give three examples to NPO problems:

MAX3SAT: Let  represent a 3CNFformula,  represent an assignment,

and P(z,y) be the number of clauses in = satisfied by y. [Maximiza-
tion]

Setcover: Let x represent a polynomial size set system, y represent a selec-
tion of sets, and P(z,y) be the function, which equals to the number
of selected sets if the selected sets cover the universe, otherwise the
size of the entire set system. [Minimization]

PCP: Let V be an (logn, g(n))-restricted probabilistic verifier for a lan-
guage L. z represents an input, y represents a proof, and P(x,y) is
the acceptance probability of proofy for input z. Since the verifier uses
log n randomness, we can run V on all random strings and compute
this probability in polynomial time. [Maximization]

If in the latest example we take L to be an NP complete language and
V to be the verifier of Theorem 2.4, then it is easy to see that if we could
efficiently approximate the acceptance probability of V to within a factor
better than 1 — e (for the € of the theorem), then we could also solve the
membership problem for L. This is an example to an argument about non-
approximability. While it is easy to define functions that cannot be approx-
imated unless P = NP, the advantage of this example is that the value of
P(z,y) is proportional to a number of very simple predicates that y satis-
fies, namely each predicate depends only on three bits of y. This special
type of NPO problem is called a constraint satisfaction problem. Before the
theory of PCP there were no non-approximability results for any constraint
satisfaction problem. The new result gave rise to an entirely new theory of
non-approximability. We devote the next few sections to this theory.

3.1 A Brief History of Approximating NPO Problems

The NP completeness theory of Cook [51] and Levin [103] puts NPO prob-
lems into two categories: NP-hard or not NP-hard. The first alarm that this
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characterization is too coarse was sent off in an early paper of D. Johnson
[90] entitled “Approximation Algorithms for Combinatorial Problems.”

Motivated by exact bounds on the performance of various bin pack-
ing heuristics of [71] Johnson gave algorithms for the Subset Sum, the
Set Cover and the MAX k-SAT problems with guarantees on their per-
formances (1 + o(1), O(log|8]), 28/(2% — 1), respectively). He also gave
non-approximability results, but unfortunately they referred only to specific
algorithms. Nevertheless, he has brought up the issue of classifying NPO
problems by the best approximation ratio achievable for them in polynomial
time.

For years advances were very slow. Sahni and Golzales [126] proved the
non-approximability of the non-metric traveling salesman and other prob-
lems, but their proofs were very similar to standard NP completeness proofs,
and they effected only problems where approximation algorithms were not
explicitly sought for. A more promising approach was found by Garey and
Johnson [72] who used graph products to show that the chromatic number of
a graph cannot be approximated to within a factor of 2—¢ unless P = NP,
and an approximation algorithm for the max clique within some constant
factor could be turned into an algorithm which approximates max clique
within any constant factor.

The old landscape of approximation theory of NPO radically changed
when in 1991 Feige, Goldvasser, Lovasz, Safra and Szegedy [62] for the first
time used Babai, Fortnow and Lund’s characterization of NEXP in terms
of multi-prover interactive proof systems [22] to show that approximating
the clique within any constant factor is hard to NTIME(n!/1glgn) Simyl-
taneously Papadimitriou and Yannakakis defined a subclass of NPO what
they called MAXSNP, in which problems have an elegant logical description
and can be approximated within a constant factor. They also showed that
if MAX3SAT,vertex cover, MAXCUT, and some other problems in the class
could be approximated with an arbitrary precision, then the same would
hold for all problems in MAXSNP. They established this fact by reducing
MAXSNP to these problems in an approximation preserving manner. Their
original intention was most likely to build a theory of non-approximability
via defining suitable reductions, analogous to those in the theory of NP,
but new non-approximability results in [10] let them achieve much more.
The theory of NP and the theory of non-approximability met, and research
developed rapidly in three directions:

1. Non-approximability results for NPO problems;
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2. Construction of approximation algorithms achieving optimal or near
optimal ratios;

3. Development of approximation preserving reductions and discovery of
new (non)-approximability classes.

Today we have a a precise idea about the non-approximability status of
many NPO problems. The on-line compendium of Pierluigi Crescenzi and
Viggo Kann [52] keeps track of the growing number of results and continu-
ously updates data about most known NPO problems.

3.2 The gap-3SAT Instance

The gap-3SAT instance is a 3SAT formula, which is either satisfiable or at
most 1 — € of its clauses are satisfiable.

Theorem 3.1 ([10]) There exists an € > 0 such that for every L € NP
there is polynomial time computable map from £* to 3SAT instances (map-
ping T € L* to ¢g) such that:

1. If © € L then ¢4 is satisfiable.

2. If x & L then every assignment leaves at least € clauses of ¢ unsatis-
fied.

Indeed, build a PCP for L as in Theorem 2.4, and define
¢m = Arer,

where ¢, is the verifier’s accepting criterion for random string r, and which
is by the assumption of Theorem 2.4 is a disjunct of three literals. The
variables are the bits of the proof. If # € L then all ¢;s evaluate to 1, but
if z ¢ L then e fraction of the clauses must remain unsatisfied for every
assignment, i.e. for every proof of the prover.

The theorem has the immediate consequence that MAX3SAT cannot
be approximated in polynomial time to within a factor better than 1/(1 —
€), otherwise we could use this algorithm to efficiently compute if £ € L.
Since MAX3SAT is MAX-SNP complete in the sense of Papadimitriou and
Yannakakis [115], we get:
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Theorem 3.2 ([10]) No MAX-SNP complete problem can be efficiently ap-
proximated to within a factor arbitrarily close to 1 unless P=NP.

In Theorem 3.2 the non-approximability gap € > 0 is not explicit. We
make it explicit in Section 3.6 for various constraint satisfaction problems.

3.3 Refined Parameters of PCPs

In Section 2.1 we parameterized probabilistic verifiers with the number of
random bits, f(n), and the number of check bits g(n) (See Definition 2.1).
When we make a reduction from a PCP to an NPO problem, the exact non-
approximability gap of the later may depend on several other parameters of
the PCP. Here we list some, starting with the most important ones:

1. The completeness probability, g(n), which is the least probability of
acceptance, when z € L. Originally ¢(n) = 1, but Héstad [84, 85]
proved that we can improve on other parameters if we allow g(n} to
be slightly less than 1.

2. The soundness probability, p{n), which is the greatest probability of
acceptance, when z € L.

3. The free bit complexity. In Section ?? we defined ACCy(z,7). Using
this notation:

free(n) = ima,x log max |ACCy(z,r)|.

z|=n

4. The average free bit complexity,

1
freeq(n) = ﬁia—'ﬁ log (W z,.: |[ACCy (=, r)|) 2

note that " [ACCy(x,r)| is the size of the FGLSS graph.

5. The alphabet size |Z|. So far we have assumed that the witness w is
a string over the binary alphabet {0, 1}. Raz and Safra [122] showed
the relevance of using alphabets which may contain up to n symbols.

The parameters we have discussed so far were defined from the model of
PCP. We also consider derived parameters that can be expressed in terms of
the parameters we have defined so far.
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1. The gap function gap{n) = q(n)/p(n).
2. The amortized query bit complexity defined as lo—gg%a.

3. The amortized free bit complexity defined as i"ﬂ%)—j

logy gap(n)’

The following notations for PCP classes with refined parameters are more
or less standard in the literature:

PCP,,(f,g) is the class of languages for which there is an (f{n¢), g(n®))-
restricted PCP verifier with completeness probability g(n¢) and soundness
probability g(p®). FPCP,u(f, free) denotes the class, where the query
complexity is replaced with the free bit complexity. FPCP(f, free) is
UFPCP,,(f, free), where the union runs through for all choices of g¢(n),
Iﬂ and free(n) such that the amortized free bit complexity is at most

free(n).

3.4 Amplification Techniques

lification Methad
On PCPs On the FGLSS graph
does not change changes Randgglzue&sgraph
Naive repetition / \
Parallel Repetition Proof composition

Figure 3: Various types of amplifications

Amplification techniques are transformations on Probabilistically check-
able proofs or on the FGLSS graph that improve on their parameters. An
ancestor of these techniques was used in [72] to prove that the chromatic
number cannot be approximated to within a factor of 2 — €. In this section
we review the naive repetition, the parallel repetition, the proof composition



Probabilistic Verification and Non-approximability 103

and the randomized graph product (see also in Figure 3). All of them are
playing important roles in the theory of non-approximability.

3.4.1 Naive Repetition

In the case of naive repetition the new verifier’s query is the conjunct of k
independently chosen queries of the original verifier. It increases the gap in
between the completeness and the soundness probabilities as shown in the
table below:

Original Verifier Repeated Verifier

Number of Random Bits:  f(n) kf(n)
Number of Check-bits: g(n) kg(n)
Completeness Probability: g(n) g(n)*
Soundness Probability: p(n) p(n)k

Perhaps the most troublesome aspect of the naive repetition is that it
increases the number of random bits the verifier needs to use. Zuckermann
[142] suggests a “less naive” repetition, where the verifier chooses its k tuple
from a set S of polynomially many k-tuples. Unfortunately S is constructed

randomly, so the PCP verifier cannot produce it by himself. PCP verifiers
who work with advice S we call a PCP¥ verifier. With high probability over
a random S with |S] = 25 the following holds for Zuckerman’s Verifier:

Original Verifier Zuckerman'’s Verifier

Number of Random Bits:  f(n) F(n)

Number of Check-bits: g(n) g(n)(F(n)+2)
Completeness Probability: 1 1

Soundness Probability: 1/2 2f(n)—F(n)

Lars Engebretsen and Jonas Holmerin ([5S9], Lemma 14) have computed
the performance of the Zuckerman’s Verifier for various values of the com-
pleteness and soundness probabilities. This is what they got:

Original Verifier EH Veriﬁer
Number of Random Bits:  f(n)

e F(n)+2

Number of Check-bits: g(n) n)_—&)p(—nj g(n)D
Completeness Probability: g(n) qP(n)/2

Soundness Probability: p(n) 2f(n)=F(n)

In the case of perfect completeness the EH-Verifier also has perfect com-
pleteness.



104 M. Szegedy

3.4.2 Parallel Repetition

Parallel repetition of PCPs, as opposed to naive repetition requires to change
not only the verifier’s behavior, but also the encoding. Its usefulness later
will be clear.

Assume that an (f, g)-restricted verifier V expects P to be segmented,
ie. P consists of blocks (usually of some fixed block size). The verifier
can enforce this structural restriction even on a cheating prover, because
it effects only the positions the verifier looks at and not the proof content.
Assume that the verifier always accesses data only from two different blocks.
A further (albeit non-essential) restriction is that P consists of two parts, P
and Ps, such that V always accesses one block from each. A PCP with this
structural restriction is called a two prover system, since P is being thought
to be given by two different provers whom the verifier confronts with one
another.

Any naive repetition for any & > 1 would upset this structure, but
parallel repetition keeps the two prover property of the protocol. We shall
denote a verifier V repeated k times in parallel by V*. The true prover for
V* writes down all possible ordered & tuples of segments from P; and all
possible ordered k& tuples of segments from Pz, and these k tuples are the
segments of the repeated provers. The verifier uses kf(n) randomness to
simulate k& independent checks {c11,¢2,1), ... (€1,6;¢2%) of V, and queries
segments (c1,1,.-.,¢1%) and {c1,1,...,¢1k)- vk accepts iff V would accept
all pairs (c1,4,¢2;) for 1 < i < k.

It is easy to compute the acceptance probabilities if the proof has the
P{‘,P{‘ structure, but there is no guarantee that cheating provers adhere to
this structure. Surprisingly we can still say something about the maximum
acceptance probability for V*.

Theorem 3.3 (Raz’s Parallel Repetition Theorem [121]) For every
verifier V. of a 2-prover PCP there is a constant @ < ¢ < 1:

n}Da’.xProbrl,___,,-k(Vk(:c, P!: L T }rk) = 1) < Cks (5)
where ¢ depends only on p(V,z) = maxp Prob,(V(z,P,r) = 1), and the
maximum segment size for V, and is strictly less than 1 if p(V,z) < 1. (In

Equation (5) P' ranges through all (possibly cheating) proofs for VE.)

The properties of the repeated proof are summarized in the table below:
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Original Verifier With k repetitions

Number of Random Bits:  f(n) kf(n)
Number of Check-bits: g(n) kg(n)
Completeness Probability: g(n) q(n)*
Soundness Probability: p(n) c* (See Theorem 3.3)

The price we pay for keeping the two prover structure is a weaker bound on
the soundness probability than in the case of naive repetition.

Two prover systems were introduced by Ben-Or, Goldwasser, Kilian and
Wigderson [35], have been studied by Rompel and Sipser [66], Feige and
L. Lovasz[65], and by many others. In modern PCP constructions we need
a fairly simple two prover protocol, considered folklore. The verifier of this
protocol, which we call V3541, comes from the gap-3SAT instance of Section
3.2 and works as below.

Let ¢, (associated with & € ¥*) be a 3SAT instance, which is either
completely satisfiable or at most 1 — € fraction of its clauses are satisfiable
for some € > 0. By Theorem 3.1 we can assume that the language L = {z |
¢ is satisfiable} is NP complete, and that ¢, is polynomial time computable
from z. The verifier V3g4r computes ¢., picks a random clause in it, and
asks the first prover to evaluate the three literals in the clause. If all the
three literals evaluate to false, V3s47 rejects outright. Otherwise he picks a
random variable in the clause, and asks the second prover to evaluate this
variable (the two prover do not hear each other’s answers, but they can
agree in a strategy in advance, and they also know z). If the two provers
evaluate the variable differently, the verifier rejects, otherwise accepts.

In order to see that the above informal description indeed defines a two
prover system in our former sense, identify P; with the concatenation of all
answers to all possible questions of the verifier to prover i. Each answer
is one segment, and the number of segments in P; equals to the number of
different questions the verifier may ask from prover 7. The segment size is
equal to the answer size.

Next we show that the above protocol has a gap at least ¢/3. Clearly,
when z € L, i.e. when ¢ is satisfiable, the provers just agree in a satisfying
assignment to the variables of ¢, and Vagar accepts with probability 1.
Otherwise every assignment fails to satisfy at least € fraction of the clauses
of ¢. Observe that the strategy of P, corresponds to an assignment to the
variables of ¢,. For the sake of simplicity we call this assignment Pz. This
assignment must fail to satisfy at least € fraction of the clauses of ¢z, and
the verifier has probability e that he finds one of these clauses. The first
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prover of course may lie, and may not give the same evaluation to one of the
variables in that clause as P2, but (conditioned on the clause) the verifier
notices this inconsistency with probability at least 1/3. Thus in case = & L,
Vasar accepts with probability at most 1 — /3.

Feige [61] shows that we may also assume that in ¢, each variable appears
exactly in 5 clauses and that each clause contains exactly 3 variables. By
Feige’s restriction we may assume that Vig 47 first selects a random variable
and then chooses a clause randomly out of the five that contains this variable.
Observe that the sequence in which the verifier asks the provers does not
matter, and in the sequel we all the prover who provides the clauses the
second prover. We may also assume that the verifier decides at his output
after he has heard both provers.

In all applications Vagar is repeated in parallel £ times, where £ depends
on the application and ranges from a large constant to logn. The lemma
below summarizes the properties of Vil 4.

Lemma 3.4 Ler £ be an arbitrary polynomially bounded function of |z|, and
let b= {by,...,bn} bethe Boolean variables, and ¢ = {c1,...,c5n/3} be the
clauses of ¢g. (We say by € ¢; ifbi or b: appears in ¢;-) Then V;fs A has
the following features:

1. It randomly picks an £ tuple U = {b;,,...,b;,) and checks it against
an £ tuple W = (¢jy,...,¢4,) such that b;, € ¢j, for 1 < v <€ W
is called a companion of U, and it is randomly picked from set of all
companions of U. The verifier accepts if Vasar would accept (bi,,cj,)
for every 1 £ v < £, ie. all ¢j, are satisfied, and the assignments of
the variables in U and W are consistent.

2. It has perfect completeness.
3. It has soundness at most ¢ for some fixed constant ¢ < 1.

4. It uses O(£logn) random bits and 4€ check bits. (Here parameter 1 is
the length of &, and it is in polynomial relation with N.)

3.43 Proof Composition

The idea of composing probabilistic verifiers first appears in the paper of
Arora and Safra [12] and is aimed at improving on the number of check-bits
of a probabilistic proof system. We implicitly use this idea in Section 5.3.2,
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where we compose holographic codes and explicitly use a baby version of it
in Lemma 2.10.

To describe proof composition in general let us assume we have a proof
system with an (f,g)-restricted verifier V that recognizes a language L.
From now on we call V the outer verifier. We would like to construct a
new verifier V/ which recognizes the exact same language as V, but uses
less check-bits. Fix input & with |#| = n. The composed proof for z € L
consists of the old proof P, which we call the core, and a proof P, forevery
choice of the random string » with |r| = f(n) which we describe later. We
shall compose proof systems only with non-adaptive verifiers. Let @, be the
set of bits that V reads from P when works with random string r. The set
of accepting views ACCy(z,r) can be viewed as a language L, restricted
word-length |@,|. Let V, be an (f’, g')-restricted probabilistic verifier that
recognizes this language, where f'(n), g'(n) are some functions independent
of 7. The set of all V,s for |r| = g(n} is called the inner verifier (somewhat
inaccurately).

The compound verifier picks a random r with |r{ = g(n) and a random
string v with |r'| = f'(|Q.|), runs V; on input Q,, random string ' and
proof @-, and outputs its output.

Let us compute the parameters of the composed proof system. Assume
that V has completeness probability g{n) and soundness probability p{n),
and that each V(r) has completeness probability p'{n} and soundness prob-
ability ¢'(n). Here is what we get:

Original Proof Composed Proof

Completeness Probability: g(n) q(n)d'(n)
Soundness Probability: p(n) (1= p(n))p' (n) + p(n)
Number of Check-bits: g(n) g(n) + ¢'(g(n))

As we see, all parameters get worse. What is our gain then? The inner
verifieruses g(n) + g'(g(n)) check bits because for some r he reads g(n) bits
from the core and g'(g{n)) bits from P,. The second term is small, but we
need to improve on the first term. Recall that the bits V¥, reads from the
core constitute the input of V;, and for normal probabilistic verifiers there
is no restriction on how many bits they read from their input.

Babai, Fortnow, Levin and Szegedy [23] have introduced a probabilis-
tic verifier, which reads only a few bits from its input. The price of this
restriction is the BFLS verifier cannot recognize every language. In fact it
cannot recognize any language, only promise problems, or, as Szegedy [133]
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interprets it languages over a three valued logic. We can still use the BFLS
verifier as an inner verifier if the outer satisfies a segmentation restriction,
as in Section 3.4.2, because of theorems of the following type:

“For every language L there is an encoding E, a decoding D and a BFLS
verifier VBFLS which reads at most e(n) bits of its input. If the input to
VBFLS (ecodes to x & L then VBFLS accepts with probability at most p',
and for every input of the form E(z} with z € L the verifier accepts with
probability at least ¢’. If words of length n are defined in k segments of
length n/k each, then the encoding and decoding can be performed on the
segments separately.”

Here functions ¢', p’, e and k depend on the particular BFLS type theo-
rem but the first three parameters deteriorate as the fourth parameter grows.
If the outer verifier’s proof consists of disjoint data segments and the outer
verifier reads at most & segments from its proof (this is the case for the two
prover protocol of Section 3.4.2 with k = 2), then we can compose it with a
BFLS verifier as above and get

Original Proof Composed Proof
Number of Check-bits: g(n) e(g(n)) + ¢'(g(n))

This technique was responsible for the great improvements in the number
of check-bits in [12] and [10]. (Our explanation of Theorem 2.4 in this
chapter circumvents the above sketched proof composition technique.) A
technical detail is that the composed verifier expects the segments of the
outer verifier to be encoded according to the code E of the BFLS inner
verifier, so the core is not exactly the original proof P.

3.44 Randomized Graph Products

Graph products amplify gaps in sizes of independent sets [74] and and chro-
matic numbers [104]. There are many different types of graph products, but
the one which is most useful for us is the inclusive graph product.

Definition 3.5 (Inclusive Graph Product) Ler Gi and Ga be a graph
with vertex sets Vi, resp Va, and edge sets Ey, resp. Ea. We define the
inclusive graph product of G1 X Gz on the vertex set Vi x Va such that
(z1,%9) is connected with (3,y2) if and only if 21 is connected with ¥y in
G1 or z3 is connected with yz in G
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It turns out that inclusive graph products behave particularly nicely with
respect to the independent set sizes. Since the size of the maximum clique
of the graph is the size of the maximum independent set size in the com-
plement of the graph, if we want to amplify the gap in the clique size we
first take the complement of the graph. In order to get amplification for
the chromatic number we need to take a larger detour and first define the
fractional chromatic number of a graph:

Definition 3.6 (Fractional Chromatic Number) Ler G be an undirec-
ted graph and I be a set of G. The indicator function Xy of I is map from
V(G) to the reals which assigns I to the elements of I and O to the elements
of VI(G)\ L. Let Ind(G) be the collection of all independent sets of G. We
define the fractional chromatic number of G by:

xf(G) = min Z Ar

1€Ind(G)
Subject to:
Ar 2 0 forall I € Ind(I),
Z ArX1 > Xy coordinate-wise.
IeInd(G)
Clearly,
V(G
X(©) 2 x/(6) 2 max ( L) (@) (©

where a(G) = w(G) is the independence number of G.
Let G* be the k-wise inclusive graph product of G with itself. Then

a(GF) = aG)* (7)
x(G%) < x(G) (8)
xs(G) = xs(G) (9)

The Equation (9) is observed by Lovasz [106]. We can amplify constant
gaps in the independence number and the fractional chromatic number to
polynomial by setting k = ¢logn, but the size of the resulting graph becomes
super-polynomial. In order to overcome this problem Berman and Schnit-
ger [37] developed a randomized version of this graph product. Instead of
taking G* they randomly select an induced subgraph of it. Feige and Kilian
[FeKi2] summarize the parameters of their construction in a lemma, which
we slightly extended here:
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Lemma 3.7 Vertex induced subgraphs G' of G* have the following proper-
ties:

1. x5(G") < x5(@)

2. If a(G) < C then a(G') < k|V(G)| for nearly all subgraphs G' with

JL%—GIM vertices.
3. x5(G") > LS, for all G satisfying @(G) < KIV(G)).

4. a(G) > j—‘i&?ﬂl with high probability over a fixed sized subgraph G,
where ¢ = |V (G)|/a(G).

3.5 The Long Code

The long code was invented by Bellare, Goldreich and Sudan [31], and it
seems to be a necessary tool to prove exact non-approximability bounds
for various constraint satisfaction problems. It is also used to prove the
non-approximability of MaxClique to within a factor of |V(G)|'~¢ in [86].

The coordinates of the long code correspond to all possible functions
f:{0,1}* - {0,1}. When we encode an x € {0,1}"?, the coordinate corre-
sponding to f takes the value f(x). Since there are 22" Boolean functions
on n inputs, the long code is a string of length 2%".

One might ask: why do we want to use such a wasteful encoding in our
constructions? From the long code we can very efficiently decode the value
of any Boolean function on x. We may think of the encoding with the long
code as the composition of two encodings: first we encode x € {0,1}" to
a string x,, € {0,1}%", where x, is one only at a single position, and zero
everywhere else. Then we encode x, with the Hadamard encoding i.e. with
the one that contains the modulo two sum of the digits of x,, for every subset
of the index set of x,.

x x, Hadamard
00 — 0001 - 0000000011111111
01 — 0010 - 0000111100001111
10 — 0100 ~¥ 0011001100110011
11 — 1000 — 0101010101010101
If we have a set of functions hi,. .., hg, and we know that hi(x) = ... =

hi(x) = 1, then we can condition the long code only on those xs that satisfy
these conditions. In practice this is done by discarding those coordinates of
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x, that are indexed with such xs for which the desired conditions do not
hold. The Hadamard code is constructed for this shorter version of x,,. This
conditioning technique is due to Hastad [86], and it is a modification of an
earlier technique of Bellare et. al. [31], called folding.

In this section we describe only the basic test to check the long code,
which is the mother of all other tests. This test is invented by Héstad [85].
Checking the long code results in the verifier’s rejection of a string which is
“unrelated” to the long code. The relation we are looking for is described in
Lemma 3.8. Below F denotes the set of all Boolean functions on n variables,
and it is the index set for the table A we want to check. We denote by Ay
the entry of A at index f. Note that A; € {0,1}, although some literature
uses {1, —1} instead of {0,1}.

Long Code Check [85]:
1. Choose fo and f1 from F with uniform probability.

2. Choose a function u € F by setting p(x) = 1 with probability 1 — e
and pu(x) = 0 otherwise, independently for every x € {0, 1}".

3. Set foa = foa® fi ® u, ie. define fy for each x € {0,1}* by fa(x) =
fo(x) @ f1(x) & p(x).

4. Acceptif Ay, @ Ay, & Ay, = 0.

Lemma 3.8 IfA is the table of a word in the long code, the verifier accepts
with probability at least 1 — €. IfA passes the test with probability at least
I—EE, then there is a B which is the modulo two sum of at most € 'log1/p
words of the long code, and A and B agree in at least 1%2 fraction of the
22" bit positions.

Because of the wasteful nature of the long code we use it only to encode
very short (usually constant) piece of information in the context of proof
recursion.

3.6 Constraint Satisfaction Problems

A general constraint satisfaction problem instance is a set of Boolean func-
tions S = {f;}1<i<m on n variables, and the goal is to find an assignment to
the variables such that the maximum number of fis are satisfied. Specific
constraint satisfaction problems have different restrictions on the types of
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Boolean functions that S is allowed to contain. Here we discuss MAXKLIN,
MAXKESAT and MAXECSP. If k is a fixed constant then all of these prob-
lems are in MAXSNP and therefore approximable within some contant fac-
tor.

Problem Name: MAXELIN:

Instance: A set of linear equations over Fo. L = {;1 ® zi2 ® iz = ¢; |
1<i< m} such that for 1 <1< m, 1 <7< 3: xij € {Ig}]gisn,
where z; (1 < 1 < n) are variables in Fy, and ¢ (1 < i < m) are
constants in Fs.

Solution: An assignment to the variables z; (1 < i < n).

Objective: Maximize the number of equations set true in L.

It is obvious, using a random replacement, that for any k& = 1 and any
L at least half of the equations of L are satisfiable.
On the other hand Hastad constructs a PCP protocol [86] which shows:

Theorem 3.9 ([86]) For any € > 0, k =2 3 it is hard to approximate
MAXELIN to within a factor of 2 — e.

Haéstad’s protocol [85] briefly works as follows: We start with the V:fs AT
verifier of Lemma 3.4. By the result of Raz [121], this verifier has soundness
probability c‘i for some 0 < e; < 1, which can be made arbitrarily small if
{ is a large enough constant. We then use the long code to encode every
proof segment of this parallelized two prover PCP. The long code of the
second prover’s answer must be conditioned on the assumption that the
corresponding clauses are satisfied. The new verifier works like Vi 4, except
that the verifier checks the long code corresponding to each prover’s answer,
and the consistency in between the codes. This seems like a lot of checking,
but Hastad does it very economically, only with three query bits. His check
is a variation on the check described in Section 3.5. As a result he gets a
verifier, which accepts with probability 1 —§ if the formula of the gap-3SAT
instance is satisfiable, and rejects with probability at least 1%5 if it is not
satisfiable, where & can be made arbitrarily small. Moreover each check is
a linear equation over Fy involving three variables. From this Theorem 3.9
follows.

Problem Name: MAXESAT:
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Instance: A set of disjuncts & = {(t;1 V2 Viiz) |1 <4< m} such that
forl<i<m,1<j<3¢; € {£1,71,...,%n,Tn}, Wherez; 1 <i<n
are Boolean variables.

Solution: A Boolean assignment to the variables z; 1 <% < n.

Objective: Maximize the number of disjuncts set true in @.

Johnson [90] in 1974 showed that the MAXASAT is approximable to
within a factor of TZ;_J in polynomial time as long as each clause contains
exactly k literals. Trevisan, Sorkin, Sudan, and Williamson [139] show that
MAX3SAT is approximable within 1.249 without any restriction, and Karloff
and Zwick [92] shows that it is approximable within a factor of 8/7 for
satisfiable instances. Here we prove the non-approximability of MAX3SAT.

Theorem 3.10 ([86]) For any € >> 0 it is hard to approximate MAX3SAT
to within a factor of 817 — €.

Proof. We reduce the problem to the non-approximability of MAX3LIN.
Let L be an instance of MAX3LIN such that either at least 1 — ¢; fraction
of its equations are satisfied or at most 1/2 + e2/2 fraction of its equations
are satisfied. We replace every equation z @ y @ z of L with a set of four
clauses (£ Ay AZ), (zAGA2), (TAYA2),and (ZATAZ). An assignment
that satisfies the linear equation satisfies all the clauses, while an assignment
that does not satisfies the linear equation satisfies three of the four clauses.
The MAX3SAT instance $ we construct for L is the multi-set union of these
replacements. It is easy to see that either 1 — ¢; fraction of the clauses of &
are satisfied or at most 7/8(1 + €2), and if €; and €2 are small enough, we
get the result. (m]

Actually, Hastad proves in general that MAXEKSAT is not approximable
within ij;__g — ¢ for any k and ¢, even if every clause consists of exactly k
literals.

Problem Name: MAXkLCSP:

Instance: A set S = {f;|1 << n} of Boolean expressions (constraints),
each depending on at most k of the Boolean variables z; 1 £ ¢ < k.

Solution: A Boolean assignment to the variables z; (1 <1 <n).
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Objective: Maximize the number of expressions set true in S.

The best known algorithm for the MAXECSP problem has an approxi-
mation ratio 21 [138]. Recently Samorodnitsky and Trevisan [130] showed
that for any § > 0 and any NP complete language L there is a PCP with
amortized query complexity 1+ 4. It is easy to see that this implies that as
k tends to infinity MAXECSP is hard to approximate to within a factor of
290K}~k In fact what they prove is slightly stronger:

Theorem 3.11 ([130]) For every k the MAXk CSP problem is NP hard to
approximate to within ok~O(VE)

Their proof relies on a very efficient version of testing the Hadamard
code. We describe the standard way of checking the Hadarmard code in
Section 5.2.1. Samorodnitsky and Trevisan recicle query bits in a parallel
version of this test, and give a very clever analysis of their modified test.

3.7 The Max Clique
Instance: Undirected graph G = (V, E).

Solution: A clique in G, i.e. a subset € C V such that all two-element
pairs in C are in E.

Objective: w(G) = max¢ |C|.

Boppana and Halldérsson [43] in 1992 proved that the maximum clique
problem can be approximated within a factor of O(|V|/(log|V])?). The
hope for a significantly more efficient algorithm has gradually faded away as
a sequence of non-approximability results arose. The first such result was
that of Feige, Goldwasser, Lovasz, Safra and Szegedy [62] who established
the connection in between clique approximation and proof checking. With
the terminology developed in [12] (see also Definition 2.2 and Section 3.3)
this connection can be formulated as below:

Theorem 3.12 (FGLSS) Let NP c PCanp f.9). Thenif
MaxClique of a graph of size h(n) = 27 (m)+9(n) can be approximated within

a factor better than g(n)/p(n) in tlme polynomial in h{(n), then NP C
DT IM E(poly{h(n))).
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Proof. Let L be an NP complete language. Let V{r, P,z) be a proba-
bilistic verifier that recognizes L using f(n) query bits, g{n) random bits,
and which accepts for at least g(n)2/{ choices of # for some P, if z € L,
and accepts for at most p(n)2f(® choices of r for every P, if = & L.

Consider the FGLSS graph, Gy (), for V and z defined in Section ??.
Conditions 1.-3. of Lemma ?? imply the theorem, since if we could approxi-
mate the max clique of Gy(z) within a factor better than g(n)/p(n) in time
poly(h(n)) then we would be able to use this algorithm to tell whether z € L
or not by declaring that # ¢ L iff the estimate the algorithm gives for the
maximum clique size of Gy (z) is at most p(n)2/™ (note that by definition
the algorithm always gives a lower estimate on the clique size). O

Let f(n) =lognloglogn. Feige et al. show that NP C PCPy /(f, f)-
This argument used the scaled down version of the two prover interac-
tive protocol by Babai Fortnow and Lund [22], and provided the first,
albeit not very refined PCP construction. If we apply logFn indepen-
dent naive repetitions on the above verifier (see Section 3.4.1) we obtain
NP C PCP, | jogin(f(n}loghn, f(n)logn). By Theorem 3.12 this im-
plies that for every fixed € > 0 MaxClique cannot be approximated within
a factor of 218" “IV| unless NP has quasi-polynomial time algorithms.

The next important important step was made by Arora and Safra [12]
who showed the NP hardness of MaxClique up to an approximation factor
2veelVl This result was the first to show the non-approximability of Max
Clique under the natural P # NP assumption, and provided the first PCP
construction which characterized NP.

Arora, Lund, Motwani, Sudan and Szegedy [10] proved that NP =
PCP, 1/5(logn,0(1)) (see Theorem 2.4). An amplification method [47]
based on the “expander walk” technique of Ajtai, Komlés and Szemeredi
(1] yields that NP = PCP, ;,,(logn,logn). Then Theorem 3.12 gives that
there is an e that it is N P-hard to approximate MaxClique up to a factor
of |[V|¢. Alon, Feige, Wigderson and Zuckerman [2] showed how to obtain
the same result starting with FGLSS graph constructed from Theorem 2.4
by de-randomizing the graph product of Berman and Schnitger [37].

The constant € was made explicit by Bellare, Goldwasser, Lund and
Russel [32]. They also slightly improved on the proof methods of [10], and
coupled it with a new amplification technique of [37, 142] to show that
MaxClique is hard to approximate within a factor of |[V[Y/25 unless NP is
contained in co — RP. Here P stands for the quasi polynomial time.
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Notice that in the last result the hardness condition is different than
before, because it involves the randomized class, co — RP. BGLR replace
the condition NP € PCPy,) »(n)(f(n), g(n)) of Theorem 3.12 with NP <p
PCPy(n) pimy{f(n),g(n)), where <g stands for “randomly reducible.” Al-
though this weakens the hardness condition, it allows better amplification
methods and thus better parameters.

Feige and Kilian [64] have observed that Theorem 3.12 can be replaced
with the following lemma (for the definitions see Section 3.3):

Lemma 3.13 (Feige, Kilian [64]) Let NP C FPCP,,(f, free). Then
if MaxClique of a graph of size h(n) = 2/ (m)+rree(n) can be approximated
within a factor better than g(n)/p(n) in time polynomial in h(n), then NP C
DTIM E(poly(h(n))).

From the above lemma they showed that Max Clique cannot be approxi-
mated to within a factor of |[V'[/15~¢ unless NP = coRP. Bellare and Sudan
in [34] introduced the amortized free bit complexity, free (see Section 3.3),
and notice that the best available amplification techniques give that:

Lemma 3.14 [f there is a PCP which uses O(logn) randomness and has
amortizedfree bit complexity fr;ee, then Max Clique cannot be approximated

within a factor better than ni*free unless NP C coRP.

They prove that MaxClique cannot be approximated to within a factor
better than |V|/4 unless NP C coRP. The next major step was made by
Bellare, Goldreich and Sudan [31], who discovered the long code (see Section
3.5), and building it into their PCP immediately could reduce the free bit
complexity. They prove the non-approximability of MaxClique to within a
factor better than |V|/3 unless NP C coRP.

Although the constant in the exponent gradually improved, it seemed
that theoretical limitations bar the improvement of the non-approximability
exponent beyond 1/2. It has turned out, that the limitations could be
overcome by dropping unnecessary assumptions about the PCP, such as the

perfect completeness property. Relying on a new test for the long code of
Bellare et. al., Hastad was able to show:

Theorem 3.15 (Hastad [85]) Max Clique cannot be approximated to within
a factor of [V|1¢ for any € > 0 unless NP C ZPP.
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In the proof of this theorem Héstad uses the same probabilistically check-
able proof construction as he does for constraint satisfaction problems, but
the verifier works differently, and the analysis is different. He is able to
achieve amortized free bit complexity e for any € > 0.

Recently Sudan and Trevisan [132] and Samorodnitsky and Trevisan
[130] simplified the involved analysis of Héstad, and constructed a PCP
which has the additional benefit of having amortized query bit complexity
1 + e. Building on [132] and [130] Lars Engebretsen and Jonas Holmerin
[59] showed very recently, that unless NP C ZPTIM E(20(lcgn(loglogn)/%)y
Max Clique cannot be approximated to within a factor of |V]1"O(VI°31"3“}.

Arora=A, Babai=B, Bellare = Be, Feige=Fe, Goldwasser=G,
Goldreich = Go, Hastad =H, Kilian=K, Lovasz=Lo, Lund=Lu,
Motwani=M, Russel = R, Safra=Sa, Sudan=Su, Szegedy=Sz
Due to || Factor Assumption
FeGLoSaSz || 2% IVl for any € > 0 NPZP
ASa 2V/logV| NP #P
ALuMSuSz |V|¢ for some € NP #P
BeGLuR |V]1/30 NP # coRP
BeGLuR |V|1/25 NP ¢ coRP
FeK T NP # coRP
BeSu |V|i/6 NP #P
BeSu |v|/4 NP ¢ coRP
BeGoSu V|74 NP #P
BeGoSu |V|1/3 NP # coRP
H [V|1=¢ for any € > 0 NP ¢ ZPP

3.8 The Chromatic Number
Instance: Undirected graph G = (V, E).

Solution: A coloring of G, i.e. a function C: V(G) — [1, k] such that for
every (a,b) € E(G) : C(a) # C(b).

Objective: x(G) = ming k.

The best known lower bound for approximating the chromatic number
was obtained by Halldérsson in 1993 [83]. Given a graph G, he finds a
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coloring of G in polynomial time with at most

O(V(G)|log” log [V(G)1)
log? [V(G)|

x(G)

colors. From the other direction, an early result of Garey and Johnson [72]
shows that x(G} is NP hard to approximate to within any constant less than
2. In 1992 Lund and Yannakakis found a reduction from approximating the
MaxClique of the FGLSS graph of the ALMSS verifier to the problem of
approximating the chromatic number.

Theorem 3.16 (Lund and Yannakakis, [108]) There is an ¢ such that
it is NP hard to approximate X(G) within a factor of |V (G)|E.

The proof of Lund and Yannakakis worked in three steps.
1. Construct the FGLSS graph Gy (z) for the ALMSS verifier V of an
NP-complete language. Observe that Gv{z) has bounded degree, and

L. If z € L then a(Gy(z)) = 2
2. If z € L then a(Gy(z)) < 27(1 —¢)

2. Use the randomized graph products of Berman and Schnitger [37], and
Blum [B] to obtain a graph Gi from Gy (z), which has maximum indepen-
dence number n®* when z € L, and maximum independence number n¢?
when = & L for some €1 > €2 > 0.
3. Apply another transformation which turns Gy into a graph Gy such that
x(G3) > nS if e € L and x{(G2) < n if x € L for some e3 > €4 > 0.
Improving upon this result and its subsequent sharpenings [97, 34], Fiirer
[70] gives a randomized reduction which shows that if w(G) cannot be
approximated to within [V(G)|ﬁ then x(G) cannot be approximated to
within |V(G)|®, where § = min (%, ﬁ) —o(1). He also proposes a simple
reduction which shows that it is hard to approximate x(G) to within a fac-
tor of |V(G)|¢ for some € > 0. These reductions can be applied whenever
a non-approximability result for the clique number of the FGLSS graph of
a verifier for an NP complete language is known. Feige and Kilian [FeKi2]

took a different route and building on the MaxClique result of Hastad [85]
show:

Theorem 3.17 (Feige and Kilian [FeKi2]) Unless NP C ZPP it is in-
tractable to approximate x(G) to within \V(G)|'™¢ for any constant € > 0.



Probabilistic Verification and Non-approximability 119

Here ZPP denotes the class oflanguages that are solvable with a randomized
algorithm that makes no error, and on expectation runs in polynomial time.

The proof of this theorem shows more, namely that it is NP-hard (under
randomized reductions) to distinguish between graphs with a(G) < |V(G}|*
and graphs with x(G) < |[V(G)|¢. To understand their proof scheme we
need to introduce a new parameter for a PCP which requires the notion of
fractional chromatic number of Section 3.4.4 (Definition 3.6).

Definition 3.18 (Covering Parameter) The Covering Parameter of a
PCP with verifier V is

; 1
g FvETe) "

Here Gy (z) is the FGLSS graph for V and z.

Since for every graph G we have x¢(G) > w(G), the Covering Parameter
of a PCP for input z is at most 277 "“”([f ). The notion of Covering Parameter
first appears in [FeKi2] in the context of RPCPs. RPCPs are PCPs such
that for every z € L there is a probability distribution (possibly different
for different inputs) on all the proofs. For a fixed = € L this distribution
gives rise to a probability distribution on Frd(Gy(z)), which in turn can
be used to give a lower bound on the Covering Parameter of the PCP. This
lower bound is what Feige and Kilian call the Covering Parameter of the
RPCP. Whether we talk about RPCPs or immediately define the Covering
Parameter of a PCP is a terminological question. RPCPs were introduced
because their definition suggests an elegant connection to zero knowledge
proof systems.

Feige and Kilian change the first step of the Lund Yannakakis proof and
eliminate the third step. Here is their proof scheme: Assume that for an NP
complete language L there is a polynomial time transformation that sends
a word # into a graph G(z) such that for some constants 0 < ez <1 < 1:

IfzeL then x;(G(z))<1/a (11)
Ifzg¢ L then a(G(z)) < c2|lV(G(z)) (12)

Then, if we apply the randomized graph product construction of [37] on
G{z) with k = calog-1|V(G(=))|, where ¢z > 1 is a constant, and select a
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random subgraph G’ of G* withssize ¢; ¥, then from Lemma 3.7 of Section
34.4:

(@) < |IVE@)s  ifzel (13)
oG < V(@) ifz gL, (14)

where € can be made arbitrarily small if ¢3 is large enough. We immediately
obtain:

Lemma 3.19 Assume that for an NP complete language L there is a poly-
nomial time transformation that sends a word = into agraph G{z) such that
for some constants 0 < ¢a < €1 < 1 conditions (11) and (12) hold. Then

for every € > 0 we can construct agraph G' in randomized polynomial time
such that:

X(@) < V(@)=aT  grel, (15)
X@) 2 V(@) ifegl (16)

Indeed the Inequality (15) follows from Inequality (14) and Inequality (16)
is implied by Inequality (13) and by the following result of Lovéasz [106]:

x(@) < x5(G)log(1 + a(G)). (17)

If we combine Lemma 3.19 with Definition 3.18 of the covering parameter
we obtain:

Lemma 3.20 Suppose that one can generate a PCP for NP with f(n)
random bits, soundness probability p = p(n), average free bit complexity
fav = freeg(n) and p = p(n). Assume that p, faw and p are constants
and that the size of the FGLSS graph, 2f®™+fav s polynomially bounded
as n grows to infinity. Then it is hard to approximate Xx(G) to within
IV(G)|%”€,where e is an arbitrarily small positive constant, as-
suming NP & ZPP.

Starting from the construction of Hastad [86], Feige and Kilian shows the
existence of PCPs for an NP complete problem such that log p/(fee — log p)
is arbitrarily small. Theorem 3.17 is implied now by Lemma 3.20.

We can also use Lemma 3.19 to derive the Lund Yannakakis result from
the non-approximability result from the MAX-SNP hardness of the MAX-3-
coloring problem proved by Petrank [118]. This example was given by Feige
and Kilian, and it is so easy that we can give their entire proof here:
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Proof. [Theorem 3.16] Let H be the graph of Petrank’s construction
such that it has m edges and either it has a valid three coloring, or every
three coloring of its vertices miscolor at least gm edges, where g > 0 is some
fixed constant. From H we construct a graph G, which has 6m vertices of
the form (e, ¢), where e ranges over the m edges of H and ¢ ranges over the
6 valid 3-colorings of the two end-points of an edge. Two vertices {ej,c1)
and (ez,c2) are connected by an edge ife1 and ez intersect at a vertex of H
and ¢; and ez disagree on the coloring of this vertex. A valid 3-coloring C of
H induces an independent set of size m in G. Let = be a permutation of the
three colors. As 7 ranges over its 6 possibilities, the composition of C with #
induces 6 independent sets in G of size m. Furthermore, these independent
sets are disjoint and cover V(G). Hence G has a chromatic number of 6.
If H is not 3-colorable (and hence gm of its edges are miscolored) then the
largest independent set of G is of size at most m(1 —¢). If we apply Lemma
3.19 for G with 1 = 1/6, cz = (1 — ¢)/6, we get Theorem 3.16. O

Finally we mention another type of in-approximability result for x(G).
S. Khanna, N. Linial and S. Safra [97] have shown that it is NP-hard to
tell apart 3 chromatic graphs from 5 chromatic graphs. But the following
question is open, and would be very interesting to resolve:

Problem 3.21 Prove that for any fixed k > 3 it is NP hard to tell apart a
k chromatic graph from a three chromatic graph.

3.9 Set Cover
Instance: A collection F' = {Sy,..., S} of subsetsof S ={1,...,n}.

Solution: A sub-collection F of F such that Ug,erSi = S.

Objective: v(F) = minp |F’|.

In 1974 D. Johnson [90] showed that the greedy algorithm finds a col-
lection F’ for the problem such that [F’| is to within logn factor optimal
(here the log is based on e = 2.71..). Chvatal [46] extended this algorithm
to the weighted version, and Lovasz [106] showed that a linear programming
relaxation of the integer program for the set cover also works in time logn.

The first hardness result is that of Lund and Yannakakis [108]. They
show using a construction coming from the PCP theory that set cover cannot
be approximated to within a factor of 13? unless NP C TIM E(npotviosn),
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and within a factor of l‘-’%ﬂ unless NP C ZIM E(nPoW!'osn). Here ZTTM E(t)
denotes the class of problems for which there is a probabilistic algorithm that
makes no error and runs in expected time t.

Subsequent works went in two different directions. The best result up
to date that represent these directions are that of Feige [61] which proves
that set cover cannot be approximated efficiently to within a factor of (1 —
o(1)) lognunless NP C TIM E(n©U81087)) and that of Raz and Safra [122]
which proves that set cover is NP hard to approximate within a factor of
elogn for somefixed € > 0. Until now there is no result which would achieve
both optimal non-approximability ratio and hardness condition P # NP.

A predecessor of [61] was the result of Bellare et.al. [32], which proved
that the set cover cannot be approximated within any constant ratio unless
P = NP, and that it cannot be approximated within a factor of 1'—’%—’1 unless
NP C TIME(n©U8lgn)), Arora and Sudan [13] follow-up on [122] and
achieve the same bound using elegant and difficult algebraic techniques such
as Hilbert’s Nullstellensatz.

We cannot give here the technically very involved result of Raz and
Safra, but we present a complete proof of Feige’s result. The proof is a
modification of a simplified argument due to Hastad [87]. At many places
we use his original wording. We ought to remark that simplification is formal
to a large extent: the key components of the proof are the same as those in
[61].

Theorem 3.22 (Feige [61]) The set cover cannot be approximated effi-
ciently to within afactor of {(1—o0(1))logn unless NP € TIM E(nOUoglogn)y,
The logarithm is e =2.71 ... based.

Proof. A partition system B(m,p, k,d) [61] is a system of p partitions,
(pi)f_;, on a basis set B with |B| =m such that:

1. Each p; (1 <1 < p) consists of k parts. The parts of p; are denoted
pij (1<3<k).

2. Nocollection (p;, ;)& of d partition-segments with all 4; distinct cov-
ers the universe.

In other words if we only use sets from different partitions to cover, we
need at least d sets, while a small cover is given by the & sets of one p;.
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Lemma 3.23 (Feige [61]) For any e > 0 there exists a B(m,p, k,d) par-
tition system with p < (logm)¢, k an arbitrary constant and d = (1 —
F(k))klnm, where f(k) tends to 0 when k tends to infinity, and m is large
enough compared to k and c.

Feige shows that a random partition system satisfies Properties 1-2, and
since d is rather small we can simply check the properties. The construction
can also be done deterministically. Now we describe our instance of set-
cover.

Our starting point is the probabilistic verifier Vi 4 of Lemma 3.4 in Sec-
tion 3.4.2 for an NP complete language L with the choice of £ = ¢g loglogn,
where we shall choose ¢g > 0 to be large enough. Recall that this verifier
is associated with a gap-3SAT instance ¢, with N Boolean variables. Note
that || = n is in polynomial relationship with N. On the other hand, the
instance of setcover we construct will have slightly super-polynomial size in
n.

The verifier sends a subset U of variables with [U| = £ to the first prover
who answers with an assignment ¢y to these variables. Independently, he
sends a W companion of U to the second prover, i.e. a set of £ clauses
containing these variables. The second prover answers with the evaluation
of the 3¢ variables in W. The verifier rejects if not all clauses are satisfied in
W, or if oy is not equal to the projection 7y (ow), i.e. the assignment that
ow gives to U. What is important for our purposes is that if z ¢ L, the
verifier accepts with probability at most ¢f for some fixed 0 < ¢ < 1. The
structure of ¢, determines all U, W companion pairs, all the projections s,
and we can compute these in DTIM E(n®®) from . From now on, when
we talk about a U, W pair, we always mean a pair, where W is a companion
of U.

Let k > 0 be a constant such that f(k) of Lemma 3.23 is less than ¢. For
each U and each k-tuple Wy, Wy ... Wy = W of possible W companions of
this U we construct a separate partition system on a new set of /m points.
We have N¥ different U and, given the choice of U, each W; can be chosen
in 5% ways. We thus have R = N?5% partition systems, and with the
choice of m = R%, the total size of the universe is RI*t: = mlte. We
set the further parameters of the partition systems as p = 2¢, k, and d =
(1 — f(k))kInm. Since p = 2%Meloen — (Jogn)® and logm > logn, the
conditions of Feige’s lemma hold, and the existence of such partition systems
is guaranteed. Notice that m = nC{%8198n) for a fixed €. A particular set
in one of the partition systems has an index given by U, W, € {0,1}¢ and
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i € [k], and we denote it by Sy, ;-

The sets in our set-cover instance are indexed by W and 8 where 3 €
{0,1}¥ should be thought of as an answer from the second prover on the
question W. We denote it by Ty g and it is a union of Sy, Which satisfy

(Wi = W) A (my(B) = a),

where we of course assume that 8 satisfies the clauses used to construct W.
Let @ = (5N/3) be the number of different W. We first have the simple
lemma telling us what happens when z € L.

Lemma 3.24 [fz € L, the associated set system has a cover of size Q.

Proof.  'We cover the universe with {T},0y, }w, Where ow is the answer
of the second prover to question W. Since the answers are consistent with
those of the first prover, for each U and W there is some oy so that the
chosen sets contain Sy, W oy forall i. This oy is simply the answer of the
first prover to question U. By definition, the system {SU,W,gU,.‘}ISS'Sk covers

the m points of the associated UW pair. |
Thus we just need to prove the lemma below (and choose ¢p).

Lemma 3.25 [fx & L, the associated set system has a no cover of size

dQ/(k(1+¢)).

Proof.  Suppose we have a cover of size rJ. For each W there is a

set Ay of assignments 8 on W such that Ty belong to the cover. By
assumption

> lAw| =rQ. (18)
w

We note that none of the Aw is empty since we need to cover the partition
systems with Wy = W for all 4. Let us call a W good if [Aw| < 7(1 + ¢)
We claim that for appropriate choice of ¢ either r > logm or there is U, W
such that

. my(Aw,) (1 <1 < k) are pairwise disjoint,
2. W; (1 <1< k) are good.

Let us recall a simple lemma in set theory:
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Lemma 3.26 Let Ai,...,Aq be sets of size at most s with the property
that no k of them are pairwise disjoint. Then there is an element which is
contained in at least Zlel)_s fraction of the sets.

Proof. Without loss of generality we may assume that Aj,...,A; are
pairwise disjoint, but for all 7 > I the set A; intersects 4 = Ul_; A;. Note
that by our assumption ! < k — 1, hence |4| < (k — 1)s. Since every A;
intersects A, there must be an element of A which is contained at least

UT—IT)_S < T}ﬂ of the sets. O

Let
Sy = {muy(Aw) | W is a companion of U, and W is good}

be a set system on the assignments for U and let gy be an assignment
which is contained in as large fraction of elements of Sy as possible (If Sy is
empty then oy is arbitrary). Consider the strategy of the two provers when
to question U the first prover answers oy7, and to question W the second
prover answers with a random ow € Aw. (So the strategy of the second
prover is randomized. An averaging argument shows that there is an equally
good deterministic strategy.)

If for a fixed U there is no W such that both Conditions 1 and 2 hold,
then among the good companions of U there are no Wi,..., Wi such that
mu{dw,) (1 € ¢ < k) are pairwise disjoint. By applying Lemma 3.26 to
Sy we obtain that there is an assignment to U which occurs in at least
m fraction of the sets in Sir, and if fact oy is such. In what follows

we assume that Conditions 1. and 2. do not hold for any U, w.

By Equation (18) the expected value of {Aw| for a random W is r, so for
at least 1 — (1 4 ¢)~! fraction of Ws we have |Aw/| < r(1 4 €). The verifier
chooses such a W with probability at least 1 — (1 + €)~1. Conditioned on
the intersection of this event (i.e. that W is good) and the event that the
verifier picks some fixed U, by our earlier remark, the verifier chooses a W
such that my(Aw) contains oy with probability at least m};ﬁm Hence
the probability of the event that the verifier picks a U, W pair such that W
is good and oy € my(Aw), is at least

1—(1+¢7! (19)
(k—Dr(1+¢)°
In the case of this event there is a ]1;1?[ > Rll_+ej chance over ow € Aw

that my(ow) = oy. Combining this with Equation (19) we get that Vi 4
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accepts the described strategy of the two provers with probability at least

1-(1+¢)71 1
k=1)r(1+e)r(l+e)

= Q(r3). (20)

Either r > logm or, since logm = O(cglognloglogn}, we can choose a
large enough co that depends on ¢€k,¢; and log, N = O(1), such that
g—cif = g-ercologlogn pooomeg gmaller than Expression (20), and we arrive
at a contradiction.

It follows from the contradiction that there exist an U and W such that
Conditions 1 and 2 hold. Fix this choice of U and W and consider how
the elements from the corresponding partition system are covered. Since
|Wi| < r(1+¢) forl <i <k, the cover system has at most kr{1 -+ ¢€) sets.
By the disjointness of w7 ( Aw;)s, these sets all come from distinct partitions.
Using the property of the cover system we conclude that kr(1 + €) > d.

In the case r > log m, since we have d < (1 — f(k))kr, we conclude the
same. We are done, since the coversize, [r@| > dQ/k(1 +€), as claimed. &

. . . . 1
Since the universe for the set cover instance has total size t = m*te, we
get that the quotient of the minimum cover sizes when x ¢ L versus when

Tenw L= fE), 11— £
1+¢ hgm= (1+¢€)?
which tends to logt when k& —+ oo and € = 0.

log 7,

3.10 Some Other Interesting Problems

There are several interesting unresolved problems in the theory of non-
approximability. Here we survey some of them.

Problem Name: Minimum Vertex Cover
Instance: An undirected graph G.

Solution: A vertex cover for G, i.e., a subset ' C V(G) such that, for each
edge (a,b),at least one of @ and b belongs to C.

Objective: minc |C|.

log lo

The problem is approximable within 2 — ?sﬁzlj‘;frl [112] and [26]. Using a
transformation from bounded MAX3SAT Haéstad showed that the Minimum
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Vertex Cover is not approximable within 1.1666 [86]. It is conjectured that
the exact non-approximability ratio is 2 — .

Problem Name: MAX-CUT
Instance: An undirected graph G.
Solution: A cut for G, i.e., asubset C C V(G).

Objective: maxg |{(a,b) € E(G) |a € C,be C}|.

By the result of Hastad [86] MAX-CUT is not approximable within
1.0624. In their seminal paper Goemans and Williamson [78] use semidef-
inite programming to approximate MAX-CUT to within a factor of 1.138.
Analysis shows that their proof method cannot be extended in a simple way
to get a better approximation algorithm. On the other hand this analysis
also shows that unless ratio of the result of the semidefinite relaxation to
the number of edges is exactly 0.845..., MAX-CUT is always better ap-
proximable. Are indeed graphs with this ratio the hardest to approximate,
or is there an improvement to the GW algorithm?

Problem Name: Closest Codeword
Instance: Linear binary code C of length n and x € F3.
Solution: A codeword y of C.

Objective: miny Dist(x,y), where Dist is the Hamming distance.

The closest codeword problem is not approximable within 9log’ ~*n ypless
for any € > 0 unless NP C QP [7]. Can we get a non-approximability ratio
which is a root of n? The same non-approximability ratio and the same
question applies to the Closest Lattice Vector problem.

Problem Name: Shortest Lattice Vector (SLP)
Instance: A lattice L in Z™,
Solution: A lattice vector x € L.

Objective: miny "7, 2.
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D. Micciancio [110] has shown that SLP cannot be approximated within
a factor of /2 unless NP € ZPP. It would be very interesting to show the
non-approximability of SLP for an arbitrary constant.

Another question concerns MAX-SNP problems with sparsity constraints
such as MAX3SAT with the restriction that each variable can occur in at
most k& clauses. Berman and Karpinski [36] have obtained explicit lower
bounds for many of these instances (see the table below), but it would be
interesting to reduce the gaps in between the factors of non-approximability
and the factors that our approximation algorithms can achieve. Recently
Feige, Karpinski and Langberg [63] made a step in this direction by modify-
ing the MAX-CUT algorithm of Goemans and Williamson [78] so that the
new algorithm works particularly well for bounded degree graphs. Yet, the
gaps are still huge.

k-OCC = Every variables occur at most k times

Ek-LIN2 = Linear system over F3 with at most k variables

in each equation

k-MAX-CUT = The maximum degree is k

k-MIS = Maximum independent set of graph with max degree k
k-Node Cover = The maximum degree is k

MIN-SBR = Sorting by reversal

Problem Approx. Upper | Approx Lower |
3-OCC-E2-LIN2 1.1383 1.003
3-OCC-E3-LIN2 2 1.0163

3-MAX-CUT 1.1383 1.003
3-OCC-MAX 2SAT 1.0741 1.0005
6-OCC-MAX 2SAT 1.0741 1.0014

3-MIS 1.2 1.0071
4-MIS 14 1.0136
5-MIS 1.6 1.0149

3-Node Cover 1.1666 1.0069

4-Node Cover 1.2857 1.0128

5-Node Cover 1.625 1.0138

MIN-SBR 1.5 1.0008
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4 Structural consequences of the PCP Theory

What makes some NPO problems hard to approximate, while others easy?
This natural question had already been raised by Johnson in [90] long before
the PCP theory was developed: “Is there some stronger kind of reducibility
than the simple polynomial reducibility that will explain [approximation]
results, or are they due to some structural similarity between the problems
as we define them?” In this section we present two completeness results that
are consequences of the basic PCP theorem. These results give an evidence
that different problems in the same non-approximability classes have the
same reason for their hardness of approximation.

4.1 Polynomial Time Approximation Schemes

Not all natural NP-hard optimization problems are hard to approximate.
Easy classes include PTAS and FPTAS. For the definition of these classes
and for that of the class APX see the table below.

| FPTAS PTAS APX
Quantifiers JeVe > 03A, | Je(e) Ve JAe | 3¢ 3C >13A
Algorithm Ag A A,
Running Time (|z| + 1/€)° FIES |z|®
Approximability Factor | 1+ ¢ 1+e¢ C

Clearly, the following inclusions hold:
FPTAS C PTAS C APX C NPO.

These inclusions are strict if P # NP. Cesati and Trevisan [45] also intro-
duce the class EPTAS which differs from FPTAS in that the bound on the
running time is f(e)n¢, where f(€) is an arbitrary function of ¢, and ¢ > 0
is an arbitrary constant.

An optimization problem is practically tractable if it has a fully poly-
nomial time approximation scheme, or somewhat weaker, an EPTAS. If a
problem has a PTAS, but not EPTAS, then there is € such that the |m["(€)
running time practically prohibits approximating it within a factor better

than 1+e.
4.2 Approximation Preserving Reductions

Approximation preserving reductions in between NPO problems are used
to show that if a problem Pj is easy to approximate, then any problem P
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PTAS reduction
(Crescenzi, Trevisan)

P reduction A reduction
(Orponen, Manilla) (Orponen, Manilla)
L reduction E reduction Continuous
(Papadimitriou, (Khanna, Motwani, reduction
Yannakakis) Sudap) (Simon)
Strict reduction

(Orponen, Manilla)

Figure 4: The taxonomy of Approximation preserving reducibilities. (From
the courtesy of Crescenzi et. al. [53])

is also easy to approximate which reduces to P;. Since the easiness of an
approximation problem is associated with its membership in PTAS, almost
all approximation preserving reductions preserve membership in PTAS.

The first paper which defines an approximation preserving reduction was
that of Orponen and Mannila [114]. Up to the present time there are at least
eight notions of approximation preserving reductions in use with a similar
overall scheme. This scheme is the following:

Let Pi(z,y) and Py(z’,%') be two polynomial time functions that are to
be optimized for y and %' (maximized or minimized in an arbitrary combi-
nation). Let OPTi(z) and OPT5(z’) be the optimum of these problems. A
reduction assumes two maps:

1. a map f to transform instances = of P; into instances z’ = f(z) of Py
[Instance Transformation],
2. a map g to transform (input, witness) pairs {z’,y’) of P into witnesses
Y of P} .
[Witness Transformation].
Let OPTy = OPT(z), OPTy = OPTy{h(x)), APPRy = Pi(=z, g(h(z},y'}),
and APPRy; = Py(h(x),y’'). The centerpiece of any approximation scheme

is a relation which is required to hold between these four quantities. This re-
lation must roughly say: “If APPR3 well approximates G PT,, then APP Ry
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well approximates OPT;.” To see that indeed this is what we need, assume
that we have a PTAS for OFTs, and that P; reduces to F2. In order to
get a good approximate solution for OPTi(z), where z is an arbitrary in-
put instance of P, first we construct A(z), and find a witness %' such that
Py(h({z),y') approximates OPT3(h(z)) well. By the central assumption of
the reduction Py(z,%y) well approximates OPTy(z) for ¥ = g(h(z),¥). For
the above argument to hold f and g must be computable in polynomial
time.

Different reductions differ in the relation required in between the four
quantities. The L-reduction of Papadimitriou and Yannakakis [116] requires
that OPT3 is upper bounded by e1OPTh, and that |[APPR; —OPT] is upper
bounded by c2| APPRy; — OPT5| for some constants ¢; and ¢z. It follows
from the next lemma, that L-reduction preserves PTAS.

Lemma 4.1 A reduction scheme preserves PTAS iff it enforces, that
|APPRy — OPTy|/OPTy — O whenever |APPRy — OPT,|/OPT; — 0,

4.3 APX Complete Problems

APX is the class of constant factor approximable NPO problems, and APX-
PB is its subclass with problems that have a polynomial bound on their
objective function. Our goal in this section is to give complete problems for
APX and APX — PB.

Completeness proofs assume an underlying reduction. Even though in
the theory of APX the L reduction is the most widely used reduction, in
[55] it has been shown that it does not allow to reduce some problems which
are known to be easy to approximate to problems which are known to be
hard to approximate. Another flaw of the L reduction is that it is too week
in another sense, namely it is not always approximation preserving unless
P = NPNco— NP [53]. Therefore we cannot hope for completeness results
for APX or APX—P B with respect to the L reduction. Instead, S. Khanna,
R. Motwani, M. Sudan and U. Vazirani [98] define the E reduction which,
using the notation of the previous section, requires, that

e APPR, OPTy & 1 wins APPR; OPT; _q
OPT) 'APPR, | — OPT; ' APPR,

for some ¢ > 0. It can be easily shown that the E reduction preserves PTAS.
Using the basic PCP theorem Khanna et. al. show:
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Theorem 4.2 (Khanna, Motwani, Sudan and U. Vazirani [98]) The
MAX SAT problem is complete for APX — PB with respect to the E re-
duction. Also,

APX —PB=MAX SNP=MAX NP,
where the closure means closure under the E reduction.

The E reducibility is still somewhat too strict. In [55] it has been shown
that natural PTAS problem exists, such as MAX KNAPSACK, which
are not E-reducible to to polynomially bounded APX problems such as
MAX3SAT. This drawback is mainly due to the fact that an E reduction
preserves optimum values (see [55]). Crescenzi, Kann, Silvestri and Trevisan
[53] develop a reduction where functions f and g (see previous section) are
allowed to depend on the performance ratio, where the performance ratio of
an N PO problem A is defined as the function:

A(z,y) OPTa(z) }
OPTy(z)" Az,y)

Ry(z,y) = max{

Definition 4.3 (AP Reduction [53]) Let A and B be two NPO prob-
lems. A is said to be AP-reducible to B, if two functions f and g and a
positive constant « exists such that:

1. For any x and for any r > 1, f(z,r) is computable in time tz(lz|,r).

2. For any x and for any r > 1, and for any ¥y, g(z,y,7) is computable
in time tg(|zl, |yl,7)-

3. For any fixed v both tz(.,r) and tg(.,.,r) are bounded by a polynomial.

4. For any fixed n, both tg(n,.) and tg(n,n,.) are non-increasing func-
tions.

5. For any x and any v > 1, and for any y Rp(f(z,r),y) <r implies
Ra(z,9(z,y,7)) <1+ a(r —1).
The triple (f,g,a} is said to be an LP reduction from A to B.
In [53] the following is claimed:

Theorem 4.4 MAX SAT is APX complete with respect to the AP reduc-
tion.
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Figure 5: Technical components of the basic PCP theorem

The theory of PCP requires the construction of codes with properties
that have not been considered by coding theorists before. In this section we
define these properties and build codes with them. Our last construction is
used as a black box in Section 2.4 to prove the basic PCP theorem.

The constructions we present are based on the results of Arora and Safra
[12], Arora, Lund, Motwani, Sudan and Szegedy [10], Poischuk and Spielman
[120], and the thesis of Madhu Sudan [131], but we have re-shuffled parts of
their arguments, and simplified them whenever we could.

A major departure from previous presentations is that we eliminated
the cryptographic language from this part, and use the language of algebra,
combinatorics and coding theory. In order to make our explanation entirely
self contained, we included a section of definitions and prerequisites.
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5.1 Definitions and Prerequisites

In the current version(s) of the PCP theory the technical details are numer-
ous. It is the author’s belief that these technicalities will be simplified in
the future, but the need for using fields, polynomials, codes and compound
combinatorial constructs will not be eliminated altogether.

5.1.1 Fields

The field is perhaps the most fundamental structure in algebra. A field is
a finite or infinite set on which two binary operations are defined: addition
and multiplication. Examples to fields include:

Name Notation
The field of rational numbers Q
The field of real numbers R

The field of complex numbers C
The Galois field of order g F,

Only the last field is finite, but it is the one we will need in this chapter.
The set of natural numbers N = {0,1,...} is not a field, because addition
and multiplication do not have inverses. Formally, a field F consists of a
basic set, which we also denote with F, a zero element, 0 € F, and two
functions from F x F to F called addition and multiplication such that the
following axioms hold (the quantifiers range through F):

F1: (Va,b) a+b=b+a [Commutativity]

F2: (Va,bc) a+(b+c)=(a+b)+c [Associativity]

F3: (30)(Ve) a+0=a [Existence of Zero]
F4: (Va)(3-a) a+(—a)=0 [Additive inverse]

F5: (Va,b) ab = ba [Commutativity]

F6: (Va,b,c) a(be) = (ab)c [Associativity]

F7: (31 # 0)(Va) al=1a [Existence of Unit]
F8: (V0#a)(Fa™!) aal=1 [Multiplicative inverse]
F9: {(Va,b,c) a(b+¢) =ab+ac [Distributivity)

Axioms F3 and F7 assert the existence of additive and multiplicative
unit elements. Axioms F4 and F8 assert the existence of additive and
multiplicative inverses. Axioms F1-F9 are sufficient to derive other basic
known facts about fields such as the uniqueness of 0 and 1 and the uniqueness
of additive and multiplicative inverses. Axiom F7 implies that a field always
has at least two elements.
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Fields are the basic building blocks of many constructions in combina-
torics, e.g. of expander graphs, projective planes, codes and block designs.
A field is finite if its basic set is finite. Finite fields were introduced by
the French mathematical genius, Galois, who proved that in general roots
of equations of degree greater than four cannot be expressed in terms of
radicals.

For every prime power g there is exactly one field, Fq (up to isomorphism)
of size g. Conversely, the size of a finite field is always a prime power. If g
is prime then F, can be identified with the modulo g arithmetic acting on
the residue classes {0,1,...,¢ — 1}. If ¢ = p*, where p is a prime number
and o > 1, the description of Fy is more complicated.

Definition 5.1 (Subfield) Let K be a field. A set F C K is a subfield of
K, if it forms a field with respect to the operations adopted from K. This
means that 0,1 € F, and every a,b € F with and a # 0 we have that
—a,a” Y, a+b,ab are also elements of F.

The field Q is a subfield of R and R is a subfield of C. The field
Fy = {0,1} is a subfield of Fy = {0,1,4,1+ 7}, where j is defined by the
equation j2 + j 4+ 1 = 0. This equation has no solution in Fp. In general,
Fpa is a subfield of Fps for any 8 > a. We can obtain Fps by adjoining
roots of irreducible polynomials of Fpa in the same way as we obtained F4
from F3. This mechanism is called field extension.

Definition 5.2 (Characteristic) The characteristic of a field F is the car-
dinality of the set {1,1 + 1,1 + 1 + 1,...}, ifit is finite, and 0 otherwise.

The characteristic of a field is always zero or a prime number.

5.1.2 Vector Spaces

Vector spaces or in other word linear spaces are constructions arising from
fields. A vector space V over a field F is a set equipped with a binary opera-
tion on V called addition, and with an operation called scalar multiplication
that maps F x V to V, such that the following axioms hold:
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Vi: (vx,y€V) x+y=y+x

V2: (vx,yzeV) (x+y)+z=y+ (x+2)
V3: (0eV)VxeV) x+0=0

Va: (VxeV)3F-x€V) x+(—x)=0

V5: (VeeF)(vx,y€V) clx+y)=cx+cy

V6: (Ve,deF)(vxeV) (c+dx=cx+dx

V7 (Ve,deF)(vxeV) (ed)x = c(dx)

V8: (vxeV) Ix=x

A set § C V is linearly independent if Elech,- =0 implies ¢1 = ... =
e, = 0 for all ¢1,...,¢x € F and and xq,...,x; € S.

Lemma 5.3 (Dimension) Let V be a vector space. All maximal linearly
independent sets of V have the same cardinality. This cardinality is called
the dimension of V and is denoted by dim V.

Vector spaces over a field F of dimension » are isomorphic with F®, the
space of all n-tuples

{("Bh--'!xn)| E],...,EHGF},

where addition and multiplication with scalars are defined coordinate-wise.
For this reason vector spaces over a field F of finite dimension are determined
by their dimension up to isomorphism! From the field and vector space
axioms the following is straightforward:

Lemma 5.4 Let F be a subfield of K. Then K is a vector space over F.

Definition 5.5 (Subspace) Ler V be a vector space overF. A subset W C

V is a subspace of V (in notation W < V' } if multiplication with scalars and
addition does not lead out of W.

Definition 5.6 (Direct Sum) Let Vi,..., Vi be vector spaces over a field
F. We define V =Vi&---&Vy as the vector space of the k-tuples (v1,. .. ,vE),
where vy € Vi,...,v € Vi and product with scalars and addition are defined
coordinate-wise. We denote the tuple {vi,...,vx) with v1 & ... ® vg.

The dimension of @¥_, V; is Zle dim V;. The dimension of a proper
subspace of a vector space with finite dimension is less than that of the
vector space.
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5.1.3 Linear Maps

If V and W are vector spaces over a field F and ¢ is a map from V to W
then ¢ is linear if:

1. p{ex) = cp(x) forevery x € V and c € F.
2. p(x+y) = p(x)+ p(y) forevery x,y € V.

Linear functions play a central role in linear algebra. The set of all linear
functions from V to W is a vector space over F of dimension (dim V) (dim W).
In the special case when W = F we call the linear map a linear function (or
functional). The space of all linear functions from V is called the dual space
of V and is denoted by V*. V* has the same dimension as V. For a linear
map @ : V' = W we define:

e Ker(p) = {x € V| o(x) = 0},
o Im(p)={xeW| (3z€V) x=¢(2)}.
Lemma 5.7 Let @ :V — W be a linear map. Then
dim Ker(¢) + dimIm(p) = dim V.

In particular, dimIm{p} < dimV.

5.14 Polynomials

An n-variate polynomial P over a field F is an expression of the form

P(z1,...,2n) = ch,l,‘.,'anx?’ ceegom, (21)
Often we abbreviate & = (o, ...,ay) and x = (21,...,2,). We also abbre-
viate €o = Cay,jany X* = 21 -+ 2% and F[x] = F[z1, ..., 2,] for the vector

space of all n-variate polynomials over F. The polynomials are treated as
formal expressions, and if P,Q € F[x], we can define PQ € F{x] by the
usual rules of multiplication on the symbols. F[x] is not a field, since for
instance x1 does not have an inverse. Certain finite subspaces of F[x] are of
particular interest for us.
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Definition 5.8 (Multi-Degree) Let

Fix] = {Z caxa} , {(22)
a<d

where a < d is defined via ar < dy,...,0n < dn. This set is called the space
of multi-degree-d polynomials.

A special case of the above definition is when d; = ... = d,. For an
n-tuple (d,...,d) we shortly write n x d. If it is clear from the context
that the number of variables is 7, we do not use the cumbersome multi-
degree nxd notation, and we call F**4[x] simply the space of multi-degree d
polynomials. Ifd = 1 then this space is the space of multi-linear polynomials.

A polynomial P is said to have multi-degree (exactly) d if d is the
smallest vector (coordinate-wise) such that P € F4[x]. In notation:

mdeg(P) =d

A perhaps even more important degree concept is the total degree, or
simply degree of a multi-variate polynomial.

Definition 5.9 ((Total) Degree) Let:

Fdeggd[x] 2 Z - T— mil?'l G 333“ . {23)
aj+tansd

Fdes=d(x] s called the space of (total) degree at most d polynomials. We
also use the notation:

Lo Perrﬁtrréd[x] & @)

In the remaining part of this section we will focus on evaluations of
polynomials. Let P be a polynomial of variables z1,...,Zs, and let a € F®,
We obtain P(a) if we replace z; with a; for 1 < ¢ < n and compute the
expression for P over F. P(a) is called the replacement value or evaluation.

When two polynomials, P and @, are identical as formal polynomials
we write P = Q. It may occur that P(a) = Q(a) for all a € F", and yet
P # @. We sub-index the equation symbol with the name of the domain as
in

P=pQ (25)
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to express that P and Q are equal over D € F™. Since a high degree
polynomial may coincide with a low degree polynomial on all points (think
of ## and z over GF(p)), we also need to introduce a degree notion that
depends only on the replacement values. This will be the degree of the lowest
degree polynomial that can represent the function in question. We denote
this degree with deg’, and its multi-degree variant with mdeg’, and call
them functional degree and functional multi-degree, respectively. However,
whenever we can, and if it does not lead to misunderstanding, we leave out
the the apostrophe.

Lemma 5.10 Let F be any field, and |X| > d+ 1 be a subset of F. Let P
and Q be n-variate polynomials over F with multi-degree at most d. Then
P =x» Q implies P = Q.

Lemma 5.11 Let F be any field, and X be a subset of F with size d+1. Let
F: X™ = F be an arbitrary function. Then there is an n-variate polynomial
P with multi-degree at most d such thar P(a) = f(a) over X™. (In other
words, F has amulti-degree d extension.)

Lemma 5.12 Let F be a finite field and D C F* be any domain of size at
least |F|* — (|JF}| —d)® + 1. Let P and Q be n-variate polynomials over F
with maximum degree d. Then P =p Q implies P = Q.

The above two lemmas concern multi-degree at most d polynomials. If
the total degree of a polynomial is at most d, then its multi-degree is also at
most d, but the converse does not hold. Next we give a sufficient condition
for a polynomial to have (total) degree d.

Lemma 5.13 Let{F| >dn. IfF :F"* 5 F is adegree at most d polynomial

when restricted to any line of F* then F is a polynomial of total degree at
most d.

Proof. The condition of the lemma can be expressed as degy F(x+Ay) <
d. In particular, F is a multi degree 4 polynomial Ean x%, where d = nxd.
Therefore F(x + Ay) can be expressed as

Z Z caA izt Bixa—ByB, (26)
a<d f<a

Observe that in expression (26) no two terms are the same, even if we
disregard the A-power and the coefficients. Let us denote the coefficient of
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M in (26) with P;(x,y). Since Pieg(ry(x,¥) has non-zero terms in it and
hence it is not identically zero, and because of the individual degrees of
the variables are less than |F|, it does not disappear on the entire F2" (see
Lemma 5.10). Let us assume that deg(F) > d. Pick xp and yp such that
Pyegiry(x0, ¥0) # 0. Then F(xgo + Ayq) is a degree deg(F) polynomial in A.

On the other hand, if we restrict F to the line xo + Ayo, we get a
polynomial whose functional degree is at most d. Since |F| > nd, and
deg(F) < nd, we conclude, that the degree of F(xg + Ayo) agrees with its
functional degree:

deg(F) = degxF(xo + \yg) = deghF(xg + Ayo) = d.

From the argument we get more.

Lemma 5.14 Let |F| > dn. and let F be a multi-degree d polynomial of n
variables, but not a total degree d polynomial. Then the number of X,y pairs
that F(x+ Ay) has degree higher than d is at least

(IF| - d)*. (27)

Proof. Notice that in the previous proof Pg.e(r){Xo,¥0) is a multi-degree
d polynomial with 2n variables. Thus it has {|F| — d)?® non-zeros. u

5.1.5 Distances and Probability Measures

Let A = {a1,-...,an} be an arbitrary finite set. A probability distribution or
probability measure on A is afunction p from A to R such that:

1. p{a;) >0 for 1 <i<n.
2. ¥R pla) = 1.

Definition 5.15 (DISTR) Let A be a finite set. We denote the set all
probability distributions on A by DISTR(A).

The uniform and the delta distributions are the simplest members of
DISTR(A), but we will also need to define compound distributions such as
the product distribution and convex combination of distributions.
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Uniform Distribution: Let |A| = n. The function which assigns 1/n to
to every element of A is called the uniform distribution on A and is
denoted by Ua.

Delta Distribution: Let A be a finite set and @ € A. Thedistribution
which assigns 1 to a and O to every other element of A is a delta
distribution and is denoted by I,.

Product Distribution: Let Ai,..., Ag be finite sets and p; be a distri-
bution on A; for 1 < ¢ < k. Then the distribution which assigns
H:;] pi(ai) to (a1,...,ax) € A1 X .+ x Ay is called the product of
distributions p; (1 <1 < k), and is denoted by p1 X - -+ X pg.

Convex Combination of Distributions: Let Aj,..., Ar be finite sets,
let p; be a distribution on A; for 1 < ¢ < k and p be a distribution
on{1,...,k}. Then the distribution which assigns 3 . 4. p(¢)pi(a) for
any a € A U...UAg is called the convex combination of p; (1 < i < k)
according to p and is denoted by Zle p(2)p;.

Definition 5.16 The support of a distribution p on A is
supp(p) = {a € A| p(a) # 0}.

Let ¥ be a finite alphabet and v, w € £". (The elements of ¥" are
called vectors, but they do not form a vector space unless X is a field.)
The Hamming distance in between v and w, Dist(v,w), is the number
of coordinates in which v and w differ. We get the normalized Hamming
distance by dividing the Hamming distance by n. The normalized Hamming
distance is always in between zero and one. The following definition provides
a generalization of this notion.

Definition 5.17 Let p be aprobability measure on A = {aa,...,an},  be
a finite alphabet and v, w € 4. The distance in between v and w according
to p is defined by
distp(v,w) = Z pla;).
Ya; #wa,'
If the subscript p is omitted, it automatically means that p is uniform, in

which case our distance notion coincides with the normalized Hamming dis-
tance.

Notice that the distance of two vectors according to any probability
distribution is a real number in between zero and one.
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5.1.6 Lines and Planes

Some low degree subsets of F* will be very useful in constructing checkable
polynomial codes. In this section we discuss lines and plains. Arbitrary
parameterized varieties will be discussed in the next section.

Lines: Lines are one dimensional affine subspaces of F*. To denote the
elements of A(F"}, the set of all lines of F*, we may use two different
indexing.

Affine Indexing: A(F"*) = {Lyxy | x € F*",0 # y € F"}, where
Lxy={x+Ay|A€F} Incase y =0, Lyy is a single point, x.
Lxy = Lyt iff X' =x+ py, ¥y = vy, where u,v # 0 € F. The
values of g and v are determined by x, x, y, ¥'.

Projective indexing: Let DIR(F") be the set of all directions in
F. |DIR(F™)| = BF5l. For a fixed direction 6 € DIR(F™)

there are [F|"~! parallel lines. Let CLASS(8) be the collection
of all lines in direction 4§, and let us index its elements with the
elements of F*~1 in any standard way. Let L£5x € CLASS(S) be

the member with x € F*~1, Note that |A(F")| = |F|”‘—1]-F!J,-‘§.

Planes: Planes are two dimensional affine subspaces of F™. To denote the
elements of II(F™), the set of all planes of F*, we may use two different
indexing.

Affine Indexing: II{(F") = {Pxy, | x,y,2 € F*} \ (A(F") UF"),
where Pxyz = {x+ Ax+ pz | A\, x € F}. In this indexing every
element of F™ is represented uniquely, every element of A(F™)
is represented |F|(|F|*> — 1) times and every element of TI(F") is
represented |F|(|F|2 — 1)(|JF|?> — |F|) times.

Projective indexing: We have %}H%Fﬁ% different directions
(i.e. parallel classes) for planes. Let us denote the set of these
classes by PDIR(F). For every m € PDIR(F) let CLASS(r)
be the set of all parallel planes in direction . We can index the
elements of CLASS(n) with the elements of F*~2. Let Prx be
the plane in CLASS(m) whose index is x € F*"~2. We remark
—2 (JFP=1)(jF|*~|F
that [T(E")| = [FI"* (=)
We shall define probability distributions on F* that are concentrated on
lines and planes.
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Lemma 5.18 Consider the following distributions on A(F™) UF"™:

1
Di = Uxwny = o £,
( ) |A(Fﬂ)l §€DIR(F;).XEF""I ¥
1
D2 = rﬁ‘l_fr_z Z IE:’,,.
x,ycFn

Then the Ly norm of D1 — Dy is 2/|F|™.

Lemma 5.19 Consider the following distributions on TI{F®) U A(F*) UF":

i
Dy = Umpn) = srremyy Ip, .
)= T gty e
1
D2 = 1F|3“ Z Ipx,y,l'
x,y,2€F"

Then the Ly norm of Dy — Dy is less than 2(|F| + 1)/|F[".

We interpret the above two lemmas that it essentially does not matter
whether we select a random line (plane) uniformly from all lines (planes) or
whether we select it by picking a random pair (triplet) of affine parameters.
The next lemma says that random line of a random plane that goes through
a fixed point of F® is essentially random among all lines.

Lemma 5.20 Let xg € F*. Let D be the distribution on A(F™} that we
obtain by picking a random plane I among all the planes that contain Xg,
and after that a random element of A(Ily), (i.e. among all lines of 11, ).
Then the Ly distance of D from Upgny (the uniform distribution on the
lines of F*)} is less than 2/|F|.

5.1.7 Parameterized Varieties

Let #1,...,yx be a set of parameters, each ranging in F, and B, ..., P, be
k-variate polynomials of multi-degree D. The set {(Pi(y),-..,Pu(¥)) | ¥ €
F*} is a multi-degree D parameterized variety of dimension k in F™.

Lemma 5.21 Let P be an mn-variate polynomial of total degree d and V be
a parameterized variety of dimension k and multi-degree D. Then P oV is
a multi-degree at most dD polynomial of k variables.
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In what follows, we fix an arbitrary X C F with0 € X and | X|= D+1.
Let f: X*\ {0} - F", and for z € F* let f, be an extension of f to the
domain X* such that f,(0) = z. If we let z € F" run, we get a family
of functions from X* to F™. It is easy to see by Lemmas 5.10 and 5.11,
that f, uniquely extends to a parameterized variety Vg : F¥ — F? of F"
of multi-degree D. We call {V,}scp» a standard family of parameterized
varieties.

We would like to embed arbitrary subsets of F™ into parameterized va-
rieties. Given a set H C F® with |H| < (D + 1)* we can find a standard
family of parameterized varieties of multi-degree D and dimension k, such
that H is a subset of each members of the family.

This is relevant for the following reason: If P is an n-variate low degree
polynomial over F, then the restriction of P on H can be decoded from the
restriction of P on any member of this variety even in the presence of noise.
If the entire P is given with a small percentage of error, we will find, that
most of the varieties will be sufficiently noise-free in order to decode the
restriction of P on H from them. In particular, a randomly chosen member
will likely work. This decoding procedure is a generalization of decoding the
value of P just over a single point of F* by casting a random line through
the point [24]. In the rest of the section we give lemmas that establish these
useful properties of the standard families of varieties. For a variety V of
dimension k, and functions F,G : F* — F we use the notation

1
disty(F,G) = T > 1.
FV)AG(V(x))

Lemma 5.22 Let ¥V be an arbitrary parameterized variety with dimension
k and multi-degree D. Let P,Q € F%*9<4[x} such that P and Q differ over
at least one point of V. Then

IF| —Dd)k

disty(P,Q) > ( -

Proof. We need to use Lemma 5.12 for PeV and Q¢ V, that have multi-
degree at most Dd by Lemma 5.21. 0

Lemma 5.23 Let {V,}zere be a standard family of parameterized varieties

in F* and xq € (F\ (X \ {0}))*. Then z = Vu(xq) is a one-one map from
F" 1o F™,
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Proof. Let X ={0,a1,...,ap}. Va=Vo+V, where V is defined by

(o) = 5 ik Ihiacn(y; — )
R Iicj<k Iicicn(-a1)

If we replace y with any xp € (F \ (X \ {0}))*, we can uniquely solve
(28) in z for any setting of the left hand side.

for 1 <i<n. (28)

Lemma 5.24 Let {Vi}aewn be a standard family of parameterized varieties
in F* of dimension k and degree D. Then for any F,G : F* = F we have:
[B*] — (1] —

[P

Ezcpn (disty, (F,G)) < dist(F,G) + (29)

Proof. Let H = {x € F* | F(x) # G(x)}. By definition the measure of
H is exactly dist(F, G). Clearly,

"FLLE 2 -

zeF" xeH YEFk Yy (y)=x

E=o o (N NN R

zeF™ x€H \ye(F\(X\{0}))*Va(y)=x

Ezcrn (dﬂstv- (F= G

s o= 1) e

zeF™xeH \yeF*\(F\(X\{0}))*,Va(y)=x

Term (31) can simply be estimated from above by lﬂbl%li-llﬁ and term
(30) can be estimated from above by

| Y 1) -dn e EAEMODE  isy(r ).

x€H \ye(F\(X\{0}))*

5.1.8 Linear Codes

Let F be a field. For a vector w € F* we define weight(w) as the number
of non-zero entries of w. If wy and wg belong to the same vector space over
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F, then Dist(w1,ws) is by definition the weight of w1 — we. The distance
function is symmetric, since weight(w1 —wsa) = weight(wgz —w1). A linear
subspace C of F" is also called a linear code. In practice we call a linear
subspace C of F™ a code if special attention is payed to the quantity:

d(C} = Grn wetght(w).
Note that because of the linearity, d(C) is also a lower bound for the distance
in between any two elements of the code. The parameters of C' C F™ are
its length, n, its dimension, k, and its minimum distance, d(C), for which
we use the shorthand d. With the above parameters C is called an (n, k,d)
code. An element of an {n, k,d) code encodes klog|F| bits of information.

We can construct an (n, k,d) code C either via a k times n matrix M
such that ¢ = {xM | x € F*} or via an n times [ matrix P, where { > n—k
such that C = {w € F* | PwT = 0}. The matrix M is called the matrix of
the code, and the matrix P is called the parity-check matrix of the code, and
they are not unique. A family of codes is efficiently given if their matrices
and their parity check matrices have a polynomial time description in terms
of the length of the members.

Proposition 5.25 There is a constant ¢ > O such that for every k > 0
there are (c'k,k,c'k/4) codes where ¢ < ¢ It also holds that these codes are
efficiently constructible.

5.2 Checkable Codes

In PCP theory the task of checking often specializes to checking linear codes.
When we check a code we have a system of the subsets of the index set from
which we choose a random element, and make a yes/no decision on the basis
of what we see in these positions. The evaluation of the entries the checker
sees is called a view. An accepting view is what the checker accepts, and a
rejecting view is what the checker rejects. According to the code checking
model we need to accept all words of the code with probability one (or close
to one, depending on the model), and reject with high probability all words
that are far from any code word. A code is usually called checkable if there
is a checking scheme such that the number of entries we need to look at is
significantly smaller than the dimension (not the length!) of the code.
Consider a negative example: recall that the usual Reed Solomon codes
are tables for uni-variate polynomials over a field F. We encode a polynomial
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P € P4x] into the vector of its replacement values: P — (P(a1),---,Pla))

where a3, . ..,an are distinct elements of F. The Reed Solomon codes have
the property that for an arbitrary set of entries ¢; < ... < ig4+1 and for any
view b1,...,bas1 on these entries there is a code word which has value b; at

entry ¢; for 1 < 7 < d+ 1. This holds because there is always a degree d
polynomial such that P(a;;) = b; for 1 < j < d + 1. Therefore either the
size of some check sets should be greater than d+ 1, or we also need to reject
views that come from a code word.

We say that a checking procedure has the perfect soundness property if
we do not reject any view that can come from a codeword. In the case of
perfectly sound checking procedures the set of entries we look at (for a fixed
random choice) uniquely determines the accepting views: they are exactly
those that can occur as a restriction of some codeword on the set of entries
in question. Although in the advanced theory of PCP codes with imperfect
soundness play a very important role in achieving the best parameters (see
Hastad [84, 85]), they are not linear. Here we restrict ourselves only to linear
codes and to checking procedures with perfect soundness.

One of the first known checkable codes was the code of multi-linear
functions. Babai, Fortnow, and Lund [22] used this property of multi-linear
codes to prove that MIP # NEXP. Another checkable code was provided
by Blum, Luby, and Rubinfeld for an entirely different application [42].
The results of Feige, Goldwasser, Lovasz, Safra, and Szegedy, [62], Babali,
Fortnow, Levin, and Szegedy [23], and Arora and Safra [12] use the code of
multi-variate polynomials with restriction on the multi-degree. Arora et.al.
[10] uses the code of multi-variate polynomials with restriction on the total
degree (See Section 5.2.3) and also the code of Blum, Luby, and Rubinfeld
(see next section).

In the above results code checking was not differentiated from checking
in general. Indeed there is not a definite distinction in between checking
linear codes and other sets of strings. Nevertheless, because of the relation
in between different checkable linear codes it makes sense to collect the code
checking results into a single section. We also introduce a slightly different
way to measure the success of the checking procedure for codes. Our new
measure is the expected distance of the received view to a view that may
come from a code word. We request that if the checked word is outside the
neighborhood, this expected distance be large. This definition, of course,
could be generalized to any collection of strings, which is not necessarily a
linear code.

Code checking has four interesting parameters: the radius parameter for
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the neighborhood we want to check, the measure of success with which we
can detect if a string is outside the neighborhood, the maximum number
of entries we need to look at, and the size of the assembly from which we
choose our check set. Here is the definition of code checking we shall use
throughout the next sections.

Definition 5.26 The e-neighborhood of x € F* is {y | dist(x,y) < €}.
The e-neighborhood of a code C is the union of the e-neighborhoods of its
members.

Definition 5.27 (Code Checking) Let F be a field. The e-neighborhood
of a code C < F™ is -checkable with check-size g if there are Wi,..., Wy, €
DISTR({1,...,n}) such that |{supp(W;)] < g for 1 < 4 < m and Q €
DIST({1,...,m}) such that for every v € F™ outside the e-neighborhoed of
C we have:

Eg (Egg distw,(z, v)) >4é (32)

If the e-neighborhood of a family of codes C is é-checkable, where € > 0
and é > 0 are constants, and the check-size is at most poly-logarithmic, we
informally say, that the “membership in any € € C is checkable.”

5.2.1 Checking the Hadamard Code

The simplest and most fundamental checkable code over a finite field F is
the (generalized) Hadamard code. It has dimension k, length |F|¥, and its
matrix Mpmr k) is a k by |F|* matrix with all possible columns of length k
that can be made out of the elements of F. The minimum distance of the
Hadamard code is |F|*(1 — 1/|F|).

Here we discuss only the case when the field is 3. The code-length in
this case is 2", the dimension is 7 and the distance of any two distinct code-
words is 2*~!. Entries are indexed with vectors of length n over Fy. The
value that appears in the entry indexed with x, when we encode y € F% is
> i1 Ziyi, the inner product of x and y in Fa. For any code-word z of the
Hadamard code and for any xi,%2 € F§ we have the equation:

Zxy + Zxg = Txy+xg-

For this reason the set of entries {x1,%3,%x1 + X3} is an appropriate check
set for the Hadamard code, since only 4 out of 8 views can be accepted.
Using these check sets Blum, Luby and Rubinfeld [42] have shown that the
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Hadamard code is efficiently checkable, although the theorem we present
here is slightly sharper and due to

Theorem 5.28 ([42, 30]) Letz € Fy°. If the number of x1,%x; € F?
ordered pairs for which vy, + Vx; # Vxy4x, is at most $2%*, then v € F%
belongs to the é-neighborhood of the Hadamard code.

The most elegant proof of Theorem 5.28, which is due to M. Bellare,
D. Coppersmith, J. Hastad, M. Kiwi and M. Sudan [30], uses Fourier-
transform techniques. Let us map Fp = {0,1} to {1,—1} € R such that
0 goes to 1 and 1 goes to -1. For a vector v with elements from Fy let v
denote its real counterpart, that we obtain by applying the above map for
all coordinates of v. For v € {1,—1}¥¥ we denote the entry indexed by
x € F§ with v[x]. Thus for any v € F‘fg the number of x3,x2 pairs such
that vy, + Vx, # Vx;4x, 1S exactly the number of x1,x%s pairs for which
v{x1)v[xg]u[x1 + x2] = —1. Since this product is always either 1 or -1, the
theorem we need to prove is equivalent to stating that

= o=k, xa) | ofxilolxaloles +xa] = ~1}] =
% - 21_12? > vxivfxa]vfxs +xo) (33)

x1,x2EFY

implies that the normalized Hamming distance of v from the closest mem-
ber of the Hadamard code is at most & The normalized Hamming dis-
tance of v1 € {0,1}¥% and w2 € {0,1}F% can be conveniently expressed as
dist(vi,va) = % - -2714_1(1;1, vg), where {.,.) denotes the usual scalar product
of two real vectors. Let {w®}acFs be the elements of the Hadamard code
in the real representation, where w®[x] = 1 if 3¢, ajz; = 0 in Fy, and
w?[x] = —1 otherwise.

The vectors {w®}acpn form an orthogonal basis for R¥2. (Although most
literature do, here we do not normalize the basis, nor the scalar product.)
The orthogonality can be readily seen from the fact that two different linear
formsover F2 with no constant term agree for exactly half of the replacement
values.

The Fourier expansion for an arbitrary v € RF7 is the expression v =
ZaEFg Aaw?. The elements of the sequence {/\a}nEFg are called the Fourier
coefficients of v. From {w®,v) = Aa{w®, w?) = 2* A4 we obtain:

1 1

dist(w®,v) = o 5)\&. (34)
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The orthogonality relations for the w®s also imply that for any v € {—1,1}¥2

1= ng(u,u) = 2% > Nadb(we,wp) = Y A2, (35)

a,beFy acF}

Let us now rewrite 3y e Fp v[x1]v[xa]v[xs + x4] using the Fourier ex-
pansion of v as

(T aaetixal)( D wubbal)( D At +xal).  (36)

x1,x2€F§ acFj beFy ceF}

It will turn out that that the later formula simplifies to 2 3, cgr AZ.
Indeed, rearranging the sum we get that (36) equals to

Yo YA Y wtlutolutix £ xa (37)

acFy beFy ceFp X1,%2€F7

Because of w®[x1 +x2) = w®[x)we{xs] for fixed a, b and ¢, the expression
2y %0 334 w®[x]wP[xo)wC[x1 + x2] becomes

T wipauthal 3 wPholulixg = (W w)(wbw).  (38)

x1€FY x2EFY

The right hand side of (38) is 2*® if a = b = ¢ and 0 otherwise. We
get the simplified expression for (36) as claimed. From this (33) can be
expressed as % = % EaeF? A2. Let w™* be an element of the Fourier basis
whose coefficient, Amax, has maximum value among all Fourier coefficients of
v (informula Apax = MaXacky An). We claim that the distance in between
v and w™®* is at most §. Indeed, from (34) and (35):

8=

b =

1 1
aEF" aEF"

5.2.2 Checking Bivariate Low Degree Polynomials

We test low degree bivariate polynomials by casting a random line in a
random direction or by casting a random line in one of the two coordinate
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directions depending on whether we want to test the space of total degree
d polynomials or the space of multi-degree d polynomials. The success of
these tests relies on Theorems 5.29 and 5.30. In the sequel we denote the
set of lines in F2 by A and the set of those lines that go through a fixed
point v of F2 by A,.

Theorem 5.29 (Random Line Test, Bivariate [10]) Ler F be a finite
field, F(zx,y) be an arbitrary function from F? to F, 0 < d < |F|/10 an
integer, and 0 € 6 < 1/6. For a line L of F? let a(L) denote the normalized
Hamming distance of F from the closest degree d uni-variate polynomial on
the line L. If Epeal(a(L)) < & then

min dist(F,G) < 24.
deg(G)<d

The proof of Theorem 5.29 is based on the Bivariate Testing Theorem
(BTT) below, which also serves as the basis for testing polynomials in higher
dimensions. The BTT roughly states that testing for approximate member-
ship in F%%(z,y) can be done by looking at the table of F over a random
line in the first coordinate direction and a over a random line in the second
coordinate direction. The theorem first appears in the paper of Arora and
Safra [12], but there the size of the field depends quadratically on the degree.
Although this would be sufficient for our purposes, we show a linear depen-
dence following the lead of Polischuk and Spielman [120]. In this section we
take the freedom of calling the multi-degree of a two-variate polynomial as
“degree,” as long as the term is followed by a pair of numbers.

Theorem 5.30 (Bivariate Testing Theorem [12, 120]) Let F be a field
and let X = {a1,...,0,} CF, Y ={b,...,0,} CF, |X|=|Y| =n. Let
C(x,y) be a polynomial of degree {d,n}, and D(z,y) be a polynomial of
degree (n,d). If

PrOb[z,y)EXxY (C(z,y) # D(z,y)) < 52) (39)

and n > 36n + 2d, then there exists a polynomial F(z,y) of degree (d,d)
such that

PTOb(::,y]EXxY (F(:B, y) # C(msy) v F(:]:, y) < D(fb‘, y)) < 262, (40)

Proof. [Theorem 5.30] Polischuk and Spielman have a beautiful proof of
this theorem in [120] using resultants, determinants and their derivatives.
We take a different route and calculate dimensions of linear spaces.
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Lemma 5.31 Let V, Wa,...,Wa, be linear spaces over a field ¥, p; : V —
Wi (1 <i <m) be linear maps. If there aresubspaces V1,..., Vi CV that:

1. pi(V;) =W, for 1 <i<m,
2. V; C Ker(yp;) for 1 < j <1,
then dim N2 Ker(p;) + Y e, dim W; = dim V.

Proof. Define ¢ : V = @2 Wi by (V) = (¢1(v),...,om(v)) for any
v € V. First we show that Im(p) = B, W;.

We need to show that for any w = (wy,...,wn) € @iZ, W; there is
a v such that ¢(v) = w. To produce this v we recursively match the
first ¢ coordinates of w with ¢(v;), for some vi € V for 0 < i < m. Let
vg = 0. Assume that we have already found a v;—1 such that p(v;—;) =
(Wi1,...,Wi_1,W;,...,wl.). By Property 1. there is a v, € V; such that
wi(vi) = wi — wi, 50 o(vi + vio1) = (w1, .., Wi, Wy, ..., wi ). We set
v; = v‘; + vi—t and v = V. Note that adding v£ to vi—; did not change
the first 4 — 1 coordinate of the image under ¢ by Property 2. We get
that the image of ¢ is the entire @7, W;. Clearly, Ker(p) = N2, Ker(y;).
Combining this with dimIm(y) + dim Ker(¢) = dimV (see Lemma 5.7) we
get:

m m
dim N2 Ker(p;) + Y dimW; = dim Ker(¢) + dim () W; = dim V.
i=1 Lot

Theorem 5.32 Letdeg A = (a,b) with b > 1, B € Foi[z 4], B # 0, and
assume that ged(A,B) = 1. If A, 5)| BOL ) - A )| B 3) for
distinct A1y...,Am thenm < a+ ¢+ ad/b.

Proof. Let V = Fm~1b+d=1[g o1 and W; = Fly]/A(N;,y) for 1 < i < m.
Then dim W; = deg A(\;,y). The map P(z,y) = (P(X\i,y) mod A(M;,y))
is a linear map from V onto W;. Let ¢; be this map. We show that the
conditions of Lemma 5.31 hold for V, W;,¢; (1 < i < m) with

Vi={z—X\)---(z—M-1)Q | Q€ Ft"l(y)'} for 1 <i<m.

To show Condition 1. let @(y) be any element of Wj, i.e. some polynomial
modulo A(Ai,y). We have deg @ < b—1 and so @1 = Q(y) H;._—_i -f-_:% eV
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Clearly, @ = :i{Q1). For Condition 2. notice that if j < i then replacing
A; in any polynomial in ¥} gives 0. We now show that

W={CA+DB|CeF" 1 g ) DeFm 11z} <
NP Ker(gs).

Indeed, A(A;j,y) divides B(Aj,y) for any 1 € j < m, therefore it also
divides C(A;,4)A(N;,y) + D{j,¥)B(A\j,y). Thus ¢;(AC + BD) = 0 for
1<j<m.

Let us now calculate the dimensions. Clearly, dim V = m(b+d), dim W; =
b for at least m —a of 1 < i < m, since in A = %, y*qi(z) the coeffi-
cient gq(z) cannot be O for more than a of the A¢s. Thus by Lemma 5.31
we have that dim W < m{b + d) — (m — a)b = md + ab. On the other
hand, A and B have no common factor. Because of the y-degree restric-
tions of C and D there are no (C, D) pairs in the definition of W other
than the (0,0) pair for which CA + DB is 0, and so the dimension of W
is (m—a}d+(m—c)b = md+ab+(mb—ab—ad —be) thus m < a+c+ad/b.0

Remark 5.33 While the above lemma is not sharp, it is sharp within a
factor of 4. Indeed, we prove that for any fixed a,b,c,d for the minimal
m = m(a,b,¢,d) such that the lemma holds we have m > max(a,c,a|d/b|).
To show m > a let A(z,y) = y®(z*—~1)+1, B(z,y) = 1. Toshow m = clet
Alz,y) =y°, Blz,y) =yP+2°~1. Toshow m > ad/b let A(z,y) = y*+2°,
B(z,y) = i[i’;bj (y® + x:), where x1,. .. s X|dss| are elements of F such that
the polynomial Hl:iflbj (z°— xi) has e|d/b] different roots. In these examples
we assumed that F is large enough, and in the last two cases we also assumed
that d > b. We can obviously sharpen the lemma when d < b.

We continue now the proof of Theorem 5.30. This part is essentially the
same as in [120]. Define

H={(a,b)|ae X, beY, C(a,b) # D(a,b)}.

We claim there is a polynomial ¥ € F‘s""s"[x,y] such that £ # 0, but
E =g 0. Indeed, consider the linear map ¢ : F“!J"[x, y] —r FI which
maps a polynomial into the vector of values that it takes on H. Since
dim Fénon[z o] = §2n? and dimF¥ = [H| < §%n?, we have that Ker(¢)
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contains a non zero element, E. This E is the polynomial we are looking
for. Assume that E has degree {e1,e2). We have:

CE =XxY DE =XxY G;

where G is a bivariate polynomial that can be chosen to have degree at most
{d+ e1,d+ e2). To see this we need the following lemma:

Lemma 5.34 Let Py and P2 be two bivariate polynomials of degree (dy,n)
and degree (n,da) respectively, where d1,d2 < n. Assume that P1 =xxy P,
where X = {a1,...,8n+1} CF, Y = {b1,...,bnt1} C F. Then there is a
polynomial Py of degree (d1,d2) such that Py =xxy Pi. Also, if Py is not
the identically zero polynomial, than Ps is not the identically zero polynomial
either.

Proof. Let X1 C X, |Xy|=dy+1 and ¥; CV, |Y3] =da + 1. There
is a polynomial P3 such that Py =x,xv; Pi. But since every degree d;
polynomial is determined uniquely by the values it takes over a set of car-
dinality di + 1, and both P; and Pj have degree d; in the x direction, we
have that P3s =xxv; P1. We now use the fact that P, =xxy P» and so
P3 =x«v, Py. Since both Pr and P; have degree dp in the y direction, we
get that Ps =xxy P2. Then P3 =x,y Pi. If P; is not identically zero, then
it cannot be zero everywhere on Aj x Y, and so Py is not identically zero.
follows. m|

Since CE € Fétet n, DE € F™4tez if we apply Lemma 5.34 to P, =
CE and P, = DE, we indeed find a polynomial G that agrees with CE and
DE on X x Y and has degree at most (d+e1,d+e2). Let J be the greatest
common divisor of G and E and let G = G1J, E = EyJ. Let us denote
the degree of J by (di,ds). Clearly, @y € Fdtei—didtea—da[y o] deg By =
(e1 — d1,ea — dg). Since so far we did not break the symmetry between x
and y, without loss of generality we can assume that es — dp > e1 — d;.

If C is the identically zero polynomial, then the identically zero polyno-
mial satisfies the conditions of the theorem. Otherwise CE is not the identi-
cally zero polynomial, and so by Lemma 5.34 G is not identically zero either.
Hence J is not identically zero and it has the form J(z,y) = y®P(z) + ...,
where P(z) is a degree di polynomial. Let {A1,...,Aq—q,} be a subset of
n — dy distinct elements of X which does not contain any of the roots of
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P(z). Wehave:

Gi(AM.9)J(ALY) =y E1(A,9)J (A, y)D(ALy);

Gl (’\n-Ch ! y)J{Aﬂvdl 1 y) =Y El(/\n—dl ’ y)J(’\n—dl ) y)D('\n—d| 1 y) .

Since {¥|=n > d+ dn > deg, G, we can conclude that these identities
hold as polynomial identities and Fi(A:,y}|G1(Xi,y) for 1 < 4 £ n — d;.
Theorem 5.32 implies that either E has degree (0,0) or n—d; < €1 +{d+
e1—d1)+ ((ex —d1)/(e2 — d2))(d + e2 — d2). We show that the later cannot
be the case. Indeed, by our assumption e; — dy < ez — dg, therefore:

61+(d+81—dl)-|-((81—dl)/(ez—dg))(d+62“d2) <2d4+36n—-d1 < n—d.

Let us define F = Gq. Since ey = d; and ez = da, F € F&d[z,y] follows
from Gy € Fdter—dudtes—dafy o

We are left to show that the number of (a,b) pairs for which F(a,b) is
not equal to either C(a,b) or D(a,b) is at most 25%n?.

Let Hy = {(z,y) € XxY | C(z,y) = D(z,y) # F(z,y)}. If|H1| < §2n?,
we are done, since

{(z,9) € X xY | F(z,y) # C(z,y) A F(z,y) # D(z,y)} <
Hy U {(wsy) EXXY| C(E:y) - D(x9y)} (41)

where the sizes of both sets on the right hand side of (41) are bounded by
82n?. If Hy > 6?n? then either X1 = {z | (z,4) € Hi} or Y1 = {y | (z,y) €
H1} has size greater than én. Assume this is X1. Then for every fixed
a € X; the polynomial F(a,y) is different from the polynomial D(a,y). But
since F(a,y)J(a,y) =y D(a,y)J(a,y), and deg, F'J < n, this can happen
only if J(a,y) is identically 0. It is easy to see that then (z — a) is a factor
of J. Then [],cx,(z — @) is a factor of J, and we get a contradiction, since
|X1| > dn, but the z-degree of J is at most &n. ]

Proof. [of Theorem 5.29] Let DIR(F?) = {diry,...,dinp 1}, Let r; =

. Fl+1
Egeccrasstdin)(a(r)). By our assumption m}%Z&:?

assume that ry < ... < ryp4y. Then 1,72 < Er‘ré'"llé = 8g. The conditions

of the theorem imply that 38|F| + 2d < |F|. Let v1 = (z1,%1) a non-zero
vector in direction dir; and v2 = (23, y2} a non-zero vector in direction dirs.

r < 4. We may
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If we choose the basis {v1,v2} for F2, Theorem 5.29 implies (with the
choice of X = Y = F) that F is 2é-close to a degree {d,d) polynomial P on
F2 in the basis {vi, va}.

Assume that the total degree of P is greater than d. Then by Theorem
5.14 there are at least (|F|—d)* pairs (wy,w2) : w1 € F2,0 # wy € F2 such
that when we restrict P on the line Lw,w, = {W1 + Awa}, the restriction
is not a degree at most 4 polynomial. However these restrictions must
always be degree at most 2d polynomials, since P has degree {d,d) in the
basis {v1,v2}. For these “bad” lines the normalized Hamming distance
of P from the closest degree d polynomial is at least F;. 24 Let o (L) =
mingeq(q)<a distc(G, P). By the above:

F|—d\* |¥F| — 2d
Ew1 O#we (G}(Ew.l ,wz)) = Eﬁeﬁ(ﬂ’(ﬁ)) Z (l |lF| ) | ||F| > 0.5. (42)
On the other hand
Ecea(d' (X)) < Ecea(afX)) + dist(F, P) < 36 < 0.5, {43)
a contradiction. O

An immediate corollary of Theorem 5.29 is the following:

Theorem 5.35 Let F be a finite field, F{z,y) be an arbitrary function from
F? 10 F, d < |F|/10 an integer, and a(L) as in Theorem 5.29. Then

i st F < <
de;?é?gddwt( ,G) < 6Eea(a(L)) (44)

The following two lemmas represent the easy direction i.e. when we
have an a priory knowledge that mingeg(gy<q dist(F, G) is small. In the first
lemma we estimate the average of a(£). A little twist is that we show that
this average is small even if it is taken for a set of lines incident to a fixed
point. The second lemma states that if P is a multi-degree d polynomial
which is close to a function F, then in order to learn the value of P(z,y)
for some (z,y) € F? it is sufficient to cast a random line through (z,y) and
extrapolate P(z,y) only from values that F takes over this line. The value
we get this way equals to P(z,y) with high probability. In these lemmas F
is a finite field.
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Lemma 5.36 Let F(x,y) be an arbitrary function from F? to F, and let P
be the closest total degree d polynomial to F. v = (zo,y0) an arbitrary fixed
point in F2, and a(L) as in Theorem 5.29. Then

Efca,(a(£)) < [I‘l‘ + dist(F, P) (45)

Proof. Let E = {(z,¥) | P(z,y) # F(z,y)}. The restriction of P on
aline £ is a degree d polynomial, so a(L£) < distc(P, F) for every £ € A.
Therefore a(L£) < distg{P, F'). Thus it is enough to show that

< I;‘] + dist(F, P). (46)

Egen, (diste(P, F)) <
Since the lines incident to v are disjoint outside v, those {(z,y) # v for which
F(z,y) # P(z,y) contribute W’lﬂm to the left hand side of (46) which is

less than Til‘T’ which they contribute to the right hand side. F(v) # P(v)

can add an additional ]‘111 to the left hand side. Inequalities (46) and (45)
follow.

Lemma 5.37 Let F(z,y) be an arbitrary function from F? to F, Let P be
the closest total degree d polynomial to F and & < |F|/10. For L € A we
denote by Pg the uni-variate degree d polynomial on £ which is closest to F
on L. Then for any fixed v = (xo,90) € F2:

2

Probgea, (P(zo,v0) # Pc(zo, %)) < ]

+ 3dist(F, P).

Proof. If Pe(xq,y0) # P{zo,ya) then Pg is different from the restriction
of P on £. Since both Pz and the restriction of P on L are (uni-variate)
polynomials of degree d, the number of points of £\ (xg, %) where they
do not equal is at least |F| — d. By the triangle inequality the number of
points of £\ (zg,yo) where P is not equal to F' is at least |F| —d — |F|a(L).
Summing these up for £ € Ay:

Bl " alf)+{(z,y) # v | F(z,y) # P(z,)} > (|F|-d)(|F|+1)p, (47)

LeAy

where p = Probgzea, (P(zo,%0) # Pc(zo,¥0))- We get that
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p< IF| e, a(L) | |F*dist(F,P)—1
SF-d [Fl+1 " (F[-d)(F[+1)

Pl /1 - |F|2dist(F, P) — 1
F-d (m Feiatlh P)) * F = a4 1)

2
—_ t 3dist(F, P
7] )

|

|

The first term of the next to last expression comes from the first term
of the previous expression by Lemma 5.37. The last expression follows from
|F| > 2 and d < |F|/10. o

5.2.3 Checking General Low Degree Polynomials

We use the definitions of Section 5.1.6. Let us fix a space F", a function
F:F* - F, and a degree d. We denote the set of lines and planes in
F" by A = A(F") and II = II(F®), respectively. For x € F* we introduce
Ax={LeA| xeL}andIy={Pell| x € P}.

Arora, Lund, Motwani, Sudan and Szegedy in [10] showed that the Ran-
dom Line Test works in general in n dimension, and gives a constant error
irrespective of the dimension. The test plays a central role in their PCP
construction. Similarly to the two-dimensional case we introduce for a line
L the quantity a(£) and the polynomial Pg defined by:

L) =distp(Pr, F) = in diste(P,F),
a(L) = distp(Pg, F) de;:?}"l)lgd iste (P, F)
where Py is a degree d (univariate) polynomial such that its Hamming dis-
tance from F on £ is minimal. For P € II we define b(P) and Pp by:
b(P) =distp(Pp,F)= min distp(P, F),
(P) siFa R min it F)
where Pg is a multi-degree d (bivariate) polynomial such that its Hamming
distance from F on P is minimal. The proof of the generalized Random Line

Test relies on Theorems 5.29, 5.36 and 5.37. If we apply these theorems for
a fixed plane P of F", then we get:

b(P) < 6Egcacm(al(L)), (48)
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Efen,@)(a{L)) < -|-F17|+b('P). (49)
Probgensy(p)(Pr(xa) # Pelxa)) < 10+ 3(P), (50)

where Xg is a fixed point of P and A, (P)is the set of lines in P that
contain xg.

Theorem 5.38 (Random Line Test, Multi-Variate [10]) Let F be a fi-
nite field, |F| > 2d+2886|F|+698, d < |F|/10 and |F| > nd. If Egea(a{L)) <
4, then

77
t(P, F) < 51
deg%%(ddw (P, F) <366 + — F] (51)

Proof. If D is a probability distribution on a set A and f is a function
from A to a set B, then we will say that f is constant with probability (at
least) ¢ with respect to D, if maxpep Prob.ep{(f(a) =b) > q. If ¢ > 1/2
then the most popular value, b, is unique. If for a distribution D' we have
|D' — D|; < ¢, then f is constant with probability g — € with respect to D'.
The following lemma is trivial to prove:

Lemma 5.39 Let D be a probability distribution on a set A, f be a map

from A to a set B. Let Probg, za,ea(f(a1) # f(a2)) > q. Then f is constant
with probability ¢ with respect to D.

Lemma 540 Ler £y € A, 9:0 € Lo, fixed. The maps below are constant
with probability 1 — 368 — ]_I and 1 — 144§ — ?3—?, respectively, and their
unique most popular values coincide.

1. £ — Pr(x0), when L is chosen uniformly from Ax,.

2. P = Pp(xq), when P is chosen uniformly from Ilz,.

Before proving Lemma 5.40 we show that it implies the theorem. Let
G(xp) be the unique most popular value of 1. and 2. of Lemma 5.40. First
we show that deg(G) < d. By Lemma 5.13 it is enough to show that if we
restrict G to any line we get a degree at most & polynomial. Fix a line £. For
P € Iz let Qp be the restriction of Pp on £. When P is selected randomly
from IIz, the polynomial @p is a random variable with the property that
forevery x € L the probability that @p(x) = G(x) is at least 1— 1445 — %i?-
The desired property of G now follows from the lemma below.
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Lemma 5.41 Let D be a probability distribution ondegree d polynomials
over F, and f : F = F such that for every t € F we have Probpep(p(t) =
Fi)) > % + ]%‘. Then f is a degree d polynomial.

Proof. Let X be the probability variable that takes the value |{t | p(t) =
f(®)} on a polynomial p € D. Clearly, E(z) = 3. Probp(f(t) = p(t)) >
(%’*T%T) [F| > |F|/2, and so there is a po € D such that {{t | po(t) =
F@H > |F|/2. We will show that for every £ € F f(t) = po(t).

Let us denote {t ] po(t) = f(t)} by H. Pick an arbitrary tp € F, and let
X, be the probability variable that takes the value |{t € H | p(t) = f(t)}|
on p € D if p(ty) = f(ty), and O otherwise. We have:

|F| 2d

2

E(Xyp) = Y _ Prob(p(to) = f{to) A p(t) = f(t))>iH1|F[

teH

Thus there is a ¢ € D such that g(to) = f(to) and g agrees with f on more
that d values of H. But then g and p also coincide on more than d values,
therefore they are equal, and so p(ta) = f{to). |

Next we show that dist(F,G) < 366 + {% The premise of the theorem
can be reformulated as

PfObeFﬂ,z:eAx(F(x) # Pr(x)) (52)

for the reason that the left hand side equals to Probeea xec(F(x) # Pro(x)) <
§. By 1. of Lemma 5.40 for any fixed xo:

76

ProbgeAxo(G(xg) # Pr(x0)) < 366 + [‘F—,l'

(53)
If we randomize Equation (53) over %p and combine it with Equation
(52) through the triangle inequality, we obtain that

7

Probg xec(F(x) # G(x)) < 366 + — T3k

(54)
We are done, since Probgea xec{F(x) # G(x)) = Probxew» (F(x) # G(x)) =
dist(F,G) 2 mingegp)<q dist(F, P), since G is a total degree d polynomial.
We are left to prove Lemma 5.40.

First we give an upper bound on the expectation of b(P) for a random
P € Ty,- If we pick P € Iy, uniformly and £ € A(P) uniformly then by
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Lemma 5.20 we get a distribution which is l%[-close to the uniform distri-
bution on A in the L; norm. Therefore:

2 2
Epen,, Eceap)(a(L)) < Egealal(L)) + i3] <4+ ik (55)
From (48) and (55):
12
Epen,, (b(P)) < 6Epen, Eccarpy(a(L)) < 66 + ] (56)

Pick now a random pair of lines £3 # L2 through xq together with the
plane P that contains both. We define the characteristic functions of three
events on the probability space whose elements are the triplets {(£1, £q, P)
as above.

1. X;: the characteristic function of the event that Pg, (xa) # Pr,(%q).
2. Xs: the characteristic function of the event that Pg, (x0) # Pp(xo)-
3. X3: the characteristic function of the event that Pg,(x¢) # Pp(xa).

Clearly, X1 < X2+ Xj3point-wise. Thus E(X;) < E(X3) + E(X3). The
events underlying Xz and X3 have the same probability as the following one:
First we pick a random plane P and then a random line £ in P such that
both go through xg and consider the event that Pp(xg) # Pr(xg). If we fix
P then by Lemma 5.37 the probability that Pp(xp) # Pz(xg) is bounded
by ]%[ + 3b(P). Hence by (56):

: 38
E(X3) = E(X3) < Epern,, (TFI + 3b(P)) < 188 + ]’

from which E{X;) < 366 + r%ﬁ{ follows. This implies by Lemma 5.39 that

Py (xq) is constant with probability 365+Fﬁ.§[. Let us denote the most popular
value of Pr(xq) by G(xp).

Next we show that Pp(xg) = G{xg) with probability at least 1448 +
%ﬁ—?, where P is randomly chosen from Iz,. (Here Ly is the fixed line of

Lemma 5.40.) Consider the following two distributions on the set of lines
that intersect Lg:

1. Dy: Pick a random point x of £p and then pick a random line in Ay.
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2. D3: Pick a random plane in Ilz, and pick a random line in it.

It is easy to see that the Ly norm of the difference of the two distributions
is less than 1-1%.-[ Therefore from (48), (56) and (49):

Bren,, ((P)) <
6Epen£0,gEA('p)(Gfﬁ)) =6Ecep,(a(L)) <
6 (Been(@(e) + 15 ) = 6 (BuceoBeen, (a(0) + 7)) <

3 12 18 90
6 (EmGCoE'PEH; (b(ﬁ) ~ m)) (66 + |F|) + — |FI =360 + — |F!

From this using (50) and 1. of Lemma 5.40:

Probper, (Pp(x0) # G(x0)) < Probpen, ,cenv, (P)(Pp(x0)) # Pr(xq)) +
Probpen, cene (p)(Pe(x0) # G(xo)) <

1 76 349

Bisisi, (|F| +36(’P)) (iFl (3sa+ |F|)) < 1445+ .
o

We get the following theorem as an immediate consequence.

Theorem 5.42 (Checkability of Total Degree) Ler F be a finite field,
1>6>1%[,d_>_0, such that

(F| > max(nd, 10d, 2d + 2885|F| + 698). (57)

Then the §-neighborhood of F#*9<4[x] is §/100-checkable with check sets of
size |F.

5.2.4 Checking Subspaces of Low Degree Polynomials

Although the space F[zi,...,zy] is checkable for appropriate choices of
parameters, a subspace of this space is not necessarily checkable. In this
section we provide a lemma that shows that many of the important subspaces
of F4[x] are checkable.

Consider, for instance F**4[x], the space of multi-degree A polynomials.
We would like to show that F**2[x] is checkable when |F| issufficientlylarge
compared to n and A.



Probabilistic Verification and Non-approximability 163

Assume that a black box function F' : F* — F is presented to us, that
is guaranteed to be in F*A[x] (a space that contains F**4[x]). We need to
check that the degree of each individual variable is at most A. To this end

select a random point {¥1,...,¥n~1) € F*~1 and check F over the union of
the lines

f'l(x) = (x}yll v 'ayn-—l),
EQ(I) — (yl:fr:---;yn—-l),

E®) ‘= (e Bt 2

If with high probability over y for all lines above we get a degree A
uni-variate polynomial, then it is easy to see, that F' has multi-degree A.
However, even with the promise that F belongs to F*2[x], we cannot di-
rectly apply the above fact to check membership in F**4[x] in the sense of
Definition 5.27. The main problem is that if even over only 1% of Li1,..., L,
F has high degree (for an average y), the low multi-degree of F is not guar-
anteed. To circumvent the above problem let

Hy=£1U£2U"‘U£n

for a fixed y. We will embed Hys into families of standard varieties in order
to be able to perform the error-correction necessary. The method is spelled
out in details in the next lemma in a more general form.

Lemma 5.43 (Subspace Checking Lemma) Let 1 > 6 > 0 and S be a
subspace of F¥954zy ... z,], where F is a finite field, and

|F| > max(nd, 10d, 2d + 2886|F| + 698)

Assume furthermore that there are Hy,...,Hp € F", each of size at most
g, such that for any P € Fdegf‘i[nsl, .y Zn] the inequality
i | gggdz'stﬂ.-(Q, P)=0}>2(1-8m (58)

implies P € S. Then the 4/4-neighborhood of S is §/800-checkable. The
check sets have size as most g*|F\|?, and we have at most \F|"*(m + |F|*) of
them.

For the lemma to hold we also need the technical assumption that é >

16[logr g1/+/1F].
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Proof. A seeming checking procedure: Flip a coin. If head, check if F
is a degree d polynomial by casting a random line inside F?®, like in the
previous section. If the coin-flip is tail, pick 1 £ 4 £ m randomly, and read
F over H;.

This straightforward procedure does not work for two reasons:

1. In the second part we cannot use that F is a degree d polynomial, only
that it is close to one.

2. Even if we could assume that F is identical with a degree d polynomial,
Equation (58) is not sufficiently strong to provide checkability in the
sense of Definition 5.27.

We can overcome on both problems if we embed each H; in members of
a standard family of parameterized varieties defined in Section 5.1.7 (one
family for each H;). For the choices of D = [/[F]] (the degree of the
varieties) and &k = 2[logp| g] (the dimension of the varieties) our varieties
will have size no more than |F|2¢2.

Remark 5.44 In the case of the space of multi-degree A polynomials g =
|Hy| = n|F|. In our applications n will be bounded by an |F| power, and k
becomes a constant.

For each H; the associated family of varieties, {Vi;}1<j<g», contains
exactly |F[® members.

The correct way of checking membership in S (so that we comply with
the constraints of Definition 5.27) is: flip a coin; if head, check a random line
in A(F"), and if tail check a random variety V;;. Clearly, every check set
has size at most |F|?g?, and the number of check sets is |A(F?)| + m|F[* <
[F"(m + [F|").

We are left to prove that the above procedure &/800-checks the 6/4-
neighborhood of S. If F' is outside the §/4-neighborhood of S, it can be for
one of the two reasons. We separate two cases accordingly.

The first case is if F is outside the §/4-neighborhood of F99<d[x]. In
this case

E‘CEMF")(@;?%{& distz(F, P)) > 6/400

by Theorem 5.42. We suffer a factor of two loss, because the line check
is performed only with probability 1/2, and hence the constant reduces to
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§/800 in the checkability parameter. The second case is when there is a
P € F99<d[x] such that dist(P,F) < 6/4, but P is not in the space S.
By Inequality (58) we can find { = ém indices, 1i,.-.,%, such that for
it €I = {¢,...,%} mindisty,(P,S) # 0. Since the variety V;; contains H;
for any 1 £ j < |F]™, we have that for any ¢ € I and any 1 € j < |F|™

iy disty, ;(P,Q) # 0.

From this an easy application of Lemma 5.22 for V;;, P and Q, with our
parameters yields that

indisty, .(P,Q) > 1/2.
inis vi; (P,Q)>1/

(Here is where we use the error correcting properties of low degree polyno-
mials over low degree varieties.) In conclusion:

E-‘.j(glgtsl disty, .(P,Q)) > é/2.

We are not done yet since we need to get an inequality for F' and not for P.
Because of the triangle inequality it is sufficient to show that

E; ;(disty, (P, F)) < 34/8.
We use Lemma 5.24:

[F[* — (|F| - D)*
B>

E; j(disty, (P, F)) < dist(P, F) + <é/4+46/8.

The bound on the second term comes from the technical assumption we
made in the end of the statement of the lemma. Again, the parameter, §/8,
we obtain suffers a factor of two loss, because we choose to check the fami-
lies of varieties only with probability 1/2, but it is still greater than §/800. O

5.2.5 A Subspace that Deserves Special Attention

We shall construct a checkable subspace of F495d[x,y z] (x € F",y €
F™,z € F?) such that each element Py of this subspace encodes a function
ffrom X" to F, where X C F withsize D+ 1, and 0 € X. Here D is an
appropriately small, but fixed root of |F|. The encoding will be associated



166 M. Szegedy

with an arbitrarily chosen fixed function g : X™ x X™ — F, and will have
the property that for every y € X™:

Y f(X)glx,y) = P5(0,y,0). (59)
x=X"P

The degree d of Py willbe d = nD+ (n+m)D+n. This encoding will serve
the basis for the holographic code in section 5.3.4, which is fundamental in
the basic PCP construction.

Let b; = 3, x @' and

Q= Y Y capyPz*eFlxyl

a<nxD 8<mxD
Define:
n
Po= 3. 2 capy’ [(maft+ (1= z)ba),
a<nx D g<mxD i=1

Lemma 5.45 For every xg € F* and y € F™:

E Q(x: Y) = PQ(xﬂayvO) (60)
XeX™
Also:
Q(x,y) = Po(x,y,1). (61)

Proof. Equation (61) is immediate. For Equation (60) notice that it is
enough to prove that for a fixed a:

S [ = Tt )
i=1

xXeX™ i=1

since (60) can be obtained as a linear combination of equations as in (62).
Equation (62) immediately comes from bq; = ¥, 5 5. o

Fix g(x,y) : X" x X™ — F. We define a map from the space of functions
of the type f(x): X™ — F into the space of 2n + m variate polynomials as
follows:

. Extend both f and g into polynomials of multi-degree n X D) and
{m + n) x D, respectively (by Lemma 5.11). By Lemma 5.10 these
extensions are unique. Let they be f' and ¢’, respectively.
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2. Let @ = f'¢’. Wemapf to Pg.

It is easy to see that the encoding is linear and that

D F(®)g(x,y) = Pp(0,y,0). (63)

xeEXn

(The equation follows from Lemma 5.45.)

Theorem 5.46 Let |F| > (nmD)® for some sufficiently large fixed cq.
Then the 10~3-neighborhood of the space

Se={Pg|Q=f4g, f: X" - F}
is 10~8-checkable with check sets of size at most |F|8.

We give a sketch of the proof. The first thing to notice is that Sy is
a subspace of F"'[x,y,z], so we may use the subspace-checking lemma of
the previous section if appropriate H;s are found. The problem is strongly
related to checking the space of multi-degree D polynomials, but a little bit
more complicated. For constructing Hj:

1. For every 1 < i < m select a random line such that all coordinates but
y; are fixed.

2. Forevery 1 < i < n select a random plane such that all coordinates,
but X; and 2; are fixed.

3. Select a random line in general direction in the subspace defined by
z=1

4. Select a random line in a direction independent of x (such that only
the y coordinates can vary in the subspace defined by z = 1.

Take the union of these m <+ 2 lines and n planes to obtain a check set.
To reduce randomness, (i.e. the number of check sets) we notice that the
random selections of lines and planes need not be independent selections (we
had a similar way of recycling random bits in the example of the previous
section). It is easy to see that it is sufficient if i goes from 1 to |F|?**+2™,
The size of the check set, g, is {m + 2)|F| + n|F|2.

In order to show that these check sets satisfy condition (58) of Lemma
5.43, we need to prove that if |F} is large enough compared to m and n
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(meaning that it is a fixed power of them), and P(x, y, z) is a polynomial of
(total) degree d such that on 99% of the check sets the restriction (offset) of
P belongs to Sg, then P belongs to S,. Informally, items 1. and 2. ensure
that P is of the form Py, and 3. ensures that Q is of the form f’¢g’. To
see this we need to combine Equation (61) of Lemma 5.45 and the following
lemma:

Lemma 5.47 Let Q and G be afixed degree d polynomials of n variables
over a field ¥. If |F|is a sufficiently large polynomial of n and d, and
over 99% of randomly chosen lines the restriction of Q is divisible with the
restriction of G, then there is a polynomial F such that Q = FG.

We leave out the exact details. Finally, item 4. ensures that f’ depends
only on x and not on y.

5.3 Holographic Codes

Definition 5.48 A linear encoding E of F* into ¥ is §-holographic with
check-size g with respect to a set of linear functions L1,...,Ly: FEo F, if
there are Wh1,...,Wpm € DISTR({1,...,n}), supp(W;;) < g (1<i<p,
1<j<m), Qr...,Qi € DISTR({1,...,m}), and a decoding function
D :F* o F* such that:

1. For everyy € F¥ D(E(y)) =y.

2. Forevery veF" andevery 1 <i<p ifa= L;{(D(v)), then

Ejcq, (ngﬁiif:m#admw*d(z’")) >4 (64)

We say that in the above definition E is a é-holographic encoding of
Ly,..., Ly with parameters g (the checksize), m (the check number) and n
(the code length). Our goal is to construct codes with constant check-size
and & while keeping n and m polynomial in p.

Holographic codes for a set of linear functions Li,..., Ly : F* 5 F
are interesting when there are dependencies among the L;s. Indeed, assume
there are no dependencies. Define E by E(y) = (L1(¥).. .., Lp(y)) for every
y € F*. Let W; (1 < i < p) be the distribution I(z) which is concentrated
entirely on the #*® coordinate of E(y). Let D be any function which takes
a vector v € FP to some y € F¥ such that E(y) = v (there exists such a
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decoding function, since by our assumption L, ..., Ly are linearly indepen-
dent). Then E is a 1-holographic code with the best possible parameters
(g=11m:n=p)'

Let us also notice that if a system of linear functions Ly,..., L, : F* - F
has the exact same set of linear dependencies as another system L, ... ,L;, {
F¥ — F and there is a 6-holographic code for the first system, then there
is a d-holographic code for the second with exactly the same parameters
g, n and m (in fact the two codes are the same, only the encoding and
decoding functions differ). The later remark shows the independence of the
construction on k.

5.3.1 The Holographic Property of the Hadamard Code

Lemma 5.49 The Hadamard code over ¥y is 1/12-holographic with respect
to the set of all linear functions over F3.

Proof. For a linear form Lw = (z,w) let War,r, 1,72 € F3 be the
weight function which allocates weight 1/4 to each element of

{1'1,1'2,!‘1 +w,r1 +1‘2}

(recall that the index set of the Hadamard code is F%). Our decoding
function D will simply be the minimum distance decoding function.

D clearly satisfies Property 1 of Definition 5.48. We show that it also
satisfies Property 2. Let v € F3" be an arbitrary word such that D(v) =
y®. We separate two cases:

1. dist(E(y™),v) > 1/3. By the definition of D (one of) the closest code
word of the Hadamard code to v is y(@, so by Theorem 5.28 for at
least 1/3 of the ri,r2 € F§ pairs vy, + Vr, + Ve, # 0. For each such
pair v looks different from any code word on the set {ri,re,r1 + ro}.
For the triplets w, r1,ra where ry,rg as above we have:

zirgg) distWy s, v, (2, V) > 1/4.

The 1/12 lower bound for Ew ¢y r, ming_ gy distw,, ., ., (2, v) then fol-
lows.

2. dist(E(y©®),v) < 1/3. Let 29 = E(y(®) Clearly, the probability
over a random ry that one of vy, # z£?) and Vp, 4w F# zE.?Lw holds
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is at most 2/3, so with probability 1/3 we have that vy, = zi?) and
Vipw = zl(,%w. Let y € F? be such that (¥, w) # (y,w). Then for
z = E(y) either z;, # zgf) Of Zpytw F zl(.?)_k“,‘ Thus for all w,ry,ry
triplets where the pair w, ry is as above:

o dist wory g V2V > 1/4.
!=E(y)‘(yf0),w)§é(y‘w} W, 1y 2( H ) /

Therefore the expectation of these minimum distances is again 1/12.

O

5.3.2 Composition of holographic codes over a field F.

For a linear function E : F¥ — F® every coordinate function E; : F*¥ — F
which maps a y € F* to the i** coordinate of E(y) is a linear function.
Since holographic decoding takes the advantage of linear dependencies in
between small subsets of coordinate functions, it is natural to try to encode
these subsets again in the hope of reducing the check-size.

Theorem 5.50 (Composition of holographic codes) Let E be a
&-holographic code as in Definition 5.48 with parameters g, m and n. Let
E;; be a 8,-holographic encoding of

{L:}U{E;, | j1 € supp(Wy;)}

with check-size g1, check number my and code length ni. The code E'(y) =
E(y) ® Di<icmi<j<p Bij(y) is a 661/4-holographic code with dimension
n' =n+mpny, check size ¢ = g1+ 1 and check number m! = 2mgm,.

Proof: Let Wj ;o1 (1 <1 < mq) be the checks for E;; belonging to L;
with distribution Q; o, and let W; ;.1 (71 € supp(Wi;);1 <1 < my) be
the checks for E;; belonging to E; with distribution Qi j,j, -

The checks that belong to the compound code E' are defined by

Wiiga = 121(G1) +1/2Wi 50, (65)
Wijoq = Wijoy (66)

for1<i<p,1<j<m,j1 € W;;and t £l <my. The distribution Q’
on the checks indexed by the tuples (%, 7,71,1) and (%, j, 0,1) for the compound
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code is defined by:
1
Prob{i,j,711,1) = EPmb(j € Qi) Prob(j; € W;;)Prob(l € Qi j,),(67)
Prob(i, 7,0,1) = %Prcb(j € Q;)Prob{l € Qi j0). (68)

Clearly, the support size of each check is at most g1 + 1 and Q) is a
probability distribution. The decoding D’ of E' on a vector v is defined as
D(v|{1,...,n}), that is we decode on the first n coordinates exactly in the
same way as we decode for E (we disregard all the other coordinates).

Property 1. of Definition 5.48 obviously holds for E’. In order to show
Property 2. letus fix 1 <i < pand v € F*H™P™, [ et D'(v) =y, Li(y) =a
and

A = EjEQialeWi,j,IEQi,j,jl (s= dﬁ.StWi’,ml’,(z!V))

min
B y):Li(y)#a

B dz'stwi_rj_ (@ v))

il

Eico. s mi
F€Qi Qi 5,0 (3:5"(y):1[]i(y)9&a
What we have to show is that A/2+ B/2 > §81/4. Assume the opposite.
We prove that in this case Equation 64 of Definition 5.48 for the code E
does not hold thus arriving at a contradiction.
Since dz'stw‘_r“l (@, v) = 1/2dist;(;,y (2, v)+1/2distw, ; , (2, V), we have
that for a fixed z = E(y) either dz'stwlgjjl (=, v) > 1/2 or E;(y) = vj.
Thus

1
= min disty. .. (%,v) < min dist %Vv) <
2 2=E'(y):Bj, (v)=vj Wil )_==E’(y) WisaaBV) <
min dist zZ,V).
2=E'(y):Li(y)#a wr‘{.?“.ils‘( ’ )

From the above we obtain that the probability of the event

S; = {(3: Jl) |Ei€Qi.jJ1 (Z=Er(y)%i.n(y)—-v-1 distWid.le(z’ V)) 2 61} (69)
e WY )=V

is at most 2A4/61. The probability of the event

8t = {31 Bicauso (_pmin  distws,,a)) 281} (70)
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is at most B/§;. Let Xsi be the characteristic function of .5'5 We now look
at y(i7), the decoding of v through D; ;! By the holographic property of E; r
with respect to L; we get that for any j € S} it holds that Li(y(9)) # a.
Thus for every 1 <4 < p we have that for every 1 < j < m:

i istw, . < (1 - xei(§))distw, . (E' (y®9) {4
z:E(ﬁfﬁy#adw wi; (2, ¥) < (1 — xgi(4))distw, , (E'(y™"), v) +X52(J() |
71

Using the holographic property of E;; again, this time with respect
to Ej, we get that for any (j,71) € Si we have Ej (y®9)) = v;,, since
EieQisis (minmﬂ*(y):ffn @)=vs, W, 550 (z,V)) < 4y excludes Ej, (y®) =
b for any b # v;. If for a fixed ¢ we take the expectation of both sides or
Equation 71 over 7 € (J; we obtain:

Ejeq L:E(?ﬁl}(y) #adlsfw.,j (2, y)) < 2A/8 + B/é1 < §,

a contradiction.

5.3.3 Changing the Field

In this section we give a construction for a holographic code over a field F if
we already have a holographic code for an extension K of F. The reverse is
rather straightforward. If E is a é-holographic encoding over F with respect
to a set of linear functions then it is also a é-holographic encoding over K
for the same set of linear functions (a linear encoding extends from F to K
via the matrix that defines it). If d = dimg K then the new code can be
looked at as d copies of the original code, and the decoding is done for each
copy separately.

In the reverse direction we would like to encode every element of K as
a vector over F, but the natural correspondence ¢ : K — F¢ (provided
by Lemma 5.4) may lead us to a substantial shrinkage of normalized Ham-
ming distances. When we encode a vector {z1,...,z;) over K as a vector
(¢(z1),...,é(x;)) over F, the later vector has length /d, but may have only
as many non-zero coordinates as the former. Therefore the normalized Ham-
ming distance of {¢(z1),...,¢{x;)) from 0 can be d times smaller than the
normalized Hamming distance of (z1,...,z;) from 0.

To remedy this problem we turn to error correcting codes: Let us com-
pose ¢ with an error correcting encoding % : F4 — F4' such that the resulting
code is a {d,d, cd’) code for some constant ¢. Let ¢’ = ¢ o). If we encode
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coordinates of vectors via ¢’ instead of ¢ then distances may shrink with a
factor at most ¢. However, what we really need to worry about is decoding,
not encoding.

Definition 5.51 Let E be a 8-holographic encoding of K* 1o K™ withrespect
to a set of linear functions whose coefficients come from F C K. From E
we define a holographic encoding E' over ¥ (with respect to the same set of
linear functions) such that we encode a vector y € ¥* by applying E on'y
and then @' on the coordinates of E(y) separately.

We need to provide a decoding function for E’. The first attempt works:
we first decode the blocks of the new code with the shortest distance de-
coding. This way we get a vector whose elements are from K and has just
the right length to apply the decoding function of the original code on it.
The resulting vector, y* is over K, and not necessary over F. For the entire
decoding procedure we arbitrarily decide at an F-linear 7 : K — F, which
fixes the elements of F (such a map is called a projection). We map the co-
ordinates of y* using « to obtain y, the end result of our three step decoding
procedure. We also need to define the new Wjjs. Let W:J be the direct
product of W;; with the uniform distribution on [1,d]. The holographic
property of the new code hinges upon the following lemma:

Lemma 5.52 Let K be a d dimensional extension of ¥, which we view
as ¥4, Let C be a (d,d,cd) code over F, and z,v € K'. Let 2' =
(zl, . ,zl) be the coordinate-wise encoding of z with the above code, and
let v! = (v1,...,v!), be another vector in Fid (z', v € for1 <i<lI).
Assume furthermore that the coordinate-wise shortest distance decoding of
z' results in z. Let p be an arbitrary probability distribution on 1, {] and p'
be the the product of p with the uniform distribution on [1,d']. Then:

disty (2, v') > gdistp(z, v). (72)

Proof. (Sketch) Because of the shift-invariance of the shortest degree de-
coding with respect to code words, it is sufficient to prove the above lemma
when v = 0. Then the proof then comes almost immediately from the defi-
nitions. =

Let v/ € F*¥ be arbitrary, and let v be its block-wise shortest distance
decoding. Let a = L;{D(v)). By the d-holographic property of E:
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Ejcq; min distw, .(z, v') >4 73
ieq (==E(y*):La{y‘)#a 4= Y) =

Lemma 5.52 together with Inequality (73) imply that:

. . ¢ c

FyeQ: (='=E'{y§f}fﬁy)¢«(a) Gitp s )) = ™)
Observe that in (73) y* was taken from KF and in (74) y was taken
from F¥, a smaller domain, and that L;{y) # m(a) is a stricter condition
than Li(y) # a for y € F*. These remarks are all needed to see that
Equation (74) holds. This equation means that we have just constructed
a new holographic code, whose properties we summarize in the following

lemma:

Lemma 5.53 (Field Size Changing Lemma) Let E be a é-holographic
code over a field K with respect to a set of linear functions Ly,. .., Ly whose
coefficients come from a subfield F of K. Let d be the dimension of K over
F. Suppose, there exists a {d,d,cd") linear error correcting code over F.
Then we can construct a ¢é/2-holographic code E' with respect to Ly, ..., L,
over F. If the parameters of E' are g, m, and n, the parameters of E are
gd', m, and nd'.

5.3.4 The Holographic Property of Polynomial Codes

We will say that a code is é-holographic without specifying the set of linear
functions for which the code is built if it is §-holographic with respect to the
coordinate functions (i.e. the individual bits) of the code. This holds for
instance in the case of the Hadamard code (See Section 5.3.1), and many
other codes. In this section we show that this is the case for all checkable
subspaces of the code formed by the tables of all total degree at most 4
polynomials.

Lemma 5.54 Ler S < F9%d[g, . z.], where F is a finite field, and as-
sume that the e-neighborhood of S is §-checkable with check-size g1. Assume
that €e <1 — éﬁ.‘-} — &, Then S is 8/2-holographic with check size g + |F|.

Proof. We define the decoding function D as the minimum-distance
decoding. Clearly Property 1 of the definition for holographic codes holds.
We need to prove Property 2. Let V € FF', and x € F*. With probability
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1/2 we check if Vis e-close to any member of S and with probability 1/2 we
cast a random line through x. If V is not e-close to any member of S, then
the first part of the check will have expected distance at least 4, but since
we put only half measure on these check points, the expectation reduces to
§/2. If Vis e-close to some P € S then let V = P + E, where dist(E,0) <e.
In particular, the correct decoding of V “on x” is P(x). Hence:

E i dist (V. >
ceAs ( Qe&&ggl#wx) iste( ,Q)) >

. . o .

Ereca, (QES,C?(E:?;&P(){)dEStE(P, Q) —diste(V, P)) >
-4 1
|F| [F|

Since this part of the distance also get weight 1/2 we get a (1 — 5‘,—‘5’}% —€)/2
lower bound in the second case, and the lemma follows. ]

To encode an arbitrary set {L; .. .,Lp} of linear functions we shall use
the checkable subspace in Section 5.2.5 constructed exactly for this purpose.
Consider the space §; in than section. It encodes an arbitrary function
S : X™ - F (whose values are viewed as variables over F) in such a way
that every sum

S F)gx,y)

xe X"

occurs as a coordinate function in Ppg, namely it equals to Ppg(0,y,0).
Thus, if we combine Theorem 5.46 with Lemma 5.54 and scale down the
parameters appropriately, then we get the following:

Corollary 5.55 There are é > 0, ¢,e1 > 0 that the following holds. Let
{Li...,Ly} be linearfunctions from ¥* to F (p > k), and let F > ¢; log®p.
then There is a &-holographic code for {Ly..., Ly} with parameters n, m
and g, where n,m < p° and g < |F|°.

5.3.5 Compound Holographic Codes

The composition theorem (Theorem 5.50) for holographic codes allows us to
construct holographic codes with good parameters. Recall that our goal is to
achieve constant check-size while keeping all other parameters polynomial.
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Lemma 5.56 There are § > 0, ¢ > 0 that the following holds. Let {Ly ...,Lp}
be linear functions from F% to Fa (p > k). There is a §-holographic code for
{Ly ..., Ly} withparameters n, m and g, where n,m < p® and g < c.

Proof. We apply Corollary 5.55 of the previous section to build a code
for {Ly...,Lyp} over an extension K of Fa with parameters |K| = log® p
ny,m; < p® and gy < log™ p. After changing the field we apply a polyno-
mial code construction over the smaller field to encode the check sets, and
apply the composition lemma again. We need this step to make the check
size logarithmic (actually it can be made as small as log® logp for some
constant ¢3). The other parameters remain polynomial. Then we change
the field to Fa (note that Fy is a subfield of any subfield of K). In a new ap-
plication of the code composition we reduce the check size to constant using
the Hadamard encoding for each check set of the large code. All parameters
remain polynomial in p, and the holographic parameter remains a constant.Cl

5.3.6 Decoding Holographic Codes

In this section we will rely on the notations of Definition 5.48 in Section 5.3.
Let E be a holographic code for a set of linear functions {L1...,Ly}, D
be the decoding function associated with it, w € F™ be an arbitrary vector
of length n, which we view as an oracle with random access to its entries.
Let yo = D(w). Our goal is to design a randomized decoding procedure P
that with some positive probability either outputs the value of L;{yo) for a
desired 1 <4 < k or outputs an error message. However, when w = E(y;)
it always outputs L;{¥o) correctly. We show this is possible to achieve with
a procedure which looks only at most 2g bits of w.

For the first attempt we may design a procedure like this: Fix the desired
i. Pick 1 £ 7 € m according to distribution @, and try to recover L;{yq)
from supp{W; ;). Let x|supp(W;, ;) denote the restriction of a vector x € F"
to supp(W; ;). This restriction we call a view. The procedure rejects any
view that is not of the form E(y)|supp(W;,;) forsome y € F¥. If the view is
of this form the procedure selects an arbitrary y? (following an arbitrarily
fixed rule) such that E(y?)|supp(W;;), coincides with E(w|supp(W; ;) and
outputs L;(y?). Let

il

A Probjeq; (P outputs “Reject” when viewing W; ;), (75)
B = Probjeq,(P outputs L;(yo) when viewing W ;) (76)
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We claim that A+ B > é. Indeed, if for some j the procedure does not
output “Reject” and L;{y?) is not equal to Li(yg) = a then
min _ distw, (2, w) < disty, (E(y?),w) =0,
pin  distiy, (2, w) < disty,  (B(7),w)
and our claim follows from the 8-holographic property of E, which requires
that

Ein. i istw, > 6.
jeQs (FE( Jn, o, A, (z,W)) 24

Consider now the case when w = E(yg). It may occur that w{supp(W; ;)
coincides with E{y?)|supp(W;;), but L;i(y?) % Li(yo). This is a problem as
long as we would like to decode Li(yq) from E{(yo) with zero error. We can
remedy this problem using the next lemma.

Lemma 5.57 If § > 0 there is at least one ¥ < j < m for which L;(¥g) is
uniquely determined by E{yo){supp(W; ;).

Proof. Since the map ¥y — E(y)|supp(Wi ;) is linear, there are only two
possibilities: either L;(y) is a linear function from the linear space formed
by all views of E(y) (y € F*) on supp(W;;) to F or for all y € F* and
b€ F there is ay’ € F¥ such that E{y)|supp(W; ;) = E(y')|supp(W;;) and
Li(y') = b. The later cannot be the case for all 7, otherwise the holographic
property of E with respect to L; would be violated for every codeword. O

Let 1 < 79 < m be a number for which Lemma 5.57 holds. We can modify
our decoding procedure such that for any j € Q; it views supp(W; ;) U
supp(W; ;). This way the decoding is unique, since L;(y) is a linear function
from the linear space formed by all possible views of E(y) when y runs
through F* on supp(W; ;o) U supp(W; ;) to F. If the code has an explicit
construction then this map is computable in polynomial time. We can now
state the decoding lemma for holographic codes:

Lemma 5.58 (Holographic Decoding) For any §-holographic code E
with parameters g,m, and n with respect to {L1 ..., Ly} with an associated
decoding function D there is a randomized decoding procedure P™(r,i}, which
inputs a number 1 < i < k, selects a random number t € Q, reads 2g entries
of w € F™ and outputs an element of F (supposed to be, but not always
equals to Liy(D(w))) or a symbol “Reject,” such that:

1. If w = E(y) then the probability that P on input i outputs Li(y) is I.
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2. For any w € F" and for every 1 < i < k:

Probjeq, (P outputs “Reject” when viewing W ;) +
Probjcq,(P outputs L;(D(w)) when viewing W; ;) > §

Moreover, if the code is explicitly given, the procedure runs in time polyno-
mial innlog mp.
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1 Introduction

The Steiner tree problem is a classic intractable problem with many appli-
cations in the design of computer circuits, long-distance telephone lines, or
mail rout ing, etc. The computational nature of the problem makes it a
traditional research subject in theory of computing.

Given a set of points in the Euclidean plane, the shortest network in-
terconnecting the points in the set is called the Steiner minimum tree. The
Steiner minimum tree may contain some vertices which are not the given
points. Those vertices are called Steiner points while the given points are
called terminals. The shortest network for three terminals was first studied
by Fermat (1601-1665). Fermat proposed the problem of finding a point
to minimize the total distance from it to three terminals in the Euclidean
plane. The direct generalization is to find a point to minimize the total
distance from it to m terminals, which is still called the Fermat problem.
The Steiner minimum tree problem is an indirect generalization. Recent
research on mathematical history showed that this generalization (i.e., the
Steiner minimum tree) was first studied by Gauss.

On March 19, 1836, Schumacher wrote a letter to Gauss and mentioned
a paradox about Fermat problem on terminals: For four vertices of a convex
quadrilateral, the solution of the Fermat problem is the intersection point of
two diagonals. When two of the four vertices move to the same position, the
intersection point of two diagonal would also move to this position which
is not the solution of the Fermat problem for the three points resulting
from the four vertices. Schumacher could not understand why this would
happen. On March 21, 1836, Gauss wrote back to Schumacher and explained
the paradox. In this letter, he mentioned another generation of Fermat
problem, that is, aim on the network structure instead of a point position.
Gauss already discussed all possible topologies of Steiner minimum trees for
four points. (See Schreiber [1986].)

In the last centenary, the Steiner tree problem has been extended to
various metric spaces. Among them, the Euclidean Steiner tree (i.e., the
Steiner tree in Euclidean plane), the rectilinear Steiner tree (i.e., the Steiner
tree in the rectilinear plane), and the network Steiner tree (i.e., the Steiner
tree in an undirected network) were recognized as most important ones and
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received much more attentions. We call them classic Steiner tree problems.

It is well-known that Steiner tree problems usually are NP-hard (see
Karp [1972], Garey and Johnso [1978], Garey, Graham, and Johnson [1978],
Foulds and Graham [1982]), i.e., the exact optimal solutions are unlikely
computable in polynomial-time. Therefore, one has to put efforts on looking
for good approximation solutions. During the last ten years, great progress
has been made in the study of Steiner trees, including solution of the Gilbert-
Pollak conjecture on the Steiner ratio, solution of the better approximation
problem, and designs of polynomial-time approximation schemes for Eu-
clidean and rectilinear Steiner Trees.

The Gilbert-Pollak conjecture was made in 1968. There is a folklore
about it (see Hwang [1990]). A large company usually has a private tele-
phone network interconnecting its branchs. For example, University of Cal-
ifornia has nine campuses. If you call from one campus to another one
through private network, it would be counted as a long distance call. The
private network is not really built by the company privately. It is rent from
telephone company, realized by a special phone number. For example, when
I graduated from University of California at Santa Barbara and went to
work in Berkeley, my advisor gave me a special phone number for calling
him from Berkeley. This number is the private network of University of Cal-
ifornia. Before 1967, the charge of a private network was determined by the
length of the minimum spanning tree for the destinations. The minimum
spanning tree for a set of terminals is the shortest tree with edges between
terminals. It is different from the Steiner tree by disallowing the existence
of Steiner points. This restriction causes the minimum spanning tree pos-
sibly longer than the Steiner minimum tree for the same set of terminals.
In 1967, a flight company found this fact. Therefore, they requested some
new services at those Steiner points, so that the minimum spanning tree
for the new set of destinations is the Steiner minimum tree for the origi-
nal set of destinations, which is shorter than the minimum spanning tree
for the original set of destinations. Therefore, those requests increased the
service of telephone company and decreased the charge from the telephone
company. With this situation, the telephone company had to change the
billing base from the minimum spanning tree to the Steiner minimum tree.
Therefore, the telephone company faced a problem: With this change, how
much should be increased on the rate of the unit length? This motivated
the study of the Steiner ratio, the ratio of lengths of the Steiner minimum
tree and the minimum spanning tree for the same set of terminals. Gilbert
and Pollak [1968] conjectured that the Steine ratio in the Euclidean plane is
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at least 4/3/2 which is achieved by three vertices of an equilateral triangle.

The work of Gilbert and Pollak [1968] is a turning point in the study of
Steiner trees. Before this work, the Steiner tree was studied mainly due to
mathematical interests and hence progress was made very slowly. Gilbert-
Pollak’s work brought the Steiner tree into model industries. Since then, the
Steiner tree attracts more and more attentions and the number of research
publications in the Steiner tree grows very fast. Through many efforts made
by Graham and Hwang [1976], Pollak [1978], Chung and Hwang [1978], Du
and Hwang [1983], Du, Hwang and Yao [1985], Chung and Graham [1985],
Friedel and Widmayer [1989], Booth [1991], and Rubinstein and Thomas
[1991], the Gilbert-Pollak conjecture was finally proved by Du and Hwang
[1990,1992]. The significance of their proof stems also from the potential
applications of the new approach included in the proof and hence received
a lot of public recognitions (see Stewart [1991], Kolata [1990], Campbell
[1992], Cipra [1990, 1991], Peterson [1990], and Sangalli [1991]).

While the Steiner minimum tree is an NP-hard problem in many met-
ric spaces, the minimum spanning tree can be computed in at most O(n?)
time. Therefore, the inverse of the Steiner ratio is actually the performance
ratio of the minimum spanning tree when it is considered as a polynomial-
time approximation of the Steiner minimum tree. Is there polynomial-time
approximation better than the minimum spanning tree? For more than
twenty year (1968-1990), many polynomial-time approximations were dis-
covered (see Chang [1972], Korthonen [1979], Kou and Makki [1987], Smith
and Liebman [1979], Smith, Lee, and Liebman [1981], Waxman and M.
Imase [1988], Smith and Shor [1992]), however none of them has a per-
formance ratio which can be proved to be better than the inverse of the
Steiner ratio. This situation exists not only in the Euclidean plane, but also
in any interested metric space. Therefore, a long-standing open problem
was generated. In general, it was called the better approximation problem
whether there exists a polynomial-time approximation for Steiner minimum
trees in each metric space with performance ratio smaller than the inverse of
the Steiner ratio. Zelikovsky [1993] made the first breakthrough. He found
a polynomial-time 11/6-approximation for network Steiner minimum trees
which beats the inverse of the Steiner ratio in networks, pz_l = 2. Soon later,
Berman and Ramaiye [1994] gave a polynomial-time 92/72-approximation
for the Steiner minimum tree in the rectilinear plane which beats the in-
verse of the rectilinear Steiner ratio 3/2 (see Hwang [1976]), and Du, Zhang,
and Feng [1991] showed a general solution for the open problem. They
showed that in any metric space, there exists a polynomial-time approxi-
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mation with performance ratio better than the inverse of the Steiner ratio
provided that for any set of a fixed number of points, the Steiner minimum
tree is polynomial-time computable.

After the better approximation problem is settled, it is naive to ask
how small performance ratio a polynomial-time approximation can achieve.
Bern and Plassmann [1989] showed that the network Steiner minimum tree
problem is MAX-SNP hard. Namely, it is unlikely to have a polynomial-
time approximation scheme. For Euclidean and rectilinear Steiner minimum
trees, Arora [1996] and Mitchell [1996] independently discovered a surpris-
ing result that there exist polynomial-time approximation schemes. Their
approaches work not only in Steiner trees but also in a family of geometric
optimization problems. This fact shows clearly that the Steiner tree is not
an isolated research topic. It always influences and reflects the progress in
the general theory of computing, especially in algorithm design and analysis.

“What could be the next major development?”’ Jeff Ullman asked when
one of authors visited at Stanford University ten years ago. Now, many
researchers think about the same problem in the area of Steiner trees. After
powerful techniques have been discovered for studying Steiner trees, classic
problems on approximation of Steiner trees in the Euclidean and rectilin-
ear plane have been settled. Should we put our research interests only in
network Steiner trees? If we use yahoo.com to search subject Steiner-tree,
then we may found 1720 web-pages on this subject. Many of them come
from industries. This suggests a wide field in Steiner trees. In fact, most
major theoretical open problems in Steiner trees were initiated from indus-
try applications. Now, it is time to look back, to find out the impact of
previous theoretical development in industries, and to obtain source from
industries to suppose new developments in theory. Therefore, we review
some variations of Steiner tree problems and related research problems.

2 Important Techniques Discovered Previously

All three major developments described as above result from discovery of
new techniques in analysis and designs of approximation algorithms.

The Gilbert-Pollak conjecture was proved with a so-called minimax ap-
proach. Indeed, when an approximation is obtained from adding restriction
to the original optimization problem, the determination of the performance
ratio can be transformed to a minimax problem. In this approach, the cen-
tral part is a new minimax theorem about minimizing the maximum value
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of several concave functions over a polytope as follows:

Minimax Theorem. Let f(z) = max;e; g;(x) where [ is a finite set and
gi(x) is a continuous, concave function in a polytope X. Then the minimum
value of f(z) over the polytope X is achieved at some critical point, namely,
a point satisfying the following property:

(*) There exists an extreme subset Y of X such that # € Y and the
index set M(z) (= {i| f(z) = gi(z)}) is maximal over Y.

The Steiner ratio problem is first transformed to such a minimax problem
(gi(z)= (the length of a Steiner tree) - (the Steiner ratio)-(the length of a
spanning tree with graph structure ) where x is a vector whose components
are edge-lengths of the Steiner tree) and the minimax theorem reduces the
minimax problem to the problem of finding the minimax value of the concave
functions at critical points. Then each critical point is transformed back to
an input set of points with special geometric structure; it is a subset of
a lattice formed by equilateral triangles. This special structure is called
critical structure which enables us to verify the conjecture corresponding to
the non-negativeness of minimax value of the concave functions.

Using the same approach, Gao, Du, and Graham [1995] proved that in
any Minkowski plane (or 2-dimensional Banach space), the Steiner ratio is
at least 2/3. This settles a conjecture made independently by Cieslik [1990]
and Du et al. [1993]. The main contribution of Gao, Du, and Graham is in
the study of Steiner trees for points in equilateral triangle lattice. In fact, Du
and Hwang [1992] already showed that the Steiner ration in any Minkowski
plane is achieved by points in an equilateral triangle lattice. Recently, Brazil
et al [1996] showed a very interesting result on Steiner trees for square-lattice
points. As an intermediate result, they found that every full Steiner tree for
square-lattice points has linear topology, i.e. all Steiner points lay on a path
in the tree. If a similar result can be proved for points on every equilateral
triangle lattice (we intend to do it), then it is possible to give a new proof
for the above conjecture and to solve other open problems, including one
of conjectures in Minkowski planes that the Steiner ratio in any Minkowski
plane equals the Steiner ratio in its dual plane. Wan, Du, and Graham
[1997] showed that this conjecture is true for five points.

The excellent idea of Zelikovsky [1993] for establishing better approx-
imations consists of two parts. The first part is design of approximation
with greedy algorithm. This greedy algorithm is not directly applied to the
Steiner minimum tree. It is applied to the k-size Steiner minimum tree, a
restriction of the Steiner minimum tree. Let us explain it as follows.

A tree interconnecting a terminal set is called a Steiner tree if every leaf



Steiner Trees in Industry 199

is a terminal. However, a terminal in a Steiner tree may not be a leaf. A
Steiner tree is full if every terminal is a leaf. When a terminal is not a leaf,
the tree can be decomposed into several small trees at this terminal. In this
way, every Steiner tree can be decomposed into smaller trees in each of which
every terminal is a leaf. These smaller trees are called full components of
the tree. The size of a full component is the number of terminals in the full
component. A k-size Steiner tree is a Steiner tree with all full components of
size at most k. The k-size Steiner minimum tree is the shortest one among
all k-size Steiner trees. The 2-size Steiner minimum tree is the minimum
spanning tree. The k-size Steiner minimum tree for & > 3 is certainly an
approximation better than the minimum spanning tree. However, the k-
size Steiner minimum tree for & > 4 is NP-hard and no polynomial-time
algorithm has been found for the 3-size Steiner minimum tree. Therefore, a
greedy approximation is employed instead of themselves.

The second part of Zelikovsky’s excellent idea is to connect the per-
formance ratio of the greedy approximation to the k-Steiner ratio. The
k-Steiner ratio in a metric space is the least ratio of lengths between the
Steiner minimum tree and the k-Steiner minimum tree for the same set of
terminals in the metric space. The 2-Steiner ratio is exactly the Steiner ratio.
A better lower bound for the k-Steiner ratio will give a better performance
ratio for approximations of Zelikovsky’s type. Zelikovsky [1993] showed that
the 3-Steiner ratio in graphs is at least 3/5. Du, Zhang, and Feng [1991]
showed that the k-Steiner ratio in graphs is at least |logs k| /(1 + |logsy k).
Recently, Borchers and Du [1995] completely determined the exact value
of the k-Steiner ratio in graphs for all & and Borchers, Du, Gao, and Wan
[1998] determined the exact value of the k-Steiner ratio in the rectilinear
plane for all . The techniques discovered in these works may improve the
currently best-known approximation performance ratio for network Steiner
tree problem provided by Karpiski and Zelikovsky [1997] (we intend to do
it).

In 1995, S. Arora and J. Mitchell independently discovered powerful
techniques to establish polynomial-time approximation schemes for geomet-
ric optimization problems, including Euclidean and rectilinear Steiner tree
problems. It is quite interesting to notice that Arora [1996] appeared only a
few days before Mitchell [1999]. Any way, they use very different techniques
to reach the same goal. Therefore, both are very interesting.

Arora discovered a new technique about dynamic partition. The dy-
namic partition was first introduced to the area of Steiner trees by Jiang
and Wang [1994]. They designed a polynomial-time approximation scheme
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for the Euclidean and rectilinear Steiner minimum tree under restriction
that the ratio of lengths between the longest edge and the shortest edge in
a minimum spanning tree is bounded by a constant. Arora’s technique is
based on recursive partition. In Jiang and Wang [1994], although partition
can be moved parallelly, the size of each cell is fixed. It cannot be varied
according to local information about distribution of terminals. Therefore,
only in case that terminals are distributed almost evenly, the partition could
work well. This is why such a condition that the ratio of lengths between the
longest edge and the shortest edge in a minimum spanning tree is bounded
by a constant is required. However, in Arora’s recursive partition, each big
cell is partitioned into small cells independently from other big cells. How
to cut only depends on the situation inside of itself. This advantage enables
him to discard the condition in Jiang and Wang.

Mitchell’s technique was initiated from studying a minimum length rect-
angular partition problem. Given a rectilinear region R surrounded by a
rectilinear polygon and some rectilinear holes, a rectangular partition of R
is a set of segments in R, which divide R into small rectangles each of which
does not contain any hole in its interior. The problem is to find such a rect-
angular partition with the minimum total length. This problem is NP-hard.

Du et al. [1986] introduced a concept of guillotine subdivision. A guillo-
tine subdivision is a sequence of cuts performed recursively such that each
cut partitions a piece ito at least two. Du et al. [1986] showed that the mini-
mum length guillotine rectangular partition can be computed in polynomial-
time. However, they were only able to show that this guillotine subdivision
is a 2-approximation of the minimum length rectangular partition in a spe-
cial case. Mitchell [1996] showed that this is actually true in general. He
also successfully utilized this technique to obtain constant approximations
for other geometric optimization problems.

Inspired by this success, Mitchell [1999] extended guillotine subdivision
to m-guillotine subdivision, a rectangular polygonal subdivision such that
there exists a cut whose intersection with the subdivision edges consists of
a small number (O(m}) of connected components and the subdivisions on
either side of the cut are also m-guillotine. With a minor change of the
proof of Mitchell [1996], Mitchell established a polynomial-time approxima-
tion scheme for minimum length rectangular partition. Mitchell [1997] and
Mitchell et al [1999] further extended this m-guillotine subdivision tech-
nique to other geometric optimization problems, including Euclidean and
rectilinear Steiner tree problems.
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3 Some Problems Related to Industries

Successful researches on classical Steiner tree problems encourage extensive
study on variations of Steiner trees with various application in industries.
Currently, they form a quite active research direction in Steiner trees.

3.1 Class Steiner Trees

In physical VLSI designs, “after the placement of components on a chip, set
of pins on the component boundaries are to be connected within the remain-
ing free chip space. For each set of pins sharing the same electrical signal
(a net), a Steiner minimal tree is sought, with the pins as required vertices,
and the vertices of a grid-like graph, defined by the positions of pins and
component boundaries, as Steiner vertices.” (See Ihler et al [1999].) Moti-
vated from the flexibility of pin positions, IThler et al proposed a variation
of Steiner tree problem, called class Steiner tree problem as follows: given a
connected graph with required classes of terminals, find a shortest connected
subgraph that contains at least one terminal from each class.

Ihler et al showed that the class Steiner tree problem is harder than
set-covering problem and hence unlikely to have a constant-bounded ap-
proximation. Therefore, they were satisfied with two approximations with
pretty large performance ratio.

However, we feel that there are some important informations lost from
the real world problem to the mathematical formulation:

e The Steiner tree lays in the rectilinear plane rather than an arbitrary
graph.

e Each class of terminals lay on the boundary of a connected component.

The lack of the above information made the computational complexity in-
creasing. We believe that if we consider the class Steiner tree problem with
these two conditions, then there may exist much better approximation, even
polynomial-time approximation schemes. We intend to study along this di-
rection.

A similar problem appeared in designs of highway intersections: It is to
construct roads of minimum total length to interconnect several highways
under the constraint that the roads can intersect each highway only at one
point in a designated interval which is a line-segment. Du, Hwang, and
Xue [1999] presented a set of optimality conditions for the problem and
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showed how to construct a solution to meet this set of optimality conditions.
Howeever, no bounded polynomial-time approximation has been found for
this problem. We intend to study its approximation together with the above
problem. We intend to study its approximation together with the above
problem.

3.2 On-line and Dynamic Steiner Trees

When a new customer is out of original telephone network, the company has
to build a new line to connect the customer into the network. This situation
brings us an on-line Steiner tree problem as follow: Assume that a sequence
of points in a metric space are given step by step. In the ith step, only
locations of the first n; points in the sequence are known. The problem is to
construct a shorter network at each step based on the network constructed in
previous steps. The study of on-line problems was initiated from Sleator and
Tarjan [1985] and Manase, McGeoch, and Sleator [1988]. A criterion for the
performance of an on-line algorithm is to compare the solution generated by
the on-line algorithm with the solution of corresponding off-line problem. In
the Euclidean plane, it has been known that the worst-case ratio of lengths
between on-line solution and off-line solution is between O(n logn/loglogn)
and O(nlogn) (see Alon and Azar [1993], Westbrook and Yan [1995], and
Tsai et al [1996]).

When customers are allowed to drop from the network, it called the
dynamic Steiner tree problem. The dynamic Steiner tree has application in
network routing (see Aharoni and Cohen [1998]). For online and dynamic
optimization problems, the running time is very important issue in designs of
approximation algorithms. Therefore, reducing running time with preserved
performance ratio is an interesting issue in the study of those problems.

3.3 Steiner Tree Packing

Given m sets of terminals, find m Steiner trees each interconnecting one set
of terminals such that no cross lines exists and the total length reaches the
minimum. This is called the Steiner tree packing problem. This problem
came from VLSI design at the earlier year (see Hwang et al [1992]). Recently,
the development of new technologies requires to solve some variations of
Steiner tree packing problems (see Pulleyblank [1995]). For example, The
edges of the Steiner trees are required to lie in channels between cells. Each
channel has a capacity which tells at most how many edges can run through
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it. This problem is widely open.

3.4 High Dimensional Steiner Trees

Recently, the satellite communication promotes studying on Steiner trees in
three-dimensional Euclidean space and the multilayer chips initiates inter-
ests in Steiner trees in three-dimensional rectilinear space. Actually, Steiner
trees in high-dimensional space have been studied for many year due to
some theoretical interest and its application in constructing phylogenetic
trees (Cavalli-Sforza and Edwards [1967]). There are two long-standing
conjectures about them.

Conjecture 3.1 (Chung-Gilbert [1976) | The Steiner ratio in n-dimensional
Euclidean space is at least v/3/(4 — V2).

Conjecture 3.2 (Graham-Hwang [1976) | The Steiner ratio inn-dimensional
rectilinear space is df(2d — 1),

Proving these conjectures is quite challenge and would certainly need to
make a great progress in analysis techniques.

It was also conjectured by Gilbert and Pollak [1968] that in any Eu-
clidean space the Steiner ratio is achieved by the vertex set of a regular
simplex. Chung and Gilbert [1976] constructed a sequence of Steiner trees
on regular simplexes. The lengths of constructed Steiner trees goes decreas-
ingly to v/3/(4 — v/2). Although the constructed trees are not known to be
Steiner minimum trees, Chung and Gilbert conjectured that /3/(4 — v/2)
is the best lower bound for Steiner ratios in Euclidean spaces. Clearly, if
v/3/(4—+/2) is the limiting Steiner ratio in d-dimensional Euclidean space as
d goes to infinity, then Chung-Gilbert’s conjecture is a corollary of Gilbert
and Pollak’s general conjecture. However, this general conjecture of Gilbert
and Pollak has been disproved by Smith [1992] for dimension from three to
nine and by Du and Smith [1996] for dimension larger than two. Now, inter-
esting questions which arise in this situation are about Chung and Gilbert’s
conjecture. Could Chung-Gilbert’s conjecture also be false? If the conjec-
ture is not false, can we prove it by the minimax approach?

First, we claim that Chung-Gilbert’s conjecture could be true. In fact,
we could get rid of Gilbert-Pollak’s general conjecture, and use another way
to reach the conclusion that the limiting Steiner ratio for regular simplex is
the best lower bound for Steiner ratios in Euclidean spaces. To support our
viewpoint, let us analyze a possible proof of such a conclusion as follows.
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Consider n points in {n — 1)-dimensional Euclidean space. Then all of
n{n—1)/2 distances between the n points are independent. Suppose that we
could do a similar transformation and the minimax theorem could apply to
these n points to obtain a similar result in the proof of Gilbert-Pollak’s con-
jecture for Euclidean plane, i.e. a point set with critical geometric structure
has the property that the union of all minimum spanning trees contains as
many equilateral triangles as possible. Then such a critical structure must
be a regular simplex.

The above observation tells us two facts:

(a) Chung-Gilbert’s conjecture can follow from the following two conjec-
tures.

s The Steiner ratio for n points in an Euclidean space is not smaller
than the Steiner ratio for the vertex set of (n -- 1)-dimensional regular
simplex.

o (Smith[1992]) +/3/(4 —+/2) is the limiting Steiner ratio for simplex.

(b) It may be possible to prove Conjecture 1 by the minimax approach
if we could find a right transformation.

One may wonder why we need to find a right transformation. What
happens to the transformation used in proof of Gilbert-Pollak’s conjecture
in the Euclidean plane? Here, we remark that such a transformation does
not work for Conjecture 1. In fact, in the Euclidean plane, with a fixed
graph structure, all edge-lengths of a full Steiner tree can determine the set
of original points and furthermore the length of a spanning tree for a fixed
graph structure is a convex function of the edges-lengths of the Steiner tree.
However, in Euclidean spaces of dimension more than two , edge-lengths of
a full Steiner tree are not enough to determine the set of original points.
Moreover, adding other parameters may destroy the convexity of the length
of a spanning tree as a function of the parameters.

From the above, we see that proving Chung-Gilbert’s conjecture requires
a further development of the minimax approach.

Graham-Hwang’s conjecture can be easily transferred to a minimax prob-
lem requested by our minimax approach. For example, choose lengths of all
straight segments of a Steiner tree. When connection pattern of the Steiner
tree is fixed, the set of original points can be determined by such segments-
lengths, the length of the Steiner tree is a linear function and the length of
a spanning tree is a convex function of such segment-lengths, so that g; is a
concave function of such segment-lengths. However, for this transformation,
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it is hard to determine the critical structure. To explain the difficulty, we no-
tice that in general the critical points could exist in both the boundary and
interior of the polytope. (See the minimax theorem.) In the proof of Gilbert-
Pollak’s conjecture in plane, a crucial fact is that only interior critical points
need to be considered in a contradiction argument. The critical structure of
interior critical points are relatively easy to be determined. However, for the
current transformation on Graham-Hwang’s conjecture, we have to consider
some critical points on the boundary. It requires a new technique, either
determine critical structure for such critical points or eliminate them from
our consideration.

One possible idea is to combine the minimax approach and Hwang’s
method. In fact, by the minimax approach, we may get useful condition on
the set of original points. With such a condition, the point set can have only
certain type of full Steiner trees. This may reduce the difficulty of extending
Hwang’s method to high dimension.

The techniques developed for solving problems about Steiner trees in
the Euclidean and rectilinear space can usually be extended to Minkowski-
Banach spaces. The following open problems are also our target:

Conjecture 3.3 (Cieslik [1990) , Du et al [1993]] In any Minkowski plane,
the Steiner ratio is between 2/3 and v/3/2.

Conjecture 3.4 (Du et al [1993) | The Steiner ratio in a Minkowski plane
equals that in its dual plane.

Conjecture 3.5 In any infinite dimensional Banach space, the Steiner ra-
tio is between 112 and V/3/(2 — V/2).

Conjecture 3.6 The Steiner ratio in any Banach space equals that in its
dual space.

3.5 Multi-weight Steiner Trees

A complicated computer network may consist of nets of different speeds.
The following problem was proposed based on such a background: Consider
an undirected network with multiple edge weights (¢i1(e),c2(e), ..., ck(e))
(e1(e) > cale) > -+ > ex(e)). Given a subset N of vertices and a parti-
tion {Ny, N3, ..., Nx} of N with |Ny| > 2, find a subnetwork interconnecting
N with minimum total weight such that the length of any edge e on a path
between a pair of vertices in Nj is at least ¢;j(e) (see Iwainsky [1985] and
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Duin [1991]). We found that this problem can be transformed to multiphase
Steiner network problem. Thus, we intend to combine researches on these
two problems.

What is the multiphase Steiner network problem? Given an edge-weighed
graph B with vertex set X and subsets X1,Yi, -+, X, ¥ of X with X; N
Y; = @, the problem is to find a minimum weighed subgraph G such that for
every ¢ = 1,---,m, G contains a Steiner tree for X; without using vertices
not in Y;.

A accompany of the multiphase Steiner tree problem is the multiphase
spanning network problem: Given an edge-weighed complete graph with
vertex set X (|X| = n) and subsets Xi,---, Xm of vertices, the problem is
to find a minimum weighed subgraph G such that for every ¢ = 1,-+-,m,
G contains a spanning tree for X;. If NP % P, then the best performance
ratio of polynomial-time approximation for this problem is O(nlogn). But,
in unit weigh case (this case has more applications), it is unknown whether
a constant-bounded polynomial-time approximation exists or not.

Both multiphase spanning network and Steiner network problems arose
in communication network design (Prisner [1992]) and vacuum system design
(Du and Miller [1988]). For the former one, when the solution is a forest,
the system (X1,--+,Xm) is called subtree hypergraph. Such a system has
various applications in computer database schemes (Beeri et al [1983]) and
statistics. It is also related to chordal graphs (Duchet [1978]). Tarjan and
Yannakakis [1984] gave a O(m + n)-time algorithm to tell whether a set
system is a subtree hypergraph or not.

3.6 Steiner Arborescence

Given a weighted directed graph G, a vertex r, and a subset P of n ver-
tices, a Steiner arborescence is a directed tree with root r such that for
each x € P there exists a path fromr to z. The shortest Steiner arbores-
cence is also called a minimum Steiner arborescence. Computing minimum
Steiner arborescence is an NP-hard problem. Also, one knows that if NP
# P, then the best possible performance ratio of polynomial-time approx-
imation for this problem is O(logn). This means that although, like the
minimum spanning tree, the minimum arborescence as a shortest arbores-
cence tree without Steiner points can be computed in polynomial-time, the
Steiner ratio (the maximum lower bound for the ratio of lengths between the
minimum Steiner arborescence and the minimum arborescence for the same
set of given points) in directed graphs is zero. Charikar et al [1999] apply
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Arora’s techniques to this problem and obtained the best known result that
for any € > 0 there exists a polynomial-time approximation with perfor-
mance ratio O(nf). An open problem remains for closing the gap between
the lower bound and the upper bound for the performance ratio.

A version of this problem in the rectilinear plane has a great interest in
VLSI designs and an interesting story in the literature. Given a set P of n
points in the first quadrant of the rectilinear plane, a rectilinear Steiner ar-
borescence tree is a directed tree rooted at the origin, consisting of all paths
from the root to points in P with horizontal edges oriented in left-to-right
direction and vertical edges oriented in bottom-up direction. What is the
complexity of computing the minimum rectilinear arborescence? First, it
was claimed that a polynomial-time algorithm was found. However, Rao,
Sadayappan, Hwang, and Shor [1992] found a serious flow in this algorithm.
Although they could not show the NP-completeness of the problem, they
pointed out the difficulties of computing the minimum rectilinear arbores-
cence in polynomial-time. They also showed that while the ratio of lengths
between a minimum arborescence tree and a minimum Steiner tree for the
same set of points tends to infinity, there is a polynomial-time approxi-
mation with performance two. Recently, Shi and Su [2000] showed that
computing the minimum rectilinear arborescence is NP-hard. Lu and Ruan
[2000] showed, by employing Arora’s techniques, that there is a polynomial-
time approximation scheme for the problem. We intend to implement this
algorithm to obtain an efficient software in the real world.

3.7 Bottleneck Steiner Trees and Related Problem

In wavelength-division multiplexing (WDM) optical network design (Li et
al [1994] and Ramamurthy et al [1997]), suppose we need to connect n
sites located at py,pa,«-,Pn With WDM optical network. Due to the limit
in transmission power, signals can only travel a limited distance (say R)
for guaranteed correct transmission. If some of the inter-site distances are
greater than R, we need to provide some amplifiers or receivers/transmitters
at some locations in order to break it into shorter pieces. This situation
requires us to consider the problem of minimizing the maximum edge-length
and the number of Steiner points in design of WDM optical network. To do
so, two variations of Steiner trees have been studied.

The first is to minimize the maximum edge-length under an upper bound
on the number of Steiner points. That is, given a set P = {p1,p2,-..,pn} of
n terminals and an positive integer k, we want to find a Steiner tree with at
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most k Steiner points such that the length of the longest edges in the tree is
minimized. This is one of the bottleneck Steiner tree problems. Wang and
Du [2000] showed that (a) if NP # P, then the performance ratio of any
polynomial-time approximation for the problem in the Euclidean plane is at
least 4/2; (b) if NP # P, then the performance ratio of any polynomial-time
approximation for the problem in the rectilinear plane is at least two; (c)
there exists a polynomial-time approximation with performance ratio two
for the problem in both rectilinear and Euclidean planes.

The second is to minimize the number of Steiner points under upper
bound for edge-length. That is, given a set of n terminals X = {p1,p2,* ., Pn}
in the Euclidean plane R?, and a positive constant R, the problem is to com-
pute a tree T spanning a superset of X such that each edge in the tree has a
length no more than R and with the minimum number C(7) of points other
than those in X, called Steiner points. This problem is called Steiner tree
problem with minimum number of Steiner points, denoted by STP-MSP for
short. Lin and Xue [1998] showed that the STP-MSP problem is NP-hard.
They also showed that the approximation obtained from the minimum span-
ning tree by simply breaking each edge into small pieces within the upper
bound (called steinerized spanning tree) has a worst-case performance ra-
tio at most five. Chen et al [2000] showed that this approximation has a
performance ratio exactly four. They also presented a new polynomial-time
approximation with a performance ratio at most three and a polynomial-
time approximation scheme under certain conditions. Lu et al [2000] studied
the STP-MSP in rectilinear plane. They showed that in the rectilinear plane,
the steinerized spanning tree has performance ratio exactly three and there
exists a polynomial-time approximation two.

4 Conclusion

The following problems are worth studying:

s Open problems on the Steiner ratio, such as Chung-Gilbert’s conjec-
ture, Graham-Hwang’s conjecture, and Cielick’s conjecture, etc..

e Find better approximation for network Steiner trees and establish an
explicit lower bound for the approximation performance ratio of net-
work Steiner trees.

¢ Close the gap between the lower bound and the upper bound for the
approximation performance ratio of Steiner minimum arborescence.



Steiner Trees in Industry 209

¢ Find more efficient approximation algorithms for on-line and dynamic
Steiner minimum trees and various Steiner tree packing problems.

e Find good approximation algorithms for multi-weighted Steiner trees
and multiphase Steiner trees and study close relationship between
multi-weighted Steiner trees, multiphase Steiner trees, and phyloge-
netic trees.

¢ Make clear whether there exists a polynomial-time approximation scheme
for class Steiner tree in the special case with the real world background
and highway interconnection problem.

¢ Close the gap between the lower bound and the upper bound for the
approximation performance ratio of bottleneck Steiner tree in the Eu-
clidean plane and make clear whether there exists a polynomial-time
approximation scheme for the Steiner tree with minimum number of
Steiner points and bounded edge-length.

* Implement efficient approximation algorithms to meet the requests
from industries.

We believe that to attack these new and old open problems new techniques
are still required and the Steiner tree is still an attractive topic for researchers
in combinatorial optimization and computer science.
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1 Introduction

Nowadays, scientists, engineers and businessmen working in diverse fields
have one thing in common: they all have to deal with large datasets which
arise in a broad spectrum of areas, including finance, banking, manufactur-
ing, supply chain, medicine and biotechnology, telecommunications, military
systems, etc [2]. In many cases, practitioners collect historical data of a cer-
tain type and try to use it for solving problems they encounter. Among
the examples of such historical data, one can mention recordings of medical
devices that are used for disease diagnoses and therapy planning, prices and
returns of financial instruments traded in the stock market, history of tele-
phone calls made between different numbers, credit card transactions, etc.
Intuitively, one can say that large amounts of information can potentially
be very helpful in making decisions. With the advances in computational
equipment technology and the development of efficient external memory
algorithms for processing massive amounts of data that cannot fit in the
computer memory [3], the issue of storage and formatting massive datasets
can be resolved, however, availability of a large set of historical data does
not necessarily imply that this data will be efficiently used in making practi-
cal decisions. A crucial problem that arises here is choosing an appropriate
methodology for processing and analyzing the data in order to extract valu-
able information from it. In other words, one should find analytical models
and algorithms that would reveal internal structure and patterns of the data.
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The broad research area that deals with this type of problems is referred to
as data mining.

In many cases, in order to discover useful information from a certain
dataset, mathematical programming approaches are successfully applied. In
the framework of different types of data mining problems, the techniques
of formulating and solving optimization problems and developing heuristic
algorithms proved to be rather efficient in practice. Optimization techniques
are traditionally widely used in the analysis of financial data, especially in
the problems of choosing an investment portfolio based on the historical data
of the stock prices. Also, mathematical programming approaches have been
recently applied to the classification of securities. Besides finance, proba-
bly the most fast-growing application area of these techniques is medicine.
There is a strong tendency to use optimization models in the analysis of
different kinds of data obtained from the patients. Important applications
include investigating brain function disorders (in particular, epilepsy), can-
cer diagnosis and therapy planning, etc.

In this chapter, we discuss one of the promising research directions in
data mining — using network-based mathematical programming models for
data analysis and decision making. In many practical situations, a real-life
dataset can be represented as a large graph (network) - a structure that
can be easily understood and visualized [16]. A graph is a set of vertices
(dots) and edges (links) connecting them. When a dataset is represented
as a graph, certain attributes are associated with the vertices and edges of
the corresponding graph. These attributes may contain specific informa-
tion characterizing the given application, which often provides a new insight
into the internal structure and patterns of the data. In particular, one can
locate certain special formations in these graphs: cligues and independent
sets, which have a clear data mining interpretation. The analysis of these
structures leads to the consideration of standard graph-based combinato-
rial optimization problems: maximum clique and independent set, clique
partitioning, and coloring. Considered examples of applying network-based
approaches to the analysis of real-life datasets include telecommunications,
medicine, and finance.

We also describe another network-based approach in data mining, so-
called Artificial Neural Networks, which is extensively applied in predictive
modeling. Although the term “neural network™ in this case should not be
understood literally, this approach was originally motivated by the principles
of the functioning of the brain, where a network is formed by the connections
between neurons.

The purpose of this chapter is to describe how mathematical program-
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ming (and, in particular, network-based) techniques can assist practition-
ers representing different branches of science and industry in analyzing the
datasets they deal with, and making efficient decisions.

Although this review is not intended to be exhaustive, we will describe
several examples that we believe can used as a basis for the development of
similar models in various areas.

The remainder of the chapter is organized as follows. In Section 2, we
briefly describe the general setup of major data mining problems: predic-
tive modeling and clustering, and mention several standard mathematical
programming techniques for solving these problems. Section 3 presents an
overview of the neural networks approach applied in predictive modeling.
Section 4 deals with network representation of real-world massive datasets
and describes the applications of standard graph-theoretical concepts to ex-
tracting useful information of these datasets. Finally, Section 5 summarizes
the discussion.

2 Major Types of Data Mining Problems: Super-
vised vs. Unsupervised Learning

We first give a brief review of major types of problems considered in the
area of data mining. Two large classes of problems that we discuss here are
so-called predictive modeling and clustering. These problems are often asso-
ciated with the concepts “supervised learning” and “unsupervised learning”,
respectively. The purpose of this section is to describe the general setup of
these problems and to draw conceptual distinctions between them. We will
also mention some mathematical programming techniques commonly used
for solving these problems. For more detailed description of these and other
classes of data mining problems, the reader is referred to [19].

2.1 Predictive modeling: Classification and Regression

Predictive modeling is a class of data mining problems that essentially deals
with predicting a certain attribute of an element in a dataset based on the
known information about its other attributes (or features). The common
setup of these problems assumes the availability of a certain initial dataset
containing the elements with all known attributes, and this information
is then utilized for constructing a model that predicts unknown attributes
of new data elements. One can distinguish two major types of problems
considered in this area: classification and regression. Below, we briefly
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summarize the general setup of these problems.

2.1.1 Classification: General Setup

The first subject of our discussion is classification — one of the most impor-
tant data mining problems arising in a great variety of applications. The
general setup of this class of problems is as follows. Suppose that we have
a dataset of N elements, and each of these elements has a finite number of
certain attributes. If we denote the number of attributes as n, then every el-
ement of the given dataset can be represented as a pair (z;, %), t =1, ..., N,
where z; € B® is an n-dimensional vector:

Tz = (L1, Tiy ors Tin) 5

and y; is the class attribute. The value of y defines to which class a given
element belongs, and this value is known a priori for each element of the
initial dataset. It should be also mentioned that in this case y; can take
integer values, and the number of these values (i.e., the number of classes)
is pre-defined.

Now suppose that a new element with the known attributes vector x, but
unknown class attribute ¥, is added to the dataset. The essence of classifi-
cation problems is to predict the unknown value of y. This is accomplished
by identifying a criterion of placing the element into a certain class based
on the information about the known attributes z of this element. An initial
question that naturally arises is how to find a criterion that will correctly
classify data elements with a sufficiently high confidence level. The intuitive
answer is that the construction of such a criterion should be based on the
available information about the elements whose attributes are all known.
However, another fundamental question is how to create a formal model
that would take the available dataset as the input and perform the classi-
fication procedure. Several approaches aimed to utilize this idea have been
developed. The main idea of these approaches is to adjust (or, “train”) the
classification model using the existing information about the elements in the
available dataset (which is usually referred to as the “training dataset”) and
then apply this model to classifying new elements.

One of the techniques widely used in practice deals with the geometri-
cal approach. Recall that since all the data elements can be represented
as n-dimensional vectors (or points in the n-dimensional space), then these
elements can be separated geometrically by constructing the surfaces that
serve as the “borders” between different groups of points. One of the com-
mon approaches is to use linear surfaces (planes) for this purpose, however,
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different types of nonlinear (e.g., quadratic) separating surfaces can be con-
sidered in certain applications.

It is also important to note that usually it is not possible to find a surface
that would “perfectly” separate the points according to the value of some
attribute, i.e. points with different values of the given attribute may not
necessarily lie at the different sides of the surface, however, in general, the
number these errors should be small enough.

So, according to this approach, the classification problem is represented
as the problem of finding geometrical parameters of the separating sur-
face(s). As it will be described below, these parameters can be found by
solving the optimization problem of minimizing the misclassification error
for the elements in the training dataset (so-called “in-sample error”). After
determining these parameters, every new data element will be automati-
cally assigned to a certain class, according to its geometrical location in the
elements space.

The procedure of using the existing dataset for classifying new elements
is often called “training the classifier” (and the corresponding dataset is
referred to as the “training dataset”). It means that the parameters of
separating surfaces are “tuned” (or, “trained”) to fit the attributes of the
existing elements to minimize the number of errors in their classification.
However, a crucial issue in this procedure is not to “overtrain” the model,
so that it would have enough flexibility to classify new elements, which is
the primal purpose of constructing the classifier.

To illustrate the basic principles of applying the geometrical classifica-
tion approach described above, we consider one of the first practical appli-
cations of mathematical programming in classification problems developed
by Mangasarian et al. [49]. This study deals with the diagnosis of breast
cancer cases. Note that different kinds of disease diagnoses are very common
in medical practice, and any diagnosis implies some kind of classification,
therefore, applications of classification problems in medicine naturally arise,
and the interdisciplinary research area of utilizing mathematical program-
ming in the analysis of medical data is developing very rapidly nowadays.

The essence of the breast cancer diagnosis system developed in [49] is as
follows. The authors considered the dataset consisting of 569 30-dimensional
feature vector corresponding to each patient. Each case could be classified as
malignant or benign, and the actual diagnosis was known for all the elements
in the dataset. These 569 elements were used for “training” the classifier,
which was developed based on linear programming (LP) techniques. The
procedure of constructing this classifier is relatively simple. The vectors
corresponding to malignant and benign cases are stored in two matrices.
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The matrix A(m x n) contains m malignant vectors (n is the dimension of
each vector), and the matrix B(k x n) represents k benign cases.

The goal of the constructed model is to find a plane which would separate
all the vectors (points in the n-dimensional space) in A from the vectors in
B. If a plane is defined by the standard equation

2lw =1,
where w = (w1, - - - ,wn)T is an n-dimensional vector of real numbers, and -y

is a scalar, then this plane will separate all the elements from A and B if
the following conditions are satisfied:

Av> ev+e, Bw<ey—e. )]

Here e = (1,1,...,1)7 is the vector of ones with appropriate dimension (m
for the matrix A and k for the matrix B).

However, as it was pointed out above, in practice it is usually not possible
to perfectly separate two sets of elements by a plane. So, one should try to
minimize the average measure of misclassifications, i.e., in the case when the
constraints (1) are violated the average sum of violations should be as small
as possible. The violations of these constraints are modeled by introducing
nonnegative variables u and v as follows:

Av+u>ey+e, Bw—-v<ey—e. (2)

Now we are ready to write down the optimization model that will mini-
mize the total average measure of misclassification errors as follows:

m k
> 1 1
Jnin - — ; wt g Jz:; ; (3)
subject to
Avwtu>ey+e (4)

Buw—-v<ey—e (5)
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u>0, v>0 (6)

As one can see, this is a linear programming problem, and the decision
variables here are the geometrical parameters of the separating plane « and
v, as well as the variables representing misclassification error » and v. Al-
though in many cases this type of problems may involve high dimensionality
of data, they can be efficiently solved by available LP solvers, for instance
Xpress-MP or CPLEX.

The misclassification error that is minimized here is usually referred to
as the in-sample error, since it is measured for the training sample dataset.
Note that if the in-sample error is unacceptably high, the classifying proce-
dure can be repeated for each of the subsets of elements in the halfspaces
generated by the separating plane. As a result of such a procedure several
planes dividing the elements space into subspaces will be created, which is
illustrated by Figure 1. Then every new element will be classified according
to its location in a certain subspace. If we consider the case of only one sep-
arating plane, then after solving the above problem, each new cancer case is
automatically classified into either malignant or benign class as follows: if
the vector z corresponding to this case satisfies the condition #Tw > = it is
considered to be malignant, otherwise it is assumed to be benign.

The approach described here is rather general and can be applied to any
real-life dataset whose elements are classified into two classes. It should
be noted that this technique can be generalized for the case of multiple
nonlinear separating surfaces. For instance, the LP problems corresponding
to classification using quadratic separating surfaces are presented in [24].

As it was mentioned above, the procedure of using the existing dataset
for classifying new elements is often called “training the classifier”. It means
that the parameters of separating surfaces are “tuned” (or, “trained”) to fit
the attributes of the existing elements to minimize the number of errors
in their classification. However, a crucial issue in this procedure is not to
“overtrain” the model, so that it would have enough flexibility to classify
new elements, which is the primal purpose of constructing the classifier. If
the training sample is too large, then it is possible that the classifier will ad-
just very well to the details of this data, and it won’t have enough flexibility
to classify the unknown elements, which will increase the generalization (or,
“out-of-sample”) error, i.e., the error in classifying new elements. In [49],
the authors indicate that even one separating plane can be an overtrained
classifier if the number of attributes in each vector is too large. They point
out that the best out-of-sample results were achieved when only three at-
tributes of each vector were taken into account, and one separating plane
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was used.

Figure 1: An example of binary classification using linear separating sur-
faces.

These arguments lead to introducing the following concepts closely re-
lated to classification: feature selection and support vector machines (SVMs).

The main idea of feature selection is choosing a minimal number of at-
tributes (i.e., components of the vector z corresponding to a data element)
that are used in the construction of separating surfaces [20]. This procedure
is often important in practice, since it may produce a better classification in
the sense of the out-of-sample error. Moreover, in the case of high dimen-
sionality of the initial problem, choosing the minimal number of features
will significantly simplify the model.

The essence of support vector machines is to construct separating sur-
faces that will minimize the upper bound on the out-of-sample error. In the
case of one linear surface (plane) separating the elements from two classes,
this approach will choose the plane that maximizes the sum of the distances
between the plane and the closest elements from each class, i.e., the “gap”
between the elements from different classes [26, 55, 56, 64, 67].

2.1.2 Regression: General Setup

The general setup of regression problems is rather similar to the classifica-
tion setup described above. In this case, the sample elements of a given
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dataset are represented by pairs (%), ¢ = 1,..., N, where z; € R™ is an
n-dimensional vector, and %; € R. The goal of regression problems is to es-
timate the unknown regression function y(z) based on the available sample
elements. As one can see, the difference between classification and regres-
sion is the fact that unlike classification, the attribute y which needs to be
predicted is continuous in the case of regression. In the simplest case, when
the relationship y(z) is linear (linear regression), one needs to find a vector
8 such that y = 8% «.

The common problem setup in this case is finding the vector 8 that min-
imizes the norm ||A8 — y||, where A is the matrix containing all vectors z;,
i=1,..N inits rows, and ¥ = (¥1,%2, .., yn)7T is the vector representing the
values y; for each data element. Among the norms that can be considered
are the 2-norm 3, (y: — 872:)? and the 1-norm S lwi — BTz 1f mini-
mization of the 1-norm is considered, the problem can be easily reduced to a
linear program. If the array of new variables 2; representing the differences
(i — ,Bng-) is introduced, then the problem

N
fiin >y — 87l (7)
i=1
can be reformulated as
N
min ;
i Z % (8)
=1
subject to
—2i<yi— BTz <z, ¥i=1,..,N. (9)

It should be noted that this approach to solving regression problems
can be generalized to the case when sample data involves noise, moreover,
the Support Vector techniques can be modified for dealing with regression
problems [66].

Besides continuous optimization formulations, it is also possible to apply
integer programming techniques to regression and classification. In [15],
the authors propose an alternative approach to predictive modeling which
consecutively solves mixed-integer and continuous optimization problems.
This technique proved to be rather effective for several real-life case studies.

Later in this chapter, we will also consider another approach to predictive
modeling that utilizes the concept of Artificial Neural Networks.
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2.2 Clustering: General Setup and Standard Algorithms

Another class of problems widely considered in data mining is referred to
as clustering (or segmentation) [8, 14, 41, 51]. The essence of clustering is
partitioning the elements in a certain dataset into several distinct subsets
(clusters) grouped according to an appropriate similarity criterion. Identi-
fying the groups of objects that are “similar” to each other but “different”
from other objects in a given dataset is important in many practical appli-
cations.

At the first glance, one can say that the setups of clustering and classifi-
cation problems are rather similar, since in both cases one tries to “classify”
data elements. However, one should clearly understand the essential differ-
ence between these two types of problems. As it was pointed out above, the
main idea of classification is utilizing the training dataset, whose elements
are already classified, and their class attributes are known, i.e., in this case
one uses certain a-priori information about the data in order to classify ob-
jects. On the contrary, in the clustering problem, the training dataset is not
available, and one does not use any initial information about the class at-
tributes of the existing data elements, but tries to determine a classification
using appropriate criteria.

Besides identifying the similarity criterion, a major difficulty arising in
clustering is the fact that the number of clusters in the partitioning of a
dataset is usually not known a-priori, which makes this problem non-trivial
and challenging.

One of the most common approaches to addressing this type of problems
is introducing metric distances between data elements. More specifically,
if we consider N data points {xl,mg, vz }, where each point is an n-
dimensional vector of attributes (z* € R™), we can define a certain distance
measure between each pair of elements ¢ and j as

d(a',2%) = ||a* — 2/(l,

where ||z* — #7]|| is some norm in R™. This value can be used as a mea-
sure of “similarity” or “dissimilarity” between a given pair of data elements.
It should be noted that this procedure is closely related to the technique
of representing a dataset as a graph G = (V, E), where V is the set of N
vertices, which corresponding to N data points, and E is the set of edges
connecting these points according to a certain rule. An obvious way of con-
structing the set of edges is to connect every pair of vertices by an edge and
assign every edge a weight equal to the distance between the corresponding
vertices. However, it is a common practice to introduce a certain threshold



228 V. Boginski, P.M. Pardalos, and A. Vazacopoulos

on the distance measure and consider only the edges for which the value of
the corresponding distance is greater than this threshold. If one deals with
a massive dataset, this would help to to make the connectivity matrix of G
sparser and simplify the analysis. In these settings, the clustering problem
is essentially the problem of optimal partitioning of the graph G into sev-
eral subsets of vertices, each of which will correspond to a certain cluster.
This approach, along with related techniques and real-life examples, will be
discussed in more detail in Section 4.

Now, suppose that a dataset needs to be partitioned into a fixed number
of clusters k. In this case, the clustering problem can be formally defined
as follows: find k “centers” {c!,c?,...,c*} (¢! € R™) such that this selection
would minimize the sum of the distances between every data point and a
cluster center closest to it. It can be mathematically formulated as

N
. : t
cir’-g_l_fikgn?nllx e,
where ||z* — || is some metric in R™. Popular standard methods applied to
solving this optimization problem are referred to as k—median and k—mean
algorithms. Both of these techniques utilize the same idea of finding the
optimal selection of cluster centers by performing consecutive iterations. At
each iteration, every data element is assigned to a nearest cluster center ¢/,
where the distance between a data element and a cluster center is measured
in terms of the 1-norm in the case of k-median algorithm, and the 2-norm
in the case of k-mean algorithm. The set of cluster centers is then updated
as follows: the location of each cluster center ¢/ is moved to the point that
minimizes the sum of the distances from the previous cluster center to all
data points assigned to cluster j. If these distances are measured in terms
of the 1-norm, the new cluster center ¢/ represents the median of all data
points assigned to cluster j (k-median algorithm). If the 2-norm is used,
then the new cluster center would be the mean of the data points assigned
to cluster § (k-mean algorithm). The iterative process is stopped if after
some iteration no cluster centers are updated.

The difference between these two methods is the fact that in the case of
k-median algorithm the cluster center would always be located in some data
point (the most appropriate data point representing the cluster is chosen),
whereas in the case of k-mean algorithm the location of a cluster center
may not coincide with any data point. Clearly, the performance of the k-
mean algorithm can be negatively affected by the presence of “outliers”, i.e.,
data points that are significantly “different” from the others, since these
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points would considerably affect the location of the mean of a group of
points. On the contrary, the k-median algorithm is less sensitive to outliers,
because in this case the cluster center is always located in a data point,
and a small number of outliers is unlikely to influence this location. Several
computational experiments confirm that the k-median algorithm produces
better results than the k-mean algorithm in the case of breast cancer datasets
[19].

For an extensive review and formal description of various clustering tech-
niques, the reader is referred to [14, 51].

3 Data Mining Using Artificial Neural Networks

In the next section, we give a brief overview of one of the popular network-
based approaches in data mining which is associated with the concept of so-
called Artificial Neural Networks (ANNs) [34, 37, 28]. This type of models
was designed for extracting information from datasets using natural prin-
ciples similar to the functioning of the human brain. As we will see, this
approach is applicable to both predictive modeling and clustering.

3.1 Basic Principles of Artificial Neural Networks

The main components of an ANN are artificial neurons, which are organized
in a specific order: they form several layers that affect each other according
to certain rules. In a typical setup, a neural network has an input layer
corresponding to the initial (input) information, an output layer that pro-
duces the output of the network, and several intermediate (hidden) layers
that are responsible for processing the data received from the input layer
in order to generate the final output. In the common case when there are
no feedback connections in the network (Feedforward Neural Networks, or
FNNs), the interaction between neurons works as follows: the output of a
neuron in layer 7 is the input of all the neurons from the next layer j + 1,
as shown in Figure 2.

Similarly to the notations introduced in the previous section, we denote
z and y to be the vectors of inputs and outputs respectively.

The main concepts utilized in the operation of a neural network are the
weight vector w and the activation function f.

Each element of the weight vector w; corresponds to an input z;, ¢ =
1,...,,n, and the operation performed by each neuron is calculating a weighted
sum of the inputs with the weights corresponding to the components of w.
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This weighted sum is then used as the argument of the activation function
£, which produces the output of the neuron.

Therefore, the operations performed by a neuron that receives the vector
x as input, can be mathematically represented as:

E=> wir (10)
i=0
y = f(§)- (11)

The examples of the commonly used types of activation functions are
presented below:

e hard limit function:

1, if £€>h,
ﬂO:{O,iff<m

e piecewise linear function:

lg ¥ €21
f&)=¢0, i €£<0,
& if 0<éE<],
s logsig function:
1
f(E) 1 + e_€ y
e hyperbolic tangent function:
N £ 1—e
() =tanh3 = To-r

The functioning of a neural network can be represented as the process
of consecutive activation of the neurons in different layers, starting from the
input layer. Initially, the states of the neurons in the input layer are assigned
to the values of the components of the corresponding input vector, and all
the other neurons (in the hidden and output layers) are not activated. Next,
the information from the input layer is passed to the neurons in the first
hidden layer, and their output is determined according to (10)—(11). This
process is then repeated for all the other layers of the neural network until
the output layer is reached and the final output is obtained.
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Output Layer
Hidden Layer

Input Layer

Figure 2: An example of a Feedforward Artificial Neural Network

3.2 Supervised Training of Neural Networks

Similarly to the predictive modeling approaches considered above, the pa-
rameters of a neural network can be adjusted to a specific training dataset.

To illustrate the main idea of supervised training of a neural network,
we consider the training dataset consisting of N elements, each of which is
represented by a pair {zi,%:), t = 1,..., N, where z; is a vector of attributes,
and y; is a known output (for instance, the class attribute in the case of
classification).

The goal of the training procedure is to determine the optimal values
of the parameters (weights) w, that will minimize the difference between
the network output and the actual output for the elements in the training
dataset. The main idea of training is to pass the elements from the training
dataset (as inputs) to the network and compute the error corresponding to
each training element. If zi{(w,z;) denotes the network output for the i-th
training data element, the network error E; corresponding to this element
can be defined as

Ei{w) = %(z,-(w,:v,r) - yi):!.

One can then calculate the total error as the sum of error terms corre-
sponding to each element from the training dataset:
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N
E(w) = Z E;(w).

The problem of supervised training of a neural network in the general
case can be represented as

min E(w).

Note that the setup of the problem of training a neural network is es-
sentially the same as for the mathematical programming formulations of
predictive modeling problems considered in Section 2. In all these cases, a
training dataset is used for tuning the parameters of the model, and this
model is then applied to new data elements. It is also important to mention
that in many cases one can relate the process of training neural networks to
the mathematical programming techniques for classification and regression
discussed in Section 2. For instance, the LP formulation of the binary classi-
fication problem with linear separating surfaces can be put in the framework
of neural networks [12, 48].

After a neural network is trained, and the “optimal” weights w are de-
termined, one can use this network to obtain the output corresponding to
new data elements passed to the network as the input.

As in the case of any predictive modeling technique, the crucial issue in
training a neural network is producing an adequate output for the new ele-
ments, in other words, the generalization error of a neural network should
be sufficiently small. If a neural network exhibits a poor generalization per-
formance, one can say that overtraining the model takes place. In different
practical applications, various techniques are applied to avoid overfitting,
for instance, in [59] the authors utilize the concept of so-called Distributed
Feedforward Neural Networks in order to efficiently forecast currency ex-
change rates. However, it is clear that the prediction quality of a certain
neural network model depends on the structure of the considered dataset.

3.3 Neural Networks in Clustering

Besides predictive modeling, the Artificial Neural Networks approach can
also be utilized in clustering. Although, as it was pointed out above, in this
case the training dataset is not available, it is possible to “train” a neural
network so that it will assign the input elements to certain clusters using
a specific activation rule (unsupervised neural network algorithms). One of
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the well-known methods in this area is referred to as competitive learning
[62]. If the number of clusters k is fixed, then one can consider a single-layer
neural network with & output units (neurons), each of which corresponds to
a certain cluster. At each iteration, this network takes the attributes of one
data element as the input and adjusts the weight vector w corresponding to
each output neuron.

Without specifying all the details of this approach, we need to point out
that it is closely related to the k-mean algorithm mentioned in the previous
section in the sense that after “training” the network, the vector of weights
w for each output neuron (cluster) represents the mean of all the data points
assigned to the cluster corresponding to this neuron. However, the essential
difference between the k-mean and competitive learning algorithms is the
fact that in the process of determining the optimal set of cluster centers,
k-mean algorithm uses all data elements simultaneously at each iteration,
whereas the competitive learning method takes data elements as inputs one-
by-one, and uses only one data element to adjust the vector w at each step.
The latter approach may be more efficient for dealing with massive datasets,
since in the case of large amounts of data each iteration of the k-mean
algorithm is computationally hard to perform.

4 Network Representation of Massive Datasets

In this section, we describe another network-based approach to extracting
information from massive datasets, which has been rapidly emerging and
developing during the last several years. According to this approach, a cer-
tain dataset is represented as a graph with certain attributes associated with
its vertices and edges. Unlike artificial neural networks that use the data
elements only as inputs, this methodology allows one to visualize a dataset
by representing its elements as vertices and observe certain relationships
between them.

Studying the structure of a graph representing a dataset is important
for understanding the internal properties of the application it represents, as
well as for improving storage organization and information retrieval. One
can visualize a graph as a set of dots and links connecting them, which in
many cases makes this representation convenient and easily understandable.

The main concepts of graph theory were founded several centuries ago,
and many network optimization algorithms have been developed since then.
However, only recently have the applications of graphs to representing vari-
ous real-life massive datasets started to be widely discussed in the literature.
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Nowadays, graph theory is becoming a more and more practical field of sci-
ence. The expansion of graph-theoretical approaches in various data mining
applications gave a birth to the terms “graph practice” and “graph engi-
neering” [36].

As it was pointed out above, graph representation of a dataset is often
useful in the context of clustering. Moreover, a graph representing a real-life
dataset can be analyzed from different aspects, and one can apply standard
models and algorithms from graph theory to study the properties of this
graph in order to obtain the information about the initial dataset. Later
in this section, we will provide several real-life examples related to this
methodology.

4.1 Basic Concepts from Graph Theory and their Data Min-
ing Interpretation

To give a brief introduction to graph theory, we introduce several basic
definitions and notations. Let G = (V, E) be an undirected graph with the
set of m vertices V and the set of edges E. Directed graphs, where the head
and tail of each edge are specified, are considered in some applications. The
concept of a multigraph is also sometimes introduced. A multigraph is a
graph where multiple edges connecting a given pair of vertices may exist.
An important characteristic of a graph is its edge density, which represents
the ratio of the number of edges in the graph to the maximum possible
number of edges.'

4.1.1 Connectivity and Degree Distribution

The graph G = (V, E) is connected if there is a path from any vertex to
any vertex in the set V. If the graph is disconnected, it can be decomposed
into several connected subgraphs, which are referred to as the connected
components of G.

The degree of the vertex is the number of edges emanating from it. For
every integer number & one can calculate the number of vertices n(k) with
the degree equal to k, and then get the probability that a vertex has the
degree k as P(k) = n(k)/n, where n is the total number of vertices. The
function P(k} is referred to as the degree distribution of the graph. In the
case of a directed graph, the concept of degree distribution is generalized:

'The maximum possible number of edges in a graph is equal to n{n — 1)/2, where n is
the number of vertices.
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one can distinguish the distribution of in-degrees and out-degrees, which deal
with the number of edges ending at and starting from a vertex, respectively.

The degree distribution is an important characteristic of a dataset rep-
resented by a graph. It reflects the large-scale pattern of connections in
the graph, which in many cases reflects the global properties of the dataset
this graph represents. One of the important facts discovered during the last
several years is the observation that many real-life massive graphs represent-
ing the datasets coming from diverse areas (Internet, telecommunications,
finance, biology, sociology) have degree distributions that follow the power-
law model. According to this model, the probability that a vertex has the
degree k is

P(k) x k7, (12)

or, equivalently,

log P(k) x —vlogk,

which shows that this distribution can be plotted as a straight line in the
logarithmic scale.

The amazing fact that graphs representing completely different datasets
have a similar well-defined power-law structure has been widely reflected in
the literature [7, 11, 10, 16, 36, 68, 69]. It indicates that the global orga-
nization and evolution of massive datasets arising in various spheres of life
nowadays follow similar laws and patterns. This fact served as a motivation
to introduce a concept of “self-organized networks”. These networks are
also associated with a famous ‘“‘small-world” hypothesis, which claims that
despite the large number of vertices, the distance between any two vertices
(or, the diameter of the graph) is small [68].

From another perspective, some properties of the graphs that follow the
power-law model can be predicted theoretically. Aiello et al. [6] studied the
properties of the power-law graphs with respect to the parameter ~y in (12).
Among their results, one can mention the existence of a giant connected
component in a power-law graph with y < «p = 3.47875, and the fact that a
giant connected component does not exist otherwise.> The emergence of a
giant connected component at the point ya = 3.47875 is referred to as phase
transition.

>These results are valid asymptotically almost surely (a.a.s.), which means that the
probability that a given property takes place tends to 1 as the number of vertices n goes
to infinity.
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The size of connected components of the graph may provide useful infor-
mation about the structure of the corresponding dataset, as the connected
components would normally represent the groups of “similar” objects. In
some applications, decomposing the graph into a set of connected compo-
nents can provide a reasonable solution to the clustering problem, i.e., the
partitioning of the graph into subgraphs, each of which corresponds to a
certain cluster.

In the next subsection, we will discuss more specific types of graph struc-
tures that correspond to very dense clusters of “similar” or “different” ob-
jects. These formations are referred to as cliques and independent sets. As
we will see below, these concepts are important in the context of clustering.

4.1.2 Cliques and Independent Sets

Given a subset § € V, by G(S) we denote the subgraph induced by S. A
subset C € V is a cligue if G(C) is a complete graph, i.e., it has all possible
edges. The maximum clique problem is to find the largest clique in a graph.

The following definitions generalize the concept of clique. Namely, in-
stead of cliques one can consider dense subgraphs, or quasi-cliques. A -
clique C,, also called a quasi-clique, is a subset of V such that G(C.,) has at
least |vg(g—1)/2]| edges, where g is the cardinality (i.e., number of vertices)
of Cy.

An independent set is a subset I C V such that the subgraph G(I) has no
edges. The maximum independent set problem can be easily reformulated
as the maximum clique problem in the complementary graph G(V, E), which
is defined as follows. If an edge (i,7) € E, then (¢,3) ¢ E, and if (¢,7) ¢ E,
then (4,7) € E. Clearly, a maximum clique in G is a maximum independent
set in G, so the maximum clique and maximum independent set problems
can be easily reduced to each other.

Locating cliques (quasi-cliques) and independent sets in a graph repre-
senting a dataset provides important information about this dataset. Intu-
itively, edges in such graph would connect vertices corresponding to “similar”
elements of the dataset, therefore, cliques (or quasi-cliques) would naturally
represent dense clusters of similar objects. On the contrary, independent
sets can be treated as groups of objects that differ from every other object
in the group, and this information is also important in some applications.
Clearly, it is useful to find a maximum clique or independent set in the graph,
since it would give the maximum possible size of the groups of “similar” or
“different” objects.

There are many mathematical programming algorithms developed for lo-
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cating cliques and independent sets in a graph. One of the most well-known
approaches to finding large cliques and independent sets in a graph is known
as Greedy Randomized Adaptive Search Procedure (GRASP) [30, 31]. In
short, GRASP is an iterative method that at each iteration constructs, using
a greedy function, a randomized solution and then finds a locally optimal
solution by searching the neighborhood of the constructed solution. This
is a heuristic algorithm which gives no guarantee about quality of the so-
lutions found, but proved to be practically efficient for many combinatorial
optimization problems. However, it is not easy to find the maximum clique
(or independent set) exactly, since the maximum clique problem (as well
as the maximum independent set problem) is known to be NP-hard [33].
Moreover, it turns out that even the approximation of the maximum clique
is NP-hard [9, 35]. This makes these problems especially challenging in large
graphs. However, as we will see later, sometimes it is possible to use a spe-
cial structure of the graph to get the exact solution of the maximum clique
problem.

4.1.3 Clique Partitioning and Coloring

The problem of locating cliques and independent sets in a graph can be nat-
urally extended to finding an optimal partition of a graph into a minimum
number of distinct cliques or independent sets. These problems are referred
to as minimum clique partitioning and coloring, respectively. Various math-
ematical programming formulations of these problems can be found in [57].
Clearly, as in the case of maximum clique and maximum independent set
problems, minimum clique partitioning and coloring are reduced to each
other by considering the complimentary graph. Solving these problems for
the graphs representing real-life datasets is important from the data mining
perspective. As it was pointed out above, if a dataset is represented as a
graph, where each data element corresponds to a vertex, the clustering prob-
lem essentially deals with decomposing this graph into a set of subgraphs
(subsets of vertices), so that each of these subgraphs would correspond to a
specific cluster.

Obviously, since the data elements assigned to the same cluster should be
“similar” to each other, the goal of clustering can be achieved by solving the
minimum clique partitioning problem. Although solving this problem for
large graphs is not an easy task (minimum clique partitioning and coloring
problems are NP-hard), this approach has an important positive aspect.
Recall that standard clustering algorithms considered above are designed
for the case of a fixed number of clusters. However, the minimum clique
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partition of the graph would automatically determine the number of clusters
in the considered dataset, which is very useful when the number of clusters
is not known a-priori.

Similar arguments hold for the case of the graph coloring problem which
should be solved when a dataset needs to be decomposed into the clusters
of “different” objects (i.e., each object in a cluster is different from all other
objects in the same cluster), that can be represented as independent sets in
the corresponding graph. The number of independent sets in the optimal
partition is referred to as the chromatic number of the graph.

It should be noted that instead of cliques and independent sets one can
consider quasi-cliques and quasi-independent sets and partition the graph
on this basis. As it was described above, quasi-cliques are subgraphs that
are dense enough (i.e., they have a high edge density). Therefore, it is
often reasonable to relate clusters to quasi-cliques, since they would repre-
sent sufficiently dense clusters of similar objects. Obviously, in the case of
partitioning a dataset into clusters of “different” objects, one can use quasi-
independent sets (i.e., subgraphs that are sparse enough) to define these
clusters.

Next, we present several examples of representing real-life datasets as
graphs and extracting non-trivial information from them using graph-based
techniques.

4.2 Application: Call Graph

One of the examples of applying graph-theoretical techniques to analyzing
massive datasets is the Call graph representing telecommunications traffic
data, which was studied by Abello, et al. [1] and Aiello et al. [6]. In this
graph, the vertices are telephone numbers, and two vertices are connected
by an edge if a call was made from one number to another.

The considered one-day call graph representing the data from AT&T
telephone billing records had 53,767,087 vertices and over 170 millions of
edges. This graph appeared to have 3,667,448 connected components, most
of them tiny; only 302,468 (or 8%) components had more than 3 vertices.
A giant connected component with 44,989,297 vertices was computed [1].

The maximum clique problem and problem of finding large quasi-cliques
with pre-specified density were considered in this giant component. These
problems were addressed using a greedy randomized adaptive search pro-
cedure (GRASP) [30, 31]. To make application of optimization algorithms
in the considered large component possible, the authors use some suitable
graph decomposition techniques employing external memory algorithms [3].
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Figure 3: Frequencies of clique sizes found by Abello et al. [1] in the Call
graph.

Abello et al. ran 100,000 GRASP iterations taking 10 parallel processors
about one and a half days to finish. Of the 100,000 cliques generated, 14,141
appeared to be distinct, although many of them had vertices in common.
The authors suggested that the graph contains no clique of a size greater
than 32. Figure 3 shows the number of detected cliques of various sizes.
Finally, large quasi-cliques with density parameters ¥ = 0.9,0.8,0.7 and 0.5
for the giant connected component were computed. The sizes of the largest
quasi-cliques found were 44, 57, 65 and 98, respectively.

It is also important to investigate the degree distribution of the Call
graph. According to [6], the distribution of in-degrees and out-degrees of this
graph, as well as the distribution of the sizes of the connected components,
can be very well represented by a power law. The corresponding plots are
presented in Figure 4.

Summarizing the results presented in this subsection, one can say that
graph-based techniques proved to be rather useful in the analysis and re-
vealing the global patterns of the telecommunications traffic dataset. In
the next subsection, we will consider another example of a similar type of
dataset associated with the World-Wide Web.
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Figure 4: Number of vertices with various out-degrees (a) and in-degrees
(b); the number of connected components of various sizes (c) in the Call
graph, due to [6].

4.3 Application: Internet and Web Graphs

Probably the largest massive graph considered in the literature is the Web
graph representing the World Wide Web. The number of web pages indexed
by large search engines exceeds 2 billion, and the number of web sites is
increasing every day.

In this graph, the vertices are documents and the edges are hyperlinks
pointing from one document to another. Similarly to the Call graph, the
Web is a directed multigraph, although often it is treated as an undirected
graph to simplify the analysis. Another graph is associated with the physical
network of the Internet, where the vertices are routers navigating packets
of data or groups of routers (domains). The edges in this graph represent
wires or cables in the physical network.

Graph theory has been applied for web search [44, 21, 27], web min-
ing [52, 53] and other problems arising in the Internet and World Wide
Web. In several recent studies there were attempts to understand some
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Figure 5: Number of vertices with various out-degrees (left) and distribution
of sizes of strongly connected components (right) in a Web graph [22].

structural properties of the Web graph by investigating large Web crawls.
Adamic and Huberman [39, 4] used crawls which covered almost 260,000
pages in their studies. Barabdsi and Albert [10] analyzed a subgraph of the
Web graph with approximately 325,000 nodes representing nd.edu pages.
In another experiment, Kumar et al. [47] examined a data set containing
about 40 million pages. In a recent study, Broder et al. [22] used two Al-
tavista crawls, each with about 200 million pages and 1.5 billion links, thus
significantly exceeding the scale of the preceding experiments. This work
yielded several remarkable observations about local and global properties of
the Web graph. All of the properties observed in one of the two crawls were
validated for the other as well. Below in this section by the Web graph we
will mean one of the crawls, which has 203,549,046 nodes and 2130 million
arcs.

The first observation made by Broder et al. confirms a property of the
Web graph suggested in earlier works [10, 47], claiming that the distribution
of degrees follows a power law.

Interestingly, the degree distribution of the Web graph resembles the
power-law relationship of the Internet graph topology, which was first dis-
covered by Faloutsos et al. [29]. The authors of [22] computed the in- and
out-degree distributions for both considered crawls and showed that these
distributions follow the power law. Moreover, they observed that in the
case of in-degrees the constant v =2 2.1 is the same as the exponent of power
laws discovered in earlier studies [47, 10]. In another set of experiments con-
ducted by Broder et al., directed and undirected connected components were
investigated. It was noticed that the distribution of sizes of these connected
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components also obeys a power law. Figure 5 illustrates the experiments
with distributions of out-degrees and connected component sizes.

The last series of experiments discussed in [22] aimed to explore the
global connectivity structure of the Web. This led to the discovery of the
so-called Bow-Tie model of the Web [23]. Similarly to the Call graph, the
considered Web graph appeared to have a giant connected component, con-
taining 186,771,290 nodes, or over 90% of the total number of nodes. Taking
into account the directed nature of the edges, this connected component can
be further partitioned into four large classes: strongly connected component
(SCC), In and Out components and “Tendrils”. The characteristics of each
of these groups are summarized below:

o The strongly connected component is the part of the giant con-
nected component in which all nodes are reachable from one another
by a directed path.

¢ The In component consists of nodes which can reach any node in
the SCC but cannot be reached from the SCC.

e The Out component contains the nodes that are reachable from the
SCC, but cannot access the SCC through directed links.

e The Tendrils component accumulates the remaining nodes of the

giant connected component, i.e., the nodes which are not connected
with the SCC.

» The Disconnected component is the part of the Web which is not
connected with the giant connected component.

Figure 6 shows the connectivity structure of the Web, as well as sizes of
the considered components. As one can see from the figure, the sizes of SCC,
In, Out and Tendrils components are roughly equal, and the Disconnected
component is significantly smaller.

4.4 Application: Market Graph

In this subsection, we will show how the network optimization approaches
can be applied to extracting information from the stock prices data.
Finding efficient ways of summarizing and visualizing the stock market
data, which would allow one to obtain useful information about the behavior
of the market, is one of the most important problems in the modern finance.
Nowadays, a great number of stocks are traded in the US stock market;
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Tendrils

16,777,756

Figure 6: Connectivity of the Web due to [22] (Bow-Tie model).

moreover, this number significantly increases each month. The amount of
data generated by the stock market every day is huge. This data is usually
visualized by thousands of plots reflecting the price of each stock over a
certain period of time. The analysis of these plots becomes more and more
complicated as the number of stocks grows.

An alternative way of summarizing the stock prices data, which was
recently developed, is based on representing the stock market as a graph.

This graph is referred to as the market graph. Clearly, the set of vertices
in this graph should represent the set of considered financial instruments.
Also, as it was pointed out in Section 2, it is possible to define a distance
measure for every pair of data elements, so that the value of this distance
would quantify the “similarity” or “dissimilarity” of every pair of elements.
A natural way for introducing this type of “similarity measure” for financial
instruments is calculating the cross-correlations of price fluctuations for ev-
ery pair of stocks over a certain period of time. Let P;(¢) denote the price
of the instrument ¢ on day £. Then R;(t) = In #}?ﬁ_ﬁ% defines the logarithm
of return of the instrument ¢ over the one-day period from (¢ — 1) to . The
correlation coefficient between instruments Z and j is calculated as

(RiR;) — E(R:)E(R;)
VVar(R;)Var(R;)

ng=E
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where E(R;) is defined simply as the average return of the instrument % over
N

N considered days (i.e., E(R;) = &3 Ri(t)) [50].
t=1

One of the possible ways of reflecting the connections between different
stocks is to construct a weighted graph, which would have all possible edges,’
and each edge would be assigned a certain value (or, weight) representing
the cross-correlation between the corresponding pair of stocks. However, the
analysis of a weighted graph may be too hard if the number of vertices is large
enough. Alternatively, one can construct an unweighted graph (without
assigning a weight to every edge) similarly to the examples described above.
In order to do this, athreshold 8 (8 € [—1,1]) is introduced, and an edge
connecting stocks i and j is added to the graph if C;; > 8. In these settings,
if two vertices are connected by an edge, it means that the prices of these
two stocks behave similarly over time. Moreover, changing the value of the
threshold & allows one to control the measure of this similarity and construct
different instances of the market graph for different correlation thresholds.

Clearly, studying the pattern of connections in the market graph would
provide helpful information about the internal structure of the stock market.

Boginski et al. [17] analyzed daily fluctuations of the prices of over 6000
stocks traded in the US stock market during 500 consecutive trading days
in 2000-2002. Several important results were obtained from this study.

It turns out that the degree distribution of the market graph for § > 0.2
is stable and follows the power-law model (which was also the case for the
Internet graph, Web graph and Call graph). Figure 7 shows the degree
distribution of some instances of the market graph.

Moreover, the authors investigated cliques and independent sets in the
market graph. Cliques and independent sets in the market graph have a
simple practical interpretation. A clique in the market graph with a posi-
tive value of the correlation threshold € is a set of instruments whose price
fluctuations exhibit a similar behavior (a change of the price of any instru-
ment in a clique is likely to affect all other instruments in this clique), and
an independent set in the market graph with a negative value of 8 consists of
instruments that are negatively correlated with respect to each other, there-
fore, it represents a “completely diversified” portfolio. The special subject
of interest was finding the maximum clique and maximum independent set
in the market graph, which would provide interesting information about the
internal structure of the market by answering the question, what is the max-
imum possible group of stocks that behave similarly to each other, and what

3A graph with all possible edges is referred to as complete graph.
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Figure 7: Degree distribution of the market graph for # = 0.4 (left); 8 = 0.5
(right) (logarithmic scale) due to [17].

is the maximum possible diversified portfolio?

It turned out that even though the size of this graph was rather large, it
is relatively easy to find the exact solution of the maximum clique problem
using mathematical programming techniques.

The maximum clique problem admits an integer programming formula-
tion, however, in the case of the graph with over 6000 vertices this integer
programming problem cannot be solved in a reasonable time. Therefore,
a simple graph algorithm (greedy heuristic) was applied for finding a large
clique (and a lower bound of the maximum clique size).

Let N(i) = {j[(i,J) € E} denote the set of neighbors of vertex 7 in the
graph G = (V, E). The algorithm for finding a large clique looks as follows:

C=0G =G,
do
Go= [ N()\C;
ieC
C = CJj, where j is a vertex of largest degree in Gg;
until Gy = 0.

After running this algorithm, the following preprocessing procedure was
applied. Let C be the clique found by the above algorithm, then all the
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Table 1: Sizes of the maximum cliques in the market graph with different
values of the correlation threshold [17].

8  edge density clique size

0.35 0.0090 193
0.4 0.0047 144
0.45 0.0024 109
0.5 0.0013 85
0.55 0.0007 63
0.6 0.0004 45
0.65 0.0002 27
0.7 0.0001 22

vertices which are not in C and whose degree is less than |C| are recursively
removed from the graph. It turns out that in the case of the market graph
this simple procedure makes it possible to significantly reduce the size of the
maximum clique search space, which can be explained by the fact that the
market graph is clustered (i.e., two vertices are more likely to be connected
if they have a common neighbor).

Let G'(V', E') denote the graph induced by the vertices remaining after
applying this procedure. In order to find the maximum clique of G' (which
is also the maximum clique in the original graph G), the following integer
programming formulation of the maximum clique problem was used:

maximize Zx;
s.t.
zi+z; <1,(i,7) ¢ E
z; € {0,1}

Since the preprocessing procedure decreased the number of vertices in
the initial graph (and the number of variables in the problem), this integer
programming problem could be solved using a standard software package.

Table 1 summarizes the sizes of the maximum cliques found in the graph
for different values of #, and it turns out that these cliques are rather large.

The authors also considered independent sets in the market graphs with
negative (and small positive) values of the correlation threshold 8. As it was
indicated above, such independent sets represent ‘“completely diversified”
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Table 2: Sizes of independent sets in the market graph found using the
greedy algorithm [17]

#®  edge density indep. set size

0.05 0.4794 36
0.0 0.2001 12
-0.05 0.0431 5
-0.1 0.005 3
-0.15 0.0005 2

portfolios, where all pairs of stocks are negatively correlated. As described in
the beginning of this section, the maximum independent set problem can be
easily represented as a maximum clique problem in a complementary graph.
In the case of the market graph, the complementary graph is constructed as
follows: an edge connects two stocks if the correlation between them Cj; < 8.

However, the approach that was successfully applied for finding a maxi-
mum clique was not so efficient for complementary graphs, which means that
large independent sets, i.e., diversified portfolios, cannot be easily found in
the graph representing the modern stock market. Table 2 summarizes the
sizes of the largest independent sets found by using the heuristic algorithm
described above.

Large cliques and small independent sets in the market graph confirm
the widely discussed idea about the globalization of the economy.

Another issue addressed in the study of the market graph was finding a
completely diversified portfolio containing every given stock. Interestingly,
for every vertex in the market graph, an independent set that contains this
vertex was detected, and the sizes of these independent sets were almost
the same. Moreover, all these independent sets were distinct. These facts
demonstrate that it is always possible for an investor to find a group of stocks
that would form a completely diversified portfolio with any given stock, and
this can be efficiently done using the technique of finding independent sets
in the market graph.

The methodology of finding cliques and independent sets in the market
graph provides an efficient tool of performing clustering based on the stock
market data. The choice of the grouping criterion is natural: “similar” or
“different” financial instruments are determined according to the correlation
between their price fluctuations. Clearly, the minimum number of clusters
in the partition of the set of financial instruments is equal to the minimum
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number of distinct cliques that the market graph can be divided into (the
minimum clique partition problem). If independent sets are used instead of
cliques, it would represent the partition of the market into a set of distinct
diversified portfolios. In this case the minimum possible number of clusters
is equal to a minimum number of distinct independent sets, or the chromatic
number corresponding to the optimal solution of the graph coloring problem.

It should be noted that the approaches to classifying financial instru-
ments commonly considered in the literature usually deal with “training
datasets” and use mathematical programming techniques designed for pre-
dictive modeling (see, for example, [25]). On the contrary, the market graph
model does not require any a-priori information about the classes that cer-
tain stocks belong to, but classifies them only based on the behavior of their
prices over time, which makes it more efficient in practice, since the con-
struction of a training dataset for classification of stocks may be a non-trivial
task.

4.5 Application: Modeling Epileptic Human Brain

Another application of network approaches to data analysis is associated
with biomedicine. One of the most important biomedical applications is
studying human brain. The enormous number of neurons and dynamic
nature of connections between them makes the analysis of brain function
especially challenging. Analyzing the connectivity of the brain using graph-
theoretical approaches is an important practical task, and the results of this
analysis can be applied in treatment of various types of brain disorders, for
instance, epileptic seizures. Clearly, the analysis of the graph representing all
the neurons as vertices cannot be empirically performed, since the number
of neurons in the brain and the connections between them is too large:
according to [54], the number of neurons is estimated to be 8.3 x 109, and
the number of connections is approximately 6.6 x 10'3. However, one can
still judge about some properties of this graph, for instance, the fact that
despite its low edge density, this graph is clustered (i.e., it contains dense
groups of interconnected vertices), which is also typical for other real-life
graphs. Various aspects of the analysis of brain connectivity are discussed
in [38].

In order to perform a more detailed quantitative analysis of the graph
representing the brain, one can consider much smaller graphs by treating
certain groups of neurons (functional units of the brain) as vertices and
investigate the connections between these functional units. For instance,
this approach was applied to the connectivity analysis of the cortical visual
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system of the macaque monkey [32]. The connectivity matrix corresponding
to this study is presented in [38]. It should be noted that the connections
between different functional units of the brain are directed, which reflects
the fact that there are only feedforward or feedback connections between
certain brain units.

During the last several years, the advances in studying the brain are
associated with the extensive use of electroencephalograms (EEG) which
can be treated as the quantitative representation of the brain function. As
we will see below, it is possible to apply graph-theoretical approaches to the
analysis of the brain using EEG data.

EEG data essentially represents time series recorded from the electrodes
located in different functional units of the brain. The analysis of these time
series is not a trivial task, and in order to reveal some patterns underlying
the EEG data, a certain statistical preprocessing procedure needs to be
applied. The main idea of this technique is calculating the values of T-index
corresponding to all possible pairs of functional units of the brain. T-index is
a standard statistical concept which can be used as a measure of entrainment
of two brain sites at a certain time moment. More specifically, two functional
units of the brain are considered to be entrained (i.e., they exhibit a similar
behavior) if the corresponding value of the T-index calculated for this pair
of electrodes does not exceed a certain threshold referred to as Tapigicat. This
procedure is described in more detail in [40].

The reason for analyzing the entrainment of different brain sites is the
possibility to apply these results to studying brain disorders, for instance,
epilepsy. At the moment of an epileptic seizure, some brain sites exhibit
the convergence of their EEG signals, which is characterized by the drop of
the corresponding T-index below Terizicar (these brain sites are referred to
as “critical sites”). Due to this fact, a natural graph structure representing
the epileptic brain can be constructed as follows. The vertices of the graph
represent the considered functional units of the brain, and two vertices 1
and j are connected by an edge if the value of T-index T;; corresponding to
these two functional units is less than Tampeqi. Clearly, this graph reflects
the connections only between those brain sites that are entrained at a certain
time moment, therefore, one can investigate the evolution of the properties
of this graph over time, and especially at the moments of epileptic seizures.

Next, we discuss the properties of this graph that can be considered, as
well as their practical interpretation. In [61], the authors constructed and
analyzed the graph containing 28 vertices corresponding to the electrodes
located in different parts of the brain. Various characteristics of this graph,
such as its connectivity, edge density, and degrees of the vertices, were an-
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alyzed, and several interesting results were obtained. It turns out that the
number of edges in this graph dramatically increases at seizure points, and
it decreases immediately after seizures. It means that the global structure
of the graph significantly changes during the seizure and after the seizure,
i.e., the density of connections increases during ictal state (i.e., at the point
of the seizure) and decreases in postictal state (after the seizure). More-
over, the connectivity of this graph is affected by epileptic seizures: the
graph is connected during the period between the seizures (i.e., the brain
is a connected system), however, it becomes disconnected after the seizure
(during the postictal state): the size of the largest connected component
significantly decreases. This fact can be intuitively explained, since after
the seizure the brain needs some time to “reset” and restore the connections
between the functional units. Another non-trivial result obtained in this
analysis is the fact that the vertex with the maximum degree in this graph
is usually located near the epileptogenic focus.

One more aspect in the analysis of the graph model of the epileptic brain
is finding a maximum clique in this graph. To explain the practical inter-
pretation of a maximum clique in this case, we need to briefly describe a
related mathematical programming technique applied in the field of epilep-
tic seizures prediction. The main idea of this approach is to construct a
quadratic programming model that would select a certain number of “criti-
cal” electrode sites, i.e., those that are the most entrained during the seizure.
Clearly, such group of electrode sites should produce a minimal sum of T-
indices calculated for all pairs of electrodes within this group. If the number
of critical sites is set equal to k, and the total number of electrode sites is
n, then the problem of selecting the optimal group of critical sites can be
formulated as the following quadratic 0-1 problem:

min zT Az (13)

st Yhim =k (14)

z; € {0,1} Vie{l,..,n}, (15)

where z = (z1,%2,... ,2Za) is a 0-1 vector, where x; = 1 if the i-th site is

included into the set of critical sites, and x; = 1, otherwise. The elements
of the matrix A = [@i;]i j=1,... » are the values of Tj;'s at the seizure point.
We should also mention that, as it was shown in the previous work, one
can observe the “resetting” of the brain, that is, the statistical “divergence”
of EEG profiles after a seizure [63, 65]. Therefore, to ensure that the op-
timal group of critical sites shows this divergence, one can reformulate this
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optimization problem by adding one more quadratic constraint:

27 Bz > Toriticat k (k— 1), (16)

where the matrix B = [bj;]i j=1,... s is the T-index matrix of brain sites 4 and
4 within 10 minute windows after the onset of a seizure.

It should be noted that this quadratic programming technique was suc-
cessfully applied in the analysis of the predictability of epileptic seizures
[40, 58], and, as we will show below, there is a strong connection between
the graph-theoretical and quadratic programming approaches to the analysis
of the brain.

The graph model of the epileptic brain described above can be easily
adjusted using the same principles as were utilized in the formulation of this
quadratic problem, that is, one can consider only the connections between
the pairs of sites 4,7 satisfying both of the two conditions: T;; < Tppiticar at
the seizure point, and Ti; > Tiriticat 10 minutes after the seizure point, which
are exactly the conditions that the critical sites must satisfy. A natural
way of detecting such a group of sites is to find cligues in this modified
graph. Since a clique is a subgraph where all vertices are interconnected,
all pairs of electrode sites in a clique would satisfy the above conditions.
Therefore, it is clear that the size of the maximum clique in this graph
would represent the upper bound on the number of selected critical sites,
i.e., the maximum value of the parameter k in the aforementioned quadratic
programming problem. Computational results show that this upper bound
is rather tight, i.e., the maximum clique sizes calculated for the graphs
representing different patients are rather close to the actual values of &
empirically selected in the quadratic programming model.

S Concluding Remarks

In this chapter, we have addressed several issues regarding the use of network-
based mathematical programming techniques for solving various problems
arising in the broad area of data mining. We have pointed out that applying
these approaches often proved to be effective in many applications, including
biomedicine, finance, telecommunications, etc. In particular, if a real-world
massive dataset can be appropriately represented as a network structure, its
analysis using standard graph-theoretical techniques often yields important
practical results.
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However, one should clearly understand that the success or failure of
applying a certain methodology essentially depends on the structure of the
considered dataset, and there is no “universal recipe” that would allow one to
obtain useful information from any type of data. This indicates that despite
the availability of a great variety of data mining techniques and software
packages, choosing an appropriate method of the analysis of a certain dataset
is a non-trivial task.

Moreover, as technological progress continues, new types of datasets may
emerge in different practical fields, which would lead to further research in
the field of data mining algorithms. Therefore, developing and modifying
mathematical programming approaches in data mining is an exciting and
challenging research area for years to come.
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1 Introduction

Consider that we have a set of tasks that need to be processed, and a set
of agents that are able to process these tasks. A limited amount of a single
resource is available to each of the agents, and each task requires a particular
amount of this resource when it is processed by a particular agent. The
resource consumption may depend on which agent processes a given task.
The Generalized Assignment Problem is then the problem of assigning each
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task to exactly one agent, so that the total cost of processing all tasks is
minimized and no agent exceeds its resource capacity.

The Generalized Assignment Problem was inspired by real-life problems.
The first problem of this form was studied by De Maio and Roveda [20].
They consider a transportation problem where each demand point must be
supplied by exactly one supply point, sometimes called source. Here the
agents are the supply points and the tasks are the demand points. Clearly,
the requirements of the demand points do not depend on the particular
supply point that supplies it, i.e., the requirements are agent-independent.
Srinivasan and Thompson [72] extend this model by making the require-
ments agent-dependent, and are the first ones to propose the model that is
known today as the Generalized Assignment Problem. The term Generalized
Assignment Problem (GAP) for this type of problem was first introduced
by Ross and Soland [67]. When the tasks are jobs to be performed, and
the agents are computer networks, we obtain the problem described by Bal-
achandran [3]. Another example is the fixed-charge plant location problem,
where the agents are capacitated plants and the tasks are customers, where
each of the customer demands must be supplied from a single plant (see Ge-
offrion and Graves [31]). Other applications that have been studied are the
p-median location problem (see Ross and Soland [68]), the maximal covering
location problem (see Klastorin [44]), various routing problems (see Fisher
and Jaikumar [25]), R & D planning problems (see Zimokha and Rubin-
shtein [79]), and the loading problem in flexible manufacturing systems (see
Kuhn [46]).

The GAP with m agents and n tasks can be formulated as an integer
programming problem by defining the zero-one decision variables z;;, where
z;; = 1 if task j is assigned to agent ¢, and z;; = ¢ otherwise:

m n
minimize Z Z Cij Tij

i=1j=1

subject to
Ea{jfﬂij < b i=1,...,m (1)
=
m
Sz = 1 j=1,...,n (2)

i=1

m
——
o

(=1
-

[

I

[y
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Il

—
32
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The cost coefficients ¢;j, the requirement coefficients a;;, and the capacity
parameters b; are all assumed to be nonnegative scalars. Constraints (2) are
known in the literature as semi-assignment constraints. Some applications
call for a maximization, rather than a minimization, formulation, which is
clearly equivalent from an optimization point of view. See, for example,
Martello and Toth [49], Fisher et al. [26], and Savelsbergh [69].

Several extensions of the GAP have been proposed in the literature in
order to more closely describe various real-world applications. Srinivasan
and Thompson [72] mention an extension of the model where the capacity
of the agents b; can be increased at a certain cost, which is linear in the
amount of capacity added. Neebe and Rao [55] consider a fixed-charge
version of the GAP with agent-independent requirements where each agent
processing at least one task incurs a fixed cost. This can be used for example
to model setup costs for the agents. Even though these two extensions have
been proposed for the GAP with agent-independent requirements, they can
clearly be relevant in the case of general requirements as well.

As shown by Ross and Soland [68], some location problems can be mod-
eled as a GAP. When considering the location of emergency service facilities,
a min-max objective function is more adequate than the classical min-sum.
Mazzola and Neebe [53] consider two min-max formulations of the GAP.
The first one is called the Task Bottleneck General Assignment Problem
(Task BGAP) where the objective function to be minimized is equal to

The Task BGAP can model the location of emergency service facilities where
the response time must be minimized. Martello and Toth [51] propose var-
ious relaxations for the Task BGAP. The second version is the Agent Bot-
tleneck General Assignment Problem (Agent BGAP) where the objective
function to be minimized is equal to

n
i-:nllffm jgl CijTij.
In this min-max formulation the goal is to minimize the costs incurred by
the agent facing the largest costs. This model is applicable for instance for
the problem of minimizing the makespan in a parallel machine scheduling
problem.

Mazzola [52] considers nonlinear capacity interaction in the GAP. He
mentions that this problem can be found in hierarchical production planning
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problems where product families must be assigned to production facilities
and a changeover is translated into nonlinear capacity interaction between
the product families assigned to the same facility.

As mentioned above, the GAP assumes that there is just one resource
available to the agents. Gavish and Pirkul [29] propose the Multi-Resource
Generalized Assignment Problem (hereafter MRGAP) where tasks consume
several resources when being processed by the agents. Campbell and Lange-
vin [13] show an application of the MRGAP to the assignment of snow
removal sectors to snow disposal sites in the city of Montreal. Blocq [10]
studies another application in the distribution of gasoline products. An
oil company is interested in minimizing the costs when delivering their oil
products (super, unleaded petrol, etc.) from the depots to the different
petrol stations under some restrictions. For each depot and type of product
the total amount delivered has to be in a certain range. The same has
to hold for the aggregation of all products, and also for some subsets of
products. This problem can be modeled as a MRGAP with lower bounds on
the consumption of the resources. He points out that companies sometimes
make agreements with other oil companies to share their depots to a certain
extent. To deal with these restrictions, Blocq et al. [11] have extended the
MRGAP considering constraints on the consumption of each resource for
each subset of agents (rather than each individual agent only).

The multi-level generalized assignment problem was first described by
Glover et al. [33], in the context of the lot-sizing and machine loading prob-
lem for multiple products. In this extension of the GAP, agents can process
tasks with different levels of efficiency, and tasks must be assigned to agents
at a specific level of efficiency. This problem was studied further by Laguna
et al. [47].

Park et al. [57] argue that tasks may need to be performed by more than
one agent to increase reliability, thus introducing the Generalized Multi-
Assignment Problem. They suggest an application where files are allocated
to several computing sites so that files will be still available even if one
computing site fails.

Kogan et al. [45] consider a continuous-time version of the GAP incor-
porating the order in which the tasks are processed by the agents. In this
model tasks can be split over different agents. Shtub and Kogan [71] extend
the model to the MRGAP. Since these models differ qualitatively from the
GAP in that tasks can be processed by more than one agent, we will not
analyze these models any further.

Solution approaches for the GAP have received significant attention in
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the literature. Both exact and heuristic solution procedures have been pro-
posed to solve this problem, most of which have been summarized by Cat-
trysse and Van Wassenhove [17] and Osman [56]. Some research has been de-
voted to probabilistic analyses of the GAP, see Dyer and Frieze [21], Romeijn
and Piersma [60], and Romeijn and Romero Morales [61].

Many of the algorithms and results given in the literature for the GAP
can be extended to a more general class of convex assignment problems
which includes some of the extensions mentioned above. In the remainder,
we will present many results for this class of convex assignment problems,
and pay special attention to the particular case of the GAP.

The outline of this chapter is as follows. In Section 2 we will introduce a
class of convex assignment problems (CAP), and we will show that the GAP
and some of its extensions proposed in the literature to date can be formu-
lated as a CAP. In Section 3 we will study the computational complexity of
the CAP, and in Section 4 we propose different approaches to obtain lower
bounds for the CAP. In Section 5 we discuss general solution procedures
approaches for solving the CAP. In Section 6 we focus on the generation
of experimental data for the CAP, for purposes of testing and comparing
solution procedures. In Section 7 we present some additional results for
the GAP, which cannot be readily extended to the CAP. In Section 8 we
particularize the results obtained throughout this chapter for the MRGAP.
Finally, in Section 9 we discuss the application of these results to a class of
multi-period single-sourcing problems.

2 A Class of Convex Assignment Problems

2.1 Introduction

In a general assignment problem there are tasks which need to be processed
and agents which can process these tasks. Each agent faces a set of capacity
constraints and a cost when processing the tasks. The problem is then how to
assign each task to exactly one agent, so that the total cost of processing the
tasks is minimized and each agent does not violate his capacity constraints.
Freling et al. [27] introduce the class of Convex Assignment Problems (CAP)
where each agent’s capacity constraint and cost function are convex. The
problem can be formulated as follows:

m
minimize Zgg(x,-.)

i=1
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subject to
wi{zi) < b i=1,...,m
m
inj = 1 j=1,...,n
i=1
zi; € {0,1} i=1....m;ji=1,...,n

where g; : IR™ — IR and w; : IR™ — IR® are convex functions and b; € le",
forall z=1,...,m. The GAP is clearly an example of a convex assignment
problem, where the functions g and w; associated with agent Z are linear in
zi, and ks =1 forall i =1,...,m.

To deal with many variants of multi-period single-sourcing problems
(hereafter MPSSP) using a single solution approach, Romero Morales [66]
introduces a subclass of convex capacitated assignment problems where the
capacity constraints are linear. These models, which combine inventory and
transportation decisions, are suitable when evaluating the total costs of a
logistics distribution network in a dynamic environment. The MPSSP is a
CAP and we will discuss this problem in more detail in Section 9.

The purpose of introducing the class of convex assignment problems is to
deal with the GAP and many of its proposed extensions in a unified manner.
We devote this section to finding the CAP formulations for these extensions
(or to establish where they differ from a CAP).

Classes other than CAP have been proposed in the literature. Most
notably, Ferland et al. [23] introduce a more general class of assignment
problems, and discuss the applicability of object-oriented programming by
developing software containing several heuristics.

2.2 Extensions of the GAP
2.2.1 Convex extensions of the GAP

The GAP with flexible capacities. Srinivasan and Thompson [72] ex-
tend the GAP by allowing for the use of additional capacity at a cost which
is linear in the amount of capacity added. Let B; be the maximal capac-
ity at agent ¢ where B; > b; forall ¢ = 1, ..., m, and & be the unit cost
of increasing the capacity available to agent i beyond the base capacity &;.
Then, the GAP with additional capacity can be formulated as

m n n
minimize Z (Z CijTi; -+ & max {O, Z a;iTij — bi})

i=1 \j=1 j=1
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subject to
ksl
Za,-j:r,-j < B; i=1,...,m
=
m
dag =1 i=1...,n
i=1
O - | P s R B ) R

As for the GAP, the capacity constraints are linear. Furthermore, the objec-
tive function is convex piecewise linear, and thus the GAP with additional
capacity is a CAP.

The GAP with fixed-charge costs. Neebe and Rao [55] study a fixed-
charge version of the GAP. Let v; be the fixed cost incurred by agent ¢ when
this agent processes at least one task. The fixed-charge GAP can then be
formulated as follows:

i=1j=1

m mn m
minimize (Z E CijTij + Z Vi’yi)
i=1

subject to

IN

biyi t=1,...,m

n
PILIEY
j:l

ix;j = 1 j:l,...,n
i=1

{0,1} t=1,....m;j=1,...,n
{0,1} i=1,...,m.

m

Tig
W

m

Observe that, without loss of optimality, % = maX;j=1,.,n Tij. Therefore,
the fixed-charge GAP can be reformulated as a nonlinear integer problem
in the assignment variables only as follows:

m n
minimize _S_ ( E CijTij + Vi J_Il}a.xn {L',‘j)
ke

i=1 \j=1
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subject to
n
Za,-jx,‘j < b i == Lyt
j=1

m
Yoz = 1 i=1,...,n

i=1

Zi € {0,1} f=1lm; I Lo

Again, the capacity constraints are linear and the objective function piece-
wise linear convex, so that the fixed-charge GAP is a CAP.

The Multi-Resource GAP. Gavish and Pirkul [29] propose the Multi-
Resource Generalized Assignment Problem, in which tasks consume more
than one resource when being processed by the agents. This problem can

be formulated as
m n
minimize Y Y cijij

i=1j=1
subject to
n
Etijkxij < by = Yywwas 78 B2 Dm0
j=1
m
Z:’L‘ij = F j:l,...,n
=1

m

Tij {0,1} t= Livosy =10 o500

This clearly is an example of a CAP formulation where both the objective
function and the capacity constraints are linear and k; = K for all ¢ =
1,...,m.

Nonlinear capacity interactions. Mazzola [52] allows for nonlinear ca-
pacity interaction, yielding the following model formulation:

m n
minimize E E CijTij
i=1j=1
subject to

pi(I‘i’) < b?. i':l)"'!m
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m
Yoy = 1 Gl
i=1
zi; € {0,1} f=1 . vesmy g =L00n

where p; : IR"™ — IRis a general nonlinear function and b; € IR, for all
i = 1,...,m. It is straightforward to see that the GAP with nonlinear
capacity interaction is a CAP if and only if the functions p; are all convex.

2.2.2 Extensions of the GAP outside the class CAP

Several generalizations of the GAP that have received attention in the liter-
ature do not fall within the class of Convex Assignment Problems. Never-
theless, many algorithmic approaches developed for the GAP can easily be

extended to these problems as well. We will describe some of these problems
below.

Bottleneck GAPs. Mazzola and Neebe [53] propose two min-max for-
mulations for the GAP, the Task BGAP and the Agent BGAP. The feasible
regions for these two problems are the same as for the GAP, and their ob-
jectives are, respectively,

minimize max CijTij
=1, J=1!-"nn

and

n
minintize l_:nlli}fmfzcz?jmij.
Unfortunately, the objective function for these two problems is not separable
in the agents, implying that both the Task BGAP and the Agent BGAP
cannot be formulated as a CAP.

The Multi-Level GAP. Glover et al. [33] propose the multi-level gener-
alized assignment problem where agents can process tasks at different levels
of efficiency, and tasks must be assigned to agents at a specific level of effi-
ciency. This problem can be formulated as

m n L

minimize Z Z E CijeTije

i=1j=1¢=1
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subject to
n L
Zt,rjgx,'jg < b i=1,...,m
j=1¢=1
L m
sziﬂ = 1 o == L wa s

Aty
It

1i=1
ziie € 10,1} i=1....mji=1...,né=1,...,L

This model differs from the rest of the extensions of the GAP analyzed in this
section since the tasks are assigned to (agent,efficiency level)-pairs. There-
fore, the agents, as understood in the CAP, correspond to the (agent,efficien-
cy level)-pairs in the multi-level GAP. However, since there are no capacity
constraints for individual (agent,efficiency level)-pairs, but only aggregate
capacity constraints for each agent, the multi-level GAP belongs to a more
general class of convex assignment problems which allows for aggregate ca-
pacity constraints over subsets of agents.

The Generalized Multi-Assignment Problem. Finally, Park et al. [57]
propose to have tasks duplicated at several agents. Letr; <m,j3=1,...,m,
be the number of times that task j must be duplicated. The Generalized
Multi-Assignment Problem can be formulated as

m n
minimize E Zc,-j:c,'j

i=1j=1
subject to
m
Eaij:rij < b i=1,...,m
i=1
it}
E:L‘,'j = T; Jj=1,...,n

i=]

z; € {0,1} i=l..,mj=1..,n

Obviously, the Generalized Multi-Assignment Problem is a CAP only if
r; =1 forall j =1,...,n, in which case it actually reduces to a GAP.
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3 Complexity

Due to the abundance of practical applications, capacitated assignment
problems have been studied extensively from an algorithmic point of view.
As will shown in Section 5, various exact algorithms and heuristic proce-
dures have been proposed in the literature. Nevertheless, all approaches
suffer from the AP-Hardness of the GAP (see Fisher et al. [26]). More-
over, the decision problem associated with the feasibility of the GAP is an
NP-Complete problem (see Martello and Toth [49]). Therefore, even to
test whether a problem instance has at least one feasible solution is com-
putationally hard. In these proofs, problem instances of the GAP with
agent-independent requirements are used. We will summarize these proofs
in the following theorem.

Theorem 3.1 (cf. Fisher et al. [26], Martello and Toth [49]) The
GAP with agent-independent requirements is an N'P-Hard problem. More-
over, the decision problem associated with its feasibility is an N'P-Complete
problem.

Proof. To show the N'P-Hardness of the GAP with agent-independent re-
quirements, we will prove that the 2-partition problem is reducible to the
GAP. Given a set of n real numbers Ay, ..., An, the 2-partition problem asks
if there exists a set § C {1,...,n} such that 3 ;c5A4; = 3 en,..np\s 4i-
This problem is equivalent to a GAP with agent-independent requirements
where m = 2, a; = Aj forall i =1,...,m, by = by = %2;;1 A;, and are
¢;; arbitrary.

Following a similar argument, we can derive that the decision problem
associated with the feasibility of the GAP with agent-independent require-
ments is an A/P-Complete problem. o

The feasible region of the GAP with agent-independent requirements
is defined by m knapsack constraints, each one associated with an agent.
In a general convex assignment problem, each agent faces some capacity
constraints. Therefore, the decision problem associated with the feasibility
of the CAP is as difficult as for the GAP with agent-independent require-
ments. Similar conclusions can be drawn for the optimization problem since
the objective function of the GAP with agent-independent requirements is a
particular case of the one for the CAP. Therefore, we can derive the following
corollary.
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Corollary 3.2 The CAP is an NP-Hard problem. Moreover, the decision
problem associated with its feasibility is an N'P-Complete problem.

4 Lower Bounds for the CAP

4.1 Introduction

Most of the solution procedures for (nonlinear) integer minimization prob-
lems involve the computation of lower bounds. Moreover, due to the com-
plexity of these minimization problems, the quality of the performance of
heuristic solution methods is illustrated by error bounds which also neces-
sitate the computation of lower bounds. In this section, we will present
several approaches to obtain lower bounds for the CAP.

4.2 Relaxing the Integrality Constraints

The most straightforward lower bound for a (nonlinear) integer program-
ming problem in the minimization form is the optimal value of the relax-
ation of the integrality constraints. For the CAP, this yields, in general, a
nonlinear problem since the objective function and the capacity constraints
are convex. This relaxation can be formulated as follows

m
minimize E gi{z;.)

i=1
subject to (RCAP)
w,'(:c,u) S b,; i:l,...,m
m
Z.’c,’j = 1 j=1,..., 1
i=1
zi; > 0 i=1,....myj=1,...,n

If the optimal solution for (RCAP) does not contain any fractional vari-
able, then this clearly is the optimal solution for the CAP as well. In general,
however, this is not the case. Given a feasible solution = for R(CAP), we
will say that task j is a non-split task of = if there exists an index ¢ such
that x;; = 1. The remaining tasks, called split tasks, are assigned to more
than one agent. Let B(z) be the set of split tasks in , i.e.

B{z) = {j=1...om : 3i=1,....,m such that 0 € 544 < 1}.
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In the following we show that for some subclasses of CAPs there exist opti-
mal solutions so that the number of split tasks is bounded from above by a
constant independent of the number of tasks.

We will first analyze the linear case.

Lemma 4.1 I[f the functions gi and w;i are linearforall i =1,...,m, then
for all basic optimal solutions R°AF of (RCAP) we have

m
|B(IRCAP)[ < Zki'
i=1

Proof. The proof resembles that of Lemma 6.4.1 in Romero Morales [66].
Rewrite the problem (RCAP) with equality constraints and nonnegative
variables only. We then obtain a problem with, in addition to the assign-
ment constraints, Y =, ki equality constraints. Now consider a basic optimal
solution to (RCAP). The number of variables having a nonzero value in this
solution is no larger than the number of equality constraints in the refor-
mulated problem. Since there is at least one nonzero assignment variable
corresponding to each assignment constraint, and exactly one nonzero as-
signment variable corresponding to each assignment that is feasible with
respect to the integrality constraints of (RCAP), there can be no more than
Yoty ki assignments that are split. Thus, the desired inequality follows. O

A similar result can be found when the functions g; are allowed to be
piecewise linear convex functions, i.e., there exist x; € IN and g for each
£ =1,...,K; so that gf : IR® — IR is linear and g; = max,—; . «, gF. Fol-
lowing standard techniques, we can obtain an equivalent linear programming
formulation for the corresponding relaxation:

m
minimize Zz,-
i=1
subject to
zi 2 gi(zi) TR g R =T gy
wi(ze) < b f=1jvem
m
EI‘J' =1 T2 1yt
=1

v

Tij 0 i=1,...,m:j=1,...,n.
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Corollary 4.2 If the functions g; are piecewise linear convex and the func-
tions w; are linear forall i = 1,...,m, then for all basic optimal solutions
ZRCAP f (RCAP) we have

|BzROAP) < N ki + ) k.
i=1 i=1

Proof. Similar to the proof of Lemma 4.1. i

Benders and Van Nunen [9] derive a slightly tighter bound on the number
of split tasks for the GAP, by showing that there exists an optimal solution
to the LP-relaxation of the GAP in which the number of split tasks is at
most equal to the number of agents used to full capacity. Dyer and Frieze
[21] also show that the number of fractional variables in any basic solution
for the LP-relaxation of the GAP is at most equal to two times the number
of agents.

Jornsten and Viarbrand [42] and Cattrysse et al. [14] improve the linear
programming bound for the GAP by adding valid inequalities for each knap-
sack constraint. In the latter a more detailed explanation of the procedure
is provided. For each agent ¢, they use a separation procedure to search for
strong covers C; C {1,...,n} (see Balas and Zemel [4]). The corresponding
valid inequality 37_; i; < |Cs| — 1 is strengthened by a lifting procedure.

4.3 An Improved Lower Bound Based on a Set Partitioning
Formulation

The CAP can alternatively be formulated as a set partitioning problem (SP),
which leads to very successful solution approaches. This reformulation was
first introduced for the GAP by Cattrysse et al. [16], and Savelsbergh [69],
and generalized to the CAP by Freling et al. [27]. Barnhart et al. [7] discuss
set partitioning models in a more general context.

In particular, a feasible solution for the CAP can be seen as a partition
of the set of tasks {1,...,n} into m subsets. Each element of the partition is
associated with one of the m agents. Now let L; be the number of subsets of
tasks that can feasibly be assigned to agent i (i =1,...,m). Let of denote
the #-th subset (for fixed %), i.e., afj = 1 if task j is an element of subset
£ for agent %, and afj = 0 otherwise. We will call crf, the #-th column for
agent i. The vector of is a zero-one feasible solution to the multi-knapsack
constraints associated with agent ¢. The set partitioning problem can be
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formulated as follows:

m Ly
minimize ZEQ;(GS.)yf

i=1¢=1
subject to (SP)
m L,'
Y okt = 1 f= 1L 0
iy
Yok =1 i=1,...,m (4)
=1
v e {01} e=1,...,Lyi=1,....m

where yf is equal to 1 if column £ is chosen for agent ¢, and 0 otherwise.
As mentioned by Barnhart et al. [7], the convexity constraint (4) for agent
i (¢ =1,...,m) can be written as

Ly
Yyt
=1

if @;; = 0 for each § = 1,...,n is a feasible column for agent ¢ with as-
sociated costs g;(a;.) = 0. Note that (SP) is a zero-one integer program,
while the CAP is, in general, a zero-one convex program. Moreover, this
formulation allows for adding additional constraints that may be difficult to
express analytically. On the downside, the number of variables in (SP) is
impractically large for any realistic problem size. However, as we will discuss
below, this problem can be solved by a column generation framework, and
as such be embedded in a branch-and-price procedure.

Since this problem is a zero-one programming problem, a bound on its
optimal value can be obtained in a similar way as for the standard formula-
tion by relaxing the integrality constraints (see Section 4.2). An important
property of the set partitioning formulation however, is that the part of any
feasible solution of the LP-relaxation LP(SP) corresponding to a particu-
lar agent is a convex combination of zero-one candidate solutions for that
agent, which can be used to show that LP(SP) gives a bound on the op-
timal solution value of (SP) (and thus the CAP) that is at least as tight
(and usually tighter) as the one obtained by straightforwardly relaxing the
integrality constraints in the CAP, yielding the relaxation (RCAP). Hence,
if we let »((RCAP)) and v(LP(SP)) denote the optimal objective values of
(RCAP) and LP(SP), respectively, then the following result holds.
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Theorem 4.3 (cf. Freling et al. [27]) The following inequality holds:
v((RCAP)) < v(LP(SP)).

As mentioned above, the number of variables (columns) in (SP), and
thus also in LP(SP), is prohibitively large. Therefore, this problem is usually
solved using a Column Generation procedure. There are two critical factors
in this procedure. The structure of the pricing problem is a major issue in the
success of the column generation procedure. Moreover, standard branching
rules may destroy the structure of the pricing problem. These two issues
have been studied by Freling et al. [27].

The column generation procedure is based on the observation that an
optimal basic solution of LP(SP) will contain relatively few decision vari-
ables that are nonzero. Therefore, only a small number of columns, say N,
will initially be included in the formulation. Let (u*(N),8*(N)) be the opti-
mal dual solution to this approximation to LP(SP). The following, so-called
pricing problem, can be used to verify whether the solution thus obtained is
optimal for LP(SP), and if not supplies a column to be added to the prob-
lem. Observe that each column is associated with a particular agent, and
therefore a pricing problem is defined for each agent. For agent 7 the pricing
problem reads

minimize (g,-(z) - iﬂ; (N)z; + 5:(N])

i=1
subject to

wi(z) < b
z; € {0,1} i=1..,n.

If a solution with negative objective value exists, it corresponds to a column
that should be added to the current approximation of LP(SP). If not, the
current solution is optimal for LP(SP). Freling et al. [27] have identified a
subclass of CAPs for which the pricing problem can be solved efficiently. In
this subclass, the pricing problem is a so-called Penalized Knapsack Prob-
lem (PKP), which is a knapsack problem in which the objective function
includes an additional convex term penalizing the total use of capacity in
the knapsack. It can be shown that the optimal solution of the problem
when the integrality constraints are relaxed has a similar structure to the
optimal solution of the LP-relaxation of the Knapsack Problem.



276 D.R. Morales and H.E. Romeijn

4.4 Lagrangean Relaxations
44.1 Introduction

The Lagrangean relaxation is a more elaborate technique than the relax-
ation of the integrality constraints to obtain lower bounds for a (nonlinear)
integer programming problem, see Geoffrion [30]. There are optimization
problems which would be much easier to solve if some of their constraints
were not present. The Lagrangean relaxation is based on eliminating these
constraints by dualizing them into the objective function with a vector of
multipliers. For each of these vectors, we obtain a lower bound to the orig-
inal problem. The best possible lower bound, known as the Lagrangean
bound, is given by maximizing over the set of multipliers. One may solve
this maximization problem to optimality or heuristically to find a good vec-
tor of multipliers. Fisher [24] enumerates several methods which have been
used to solve this maximization problem. The Lagrangean function, i.e., the
objective function of this maximization problem is, in general, nondifferen-
tiable, therefore we can use the subgradient method introduced by Held et
al. [40]. The multiplier adjustment method moves the multipliers along a
set of predefined directions. Finally, a column generation scheme may also
be used to search for good multipliers.

In the particular case of the CAP, there are two possible Lagrangean
bounds depending on which type of constraints are dualized. We will de-
scribe them separately.

4.4.2 Dualizing the capacity constraints

Let A = (A],..., AT)T where \; € R%. If the capacity constraints are
dualized we obtain the following lower bound:

L%(A) = minimize (Z gi(zi) + Z N (wi(z) - b,r])

i=1
subject to
m
YNry = 1 J=1...,n
i=1
zi;; € {0,1} i=1,....mji=1,...,n
where X\; € H—'ti" foreach ¢ =1,...,m. For A = 0,we obtain a straightforward

lower bound based on leaving out the capacity constraints. The Lagrangean
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bound is equal to

max L5(X).
ARG x...x IRk™

If the functions g; and w; are linear for all £ = 1,...,m, the value of L{}\)
can be given explicitly: an optimal solution vector for the corresponding
optimization problem is obtained by assigning each task to the agent that
can process it at least cost. Unfortunately, this result does not hold in
general, making the calculation of the Lagrangean bound computationally
expensive for general CAPs.

The constraint matrix of the relaxed problem is totally unimodular.
Thus, if the functions g; and w; are linear for all Z = 1,...,m, the La-
grangean bound when relaxing the capacity constraints coincides with the
optimal value of the relaxation of the integrality constraints of the CAP, see
Geoffrion [30], which suggests that this Lagrangean bound is of limited use
for the GAP. However, Chalmet and Gelders [18] argue that the Lagrangean
bound can be calculated more efficiently than the LP-relaxation bound for
large problem instances.

Ross and Soland [67] propose to relax the capacity constraints of the
GAP to ajjzi; < by If bi/ai; < 1 for some (4,7), it can be concluded
that z;; = 0. In all other cases, the constraints are redundant. As for
the solution to the Lagrange relaxation mentioned above, this relaxation
yields a simple cost minimization problem where each task is assigned to
the agent that can process it in the cheapest way. In general, this solution
will violate the capacity constraints of some of the agents. A stronger lower
bound can be obtained as follows. Let i be an agent for which the capacity
constraint is violated, and associate with each task assigned to this agent the
minimal cost increase incurred when allocating it to another agent. Then, a
knapsack problem is solved minimizing the total penalty while requiring that
the used capacity is at least equal to the violation of the capacity constraint.
The optimal solution value of this knapsack problem can be interpreted as
the minimal cost to make this agent feasible with respect to its capacity
constraint. Solving this knapsack problem for each agent whose capacity
constraint is violated and adding the optimal values to the original bound
yields a stronger lower bound on the optimal value of the GAP.
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4.4.3 Dualizing the semi-assignment constraints

When we dualize the semi-assignment constraints we obtain the following
lower bound:

L2(4) = minimize (Zg.(a:, +Epj (Lmv—l))

i=1

subject to

wi{zi) < b t=1.00m
z;; € {0,1} i=1,....mj=1,...,n

where p = (p;) € IR". As before, L?(0) is equal to the lower bound obtained
by leaving out the semi-assignment constraints. Again the best lower bound
is given by

I3(n).
Toseg (1)

Since the objective function and the feasible region are separable in the
agents, the problem defining the value L*(u) clearly decomposes into m
convex optimization problems. Each of these optimization problems is non-
linear, which suggests that for general convex functions this lower bound
may be computationally expensive. On the other hand, the constraint ma-
trix of the relaxed problem is not totally unimodular, so we can expect
this procedure to yield better lower bounds than when relaxing the capacity
constraints.

Chalmet and Gelders [18] and Fisher et al. [26] propose the Lagrangean
relaxation of the semi-assignment constraints described above for the GAP.
In the latter, a multiplier adjustment method (see Fisher [24]) is used to find
good multipliers. Guignard and Rosenwein [37] propose some enhancements
and additions to the approach of Fisher et al. [26]. In particular, they enlarge
the set of possible directions used by the multiplier adjustment method. In
addition, if the obtained primal solution violates the constraint

m n
2Dz =n
i=1j=1

then the corresponding surrogate constraint

ZZ&:,_, <nor EZIU >n

i=1 j=1 i=] j=1
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is added to the Lagrangean relaxation. This constraint is dualized into the
objective function and the new scalar problem is solved. Karabakal et al.
[43] argue that the multiplier adjustment methods proposed by Fisher et al.
[26] and Guignard and Rosenwein [37] move along the first descent direction
(for a maximization formulation of the GAP) found with nonzero step size.
They propose to use the steepest descent direction. Martello and Toth [49]
propose, for a maximization version of the GAP, to calculate bounds for the
GAP by simply removing the semi-assignment constraints (corresponding
to choosing the Lagrange multipliers p; = 0). As seen above, the relaxed
problem decomposes into m knapsack problems. As Ross and Soland [67]
did for the deletion of the capacity constraints, the corresponding bound is
improved by adding a lower bound on the penalty to be paid to satisfy the
violated semi-assignment constraints.

4.5 Lagrangean Decomposition

The Lagrangean relaxation tries to find lower bounds by dualizing one type
of constraints in the model. A Lagrangean decomposition approach consists
of combining in one lower bound the structures obtained by the Lagrangean
technique when relaxing different types of constraints, see Guignard and
Kim [36]. Moreover, it is straightforward to prove that this lower bound is
at least as good as the corresponding Lagrangean relaxations.

The CAP contains two clear types of constraints, namely the capacity
and the semi-assignment constraints. In the previous section we have de-
rived the two lower bounds corresponding to the relaxation of each of these
constraints. The Lagrangean decomposition will try to combine these two
structures. Let @ and B be two nonnegative scalars so that &+ 8 = 1. We
will duplicate the decisions variables and add the corresponding constraint
to obtain the following equivalent formulation of the CAP:

minimize (a i gi(z:.) + B i gi (yi-))

i=1

subject to
wi{z) < b 3w Lyeiaym
m
S o= 1 i=1,...,n
i=1

mij = y'ij i=l“--,m;j=]—)'-')n (5)
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zi; € {0,1} iokoamid=Llen
vi; € {0,1} i=L....mj=1,...,n

If we dualize constraints (5) into the objective function, the problem sepa-
rates in the following two models

m m n
minimize (a ng(:ﬁ) =+ Z Z Wijwii)
g==1

i=1j=1
subject to
w,j(.’ﬂ,',‘) < b i=1,...,m
z; € {0,1} i=1... mii=1,...,n
and
m m n
minimize { S Zgi(yi.) — Z Z Nij¥ij
i=1 i=1j=1
subject to
m
dowii = 1 ji=1l...n

i=l1

vi; € {0,1} i=1....mj=1,...,n

Any value 1 € IR™ yields a lower bound Ld(n), given by the sum of the
optimal values of these two optimization problems. It is easy to see the
purpose of the Lagrangean decomposition since the two problems obtained
resemble the two Lagrangean relaxations discussed in the previous section.
Again the best lower bound is given by the maximization of this expression
over the set of multipliers € JR™". This lower bound is at least as good
as the two Lagrangean relaxations of the CAP.

Theorem 4.4 The bounds derived in this section satisfy

max L%(n) > max L*(u) > max Lf(A) > v{(RCAP).
pelr® AEIRS) x...x IRE™
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Proof. Similar to the proof for the GAP in Jornsten and Néisberg [41].
O

Jornsten and Nisberg [41] apply a Lagrangean decomposition approach
to the GAP. In their limited numerical results, they consider & = 8 = 1.
Barcia and Jornsten [6] use the bound improving technique (see Barcia [5])
to tighten the bound obtained by Lagrangean decomposition. Observe that
forall @, 8> 0 and e+ 3 =1 a valid lower bound is obtained, so that one
may attempt to find the best bound by maximizing the lower bound over «
and 8.

4.6 Surrogate Constraints

Finally, another method to generate lower bounds for a (nonlinear) inte-
ger programming problem is adding surrogate constraints, see Glover [32].
Given a subset of constraints and a vector of multipliers A of the same size,
we derive a new constraint for the problem by multiplying each constraint
by A and then aggregating. This new constraint is implied by the original
ones. The lower bound is obtained by adding the surrogate constraint to
the feasible region and deleting the original ones. Observe that we obtain
different lower bounds depending on the type of constraints we surrogate.

This approach has only been applied to a very limited extent to the
GAP, and has not been very successful. Therefore, we will not describe this
approach in detail. Lorena and Narciso [48] propose the surrogate relaxation
of the capacity constraints. In a later work, Narciso and Lorena [54] develop
a Lagrangean/surrogate relaxation.

5 Solution Methods

5.1 Introduction

As we have seen in the previous sections, the GAP and its extensions are use-
ful for modeling a wide variety of real-life problems. Therefore, we need for
efficient solutions methods to find an optimal, or at least a good, solution for
these problems. In an attempt to summarize all the solution methods pre-
sented in the literature for these problems, we separately consider heuristics
(or approximate) methods, branch-and-bound procedures, and branch-and-
price schemes. We will often describe the solution approaches for the CAP,
and then pay particular attention to how they can be applied to the GAP.
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5.2 Heuristics
5.2.1 Introduction

In Section 3 we have shown that the CAP is an N'P-Hard problem. There-
fore, solving large instances of the problem to optimality can require a sub-
stantial computational effort. This calls for heuristic approaches where good
solutions can be found with a reasonable computational effort. There clearly
are situations where a good solution is sufficient in its own right. But in
addition, a good suboptimal solution can accelerate an exact procedure, for
instance by allowing for the elimination of parts of the tree in a branch-and-
bound procedure (see Section 5.3).

In the following we will describe several ways of developing heuristic
solution approaches for the CAP. First, we describe heuristics based on
the relaxation of the integrality constraints of the CAP. Then, we present
heuristic approaches which search for primal solutions while solving the La-
grangean relaxation. The set partitioning formulation of the CAP suggests
new heuristic procedures for the CAP. Finally, we will describe some greedy
and meta-heuristics. We may point out that all heuristics suffer from the
NP-Completeness of the CAP, and thus may fail to even find a feasible
solution for the CAP. The literature on heuristic procedures for the GAP

reports very little about their success in finding feasible solutions for the
GAP.

5.2.2 Relaxing the integrality constraints

An optimal solution vector for (RCAP), say zRCAP is feasible with respect
to the capacity constraints at the agents but, in general, it violates the
integrality constraints, i.e., there exist tasks which are assigned to more
than one agent. We may expect that a feasible solution vector for the CAP
which almost coincides with 2RCAP is close to optimality. A straightforward
way of generating this type of vector solutions is to fix all the non-split tasks
of zRCAP We then obtain a reduced CAP with the same agents as in the
original CAP and where only the split tasks of zRCAP must be assigned.
Feasible solutions to the reduced CAP completed with the assignments of
the non-split tasks in #RCAP are feasible solution vectors to the original
CAP. The reduced CAP can be solved by an exact method or by a heuristic
procedure.

Benders and Van Nunen [9] propose a heuristic to solve the reduced GAP
while Cattrysse [15] solves it by a branch-and-bound technique. Cattrysse
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[15] observes that adding cuts to the LP-relaxation increases the number of
fractional variables in its optimal solution vector, and thus the number of
split tasks. Numerical experiments show that this increases the success of
his primal heuristic. Trick [74] uses another property of the LP-relaxation
of the GAP to propose his LR-heuristic. He defines the variable associated
with the assignment of task j to agent 7 useless if the requirement of task j on
agent ¢ is larger than the capacity of agent ¢, which means that without loss
of optimality useless variables can be fixed to zero. The LR-heuristic solves
the LP-relaxation of the GAP, define the reduced GAP, and fix to zero the
useless variables of this new problem. This procedure is successively applied.

5.2.3 Lagrangean relaxation and decomposition

The Lagrangean relaxations presented in Section 4.4 yield solutions violating
some of the dualized constraints. For example, when dualizing the capacity
constraints we obtain primal solutions where there may be agents using more
resources than the available capacity. If the semi-assignment constraints are
dualized the corresponding primal solutions may contain tasks which are not
assigned, or are assigned to more than one agent. Lagrangean decomposition
described in Section 4.5 obtains solutions of both types. These solutions
can be used as starting point for local exchange procedures which search for
feasible solutions to the CAP.

Lorena and Narciso [48] propose two local exchange procedures to obtain
a primal solution from the one obtained by the subgradient method applied
to the Lagrangean relaxation of the capacity constraints of the GAP. If both
fail, another heuristic is used to find a primal solution which has as an input
the dual vector obtained by the subgradient method. Guignard and Rosen-
wein [37] propose an interchange procedure to find a primal solution from
the one given by a multiplier adjustment method applied to the Lagrangean
relaxation of the semi-assignment constraints of the GAP and improved by
the addition of a surrogate constraint. Karabakal et al. [43] solve again
by a multiplier adjustment method the Lagrangean relaxation of the semi-
assignment constraints. They improve the feasibility of the obtained solu-
tion by a heuristic where some assignments are deleted and several knapsack
problems are solved with the tasks not assigned. Jirnsten and Nisberg [41]
propose local exchange heuristics in an attempt to improve the feasibility of
the solutions obtained by the Lagrangean decomposition of the GAP.
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5.2.4 The set partitioning formulation

The CAP has been formulated as a set partitioning problem in Section 4.3.
Therefore, a solution vector of the problem is seen as a collection of columns
at most one per agent. Each column represents the set of tasks assigned to
the corresponding agent. A very straightforward framework for a heuristic
for the CAP based on this set partitioning formulation could be the follow-
ing. First, we generate a subset of feasible columns for the CAP. Then, we
search for a feasible solution for the CAP using these columns. As an exam-
ple of such a heuristic, we could solve the LP-relaxation of (SP) to optimality
by a column generation scheme and then use a branch-and-bound procedure
to find the optimal integer solution associated with these columns.

Cattrysse [15] and Cattrysse et al. [16] develop a heuristic based on the
set partitioning formulation of the GAP. They propose a column generation
procedure for the LP-relaxation of (SP). A dual ascent heuristic is applied
to the master problem. Since optimality is not guaranteed, several iterations
of the subgradient method are applied to the Lagrangean relaxation of the
constraints (3) in the current master problem. They look for primal solu-
tions by reduction techniques combined with the enumeration procedure of
Garfinkel and Nemhauser [28].

5.2.5 Greedy heuristics

In the following we will describe a class of greedy heuristics for the CAP.
Suppose that each possible assignment of a task to an agent is evaluated by
a pseudo-cost function f(z,3), and that the desirability of assigning a task
is measured by the difference between the second smallest and the smallest
values of f(%,7) over the set of agents. The greedy heuristic assigns tasks to
their best agents in decreasing order of this difference. Along the way, some
agents will not be able to handle some of the tasks due to the constraints
faced by each agent, and consequently the values of the desirabilities will
be updated taking into account that the two most desirable agents for each
task should be feasible. The output of this heuristic is a vector of feasible
assignments, which is (at least) a partial solution to the CAP. The chal-
lenge is to choose a pseudo-cost function that will yield high quality feasible
solutions to the CAP.

Martello and Toth [49] propose the class of greedy heuristics described
above for the GAP which has universally been used. They claim that their
computational results suggest the following pseudo-cost functions as good
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choices:
(i f(i,7) = ¢,
(i) £(i,3) = a5,
(iii) f(¢7) = aij/bi, and
(v) f(2,5) = (i — t5)/ @i

where t; > max;—1,. m cij foreach j = 1,...,n. The motivation for choosing
the pseudo-cost function (i) is that it is desirable to assign a task to an
agent that can process it as cheaply as possible, and for the pseudo-cost
functions (ii) and (iii) is that it is desirable to assign a task to an agent that
can process it using the least (absolute or relative) capacity. The pseudo-
cost function (iv) tries to consider the effects of the previous pseudo-cost
functions jointly. (Observe that the definition of this pseudo-cost function
depends on the parameters t; which do not have a clear meaning.) With
the same purpose as the pseudo-cost function (iv), Romeijn and Romero
Morales [61] propose the family of pseudo-cost functions

At 7) = cij + Miagj

where A € IR, Romeijn and Romero Morales [61] and Romero Morales [66]
show that, for large problem instances (as measured by the number of tasks)
generated by the stochastic model for the GAP proposed by Romeijn and
Piersma [60], the greedy heuristic finds a feasible and optimal solution with
probability one when A; is equal to the optimal dual multiplier of the i-th ca-
pacity constraint in the LP-relaxation of the GAP. Moreover, conditions are
given under which there exists a unique vector of multipliers, only depending
on the number of agents and the probabilistic model for the parameters of
the problem, so that the corresponding heuristic is asymptotically feasible
and optimal.

Martello and Toth [49] add a local search phase to the greedy heuristic in
order to try to improve the objective value of the current solution. Romero
Morales [660] proposes two local exchange procedures to improve the feasi-
bility and the objective value of the solution found by the greedy heuristic.
Wilson [76] proposes another greedy heuristic procedure for the GAP which
use the solution where each task is assigned to its cheapest agent as the
starting point for an exchange procedure where the violation of the capacity
constraints is decreased in each step.
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5.2.6 Greedy Randomized Adaptive Search Procedures

Greedy Randomized Adaptive Search Procedures (GRASP) are relatively
new and powerful tools to solve combinatorial problems, see Feo and Re-
sende [22] for an overview of GRASP. It consists of an iterative procedure
in which in each iteration a random solution vector for the problem is con-
structed, which is subsequently improved by a local search procedure. The
construction phase follows the same idea as the greedy heuristics described
in the previous section, i.e., elements are ordered in a candidate list with
respect to a desirability representing the benefit of selecting each element.
The random component in the construction phase of the GRASP comes from
the fact that we randomly choose one of the best candidates rather than the
best one. For the particular case of the CAP, by not assigning the task with
the largest difference between the two smallest values for the corresponding
pseudo-cost function in a greedy fashion, but rather choosing the task to be
assigned randomly among a list of candidates having the largest differences,
a so-called GRASP can easily be constructed. Ramalhinho Lourenco and
Serra [59] propose a GRASP for the GAP.

5.2.7 Meta-heuristics

In the last years, meta-heuristics have shown to be an adequate tool to find
good solutions to combinatorial problems. Most of them are based on local
search, i.e., given an initial solution to the combinatorial problem they move
to a solution in its neighborhood. This procedure is repeated until a stop-
ping criterion is satisfied. Meta-heuristics try to avoid stopping in a local
optimum to the combinatorial problem by allowing movements where the
objective function get worse. The main ideas behind these solutions proce-
dures come from Artificial Intelligence, biological evolution, and statistical
mechanisms. The most well-known meta-heuristics are Simulating Anneal-
ing, Tabu Search, Genetic Algorithm, and Variable Depth Search. This field
is in continuous development yielding new solution procedures.

A vast literature is devoted to meta-heuristics for the GAP. Cattrysse [15]
implements a simulating annealing algorithm, and concludes that it is only
competitive for small problem sizes. Racer and Amini [58] describe a variable
depth search heuristic. They compare their results with the heuristic from
Martello and Toth [49] on five classes of problems. At the expense of high
computation times, the variable depth search heuristic finds better feasible
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solutions than the greedy heuristic for one of the problem classes. In order to
decrease computation times, Amini and Racer [2] describe a hybrid heuristic
where initial solutions are generated with the heuristic from Martello and
Toth [49] and refined with a variable depth search heuristic. Osman [56]
proposes a simulating annealing and a tabu search algorithm. Chu and
Beasley [19] and Wilson [75] propose genetic algorithms for the GAP. In the
first one, a family of potential solutions is generated, and steps are made to
improve feasibility and optimality. On the contrary, good starting solutions
in terms of objective value are assumed in the second one. Ramalhinho
Lourenco and Serra [59] propose a MAX-MIN ant system (see also Stiitzle
and Hoos [73]) combined with a local search and a tabu search schemes.
Yagiura et al. [78] notice that searching only in the feasible region may be
too restrictive. Therefore, they propose a variable depth search heuristic
where it is allowed to move to infeasible solutions of the problem. Yagiura
et al. [77] propose an ejection chain approach combined with a tabu search
for the GAP.

5.3 Branch-and-Bound

A branch-and-bound scheme is an implicit enumerative procedure for (non-
linear) (mixed) integer programming problems based on the concept of
divide-and-conquer. The basic idea is to attempt to solve an optimization
problem by partitioning its feasible region, thus creating a set of, often easier,
subproblems. If necessary, this idea is repeated for each of the subproblems.
A so-called branch-and-bound tree is created by associating a node with each
problem to be solved, and creating arcs from a particular problem to all ofits
subproblems. It is clear that the best solution among all optimal solutions
to the subproblems is the optimal solution to the original problem.

If we can solve a particular subproblem to optimality, or if we can guar-
antee that its solution is worse than the optimal solution to the original
problem, we prune the corresponding node, i.e., we will not consider any
further subproblems of this problem. Whether a node can be pruned can be
established by computing a lower bound (for minimization problems) on its
optimal solution value. If this lower bound is at least equal to the value of
a feasible solution to the original problem, then the node can be pruned. If
the lower bound corresponds to a feasible solution to the original problem,
we may in addition be able to improve the current upper bound.

A general branch-and-bound procedure consists of the following ele-
ments:
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(1) An upper bounding procedure, usually in the form of a heuristic;
(ii) a lower bounding procedure;
(iii) a strategy for creating subproblems, called a branching strategy;

(iv) an order in which the subproblems are considered, called a searching
strategy.

If the upper bound is simply set to oo and the lower bounds are all set to —oo,
branch-and-bound simply reduces to complete enumeration of the feasible
region. It is therefore clear that good bounding procedures are essential
ingredients of a successful branch-and-bound procedure.

For the case of the CAP, we can in principle use any heuristic described
in Section 5.2 and any lower bounding procedure described in Section 4 to
construct a branch-and-bound procedure. The branching strategy may for
instance be to choose a particular assignment variable, say z;;, and creating
two subproblems, in which x;; = 0 and z;; = 1 respectively. Finally, the
most often used search strategies are depth-first search, breath-first search,
and best-first search. In depth-first-search, if the node currently inspected is
not pruned we choose one of its descendants as the next node. Ifit is pruned,
we backtrack up the branch-and-bound tree until we find the first node for
which not all subproblems have been considered. In breadth-first-search,
we inspect all nodes at a given level in the branch-and-bound tree before
proceeding to nodes at a lower level. Finally, in best-first-search, we define
a measure with all nodes, and the nodes are visited in decreasing order of
this measure. For example, we visit the node with the largest lower bound
first.

Based on their empirical performance on the GAP, we have decided
to present a few branch-and-bound algorithms from the literature in some
detail. The good performance shown for the GAP suggests that these ap-
proaches may yield similar performance for the CAP.

The earliest branch-and-bound algorithm for the GAP is due to Ross
and Soland [67]. They use the lower bounding procedure described at the
end of Section 4.4.2, which is based on ignoring the the capacity constraints.
Martello and Toth [49] illustrate empirically that the algorithm from Ross
and Soland is not fast enough when the capacity constraints are tight. They
propose, for a maximization formulation of the GAP, a branch-and-bound
procedure where bounds are calculated by leaving out the semi-assignment
constraints, see Section 4.4.3. To avoid a trivial bound for the case of a min-
imization formulation, we would consider the Lagrange bound for a set of
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equal and negative Lagrange multipliers (ensuring that the resulting objec-
tive coefficients are negative for all assignment variables). Recall that this
relaxed problem decomposes into m Knapsack Problems. In general, the
optimal solution vector of this relaxation will violate the semi-assignment
constraints for some of the tasks, i.e., there will be tasks assigned to more
than one agent or tasks that are not assigned at all. With the purpose of
improving the lower bound and developing a branching rule, a penalty for
violating the semi-assignment constraints is introduced. If the node is not
pruned, we branch on the task with the highest penalty. If in the relaxed
solution this task was not assigned at all, we create m new subproblems, one
for the assignment of this task to each of the m agents. If the task is assigned
to more than one agent, say 1,%2, .- -,%m', M’ subproblems are created. In
the first m’ — 1 subproblems, the constraint that the task is assigned to
subset of ' — 1 of the previously mentioned agents is imposed. In the last
subproblem, the constraint that the agent is not assigned to any of the m’
agents is imposed. This algorithm is frequently used in the literature for
comparative purposes.

Fisher et al. [26] propose a branch-and-bound procedure where the lower
bounds are given by the Lagrangean relaxation of the semi-assignment con-
straints (see Section 4.4.3). If a particular node is not pruned, the solution
vector obtained from the optimization of the Lagrangean function in that
node is used to create two subproblems, associated with each of the two pos-
sible values of the assignment variable z;; that has not been fixed to zero or
one in this branch and has the largest value of a;;. For a general CAP, this
would translate to choosing the assignment variable z;; that has not been
fixed to zero or one in this branch and has the largest value of gﬂl- i where
£ is the solution of the Lagrange relaxation. This branch-and- bound proce-
dure is compared numerically with the ones proposed by Ross and Soland
[67] and Martello and Toth [49], showing that for more difficult problems
they outperform these two. Guignard and Rosenwein [37] observe that the
largest test problems reported in the literature until that moment contained
at most 100 variables. They solve the GAP using a branch-and-bound pro-
cedure where the bounding technique is similar to the one used by Fisher et
al. [26] (see Section 4.4.3), and are able to solve problems with 500 variables.

5.4 Branch-and-Price

The set partitioning formulation of the CAP that was introduced in Section
4.3 lends itself to a branch-and-price approach to the CAP. In short, a
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branch-and-price scheme solves the set partitioning formulation (SP) for
the CAP to optimality by a branch-and-bound scheme, where the bounds
are obtained by solving the LP-relaxations of the subproblems by a Column
Generation procedure.

If the optimal solution of the LP-relaxation of (SP) is not integer we need
to branch to obtain an optimal integer solution. Since the LP-relaxation of
(SP) has been solved by column generation, it is unlikely that all columns are
present in the final linear programming problem. If we want a certificate
of optimality for the integer programming problems, new columns (when
needed) should be generated when branching. The choice of the branching
rule is crucial since it can destroy the structure of the pricing problem.
The straightforward choice would be to branch on the decision variables y¢
corresponding to (SP). Fixing one of those variables to zero is equivalent to
prohibiting the use of that column. In terms of the pricing problem, this
means that we may need to find the second best solution rather than the
optimal solution. Usually this renders the pricing problem much harder to
solve. However, each feasible solution ¥ of (SP) has a corresponding feasible
solution z in the original formulation of the CAP. Moreover, ify is fractional
then z is fractional as well. Thus, we can branch on the fractional variables
zi. We may observe that the subproblems obtained by branching on the
z;; variables are again convex assignment problems. Therefore, the column
generation procedure in each node of the branch-and-bound tree is the same
as in the root node.

Savelsbergh [69] proposes this branch-and-price scheme for the GAP, and
proves that the pricing problem turns out to be a Knapsack Problem for the
GAP.

6 Testing Solution Procedures

6.1 Introduction

The behaviour of a solution procedure for an optimization problem is fre-
quently illustrated by testing it on a collection of problem instances. Conclu-
sions about relevant characteristics of the solution procedure are drawn from
such a study. A more thorough analysis may be performed by comparing the
behaviour of the solution procedure, with respect to these characteristics,
to other solution procedures on the same collection of problem instances.
Typical examples of such characteristics are the computation time required
by the solution procedure and the quality of the solution obtained (in case
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finding an optimal solution is not guaranteed). The validity of the derived
conclusions strongly depends on the set of problem instances chosen for this
purpose. Therefore, the collection of test problems should possess certain
properties to ensure the credibility of the conclusions.

Hall and Posner [38] study test problem generations for several classes
of scheduling problems. They suggest a list of desirable properties of a col-
lection of test problems which applies to most types of deterministic mathe-
matical programming problems. This list includes properties like robustness,
consistency, and convenience. The first one requires a vast and diverse gen-
eration of test problems modeling real-life situations. This property is of
special relevance when comparing the behaviour of several solution proce-
dures. The consistency refers to invariance of the characteristics of the data
generation scheme with respect to the size and the scale of the input data.
The third property ensures that problem instances are easy to generate. An
additional issue included by the authors under this property is the feasibility
of the problem instances. Due to the N'P-Completeness of the CAP, this
property is of special interest for this problem. Therefore, we devote this
section to elaborate on this issue for the CAP.

Generally, the availability of real data for problem instances is very lim-
ited. Since a reduced number of problem instances can bias the conclusions
drawn about the behaviour of the solution procedure, it is often desirable
to generate artificial problem instances. In the literature, randomly gener-
ated problem instances are frequently used. However, the properties of the
problem instances obtained by these random generators are rarely studied.
In this section we present a stochastic model for the CAP and analyze the
tightness of the problem instances generated by this model. For the partic-
ular case of the GAP, this stochastic model is general enough to basically
cover all the random generators proposed in the literature for the GAP.

In the following we will restrict ourselves to the subclass of CAPs called
Convex Capacitated Assignment Problems (CCAP) where the capacity con-
straints are linear, i.e., wi(z;.) = A'z;., forall i = 1,...,m, where A* €
My, xn is a nonnegative matrix (see Romero Morales [66] for an extensive
study of this class of problems). Notice that the GAP and almost all of
the extensions discussed in Section 2.2.1 are of this form. In the remainder,
we will write the matrix A* in terms of its columns, i.e., A* = (A4}]...}A%)
where A} € IR¥ for each 3 =1iveeyn.
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6.2 Generating Experimental Data
6.2.1 The CAP

Probabilistic analysis is a powerful tool when designing an appropriate model
for generating random problem instances. Performing a feasibility analysis
yields a suitable probabilistic model that can be used for randomly generat-
ing experimental data for the problem, with the property that the problem
instances are asymptotically feasible with probability one. In the literature
we mainly find probabilistic analyses of the optimal value of optimization
problems. Such analyses have been performed for a large variety of problems,
starting with the pioneering paper by Beardwood et al. [8] on a probabilistic
analysis of Euclidean TSPs, spawning a vast number of papers on the prob-
abilistic analysis of various variants of the TSP and the VRP (see Bramel
and Simchi-Levi [12] for an overview).

Since we will focus in this section on the issue of feasibility of random in-
stances generated by a probabilistic model, we will omit here the parameters
defining the objective function. Note that this does not preclude correlations
between parameters appearing in the objective function and the feasible re-
gion. Romero Morales [66] proposes the following probabilistic model for
the parameters defining the feasible region of the CCAP. Let the random
vectors A; = ((A}]T,...,(A;,-"]-'-)T (j =1,...,mn) be i.i.d. in the bounded
set [A, A x ... x [A4, A)*» where A and A € IR,. Generalizing an often
used class of probabilistic models for instances for the GAP, the capacity of
agent 1, say bj, is then defined equal to

mn
b, =4 (al ,u,-+0:22Aj-/ﬂ) n/m
j::l

where § is a strictly positive number, and can be viewed as a measure of the
tightness of the capacity constraints. Furthermore, @1 and a2 are nonnega-

tive and @3 + a2 =1, and u; € Ri" forall ¢ =1,...,m. In this model, the
values of m and k;, ¢ = 1, ...,m, will be considered fixed, leaving the number

of tasks as a measure of the size of the problem instances. Even though the
requirements must be identically distributed, by considering the appropriate
mixture of distribution functions this stochastic model is suitable to model
a situation in which there are several types of tasks as well.

The following result gives an important characterization of the models
yielding (mostly) feasible instances for the CCAP. In the following, £(X)
represents the expected value of the random variable X.
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Theorem 6.1 (cf. Romero Morales [66]) The CCAP is feasible with
probability one as n = o0, if the excess capacity

— - i ; T At
A = min (a/m g;,\j(al pi+az E(AY)) - £ (izz}l,_lfm by A:)) >0,

where S is the unit simplex in R x...xIR* | and infeasible with probability
one if A <0. m]

This result yields an implicit condition that ensures asymptotic feasi-
bility in the probabilistic sense involving, in general, the minimization of a
nonlinear function. In the following sections, we will present some examples
of CCAPs where the condition A > 0 reduces to an explicit lower bound on
the measure of tightness & that is a function of the other parameters of the
probabilistic model.

6.2.2 The GAP

Stochastic models for the GAP have been proposed by Dyer and Frieze [21],
Romeijn and Piersma [60], and Romeijn and Romero Morales [62]. Dyer
and Frieze [21] perform a limited probabilistic analysis, with the purpose
of constructing an algorithm that solves the GAP with high probability in
polynomial time (in the number of tasks). Romeijn and Piersma [60] propose
for the GAP the stochastic model we have presented above for the CCAP
with deterministic right-hand sides. Using empirical processes they derive
the condition on the excess capacity given in Theorem 6.1 for the GAP.
Furthermore, a probabilistic analysis of the optimal solution for the GAP
under this model is performed, studying the asymptotic behaviour of the
optimal solution value.

In the literature on algorithmic approaches to the GAP, a consensus
seems to have developed on the use of a set of 4 probabilistic models, dubbed
Type A-D by Martello and Toth [49]:

A. The costs and the requirements are uniformly distributed in [10,50]
and [5,25] respectively, and the capacities are set to

bh=65 (0.6 -15n/m+ 0.4 max z a,-j) {6)

i=1,....m jGJ:
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where J} is defined as the set of tasks for which agentj is the cheapest
one,i.e.,

Ji={j=1...,n:i=arg min c,;}

s=1,....,;m

where ties are broken arbitrarily. The tightness parameter & is chosen
equal to 1.

. The costs and the requirements are generated in the same way as in

Type A, and the capacities are set to 70 percent of the ones generated
by Type A, i.e., § = 0.7 in (6).

C. Again the costs and the requirements are generated in the same way

as in Type A, and the capacities are set to

b =83 aij/m
i=1

where the tightness parameter is equal to 0.8.

This model introduces a correlation between the requirements and
costs. The requirements are uniformly generated in [1, 100] and the
costs are defined as ¢;; = 111 — a;; + 5, where u;; isuniformly gen-
erated in (-10,10). The capacities are set as in Type C, i.e.,

n

P = 6 aij/m

where ¢ = 0.8.

See Amini and Racer [2], Cattrysse et al. [16], Chu and Beasley [19],

Fisher et al. [26], Guignard and Rosenwein [37], Lorena and Narciso [48],
Osman [56], Racer and Amini [58], and Savelsbergh [69] for studies involving
these probabilistic models. Romeijn and Romero Morales [62] derive con-
ditions under which each of these probabilistic models are asymptotically
feasible with probability one. More importantly however, they show that
all of these models have the property that the capacities become less tight
as the number of agents, m, increases. This is clearly an unexpected and
undesirable property of these models. Figure 1 gives us an impression on the
tightness of the problem instances generated through models A-C by show-
ing the measure of tightness for these models, as well as a lower bound on
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this measure that needs to be satisfied in order to obtain problem instances
that are feasible with probability one, which is given by

dm+25

245m) = 15(m+ 1)

Similarly, Figure 2 illustrates the tightness of the problem instances gener-
ated through model D comparing with the corresponding lower bound

_ 2(m + 100)
£0m) = Sotm+ )"

These figures show that, and even how, the tightness parameter § should
depend on the number of agents m. We therefore propose that the tightness
parameters of the models A-D in the literature are replaced by

v 4(m)

with ¥ > 1. In particular, that means that we suggest the following capaci-
ties:

5m + 25
1 o
bi =y 15 ) (0 6-15n/m+0.4 m‘a.)::mjezy a‘_,)

for Types A and B,

Bm 425 &
2
%= T+ 15(m+1) & Za"/m

for type C, and

2(m+ 100)
5= oim + 1) E“”/m

for Type D, all with v > 1.

6.3 Design of Experiments

Amini and Racer [1] claim that the most common way of illustrating the
performance characteristics of a solution procedure is the use of tables and
graphs where average results are presented. They argue that conclusions
drawn about the behaviour of the solution procedure may not be correct if
the testing procedure is not adequate. They present a design of experiments
for computational comparison of several solution procedures for the GAP.
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They compare the branch-and-bound schemes from Ross and Soland [67],
Martello and Toth [49], and Fisher et al. [26], the greedy heuristic of Martello
and Toth [49], and a variable depth search heuristic which is apparently
the same one as the authors have proposed in Racer and Amini [58]. The
computation time is chosen as a dependent variable, and the problem class,
problem size, and solution method as explanatory variables. They conclude
that none of the solution methods outperforms the others.

7 Additional Approaches to the GAP

In this section we will summarize some results that have been obtained for
the GAP that do not seem extendable to the more general CAP.

In Section 3 we discussed the N'P-Hardness of the GAP. To overcome
this difficulty, Shmoys and Tardos [70] propose a polynomial-time algorithm
for the GAP that, given some C € IR, either proves that there is no feasible
solution for the GAP with cost C or finds an assignment of tasks to agents
that costs at most C, and where the consumption of the resource at agent 4
is at most 2b; foralli=1,...,m.

Hallefjord et al. [39] use an aggregation/disaggregation technique for
large scale GAPs. They use a column aggregation where the set of tasks
is partitioned and a unique decision variable is associated with each subset
and each agent. After disaggregating the obtained solution vector, they
cannot ensure that all the tasks will be assigned. Therefore, they suggest
some heuristics that can be used to reduce the feasibility violations in the
disaggregated solution.

Gottlieb and Rao [34, 35] perform a polyhedral study of the GAP. It is
straightforward to see that any valid inequality for the Knapsack Problem
is also valid for the GAP; they also prove that each facet of the Knapsack
Problem is also a facet for the GAP. In addition, they have derived other
valid and facet-defining inequalities for the GAP based on more than one
knapsack constraint.

8 The Multi-Resource GAP

The MRGAP is one of the most straightforward generalizations of the GAP,
and (as was noted above) is clearly a member of the class of CAP. For this
problem class, both the costs and the capacity constraints associated with
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each agent are linear. The number of capacity constraints associated with
each agent is equal to K. If K = 1, the problem reduces to the GAP.

Gavish and Pirkul [29] take advantage of the linearity of the objective
function and the capacity constraints when looking for lower bounds for
the MRGAP. They use out three different Lagrangean relaxations for the
MRGAP. The first two are the relaxations discussed in Sections 4.4.2 and
4.4.3, in which the capacity constraints and the semi-assignment constraints
are relaxed, respectively. As for the GAP, the former relaxed problem can be
solved explicitly by simple inspection. In the latter relaxation, the relaxed
problem is a Multi-Knapsack Problem. (See Martello and Toth [50] for
an overview on solution procedures for the Multi-Knapsack Problem.) In
addition, they propose a third Lagrangean relaxation where all the semi-
assignment constraints and all the capacity constraints except for the ones
corresponding to a single resource (say k') are dualized, i.e.,

minimize (Z ) cijmij + Z 1 (Z @5 ~ 1)

g} gi=] j=1 i=1

Fie m
Z Z ’\1k (E QijkTij — ) )
k=1;k#k' i=1

subject to

Zaijknxij < bikf i:l,...,m

z; € {0,1} toe= Doy iy § = Lyevsgn
where g € IR™ and A € JRm(K . Observe that this problem decomposes
into m Knapsack Problems Again the best lower bound is obtained by
maximizing over the set of vectors (u,A) € IR® x HET(K 1), and over the
unrelaxed resource k'. Gavish and Pirkul prove that the Lagrangean relax-
ation of the capacity constraints performs at least as good as their proposed
relaxation, which in turn is at least as good as the Lagrangean relaxation of
the semi-assignment constraints only. They propose a subgradient method
to search for a good set of Lagrange multipliers. To obtain primal solutions
for the MRGAP they suggest two heuristics which modify the solution ob-
tained in the first and second Lagrangean relaxations respectively, as well
as a greedy heuristic which is a variant of the one described in Section 5.2.5.
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In this greedy heuristic the desirability of assigning task j is defined as
Cijj Gl

K T K
2ok=1ijjk Zkzlﬂ@jk

where ¢;;; < ¢; foralli=1,...,m and Ci2j < gjforal i=1,...,m and
i # i;. (Note that there exists, in general, no pseudo-cost function yielding
these desirabilities.) Gavish and Pirkul use the lower bounds and the primal
heuristics in a branch-and-bound scheme for the MRGAP.

Blocq et al. [11] have extended the MRGAP by including constraints
on the consumption of each resource by each subset of agents. As done for
the GAP by Romeijn and Romero Morales [61], they propose a family of
pseudo-cost functions for the greedy heuristic described in Section 5.2.5. In
the particular case of the MRGAP, this family is equal to

K
A7) =i+ D Mkt
Bl

where A € Rf"‘. Expecting asymptotic optimality of the greedy heuristic
as for the GAP, they pay special attention to A = A* where A* is equal to
the optimal dual subvector of the capacity constraints in the LP-relaxation
of the MRGAP. Their computational results seem to support the conjecture
of asymptotic feasibility and optimality of this greedy heuristic.

Branch-and-Price is one of the exact procedures described for the CAP,
and is therefore applicable to the MRGAP as well. One of the main features
to deal with is the structure of the pricing problem. A subset of tasks can
be assigned to a particular agent if and only if its K capacity constraints
are satisfied. Therefore, the pricing problem for the MRGAP is a Multi-
Knapsack Problem.

9 The MPSSP

9.1 The Model

In this section we discuss a class of assignment problems that arise in the
optimization of supply chains. In particular, these models are suitable for
evaluating the performance of a logistics distribution network in a dynamic
environment, taking both transportation and inventories into consideration.
We restrict ourselves here to two-level multi-period single-sourcing problems
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where production and storage take place at the same location and only the
production capacity is constrained. See Romero Morales [66] for more details
on the results presented in this section, and for extensions to this model.
In particular, we will consider a problem with m facilities (each of which
may, for instance, be interpreted as a production plant and its corresponding
warehouse), n retailers, and a planning horizon of 7 periods. The demand of
retailer J in period ¢ is given by dj¢, while the production capacity at facility
1 in period t is equal to bi. The problem is to assign each customer to a
facility in each period, at minimum costs. The costs of assigning customer j
to facility ¢ in period # are ¢;5:, and the costs of holding a unit of inventory
at facility ¢ in period t is equal to k4. Although production costs are not
explicitly mentioned here, it can be shown that production costs that are
linear in the quantity produced can be incorporated in the model, by a
suitable redefinition of the assignment and inventory costs. However, in this
case the inventory costs may become negative, so that we will only assume
that all parameters except the inventory costs are nonnegative.

The problem can now be formulated as follows, using the zero-one deci-
sion variables zijs, having the value 1 if retailer j is assigned to facility 4 in
period ¢, and the nonnegative decision variables I;; denoting the inventory
level at facility ¢ at the end of period t:

T m =n T m
minimize Z Z E CijtTije + Z E hitlt
t=1i=1j=1 i=1 i=1
subject to (P)
Zdﬁxijt-!-fst € d+hea di=l..mt=1,..,T
=1
S ay = 1 j=14..,mt=1,...,T
i=1
Tijt = Tijn i=1,...,m; j€S;
t=2,...,T )
Iy = ILrlgieey t=1,...,m (8)
it € {0,1} g Loeo e =L
P
In 2 0 =Ly mit= Luswdl

Constraints (7) model the fact that customer service considerations may dic-
tate that some or all customers are assigned to the same facility throughout
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the planning horizon. In particular, the set & € {1,...,n} of static cus-
tomers contains the customers for which this is the case. When convenient,
welet D = {1,...,n}\S8 denote the remaining set of dynamic customers.

In typical problems of the form (P), the inventory level at the end of
period T will be zero (assuming that the inventory costs are nonnegative).
However, when the MPSSP is used for strategic purposes, it may be more
reasonable to assume that the set of periods 1,...,T represent a typical
planning period in the future, which will repeat itself. In that case, the
ending inventory levels need to be equal to the starting inventory levels.
Letting the indicator function 1lygy take on the value 1 if statement Q is
true, and O otherwise, constraints (8) model this situation, where C is the
set of cyclic warehouses for which the starting and ending inventories need
to be equal. It is clear that the only interesting and realistic cases are the
two extremes C = @ and € = {1,...,m}. Therefore, we will pay particular
attention to these two cases. In order for the optimization problem (P) to
be well-defined (i.e., for its optimal value to be bounded from below), we
need to assume that S°2_; hiz > 0 foreach i € C.

9.2 A CAP Formulation

In this section we will show that the MPSSP introduced above is in fact
a CAP, so that many of the techniques described above can be applied to
this problem. In particular, we reformulate (P) in terms of the assignment
variables x;;; only, by eliminating the inventory variables:

T m n m
minimize z E Z Cijiiji + z H,r(zg..)

t=1i=1 j=1 i=1
subject to
m
Y o = A j=1,....,nt=1,...,T
i=1
Tijt = Tij1 i=1,....mjest=2,...,T (9)

ziii € {0,1} b= Lo § = ket s Lo T

where the function Hi(z), z € IR?, denotes the minimal inventory costs
for facility ¢ corresponding to the assignment of customers according to the
vector z, and can be computed as follows:
T
minimize ) hiel;
=1
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subject to (P")

-, < bii"*zdjtzjt t=1...,T
i=1
Iy = ITl{ieC}

L >0 b= 1.0

Given a feasible set of assignments z € IR™"T, the capacities of facility i
are sufficient to supply the corresponding demands if Hi(z;..) < oco. The
function H; is unbounded for assignment vectors for which the required
demand cannot be feasibly supplied due to the capacity constraints. In
particular, we have that H;(z;.) < oo forsome z € IR’J’F‘“T if and only if

T T
AT < Z by ifielC
1 o

t
,,x,-j, < > by forallt=1,...,TifigC.

=1

"M” EM:’

i=
I
Moreover, it can be shown that the functions H; are convex, as well as Lip-
schitz continuous. The latter property formalizes the intuitive idea that the
optimal inventory holding costs corresponding to two assignment solutions
that nearly coincide should not differ by very much.

We can now conclude that the MPSSP is a CAP, provided that we add
the necessary and sufficient conditions for the finiteness of H; as constraints
to the reformulation (P’), and eliminate the variables z;; for j € & and
t=2,...,T as well as the corresponding constraints (9).

In terms of the CAP, this reformulation means that we have two types
of agents and two types of tasks. The agents are the cyclic facilities (each
facing a single resource capacity constraint) and the acyclic facilities (each
facing a set of T resource capacity constraints). The tasks are the assign-
ments of the static customers j € § to facilities, and the assignments of the
(customer,period)-pairs {j,t) for dynamic customers 7 € D. Note that if we
consider the case of cyclic facilities and static customers, i.e., € = {1,...,m}
and § = {1,...,n}, we obtain a GAP with convex objective function.

9.3 Results on the MPSSP

In this section we summarize the results derived for the MPSSP in the lit-
erature. Romeijn and Romero Morales [63, 64, 65] propose the stochastic
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model given in Section 6.2 for the particular case of the MPSSP. They prob-
abilistically analyze the feasibility of the problem instances for the MPSSP
generated by this stochastic model, as well as the optimal solution value.
The former analysis yields a special case of the implicit condition given in
Theorem 6.1. An explicit condition to ensure asymptotic feasibility in the
probabilistic sense for the cyclic case, as well as for subclasses of the acyclic
case, have been obtained. These conditions can be summarized as follows:
a random instance to (P’) is asymptotically feasible with probability one as
n — oo if

(i €=1{1,...,m}and

[M]=

T m
E(D1) <30 Bare
t=1i=1

i=1

(ii) € = @, one of the following conditions holds:

(@) §=9;

(b) all facilities are identical, i.e., B;; = B; forall £ =1,...,m and all
t=1,...,T,

and

t t m
ZE(D17)<ZZB1'T fOI‘tzl,...,T.
=1

T=11i=1

(iii) €=@, S ={1,...,n}, all customers have the same demand pattern,
ie, Dy=o0yDjfor t=1,...,T, and

it_m?n (E______________f;:lﬁs‘?) > E(Dy).

=107

Note that the conditions on the parameters in case (ii-b) reduce to
t t
m->_ Br>Y E(Di) t=1,...,T.
=1 =1

In all cases, the random problem instances are asymptotically infeasible with
probability one if one of the inequalities is reversed.
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For solving the MPSSP, Romeijn and Romero Morales [64, 65] propose
the following family of pseudo-cost functions for the greedy heuristic given
in Section 5.2.5:

f(; g) ) Z?:l(cijt + Aigdﬁ) if ¢ :'J €S
) Cijt + Aiedje ifl=(j,t); jeDandt=1,...,T

where A € LR?T. Special attention is paid to A = A*, where A* is the
optimal dual subvector corresponding to the capacity constraints in the LP-
relaxation of (P). Asymptotic feasibility and optimality in the probabilistic
sense of the greedy heuristic has been shown on problem instances of the
MPSSP where all facilities exhibit a cyclic inventory pattern, as well as for
the acyclic case with only dynamic customers, and the acyclic case with
static customers whose demand patterns exhibit the same seasonality pat-
tern.

A branch-and-price algorithm for solving the MPSSP, like the one out-
lined in Section 5.4, is proposed in Freling et al. [27]. As mentioned before,
the structure of the pricing problem is a major issue in the success of the
column generation procedure. It turns out that the pricing problem for the
acyclic case with static customers and seasonal demand patterns can be for-
mulated as a so-called Penalized Knapsack Problem (PKP), where a convex
penalty is imposed on using of the resource. Their computational results
reveal that the branch-and-price is very well suited for solving this particu-
lar variant of the MPSSP, especially when the ratio between the number of
customers and the number of facilities is not too large.

10 Concluding Remarks

In this chapter we have described the state of the art in solving the General-
ized Assignment Problem, as well as many extensions thereof. The approach
we have taken is to generalize the GAP to a much larger class of Convex
Assignment Problems, show that many of the extensions of the GAP pro-
posed in the literature are members of this class, and describe many of the
proposed solution approaches to the GAP in terms of the larger class of
problems. Throughout the chapter we have paid particular attention to the
Generalized Assignment Problem, the Multi-Resource Generalized Assign-
ment Problem, and the Multi-Period Single-Sourcing Problem.
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1 Introduction

There are two interesting popular minimization problems on rectangular
partition in the literature:

Minimum Length Rectangular Partition (MLRP): Given a recti-
linear polygon possibly with some rectangular holes, partition it into rect-
angles with minimum total edge-length.
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Minimum Cardinality Rectangular Partition (MCRP): Given a
rectilinear polygon possibly with some rectangular holes, partition it into
minimum number of rectangles.

The holes in the input rectangular polygon can be, possibly in part,
degenerated into a line segment or a point. For the same input rectilinear
polygon, MLRP, and MCRP may have different solutions.

In this survey, we present the state of arts on the two problems.

2 Minimum Length Rectangular Partition

The MLRP was first proposed by Lingas, Pinter, Rivest, and Shamir [18].
There are several applications mentioned for the background of the problem:
“Process control (stock cutting), automatic layout systems for integrated cir-
cuit (channel definition), and artitecture (internal partitioning into offices).
The minimum edge-length partition is a natural goal for these problems
since there is a certain amount of waste (e.g. sawdust) or expense incurred
(e.g. for dividing walls in the office) which is proportional to the sum of
edge lengths drawn. For VLSI design, this criterion is used in the MIT ‘PI’
(Placement and Interconnect) System to divide the routing region up into
channels - we find that this produces large ‘natural-looking’ chanels with a
minimum of channel-to-channel interaction to consider.”

They showed that the holes in the input make difference on the com-
putational complexity. While the MLRP in general is NP-complete, the
MLRP for hole-free inputs can be solved in time O(n*) where n is the num-
ber of vertices in the input rectilinear polygon. The polynomial algorithm
is essentially a dynamic programming based on the following fact.

At each vertex on the boundary, there is an angle inside of the input
area. The vertex is said to be concave if this angle is either 360° or 270°.
For example, a point as a hole is a concave vertex, an endpoint of a segment
as a hole is also a concave vertex.

Lemma 2.1 In an optimal solution, every maximal cut segment must be
incident to a concave vertex.

Proof. 1If there is a maximal cut segment [A, B] not incident to a concave
vertex, then we count the number of cut segments touch its interior (A, B)
from each side. Moving [A, B] toward the side having a smaller number of
cut segments touching (A, B) so that the moving does not increase the total
length of cut segments. The moving can be stopped only by overlapping
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another parallel segment, which result a saving of the total length of cut
segments, a contradiction. |

A naive idea to design approximation algorithm for MLRP is to use a
forest connecting all holes to the boundary and then to solve the result-
ing hole-free case in O(n*) time. With this idea, Lingas [20] gave the first
constant-bounded approximation; its performance ratio is 41. Later, Du
[9, 10] improved the algorithm and obtained a approximation with perfor-
mance ratio 9. Meanwhile, Levcopoulos [17] provided a greedy-type faster
approximation with performance ratio 29 and conjectured that his approx-
imation may have performance ratio 4.5.

Motivated from a work of Du, Hwang, Shing, and Witbold [6] on ap-
plication of dynamic programming to optimal routing trees, Du, Pan, and
Shing [7] initiated an idea which leads to interesting further development.
This idea is about guillotine cut.

2.1 Guillotine Cut

A cut is called a guillotine cut if it breaks a connected area into at least two
parts. A rectangular partition is called a guillotine rectangular partition if
it can be performed by a sequence of guillotine cuts. Du et al [7] noticed
that there exists a minimum length guillotine rectangular partition which
can be computed by a dynamic programming in O(n5) time. Therefore,
they suggested to use the minimum length guillotine rectangular partition
to approximate the MLRP and tried to analyze the performance ratio. Un-
fortunately, they failed to get a constant ratio in general and only obtained
a result in a special case.

In this special case, the input is a rectangle with some points inside.
Those points are holes. It had been showed (see [11]) that the MLRP in this
case is still NP-hard. Du et al [7] showed that the minimum length guillotine
rectangular partition as an approximation of the MLRP has performance
ratio at most 2 in this special case. The following is a simple version of their
proof, published in [8].

Theorem 2.2 The minimum length guillotine rectangular partition is a ap-
proximation with performance ratio 2 for the MELGP.

Proof. Consider a rectangular partition P. Let projz(P) denote the total
length of segments on a horizontal line covered by vertical projection of the
partition P.
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A rectangular partition is said to be covered by a guillotine partition if
each segment in the rectangular partition is covered by a guillotine cut of
the latter. Let guil(P) denote the minimum length of guillotine partition
covering P and length(P) the total length of rectangular partition P. We
will prove

guil(P) < 2 - length(P) - projz(P)
by induction on the number k of segments in P.

For k = 1, we have guil(P)= length(P). If the segment is horizontal,
then we have proj.(P) = length(P) and hence

guil(P) = 2 . length(P) — projz{ P).
If the segment is vertical, then projz(P) = 0 and hence
guil(P) < 2 - length(P) — proj(P).

Now, we consider k = 2. Suppose that the initial rectangle has each
vertical edge of length a and each horizontal edge of length b. Consider two
cases:

Case 1. There exists a vertical segment s having length > 0.5a. Apply
a guillotine cut along this segment s. Then the remainder of P is divided
into two parts Py and P, which form rectangular partition of two resulting
small rectangles, respectively. By induction hypothesis,

quil(P;) < 2- length(P;) — proj.(F;)

for ¢ = 1,2. Note that

1A

guil(P) guil(Py) + guil(P) + a,
length(P) length(Py) + length(Py) + length(s),
projs(P) = proj:(P1) + proj«(FPs).

Therefore,
guil(P) < 2. length(P) — proj.(P).

Case 2. No vertical segment in P has length > 0.5a. Choose a horizontal
guillotine cut which partitions the rectangle into two equal parts. Let Py

and P, denote rectangle partitions of the two parts, obtained from P. By
induction hypothesis,

guil(P;) < 2 - length(P;) - projz(F:)
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Case 1 Case 2

Figure 1: The proof of Theorem 2.2.

for i = 1, 2. Note that

|

guil(P) guil(Py) + guil(P2) + b,
length(P) > length(P)) + length(Py),
proje(P) = projz(P1) = proj.(Pz2) = b.

|

Therefore,
guil(P) < 2 - length(P) — projz(P).

g

Gonzalez and Zheng [12] improved the constant 2 in Theorem 2.2 to
1.75 with a very complicated case-by-case analysis. Du, Hsu, and Xu [8]
extended the idea of guillotine cuts to the convex partition problem.

The proof of Theorem 2.2 can be expressed in another way.

To do so, let us call a point a vertical I-dark point if the vertical line
through the point would meet cut segment in both directions.

In Case 1, there exists a vertical segment s having length > 0.5a. This is
equivalent to say that there is a vertical middle point which is not a 1-dark
point. Since the guillotine cut along s needs to add a segment of length less
than 0.5¢, we may charge 1 to s. In Case 2, all vertical middle points are
1-dark, which form a guillotine cut. We may charge 0.5 to all horizontal
pieces of the partition, facing this guillotine cut. Since each piece can be
charged at most twice, therefore, the total length of segments added during
the process of modifying a rectangular partition to a guillotine rectangular
partition is bounded by the total length of original partition.
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This “charge” argument was used by Mitchell [27, 28]. Actually, he gave
an approximation with performance ratio 2 for the MLRP in the general
case by extending the idea of guillotine cut.

2.2 1-Guillotine Cut

Mitchell [27, 28] noted that to have the dynamic programming runs in poly-
nomial time, the cut does not need to be completely guillotine. He intro-
duced a concept of 1-guillotine cut.

Initially, uses a rectangle to cover the input rectangular polygon with
holes so that we can always work with a rectangle instead of a complicated
rectangular polygon.

A vertical I-guillotine cut is a segment consisting of all vertical 1-dark
points on the line, whuch partitions a rectangle into two rectangles each
with two possible open boundary pieces resulting from the cut. (Fig. 2).
A rectangular partition is 1-guillotine if it can be realized by a sequence

Figure 2: 1-guillotine cut.

of 1-guillotine cuts (Fig. 3). The minimum length 1-guillotine rectangular
partition can be computed by dynamic programming in O(n*®) time. In
fact, at each step, the 1-guillotine cut has O{n4) choices. There are O(n*)
possible rectangles appearing in the algorithm. Each rectangle has O(n®)
possible boundary conditions.

To establish the performance ratio of the minimum length 1-guillotine
rectangular partition as an approximation of the MLRP, Mitchell [27] showed
the following.
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Figure 3: 1-guillotine rectangular partition with seven cuts.

Theorem 2.3 For any rectangular partition P, there exists a 1-guillotine
rectangular partition P' covering P such that

length{P') < 2length(P).

Proof. Tt can be proved by an argument similar to the proof of Theorem
2.2. Let guil1(P) denote the minimum length of a 1-guillotine rectangular
partition covering P and length(P) the length of the rectangular partition P.
Let proj.(P) {(projy(P)) denote the total length of segments on a horizontal
(vertical) line covered by vertical (horizontal) projection of the partition P
We will prove

guili(P) < 2 length(P) — projz(P) — projy(P)

by induction on the number & of segments in P.

For k = 1, we have guili(P) = length{P). Without loss of generality,
assume that the segment is horizontal. Then we have projz(P) = length(P)
and projy(P) = 0. Hence

guily (P) = 2 - length(P) — proj,(P) — projy(P).

Now, we consider & = 2 in the following two cases:

Case 1. There exists a l-guillotine cut. Without loss of generality,
assume this 1-guillotine cut is vertical with length @. Suppose the remainder
of P is divided into two parts P; and F». By induction hypothesis,

guili (P;) < 2 length(P;) — projz(P:) — projy(F;)
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for i = 1,2. Notethat

guili(P) < guili(Py) + guili(P,) + q,
length(P) = length(Py) + length(P) + a,
proje(P) = projz(Py) + projz(Py)

projy(P) < projy(P1) + projy(Pe).

Therefore,
guili(P) < 2 - length(P) — proj(P) — projy(P).

Case 2. There does not exist 1-guillotine cut. In this case, we need to add
a segment to partition P such that the resulting partition has a 1-guillotine
cut and the length of added segment is at most proj.(P1) + proj.(Ps) —
projz(P) if the 1-guillotine cut is horizontal and at most projy,( Py )+projy,(Ps)—
projy(P) if the 1-guillotine cut is vertical, where Py and P, are partitions
obtained from P by the 1-guillotine cut. To do so, it suffices to show that
there exists a line such that the length of added segment for the line to
become a 1-guillotine cut is not more than the total length of segments on
the line, receiving projection from both sides. For simplicity of description,
let us call by horizontal (vertical) 1-dark point a point receiving horizontal
(vertical) projection from both sides. Then, for a horizontal (vertical) line,
the set of vertical (horizontal) 1-dark points form the segment adding which
would make the line become a 1-guillotine cut.

Lemma 2.4 Let H (V) be the set of all horizontal (vertical) I-dark points.
Then there exists either a horizontal line L such that

length(LN H) < length(LNV)
or a vertical line L such that
length(L N H) > length(LN V),

Proof. First, assume that the area of H is not smaller than the area of V.
Denote L, = {(z,%) | £ = a}. Then areas of H and V can be represented
b

y too
f length(L, N Hda

oo
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and s,
/ length(Ls NV )da,

00

respectively. Since

+co +o0
f length(Ly N H)da > / length(L, NV )da,
—od

-0
there must exist a such that
length(Le N H) > length(L, NV).

Similarly, if the area of H is smaller than the area of V, then there exists a
horizontal line L such that

length(LN H) < length(LN V).

a

By Lemma 2.4, without loss of generality, we may assume that there
exists a horizontal line L such that

length(L N H) < length(LNV),

that is,
length(L N H) < projz(P1) + projz{Ps) — projz(P)

where P, and P, are subpartitions obtained from P by the line which be-
comes a 1-guillotine cut after adding segment L N H to the partition P. By
induction hypothesis,

guil(P;) < 2 - length(P;) — projz(P;) — projy(F)
for 1 =1,2. Note that
projy(P) < projy(P1) + projy(P2).
Therefore,

guil(P) = guil(P1)+ guil(P2) + length(LN H),

2 2 2
2 length(P) ~ > projs(P) — Y projy(P:) + length(L N H)

< 2.length(P) — proj.(P) — projy(P).

A

A



322 X. Cheng, D.-Z. Du, J.-M. Kim and L. Ruan

O

Mitchell [27, 28] used a different way to present the proof of Theorem
2.3. He symmetrically charged a half of the length of added segment to
those parts of segments in P which face to 1-dark points. Since charge must
be performed symmetrically, each point in P can be charged at most twice
during the entire modification from a rectangular partition to a 1-guillotine
rectangular partition. Therefore, the total length of added segments is at
most length(P) and hence Theorem 2.3 holds. Actually, this argument is
equivalent to the above proof of Theorem 2.3. In fact, only in case that pro-
jections from both sides exist (Case 2), proj.(P) or projy(P) can contribute
something against the length of the added segment.

2.3 m-Guillotine Cut

Mitchell [29] extended the 1-guillotine cut to the m-guillotine cut in the fol-
lowing way: A point p is a horizontal (vertical) m-dark point if the horizontal
(vertical) line passing through p intersects at least 2m vertical (horizontal)
segments of the considered rectangular partition P, among which at least
m are on the left of p (above p) and at least m are on the right of p (below
p). Let Hy (Vi) denote the set of all horizontal (vertical) m-dark points.
An m-guillotine cut is either a horizontal line L satisfying

LnH,CLNP
or a vertical line L satisfying
LNVaCLNP.

An m-guillotine curt is the set of all m-dark points on a line. A rectangular
partition is m-guillotine if it can be realized by a sequence of m-guillotine
cuts. The minimum m-guillotine rectangular partition can also be computed
by dynamic programming in O(n1%™+6) time. In fact, at each step, an m-
guillotine cut has at most O(n?(™+1)) choices. There are O(n*) possible
rectangles appearing in the algorithm. Each rectangle has O(n®™) possible
boundary conditions. By a similar argument, Mitchell [29] established the
following result.

Theorem 2.5 For any rectangular partition P, there exists an m-guillotine
rectangular partition P' covering P such that

length(P") < (1 + —%)Eength(P).
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Corollary 2.6 There exists a (1+4¢)-approzimation with running time nOUog1/e)
for MLRP.

It is very interesting to note that the technique of m-guillotine cut can
be applied to many geometric optimization problems. Indeed, it is one
of two major techniques in adaptive partition to design polynomial-time
approximation schemes and was considered an important achievement in
1996.

In 1996, Arora [l1] published a surprising result that many geometric
optimization problems, including the Euclidean TSP (traveling salesman
problem), the Euclidean SMT (Steiner minimum tree), the rectilinear SMT,
the degree-restricted-SMT, k-TSP, and &-SMT, have polynomial-time ap-
proximation schemes. More precisely, for any & > 0, there exists an ap-
proximation algorithm for those problems, running in time n®1/€) which
produces approximation solution within 1+4& from optimal. New York Times
reported this result. Several weeks later, Mitchell [29] claimed that a minor
modification on his earlier work [27] (its journal version [28]) can lead to the
similar results. Indeed, we already see that there is no technique difficulties
from 1-guillotine cut to m-guiliotine.

Although both Arora and Mitchell’s approach follow the same frame-
work of guillotine cut, i.e., sequential rectangular partition with dynamic
programming, they use the different way to reduce the number of relations
between two resulting smaller rectangles. In fact, one cannot replace an-
other one and combination of two approaches made some more interesting
results [2, 3, 30]. The reader may find more information from [26, 4].

3 Minimum Cardinality Rectangular Partition

The MCREP is also related to VLSI designs, specially VLSI mask generation.
Liou, Tan and Lee [22] gave a clear description about this relation: A
VLSI mask is usually a piece of glass with a figure engraved on it. The
engraved figure can be viewed as a rectilinear polygon on a digitized plane
[31]. In order to engrave the figure on VLSI mask, a pattern generator is
often used. A traditional pattern generator has a rectangular opening for
exposure, which exposes rectangles onto the mask. Therefore, the engraved
figure has to be decomposed into rectangles. The number of rectangles will
determine the time required for mask generation.”

When the input rectilinear polygon contains no degenerate hole, the
MCRP was solved in polynomial-time at earlier stage. We can find O(n?9%)
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time algorithms in [14, 16,23], O(n®logn) time algorithms in [15, 24, 25].
Lingas[19] asserted that with degenerate holes, the MCRP may be NP-hard.
However, Soltan and Gorpinevich [32] found a O(n®logn) time solution.
For hole-free case, Liou, Tan and Lee [22, 21] can do as fast as O{n loglogn)
while a lower bound O(nlogn) is proved also by them [22] for general case.

Compared with the MERP, why the MCRP is so easy? We next give a
little explanation.

We first consider the case of nonexistence of degenerate holes. In this
case, if any cut line touching a concave vertex would remove its concav-
ity. Therefore, if no two concave vertices can be connected by a chord
(a rectilinear line segment, not on the boundary, connecting two concave
vertices), then an optimal solution can be easily obtained in the following
way: Iteratedly, for each concave vertex, removal its concavity by touching
a line segment and extending this segment until meet an existing cut line or
boundary. Note that a rectilinear polygon without concave vertices must be
a rectangle. When the input polygon has no hole, the rectangular partition
is done.

For the hole-free case, since removal each concave vertex results in one
more area, the total number of rectangles in the final partition is ¢+ 1 where
¢ is the number of concave vertices. For input with & holes, since removal
each concave vertex woud either result in one more area or reduce one hole,
the number of rectangles in the optimal rectangular partition is ¢+ 1 — k.

If there exist chords, then we must find a maximum set of disjoint chords.
This is a maximum matching problem on the chord graph with concave
vertices as vertices and chords as edges. Therefore, the time complexity
depends on algorithm for solving maximum matching problem in the chard
graph.

When degenerate holes exist, there exist concave vertice of 360°, which
make the problem more complicated since a line segment incident to such a
concave vertex may not remove its concavity.

It is worth mentioning that when the MCRP extends to the 3-dimensional
space, the problem becomes NP-hard [5].
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1 Introduction

Recently developed classes of wireless networks have blurred the distinction
between the network infrastructure and network clients. Sensor networks,
for example, consist of one or more base stations and a large number of
inexpensive nodes, which combine sensors and low power wireless radios.
Due to limited radio range and battery power, most nodes cannot commu-
nicate directly with a base station, but rather rely on their peers to forward
messages to and from base stations. Likewise, in mobile ad hoc networks
(MANETS), the routing of messages is also performed by ordinary nodes. In
fact, a MANET typically has no network infrastructure, therefore all routing
and network management functions must be performed by ordinary nodes.

The key to scalability and efficiency in traditional computer networks is
the organization of the network infrastructure into a hierarchical structure.
However, due to the lack of a network infrastructure, sensor networks and
MANETS are inherently flat. In order to achieve scalability and efficiency,
new algorithms have emerged that rely on a virtual network infrastruc-
ture, which organizes ordinary nodes into a hierarchy. The construction of
this infrastructure is the primary application of Connected Dominating Sets
(CDSs) in wireless networks.

The utility of CDSs in wireless ad hoc networks has been demonstrated in
protocols that perform a wide range of communication functions. CDSs have
formed an underlying architecture used by protocols including media access
coordination [8, 43, 64]; unicast [35, 33, 34, 76], multicast/broadcast [51,
52, 67, 73, 78, 79, 80], and location-based routing [36]; energy conservation
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[19, 38, 63, 72, 82]; and topology control [37, 38]. CDS can also be used to
facilitate resource discovery in MANET [45, 48].

In this chapter, we are going to survey the CDS construction techniques
proposed in the context of sensor networks and MANETSs. Sections 3 and 4
address details of centralized and distributed algorithms respectively. The-
oretically any centralized algorithm can be implemented in a distributed
fashion, with the tradeoff of higher protocol overhead. We are going to
examine several centralized algorithms and their corresponding distributed
implementations in detail. Distributed or even localized algorithms are very
important for sensor networks and MANETs. CDS must be constructed
efficiently to be applicable in a mobile or large scale network. Due to the
dynamism of wireless links and nodal mobility, algorithms should rely on
limited knowledge of the current network topology.

Note that the design goals of different algorithms vary based on the needs
of the protocols making use of the CDS. When designing a CDS algorithm,
one must take the following parameters into consideration: performance
bounds, degree of localization, time and message complexities, and stability
with respect to nodal movement. We are going to analyze these algorithms
in Section 5. We will provide a toolbox of techniques (Subsection 5.1) elicited
from the examination of CDS construction algorithms, and present guide-
lines (Subsection 5.2) to aid in the selection of particular techniques based
on the design goals of an application.

Actually many works seek a minimum connected dominating set (MCDS)
in unit-disk graphs as their major design goal. Thus performance bounds
is their primary design parameter. The rationale of this problem formula-
tion can be justified as follows. The foot print of an ad hoc network with
fixed transmission range for each host can be modelled by a unit-disk graph
[25]. And minimizing the cardinality of the computed CDS can help to de-
crease the control overhead since broadcasting for route discovery [47, 60]
and topology update [30] is restricted to a small subset of nodes [25]. There-
fore broadcast storm problem [59] inherent to global flooding can be greatly
decreased.

Other works seek a connected dominating set that provides good resource
conservation property [19, 76]. Thus performance bound is not their primary
consideration. Instead, the hop count of communication path between nodes
is taken into consideration for load balance [19] and power conservation
[78, 79]. In the following section (Section 2), we will present network model
and useful definitions needed for algorithm elaboration. We also will give
an overview of CDS applications.
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2 Network Model and CDS Applications

The following section provides background information for the analysis of
CDS applications in ad hoc wireless networks. We first present a math-
ematical model for the networks under consideration and introduce useful
terminologies and definitions from graph theory. Then we sketch the various
wireless network applications utilizing connected dominating sets.

2.1 Network Model

An ad hoc wireless network can be represented by a graph G(V, E*) com-
prised of a set of vertices V and time-varying edges Ef. For each pair of
vertices u,v € V, (u,v) € E* if and only if the nodes u and v are within
communication range. Due to nodal movement, the topology of the network
is dynamic, as reflected by E*.

Given omni-directional antennae, the communication range of a node in
a wireless network is typically modelled as a disk centered at the node with
radius equal to the transmission range of the radio. Consequently, when
transmission range is fixed for all nodes, the network has the property of a
unit-disk graph (UDG), where an edge exists if and only if two nodes have
inter-nodal distance less than or equal to 1 unit ( the fixed communication
range). Many of the CDS algorithms use the properties of UDG’s to prove
their performance bounds.

Each node v has an associated set of nodal properties. Typical properties
include the following:

e ID,, the unique ID for node v.
e loct, the location of node v at time t.

e velocityl, the velocity vector for node v at time .

A number of definitions from graph theory are used in this chapter.
Figure 1 can help to illustrate the following concepts:

e Open Neighbor Set, N(u) = {v | (u,v) € E}, is the set of nodes that
are neighbors of %. In Figure 1, the open neighbor set of e is {d, f, g}.

o Closed Neighbor Set, Nu] = N(u)U {u}, is the set of neighbors of u
and u itself. In Figure 1, the closed neighbor set of e is {d, e, f, g}

o Maximum Degree, 4, is the maximum count of edges emanating from
a single node. The maximum degree of the graph in Figure 1 is three,
and occurs at nodes ¢, e, and g.
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T

Figure 1: Representation of a wireless network with eight nodes as a graph.

s Independent Set, is a subset of V such that no two vertices within the
set are adjacent in V. For example, {a,b, f,h} is an independent set
in Figure 1.

o Maximal Independent Set (MIS), is an independent set such that adding
any vertex not in the set breaks the independence property of the set.
Thus, any vertex outside of the maximal independent set must be adja-
cent to some node in the set. The previous independent set {a,b, f, h}
must have node d added to become an MIS.

¢ Dominating Set, S, is defined as a subset of V such that each node
in V — § is adjacent to at least one node in S. Thus, every MIS is
a dominating set. However, since nodes in a dominating set may be
adjacent to each other, not every dominating set is an MIS. Finding a
minimum-sized dominating set or MDS is NP-Hard [41].

e Connected Dominating Set (CDS), C, is a dominating set of G which
induces a connected subgraph of G. One approach to constructing a
CDS is to find an MIS, and then add additional vertices as needed to
connect the nodes in the MIS. A CDS in Figure 1 is {¢c,d, e, g}.

o Minimum Connected Dominating Set (MCDS) is the CDS with min-
imum cardinality. Given that finding minimum sized dominating set
is NP-Hard, it should not be surprising that finding the MCDS is also

NP-Hard [41]. In Figure 1, {e, g} is a minimum connected dominating
set.

o Weakly Connected Dominated Set (WCDS), S, is a dominating set
such that N[S] induces a connected subgraph of G. In other words, the
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subgraph weakly induced by S is the graph induced by the vertex set
containing S and its neighbors. Given a connected graph G, all of the
dominating sets of G are weakly connected. Computing a minimum
WCDS is NP-Hard [41].

e Steiner Tree, is a minimum weight tree connecting a given set of ver-
tices in a weighted graph. After finding an MIS, connecting the nodes
together could be formulated as an instance of the Steiner Tree prob-
lem. Like many of the other problems that arise in CDS construction,
this problem is NP-Hard [41].

2.2 Applications of CDS in Wireless Networks

Sensor networks and MANETSs have unique characteristics that require the
development of protocols specific to them. For efficiency reasons, many of
these protocols first organize the network through the construction of dom-
inating sets. These protocols address media access, routing, power manage-
ment, and topology control.

At the Link Layer, clustering can increase spatial reuse of the spectrum,
minimize collisions, and provide Quality of Service (QoS) guarantees [8, 43,
64, 65]. Correspondingly, the nodes in the dominating set can coordinate
with one another and use orthogonal spreading codes in their neighborhoods
to improve spatial reuse with code division spread spectrum techniques [42].
Furthermore, these nodes can coordinate access to the wireless media by
their neighbors for QoS or collision avoidance purposes.

As first noted by Ephremedis et al, a CDS can create a virtual net-
work backbone for packet routing and control [40]. Messages can be routed
from the source to a neighbor in the dominating set, along the CDS to the
dominating set member closest to the destination node, and then finally to
the destination. This is termed dominating set based routing [33, 76], or
Backbone based rouing [34], or spine based routing [35, 66]. Restricting the
routing to the CDS results in a significant reduction in message overhead
associated with routing updates [18]. Furthermore, the dominating set can
be organized into a hierarchy to further reduce control message overhead
[56, 64, 65].

A CDS is also useful for location-based routing. In location-based rout-
ing, messages are forwarded based on the geographical coordinates of the
hosts, rather than topological connectivity. Intermediate nodes are selected
based on their proximity to the message’s destination. With this scheme, it
is possible for a message to reach a local maximum, where it has been sent
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to an intermediate node whose neighbors are all further from the destination
than itself. In this case, the routing must enter a recovery phase, where the
route may backtrack to find another path. However, if messages are only
forwarded to nodes in the dominating set, the inefficiency associated with
this recovery phase can be greatly reduced [36].

The efficiency of multicast/broadcast routing can also be improved through
the utilization of CDSs. A big problem in multicast/broadcast routing is
that many intermediate nodes unnecessarily forward a message. Nodes often
hear the same message multiple times. This is the broadcast storm problem
[59]. If the message is routed along a CDS, most of the redundant broadcasts
can be eliminated [25, 51, 52, 67, 73, 78, 79, 80].

Nodes in a wireless network often have a limited energy supply. CDSs
play an important role in power management. They have been used to
increase the number of nodes that can be in an sleep mode, while still
preserving the ability of the network to forward messages [19, 38, 82]. They
have also been used to balance the network management requirements to
conserve energy among nodes [63, 72, 77, 78, 79, 80].

In large-scale dense sensor networks, sensor topology information extrac-
tion can be handled by CDS construction [37, 38]. Other than routing, the
virtual backbone formed by dominating set can also be used to propagate
“link quality” information for route selection for multimedia traffic [64], or
to serve as database servers [49], etc.

3 Centralized CDS Construction

The first instance of a dominating set problem arose in the 1850’s, well
before the advent of wireless networks [70]. The objective of the five queens
problem is to find the minimum number of queens that can be placed on a
chessboard such that all squares are either attacked or occupied by a queen.
This problem was formulated as a dominating set of a graph G(V,E), with
the vertices corresponding to squares on the chessboard, and (u,v) € E if
and only if a queen can move from the square corresponding to u to the
square corresponding to v.

MCDS in general graphs was studied in [41], in which a reduction from
the Set Cover Problem [41] to the MCDS problem was shown. This result
implies that for any fixed 0 < € < 1, no polynomial time algorithm with
performance ratio < (1—¢€)H(A) exists unless NP ¢ DTIM E[n©OUog logn)]
[54], where A is the maximum degree of the input graph and H is the
harmonic function. The MCDS remains NP-hard [29] for unit-disk graphs.
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MCDS in unit-disk graphs has constant performance ratio, as proved
by [4, 16, 23, 69]. A polynomial time approximation scheme for computing
a MCDS in unit-disk graphs has been developed by Cheng et al. in [26].
A significant impact of this result is that a MCDS in unit-disk graphs can
be approximated to any degree if computing time is permitted. Note that
heuristics proposed for unit-disk graphs work well for general graphs, but
their performance analysis is unapplicable. Thus in this section and next, we
will focus on algorithm description and skip the corresponding performance
analysis. Note that we intentionally omit the fact that these algorithms
are proposed in either unit-disk graphs or general graphs because they are
actually applicable in both graph models. Also note that we are going to
use either the name of the first author or all authors’ names of the paper to
represent the algorithm.

In the following we will focus on centralized CDS construction algo-
rithms. Distributed heuristics will be discussed in Section 4.

3.1 Guha and Khuller’s Algorithm

In 1998, Guha and Khuller proposed two CDS construction strategies in
their seminal work [44], which contains two greedy heuristic algorithms with
bounded performance guarantees. In the first algorithm, the CDS is grown
from one node outward. In the second algorithm, a WCDS is constructed,
and then intermediate nodes are selected to create a CDS. The distributed
implementations of both algorithms were provided by Das et al. in [33],
which will be addressed in Subsection 4.2. Many algorithms designed latter
[23, 69] are motivated by either of these two heuristics. We sketch the
procedures in the following.

The first algorithm begins by marking all vertices white. Initially, the
algorithm selects the node with the maximal number of white neighbors.
The selected vertex is marked black and its neighbors are marked gray. The
algorithm then iteratively scans the gray nodes and their white neighbors,
and selects the gray node or the pair of nodes (a gray node and one of its
white neighbors), whichever has the maximal number of white neighbors.
The selected node or the selected pair of nodes are marked black, with their
white neighbors marked gray. Once all of the vertices are marked gray
or black, the algorithm terminates. All the black nodes form a connected
dominating set. This algorithm yields a CDS of size at most 2(1 + H(A)) -
|OPT|, where H is the harmonic function, and OPT refers to an optimal
solution — that is, a minimum connected dominating set.

For example, consider the graph in Figure 2. Initially, either node ¢, or e,
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Figure 2: An example of Guha’s first algorithm.
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or g could be marked since they have maximal degree. Node g is arbitrarily
picked from these candidates and marked black. All its neighbors are then
marked gray. We now consider the gray nodes e, f, h, and the pair of gray
and white nodes (d,e). Of all these, the pair {d, e) covers the most number of
white neighbors - two. So we mark both d and e black. Finally, we consider
the gray node ¢ and the pairs {c,a) and (¢,b). All these candidates have the
same number of white neighbors. Therefore the single node ¢ is selected.
Now all the nodes are either black or gray, and the set of nodes in black
{e,d,e,g} forms a CDS.

The second algorithm also begins by coloring all nodes white. A piece
is defined to be either a connected black component, or a white node. The
algorithm contains two phases. The first phase iteratively selects a node that
causes the maximum reduction of the number of pieces. In other words, the
greedy choice for each step in the first phase is the node that can decrease
the maximum number of pieces. Once a node is selected, it is marked black
and its white neighbors are marked gray. The first phase terminates when no
white node left. After the first phase, there exists at most |OPT| number
of connected black components. The second phase constructs a Steiner
Tree that connects all the black nodes by coloring chains of two gray nodes
black. The size of the resulting CDS formed by all black nodes is at most
3+ In(A)) - |OPT.

Figure 3 shows an example of the second algorithm. First, node g is
marked as it is one of the nodes with the maximum number of white neigh-
bors. Next, node ¢ is marked because it can reduce the maximum number
of pieces compared with any other node. Now the first phase ends as there
is no white node left. In the second phase, a Steiner Tree is constructed by
adding nodes d and e to connect nodes ¢ and g.

3.2 Ruan’s Algorithm

The potential function used in the second algorithm of Guha and Khuller
[44] is the number of pieces. Each step seeks maximum reduction in the
number of pieces in the first phase. By modifying the potential function,
Ruan et al. [62] proposes a one-step greedy approximation algorithm with
performance ratio at most 3+In(A). This algorithm also requires each node
to be colored white at the beginning. If there exists a white or gray node
such that coloring it black and its white neighbors gray would reduce the
potential function, then choose the one that causes maximum reduction in
the potential function.

The potential function plays a critical rule in this algorithm. It is defined
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Figure 3: An example of Guha’s second algorithm.
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in the following way in [62]. Given a connected graph G(V, E), define p(C)
be the number of connected black components in the subgraph induced by
C ¢ V. Let D(C) be the set of all edges incident to vertices in C. Define
g(C) be the number of connected components in the subgraph G(V, D(C)).
Then the potential function is defined to be f{C) = p(C) + ¢(C).

In the greedy algorithm, let C be the set containing all black nodes.
Thus initially f(C) = |V| since € = ¢. The first step chooses a node z with
maximum degree. Every other step selects a node = such that f{(C)— f(CU
{z}) is maximized. Color node z black and color all its white neighbors
gray. The algorithm ends when f(C) = 2, where C is the resultant CDS.

3.3 Cheng’s Greedy Algorithm

In [24], Cheng et al. propose a greedy algorithm for MCDS in unit-disk
graphs. Compared to the many heuristics discussed in Subsection 4.3, this
algorithm relies on an MIS but the resultant CDS may not contain all the
elements in the MIS.

Assume initially all nodes are colored white. The construction of a CDS
contains four phases. In the first phase, an MIS is computed and all its
members are colored red. In the second phase, a node that can decrease
the maximum number of pieces is selected, where a piece is either a red
node, or a connected black component. This node is colored black and all
its non-black neighbors are colored gray. When the second phase is over, we
still have some white nodes left. The third phase will compute a spanning
tree for each connected component in the subgraph reduced by all white
nodes. Connect each tree to the nearest black component with black nodes
accordingly. All non-leaf tree nodes are colored black while leaf nodes are
colored gray. The last phase will seek chains of two gray nodes to connect
disjoint black components.

The motivation of Cheng’s algorithm are two fold. First, the greedy
choice in Guha and Khuller’s second algorithm [44] is the one that can de-
crease the maximum number of pieces, where a piece is either a connected
black component, or a white node. Second, a unit-disk graph has at most
5 independent neighbors. Thus intuitively one can choose the greedy choice
that can connect to as many independent nodes as possible. In other words,
the node to be colored black at each step will try to cover more uncovered
area, if we model vertices in a unit-disk graph as nodes in a flat area. Un-
fortunately Cheng’s algorithm does not have a solid performance analysis.
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3.4 Min’s Algorithm

Recently Min et al. [58] propose to use a Steiner tree with minimum number
of Steiner nodes (ST-MSN) [20, 39, 53] to connect a maximal independent
set. This algorithm contains two phases. The first phase constructs an
MIS with the following property: every subset of the MIS is two hops away
from its complement. Color all nodes in the MIS black; color all other
nodes gray. In the second phase, a gray node that is adjacent to at least
three connected black components is colored black in each step. If no node
satisfying this condition can be found, a gray node that is adjacent to at least
two connected black components will be colored black. This algorithm has
performance ratio 6.8 for unit-disk graphs. Its distributed implementation
is sketched in Subsection 4.6.

ST-MSN in Euclidean plane is NP-hard [53]. A 3-approximation algo-
rithm for ST-MSN in Euclidean plane is proposed in [20] and is extended
to unit-disk graphs by Min et al. in [58]. Since the size of any MIS is at
most 3.8 |OPT| + 1.2 [81] in unit-disk graphs, where OPT is any MCDS,
the computed CDS by Min’s algorithm has size at most 6.8 - OPT [58].

3.5 Butenko’s Algorithm

The heuristic proposed in [14, 15] is pruning-based. In other words, the
connected dominating set S is initialized to the vertex set of graph G(V, E),
and each node will be examined to determine whether it should be removed
or retained. Assume all nodes in S are colored white at the beginning.
Define the effective degree of a node to be its white neighbors in S. Consider
a white node = € S with minimum effective degree. If removing * from S
makes the induced graph of S disconnected, then retain 2 and color it black.
Otherwise, remove z from S. At the same time, if £ does not have a black
neighbor in S, color its neighbor with maximum effective degree in S black.
Repeat this procedure until no white node left in S. This algorithm has
time complexity O{|V| - |E|). It does not have a performance analysis. We
will discuss its distributed implementation in Subsection 4.4.2.

4 Distributed CDS Construction

For sensor networks and MANETS, distributed CDS construction is more
effective due to the lack of a centralized administration. On the other hand,
the large problem size (e.g. a sensor network may contain hundreds of thou-
sands of sensors) also prohibits the centralized CDS computation. In this
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section, we survey a variety of distributed approaches that seek to balance
the competing requirements of complexity, running time, stability, and over-
head. Note that many published results contain algorithms that differ very
little from each other. To be more focus, we decide only to cover the major
distributed CDS construction techniques.

In wireless networks, CDS problems have been formulated in a num-
ber of ways, depending on the needs of the particular application. These
formulations can be classified into WCDSs, non-localized CDSs, localized
CDSs, and stable CDSs with nodal mobility. In this chapter, we choose
to use a different classification containing the following categories based on
the CDS construction techniques: WCDS, greedy CDS, MIS based CDS,
pruning based CDS, multipoint forwarding based CDS, Steiner tree based
CDS, and stable CDS. In the following, we will examine each category and
explore example algorithms in detail. We also will sketch the maintenance
of the computed CDS if available.

4.1 WCDS Construction

In a WCDS, the vertex set is partitioned into a set of clusterheads and
cluster members, such that each cluster member is within radio range of at
least one clusterhead. There are two ways of approaching this problem. If
nodal location information is known, then the nodes can be clustered ge-
ographically. Otherwise, nodes can be clustered based solely on the graph
topology. Chen and Liestman [21] propose a series of approximate algo-
rithms for computing a small WCDS to be used to cluster mobile ad hoc
networks.

Geographical clustering algorithms create a virtual grid in the geograph-
ical region where the network exists. Each cluster comprises all of the nodes
in a given grid. The Grid Location Service, for example, uses this grid
structure to disseminate the location information of nodes throughout the
network. Using the grid structure, the density of nodes holding the location
information of other nodes decreases as the distance from the node increases
[50]. Geographical Adaptive Fidelity attempts to minimize energy consump-
tion in a network by clustering the nodes based on a grid, and having only
one node per grid responsible for routing at any given time [82].

In the first WCDS algorithm for wireless networks, nodes elect their
neighbor with the lowest ID as their clusterhead [40]. Nodes learn about
the ID’s of their current neighbors through periodic beacons that each node
broadcasts. Whenever a node with a lower ID moves into range of a clus-
terhead, it becomes the new clusterhead.
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Highest Connectivity Clustering presents an improvement over Lowest
ID Clustering by reducing the number of clusters [43]. In addition to pe-
riodically broadcasting its ID, each node also broadcasts the size of N(u),
its open neighbor set. A node becomes clusterhead if it is the most highly
connected among its neighbors. When nodes are moving, this selection cri-
terion is less stable than Lowest ID Clustering, since ID’s do not change,
but nodal degree changes often.

One potential problem with Lowest ID Clustering is its unfairness. Nodes
in the dominating set may be burdened with additional responsibilities. To
be more equitable in clusterhead selection, the Min-Max D-Cluster algo-
rithm selects nodes based on ID, but attempts to elect both low and high
ID nodes [7]. Another interesting feature of the algorithm is the creation of
d-hop dominating sets where each node is at most d hops from a node in
the dominating set.

A serious problem with the Lowest ID Clustering is that clusterhead
selection can be very unstable. The left side of Figure 4 displays a cluster
headed by Node 2. As shown on the right side, once Node 1 moves into radio
range, Node 2’s cluster will be disbanded and replaced by three clusters.
This reorganization is unnecessary, since Node 1 could have simply joined
the existing cluster.

Figure 4: Instability of Lowest ID Clustering. As shown on the left, Node
1 is moving into range of Node 2’s cluster. Once Node 1 is in radio range,
Node 2’s cluster will be reorganized.

In order to address this instability, the clustering algorithm introduced
by the Clusterhead-Gateway Switch Routing Protocol preserves clusterhead
elections under all but two conditions [27]. The set of clusterheads changes
only when two clusterheads come into contact with each other, or when a
node loses contact with all clusterheads.
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4.2 Greedy CDS Construction

Das et al. [35, 33, 66] propose the distributed implementations of the two
greedy algorithms given by Guha and Khuller in [44].

The first algorithm grows a CDS from one node with maximum de-
gree. Thus the first step involves selecting the node with the highest degree.
Therefore a node must know the degree of all nodes in the graph. On the
other hand, each iterative step selects either a one- or two-edged path em-
anating from the current CDS, thus the nodes in the CDS must know the
number of unmarked neighbors for all nodes one and two hops from the
CDS. These two requirements force the flooding of degree information in
the network. This algorithm generates a CDS with approximation ratio of
2H(A) in O(|C|(A + |C])) time, using the O(n|C|) messages, where the
harmonic function H(A) = Zi] 1/i < In(A) + 1, n is the total number of
vertices, and C represents the generated CDS.

The second algorithm first computes a dominating set and then selects
additional nodes to connect the set. In order to locally select nodes for the
dominating set in the first stage, an unmarked node compares its effective
degree, the number of unmarked neighbors, with the effective degrees of all
its neighbors in two-hop neighborhood. The greedy algorithm iteratively
adds the node with maximum effective degree to the dominating set. The
first stage terminates when a dominating set is achieved. The second stage
connects the obtained components using a distributed minimum spanning
tree algorithm, with the goal of adding as few nodes as possible. To do this,
each edge is assigned a weight equal to the number of endpoints not in the
dominating set. At the end, the interior nodes in the resulting spanning tree
compose a connected dominating set. This algorithm has time complexity
of O((n+|C|}A), and message complexity of O(n|C|+m +-nlog(n)). It ap-
proximates the MCDS with a ratio of 2H(A) +1, where m is the cardinality
of the edge set.

Das et al. [35, 33, 66] handle CDS maintenance differently in the case
of single-node movement versus multiple-node movement. If a single node
moves, the CDS can be updated locally. When more than one node moves,
the moves can be treated as many single-node moves if they have no over-
lapping neighborhoods. However, an entirely new CDS computation may
be needed in the case of overlapping neighborhoods.
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4.3 MIS Based CDS Construction

Algorithms in this category compute and connect an MIS. But how an MIS
is computed and connected differs from algorithm to algorithm. One can
compute an MIS based on either single leader [2, 3, 4, 5, 13, 16, 23, 69] or
multiple leaders [6, 25]. The MIS can be connected after the construction
is over [2, 3, 4, 5, 6, 13, 16, 23, 25, 69], or one can compute and connect an
MIS simultaneously [23, 25]. Note that single leader based MIS construction
needs a leader-election algorithm, which takes O(n fog n} messages [10, 28].
Nodes with maximum degree or id among all neighbors can serve as leaders in
multiple leader based MIS construction, thus the corresponding algorithms
have lower message complexity [6, 25].

Note that the algorithm provided by [58] also relies on an MIS. But we
will address it in detail in Subsection 4.6, as the major contribution in [58]
is the exploitation of a Steiner tree with minimum number of Steiner points
to connect an MIS.

4.3.1 Alzoubi and Wan’s Single Leader Algorithm

Alzoubi and Wan’s algorithms [4, 5, 69] utilize the properties of unit-disk
graphs (UDGs) to prove their performance bounds. By definition, an MIS
is adjacent to every node in the graph. Due to the geographic constraints
imposed by a UDG, a node is adjacent to at most five independent neighbors
[55]. Therefore, an arbitrary MIS can contain no more than five times the
number of nodes in the minimum-sized MIS. This observation forms the
basis of the proof of the performance bounds for all algorithms in [4, 5, 69].

Alzoubi et al. [4, 5, 69] provide two versions of an algorithm to con-
struct the dominating set for a wireless network. In both algorithms, they
first employ the distributed leader election algorithm [28] to construct a
rooted spanning tree from the original network topology. Then, an iterative
labelling strategy is used to classify the nodes in the tree to be either black
(dominator) or gray (dominatee), based on their ranks. The rank of a node
is the ordered pair of its level (number of hops to the root of the spanning
tree) and its ID.

The labelling process begins from the root node and finishes at the leaves.
The node with the lowest rank marks itself black and broadcasts a DOM-
INATOR message. The marking process then continues according to the
followingrules:

o If the first message that a node receives is a DOMINATOR message,
it marks itself gray and broadcasts a DOMINATEE message.
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e If a node received DOMINATEE messages from all its lower rank
neighbors, it marks itself black and sends a dominator message.

The marking process finishes when it reaches the leaf nodes. At that time,
the set of black nodes form an MIS, incorporating alternate levels of the
spanning tree. Since the nodes are on alternating levels of the spanning
tree, the distance between any subset of the MIS and its complement is
exactly two hops away.

The final phase connects the nodes in the MIS to form a CDS, using
INVITE and JOIN messages. Initially, the root joins the CDS and broad-
casts an INVITE message. The INVITE message is relayed to all two-hop
neighbors out of the current CDS. When a black node receives the INVITE
message for the first time, it joins the dominating tree together with the gray
node, which relayed the message. It then initiates an INVITE message. The
process terminates when all the black nodes join the CDS.

This algorithm has time complexity of O(n), and message complexity of
O(nlog(n)). The resulting CDS has a size of at most 8opt + 1.

Figure 5: An example of Alzoubi and Wan’s single leader algorithms for
CDS construction.

Figure 5 illustrates the action of these algorithms. In this graph, node 0 is
the root of the spanning tree that is constructed by using the leader election
algorithm. The solid lines represent the edges of the rooted spanning tree,
and the dashed lines represent other edges in the UDG. Node 0 is marked
black first and broadcasts a DOMINATOR message (solid arrows in Figure
5(a)). After receiving this message, nodes 2, 4, and 12 are marked gray and
broadcast DOMINATEE messages. (For simplicity, only the DOMINATEE
messages from node 4 are shown as the dashed arrows in Figure 5(a)). Then
node 5 is selected to be a DOMINATOR as it has received DOMINATEE
messages from all its lower rank neighbors (node 4 only). Figure 5(b) shows
the colors of the nodes when the labelling process finishes. The final process
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builds the dominating tree from the root. The INVITE message (solid arrow
in Figure 5(b)) is sent from node 0, and it is relayed to its two-hop black
neighbors 3, 5 and 7. These black nodes join the dominating tree, as well as
their relaying gray nodes 2 and 4. The thick links in Figure 5(b) illustrate the
edges in the final dominating tree. All the nodes in the tree form a connected
dominating set. The improved approach in [5] merges the MIS construction
with the dominating tree building processes. As shown in Figure 5(c), node
2 is colored black when it first receives a DOMINATOR message from its
child 3, and node 4 is marked black for the same reason. Finally, all the
black nodes form a connected dominating set.

4.3.2 Cheng’s Single Leader Algorithm

Cheng et al. [13, 16, 25, 23] present two algorithms for growing a connected
dominating set from a leader node. Compared with the work of Alzoubi et
al. 14,5, 69], they introduce a new active state for vertices to describe the
current labelling set of vertex nodes. With the help of this new concept,
either cost-aware or degree-aware optimization can be achieved.

Their first algorithm is cost-aware. Each host has a local cost, which
serves as the selection criterion together with its ID. At the beginning, all
vertices are in initial state with white color. The leader starts the algorithm
by marking itself black and becoming a dominator. A white node goes to
be a dominatee (gray) if one of its neighbors becomes a dominator. A non-
active white vertex changes to status active if one of its neighbors becomes
a dominatee. Its color still keeps white. Then, an acfive node with the
smallest cost among all its active neighbors will compete to be a dominator.
Its minimum cost gray parent also changes to serve as its dominator (black),
ensuring the connectivity of the dominating tree. Finally, all black leaf nodes
can change back to be dominatees (gray). This process terminates when all
nodes are colored gray or black, and all the black nodes form a connected
dominating set.

This algorithm has the time complexity of O(n), and the message com-
plexity of Q(n log n), which is dominated by leader election. The perfor-
mance ratio is 8opt + 1, the same as that of the algorithm in [4].

An example that illustrates the application of Cheng’s single leader al-
gorithm is shown in Figure 6. There are 9 hosts and 12 links. We assume
host IDs are the costs. Host O is the leader. In the beginning, node O is
colored black, serving as a dominator. Nodes 1 and 5 are then colored gray.
Nodes 2 and 6 become active. Their competition results in the winner of
node 2. Node 2 colors itself black and invites node 1 to be its dominator.
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Figure 7: The computed connected dominating set from Cheng’s single
leader algorithm contains hosts {0,1,2,3,4,7}. The optimal solution con-
tains {1,2,3,4,7}

Therefore node 3 is colored gray and node 4 becomes active. This process
continues until no white nodes left. The result is demonstrated in Figure 7.
All black nodes form a CDS.

Note that in this algorithm, a dominating tree is grown from the leader.
The resultant CDS contains two subsets: one changes color from white to
black directly, and the other colors themselves from white to gray then
to black. If the determination of the second subset is delayed until the
first subset is constructed, and the criterion for changing color from gray
to black is based on the number of black neighbors a gray node has, the
degree-based algorithm described in [23] is obtained. This algorithm has
performance ratio 8. However, since effective degree information (number
of white neighbors) needs to be updated during the algorithm execution,
the degree-aware algorithm takes higher number of messages compared to
the cost-aware algorithm, even though their time and message complexities
are the same. Min and Du [57] extends the second algorithm to consider
reliable virtual backbone construction in MANET.
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4.3.3 Alzoubi’s Multiple Leader algorithm

Single leader based CDS construction has message complexity 2(n log n),
which is dominated by leader election. In single leader CDS construction, the
dependence on a rooted tree renders the maintenance of the CDS extremely
difficult. To decrease the protocol overhead caused by the large volume
of message exchange, and to improve the structure of the computed CDS,
multiple leader based algorithms [6, 25] are proposed. Compared with single
leader based CDS construction algorithms, the maintenance of the CDS
constructed based on multiple leaders may be faster, as it does not rely on
a spanning tree. In this subsection, we will study the algorithm introduced
by Alzoubi et al. [6]. In next subsection, the algorithm provided by Cheng
et al. [25] will be elaborated.

The algorithm proposed by Alzoubi et al. [6] constructs a CDS in a UDG
with size at most 192 - |OPT| + 48. The message complexity is O(n). This
algorithm does not use a rooted spanning tree. Initially all the nodes are
candidates. Whenever the ID of a node becomes the smallest among all of its
one-hop neighbors, it will change its status to dominator. Consequently, its
candidate neighbors become dominatees. After all nodes change status, each
dominator node identifies a path of at most three hops to another dominator
with larger ID. The candidate nodes on this path become connectors. All
dominators and connectors compose a connected dominating set.

Figure 8: An example of Message-Optimal CDS Construction [6].

The example in [6] can illustrate the execution of this algorithm. As
shown in Figure 8(b), nodes 1, 2, 3 and 4 declare themselves to be domi-
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nators in the beginning. Then node 5 declares itself as a connector on the
paths from 1/2 to 3/4, so do nodes 6 and 7. Finally all the connectors and
dominators form a connected dominating set.

4.3.4 Cheng’s Multiple Leader Algorithm

Cheng’s multiple leader algorithm [25] is motivated by [6]. Initially each
node with smallest ID among its one-hop neighbors becomes a leader. A
forest with each tree rooted at a leader is constructed first. Then a chain
of one or two nodes are computed to connect neighboring trees. This al-
gorithm has linear time and message complexities, and generates a CDS
with size at most 147 - |OPT| + 33. The performance analysis explores the
neighboring property of nodes in a tree, thus the algorithm achieves better
performance ratio compared to the multiple leader algorithm in [6]. This
algorithm achieves linear time and message complexities.

4.3.5 Single Leader vs. Multiple Leader

Although single leader based CDS construction algorithms provide better
performance bounds, their non-localized construction may render them un-
usable. Since each algorithm has a time complexity of O(n), nodes may
move during CDS construction such that the result of the algorithm is not
a CDS. Thus, the ultimate goal of the CDS construction is to develop truly
localized algorithms that have constant time complexity. Since the worst-
case time complexity of the two multiple leader based algorithms [6, 25] is
O(n) due to the MIS or forest construction, these algorithms are not purely
localized in a strict sense.

Nonetheless, multiple leader based algorithms in [6, 25] do represent
progress in message complexity - they achieve the optimal message com-
plexity of O{n). Message complexity of a CDS construction algorithm con-
tributes to the protocol overhead. It also plays an important role in the
effectiveness and efficiency analysis of the protocol. Single leader based
CDS construction algorithms [4, 5, 69, 23, 16] have message complexity
O(nlogn). The direct distributed implementation of Guha and Khuller’s
algorithms have message complexities O(r|C|) and O{n|C| + m + nlog(n))
[35, 33, 66]. These algorithms have better performance ratio. Therefore as
a trade-off the performance ratios of [6] and [25] are much higher.

The two truly localized algorithms are presented by Wu and Li in [76],
and by Adjih, Jacquet, and Viennot in [1], which will be discussed in Subsec-
tions 4.4 and 4.5. Both algorithms need two-hop neighborhood information.
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Wu and Li’s algorithm first creates a larger CDS by selecting more nodes
than needed, then prunes the set of selected nodes to get a CDS with smaller
size. The algorithm proposed by Adjih, Jacquet, and Viennot relies on a
multipoint relaying set.

4.4 Pruning Based CDS Construction

There are two pruning-based CDS construction algorithms [14, 76] proposed
in the context of ad hoc and sensor networks. We will study them in the
following subsections.

44.1 Wu and Li’s Algorithm

Wau et al.’s work [76, 31] proposes a completely localized algorithm to con-
struct CDS in general graphs. Initially all vertices are unmarked. They
exchange their open neighborhood information with their one-hop neigh-
bors. Therefore each node knows all of its two-hop neighbors. The marking
process uses the following simple rule: any vertex having two unconnected
neighbors is marked as a dominator. The set of marked vertices form a
connected dominating set, with a lot of redundant nodes. Two pruning
principles are provided to post-process the dominating set, based on the
neighborhood subset coverage. A node u can be taken out from S, the
CDS, if there exists a node v with higher ID such that the closed neighbor
set of u is a subset of the closed neighbor set of . For the same reason,
a node u will be deleted from S when two of its connected neighbors in S
with higher IDs can cover all of u’s neighbors. This pruning idea is gener-
ated to the following general rule [32]: a node u can be removed from S if
there exist & connected neighbors with higher IDs in S that can cover all w’s
neighbors. Wu et al. extend their work to calculate power-aware connected
dominating sets [72, 77], by considering the power property for all the nodes
as a criterion for the post pruning.

This idea is also extended to directed graphs. Due to differences in
transmission ranges, or the hidden terminal problem [68] in wireless net-
works, some links in an ad hoc network may be unidirectional. In order to
apply this algorithm to a directed graph model, neighboring vertices of a
certain node are classified into a dominating neighbor set and an absorbent
neighbor set in terms of the directions of the connected edges [70]. Figure
10 illustrates the dominating and absorbent neighbor sets of vertex u. In
this case, the objective is to find a small set that is both dominating and ab-
sorbent for a given directed graph. The original marking process is adapted
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Figure 9: Examples of two pruning principles to eliminate redundant nodes
[72].

as follows: anode u is added into the dominating and absorbent set, when
there exists a node w in its dominating set and another node v in its ab-
sorbent set which can only be connected via x. Then similar post-process
principles are used to delete the redundant nodes in the resulted dominating
and absorbent set.

e o T o D b o

dominating neighbor set V\.’ absorbant neighbor set

u

Figure 10: Dominating (absorbent) neighbor set of vertex u [70].

The performance ratio for Wu’s algorithm is proved to be O(n)[69]. For
the post-processing, the nodes need to know their two hop neighbors. Thus
the algorithm has time complexity of O(A3%) and message complexity of
®{m), which indicate that the maintenance of the CDS constructed by Wu’s
algorithm is relatively easier. In fact one major advantage of Wu and Li’s
algorithm is its locality of maintenance. Mobile hosts may switch off or
on at any time for power efficiency. In addition to this switching, CDS
maintenance may be required due to mobile hosts’ movements. Compared
to other CDS algorithms, Wu’s algorithm only requires neighbors of a node
to update their status when it changes switching status or location.
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4.4.2 Butenko’s algorithm

The centralized version of this algorithm [14, 15] is discussed in Subsection
3.5. Its distributed implementation has higher message complexity because
global connectivity needs to be checked when examining each node. This
can be done through any distributed spanning tree algorithm [9].

The algorithm starts from the node with minimum degree, which can
be found by modified leader-election algorithms in [28]. Let u be the node
under consideration at the current step. If removing = causes the CDS
disconnected, then we color 4 black. u then selects its non-black neighbor
with minimum effective degree (the number of non-black neighbors within
the set) for consideration in next step. If it is OK to remove u, u will
select a neighbor with minimum effective degree, if w does not have a black
neighbor, for next step. If 4 does have a black neighbor », then v will choose
its neighbor with minimum effective degree for next step. This procedure
will be continued until all nodes have been examined.

4.5 Multipoint Relaying Based CDS Construction

Multipoint relaying is a technique to allow each node = select a minimum
forwarding set [61, 51,17] from N{(u) to cover N(N(u)). Finding a multipoint
relay set (MRS) with minimum size is NP-Complete [61]. Refs. [61] and [51]
independently design different logn factor greedy heuristics where n is the
total number of hosts. Ref. [17] provides a sophisticated approximation
algorithm with constant performance ratio 6. Multipoint relaying is mainly
used for flooding control to decrease protocol overhead [46]. Recently Adjih,
Jacquet, and Viennot [1] propose a localized heuristic to generate a CDS
based on multipoint relaying. Their idea is sketched below.

Each node first compute a multipoint relay set, a subset of one-hop neigh-
bors that can cover all the two-hop neighbors. The a CDS is constructed by
two rules. The first rule puts all nodes with smallest ID among their neigh-
bors into the CDS; The second rule puts a node into the CDS if the node
is a member of the MRS of its smallest ID neighbor. Wu [71] enhanced the
first rule by selecting the node that has at least two disconnected neighbors
and has the smallest ID among all its neighbors. Chen and Shen [22] claims
that by considering node degree instead of ID, the constructed CDS may
have smaller size. The correctness of this heuristic is proved in [1] but no
performance analysis is available.
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4.6 Steiner Tree Based CDS Construction

The second algorithm proposed in Guha and Khuller [44] is Steiner tree
based. Its distributed implementation [35, 33, 34] applies a spanning tree
to approximate the computation of Steiner points. The single leader based
algorithms proposed in [2, 3, 4, 5, 16, 23, 69] also compute Steiner points
to connect the MIS. These algorithms have been discussed in Subsections
4.2 and 4.3, thus they will not be repeated here. In this subsection, we will
study how the centralized algorithm proposed in [58] is implemented in a
distributed fashion.

As mentioned by Subsection 3.4, Min’s CDS construction algorithm ap-
plies Steiner tree with minimum number of Steiner points to connect an
MIS with the following property: any subset of the MIS has hop distance
two with its compliment. We need to consider two phases in the distributed
implementation: the construction of the MIS and the computation of the
Steiner points.

Cheng et al. [25] and Wan et al. [69] both imply heuristics to compute
an MIS in a distributed fashion. Here we rephrase the simple idea based
on [25]. Assume all nodes are white initially. In the first step, color the
node with smallest id black. Color all its one-hop neighbors gray; color its
two-hop neighbors yellow. At each step, choose a yellow node with small-
est id among all its yellow neighbors and color it black. Color its one-hop
white/yellow neighbors gray; color its two-hop white neighbors yellow. Re-
peat this procedure until all nodes are colored either black or gray. All black
nodes form an MIS.

The distributed computation of the Steiner tree with minimum number
of Steiner points is non-trivial, as demonstrated by [58]. The idea is stated
below: each gray node u (a node not in the MIS) keeps track of the neigh-
boring connected black components. Its competitor set includes all its gray
neighbors and all the gray nodes adjacent to its neighboring connected black
components. u becomes a Steiner point if and only if it is adjacent to the
maximum number of black components among all its competitors. It is clear
that this distributed implementation has very high message complexity.

4.7 Proactively Considering Nodal Mobility in CDS Con-
struction

Most of the previous algorithms have attempted to address nodal move-
ments by incorporating a maintenance phase in which the CDS can be re-
constructed when nodes move. However, in the case of high nodal mobility,
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this reactive approach may not yield a stable infrastructure. A number
of DS algorithms have been developed that attempt to proactively utilize
mobility information in an attempt to create stable clusters.

The Mobility Adaptive Clustering Algorithm, for example, selects slow
moving nodes for inclusion in a WCDS [11]. When nodes move randomly,
a fast moving clusterhead is likely to encounter another clusterhead sooner
than a slow moving one. Furthermore, the open neighbor sets of fast moving
nodes will exhibit more change than those of slow moving nodes. Therefore,
this algorithm selects slow moving nodes, which are more likely to have
stable links.

Mobility-Based Clustering also considers nodal movement in the creation
of a WCDS [8]. This WCDS approach has three notable features:

s [t uses relative mobility information to create clusters.

s [t allows cluster members to be L hops from the clusterhead, where
L > 1, in order to increase the stability of clusters.

e Rather than seeking a minimal WCDS, it allows for clusterheads to
come into contact with each other if the clusterheads are going in
different directions.

In this WCDS protocol, neighbors periodically exchange their position and
velocity information with their neighbors. A node calculates the relative
velocity and the relative mobility between itself and all of its neighbors.
Relative mobility is an average of the magnitude of the relative velocity vec-
tor in the recent past. Once relative mobility has been measured, there is
an initial cluster creation where, a node elects as its clusterhead its neighbor
with the lowest id, whose relative mobility falls below a user-defined thresh-
old. As this step is performed, a clusterhead which has been elected, may
join another cluster, with the two clusters then merging into one, subject to
the L-hop rule. Cluster maintenance is done sparingly, only when a node
loses contact with its clusterhead, and encounters a node whose relative
mobility is less than the threshold.

{a,t)-Clusters takes a similar approach in the creation of a WCDS. Tt
requires that nodes in a cluster be mutually reachable after time t with a
probability of a [56]. In their simulations, nodes move in a random walk-
based mobility. They derive the probability that two nodes are mutually
reachable based on this mobility pattern, and current mobility information.

The Clustering for Open Inter-vehicle communication Networks (COIN)
algorithm arises because clustering protocols designed random mobility pat-
terns perform poorly for inter-vehicle communication [12]. This algorithm
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was tested with nodal mobility generated from microscopic vehicular traffic
simulators. Vehicular mobility is highly constrained by the layout of road
network, by traffic control devices, and by surrounding vehicles. Vehicle
movement is characterized by high rates of speed, producing very high rela-
tive velocities. Driver behavior has a significant impact of mobility patterns
both in the near term and in the long term. In the near term, vehicle move-
ments vary dramatically based on individual lane changing, braking, and
passing behaviors. In the long term, mobility is affected by the variations
in the intended destination of a driver. The COIN algorithm enhances the
prediction of future mobility by incorporating driver intentions into the pre-
diction algorithm. The destination of a driver could be gleaned either from
an on-board route guidance system, or through a statistical analysis of pre-
vious trips on the current roadway. The paper also identifies a source of
instability in clustering - oscillatory inter-vehicle distances between vehicles
with low relative mobility. Examples of this phenomenon can be found in
stop and go traffic, as vehicles pass through four-way stop signs, or as vehi-
cles slow to navigate curves in the roadway. In order to accommodate this
phenomenon the algorithm relaxes the condition that no two clusterheads
with low relative mobility be within radio contact. Instead, a design param-
eter, the inter-cluster minimum distance, specifies the minimum distance
between two clusterheads.

S Analysis of Distributed CDS Algorithms

The algorithms presented in the previous section represent an evolution of
distributed CDS algorithms designed for use in a variety of wireless appli-
cations. This evolution has been driven by both improvements in efficiency
and stability and by the design requirements of the consumer applications.
The following analysis presents the evolution at these two levels. First, we
describe the development of a toolbox of techniques for CDS construction.
Then, at a higher level, we elicit the manner in which the needs of the
consumer applications dictate the selection of specific techniques from this
toolbox.

Since non-localized algorithms rely on global information, their time
complexity is at least O(n) as in [33]. Purely localized CDS construction
algorithms operate much quicker, with a complexity related to the maximal
degree, typically O(A3) [1, 76]. This quicker execution time comes at a cost
of a larger CDS.
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5.1 A Toolbox for CDS Construction
5.1.1 WCDS Construction Techniques

WCDS construction plays an important role not only in clustering algo-
rithms, but also in a number of CDS construction algorithms, which begin
with the selection of a WCDS. The first WCDS construction algorithm se-
lected the lowest ID neighbor as clusterhead [40]. In newer algorithms,
techniques have been developed to reduce the size of the clusterhead set,
improve the stability of the clusterhead set, and promote fairness in cluster-
head selection.

The size of the WCDS can be reduced by choosing nodes with the highest
degree as clusterheads [43]. Although this will reduce the size of the WCDS,
if a network with mobile nodes, this may increase WCDS instability since
nodal degree varies while ID does not.

Since stability of the WCDS is a key factor in many applications, clus-
terhead stability has been improved through preservation of clusterhead
elections and multi-hop clusters. Clusterhead selection need not change
whenever the topology of the network changes; rather, reelections might
only occur when clusterheads move into range of each other or when a node
moves out of range of all clusterheads [27]. Multi-hop clusters can improve
cluster stability by increasing the area covered by a single clusterhead [7].

Fairness may also be a problem with Lowest ID clustering, since the bur-
dens of being a clusterhead are primarily borne by those nodes with lower
ID’s. However, mitigating this shortcoming should not be done in a way
that decreases stability, as in highest connectivity clustering without clus-
terhead election preservation. For example, Min-Max D-Clusters attempted
to address this issue by selecting both low and high id nodes as clusterheads

[7].

5.1.2 CDS Construction Techniques

We have discussed example algorithms exploiting the following distributed
CDS construction techniques: greedy, MIS based, Steiner tree based, prun-
ing based, and multipoint relaying. We briefly discuss them in the following.

Das et al.’s greedy algorithms [35, 33, 66] are the distributed implemen-
tations of Guha and Khuller’s algorithms in [44]. These heuristics have high
message complexity due to the global selection of the greedy choice. They
are the first distributed ones proposed for MCDS computation in the con-
text of wireless ad hoc networks. One feature of their scheme is to store the
global topology information only in dominating nodes. This reduces access
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and update overheads for routing. However, their CDS construction requires
two hop neighborhood knowledge. The generated CDS has high approxima-
tion ratio and high implementation complexities (in message and time). In
addition, it is not clear in their algorithm description how each individual
node is informed on when to start the second stage. The CDS maintenance
is expensive too, as their approaches need to maintain a spanning tree.

The MIS based algorithms [6, 25, 23, 69] compute and connect an MIS.
Their performance analysis in unit-disk graphs take the advantage of the
relationship between an MIS and OPT. Algorithms in this category usually
have good performance bound and time/message complexities. They only
need one-hop neighborhood information. However, the single leader based
algorithms [13, 16, 25, 23] require leader election. This drawback makes
them difficult to support localized CDS maintenance. Multiple leader based
algorithms [6, 25] are optimal in message complexity. Compared to single
leader algorithms, they are relatively more practical in local maintenance
since they obviates the rooted spanning tree construction.

Pruning based algorithms [14, 76] prune a large CDS. Wu and Li’s algo-
rithm [76] is the first purely localized CDS construction heuristic. Butenko
et al.’s algorithm [14] has high message complexity due to the global con-
nectivity checking.

Wu and Li’s algorithm [70, 76, 72] is very simple. The localized property
makes the CDS maintenance easier. However, there is no performance anal-
ysis in the original paper [76, 72], which incorrectly analyzes the algorithm’s
time complexity. Ref. [4] corrects the mistake in [76], and proves that Wu
and Li’s algorithm has a linear performance ratio. This algorithm needs at
least two-hop neighborhood information. It is presented based on the gen-
eral graph model, and is extended to directed graph [70]. This is important
for wireless network, as either the disparity of transmission range or the hid-
den terminal problem in physical wireless networks can cause unidirectional
links.

The Steiner tree based CDS construction heuristic in [58] uses a Steiner
tree with minimum number of Steiner points to connect a dominating set,
usually an MIS. Computing Steiner points requires large number of message
exchange.

The multipoint relaying based heuristic [1] is pure localized. This algo-
rithm selects CDS from a multipoint relay set. No complexity analysis for
this algorithm in literature.

We summarize the above analysis for major algorithms in the following
table.
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5.2 Selection of CDS Construction Methods

The design goals of the application dictate the selection from the differ-
ent techniques for creating a virtual network infrastructure. Depending on
the needs of the application, either a WCDS or CDS will be appropriate.
The application requirements will also dictate the balance between bounded
performance and fast operation. Finally, requirements for stability will af-
fect the size and characteristics of the dominating set, as well as the node
selection methodology.

The selection of a WCDS or a CDS depends on the communication re-
quirements between nodes within the dominating set. Routing applications
tend to rely on CDS, since messages must be forwarded along a backbone.
However, if the network topology is highly unstable, a WCDS may be a bet-
ter choice since its smaller size makes it easier to maintain. Likewise, while
intra-cluster coordination functions might be managed within a WCDS,
inter-cluster coordination is probably more easily handled by a CDS. So
if adjacent clusters are using orthogonal codes or different frequency bands,
a WCDS could manage media access within each cluster. However, for a
system-wide media access coordination, a CDS may be more efficient since
it includes nodes needed for clusterhead communication.

In addition to selecting the underlying virtual network infrastructure,
the application developer must select the appropriate balance between per-
formance bounds and fast operation. As seen in the previous examples,
significantly better performance bounds are achievable if the dominating set
is constructed serially as opposed to in parallel. However, the application
may not be able to accommodate the additional time required to construct
the dominating set. Moreover, with mobile nodes, then by the time the
dominating set is constructed, the network topology may have changed such
that the result of the algorithm is not a dominating set.

In addition to performance considerations, the stability requirements
of the dominating set are also crucial for applications that require long-
lasting dominating sets for mobile nodes. The stability of dominating set
can be measured either from the perspective of a dominating set or from
the perspective of a node outside of the dominating set. One may seek to
reduce the rate of CDS change. Alternatively, one may seek to increase the
duration that a node is associated with a given node in the dominating set.
An example of the latter would be to increase the time that a node is in the
cluster of a given clusterhead.

Depending on the definition of stability, different techniques can be em-
ployed. If one seeks to promote the stability of the CDS, then the selection
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of low mobility nodes as members of the CDS is suitable approach.

However, if one also seeks to promote the association stability between
nodes and members of the CDS, then one must create these associations
based on the predictions of relative mobility between nodes. Furthermore,
these predictions are domain-specific - predictions that reflect random mo-
bility are likely to be unsuitable for domains where mobility is constrained.

A common technique in many of these algorithms is enlarging the size
of the dominating set. This achieves greater stability by relaxing the con-
straints on the number of elements in a dominating set that are within radio
range of each other. For the vehicular mobility case, for example, one ends
up with at least two dominating sets - one for each direction of vehicle traffic.
The overlap in these sets allows for both stability of the CDS, and stability
of node association with clusterheads.

6 Conclusions and Discussions

Dominating sets have proven to be an effective construct within which to
solve a variety of problems that arise in wireless networks. Applications
that use dominating sets include media access coordination, unicast and
multicast routing, and energy efficiency.

The needs of these consumer applications drive the design goals of the
dominating set construction algorithms. In our review of these algorithms,
we have examined a number of these considerations. The most obvious is
the choice of target set - a WCDS, CDS, or a d-hop dominating set. Further-
more, the large differences in time and message complexity are the result of
tradeoffs between fast operation and bandwidth efficiency versus dominating
set size. In addition, these algorithms may need to address nodal mobility,
if the dominating set is not transitory. Some algorithms have attempted to
address this problem through the creation of localized maintenance routines
that seek to avoid CDS recreation through a rerunning of the construction
algorithm. Others have also included proactive consideration of nodal mo-
bility in order to promote CDS stability.

As ad hoc wireless networking moves from the research labs to the real
world, additional requirements will certainly arise. Issues that will likely
arise include the security and survivability of CDS-based applications. In
infrastructure-based wireless networks, the infrastructure plays a key role for
security purposes. A perimeter is established around the infrastructure, reg-
ulating access to the network. A CDS could perform similar actions through
forming a virtual network infrastructure. However, significant issues must



362 J. Blum, M. Ding, A. Thaeler and X. Cheng

first be addressed including the real-time assurance of the trustworthiness
of mobile hosts. Similarly, performance of the DS algorithms in the face of
Denial of Service and other security attacks must be evaluated in order to
ensure robust, survivable network functionality.
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length, 57-58, 316

line, 133

link, 219

link quality, 335

linear, 272

linear algebra, 132

linear binary code, 127

linear case, 272

linear combination of equation, 166
linear function, 137

linear map, 137

linear programming (LP), 222
linear programming problem, 224
linear separating surface, 225
linear space, 58

linearity, 298

linearly independent, 136
Lipschhitz continuous, 302
load balance, 331

loct, 332

local search, 285

localized algorithm, 350
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location-based routing, 330
logistics distribution, 299
logsig, 230

long code, 110

long code check, 111

longest edge, 200

lower bound (LB), 37

lower bounding procedure, 288
lower degree polynomial, 144
Lowest Connectivity Clustering, 343
LP dual-ascent algorithm, 41
LP solver, 224

L p-space, 70

LP-relaxation LP (SP), 274
LR-heuristic, 283

L-reduction, 131

MANET, 330

manufacture, 218

many-one reduce, 88

map, 130

market graph, 242

massive dataset, 233

matrix, 92, 223

Max Clique, 114

MAXKk-SAT, 86

MAX SAT, 86

MAX3SAT, 98

MaxClique, 85

MAXCUT,99

maximal cut segment, 314

maximal degree, 338

maximal independent set, 333

maximization of a submodular func-
tion, 18

maximum clique, 246

maximum clique problem, 238

maximum degree, 332

maximum edge-length, 207

Subject Index

maximum reduction, 338

MAXKLIN, 112

MAXKSAT, 112

MAXKCSP, 112

MAXSNP, 99

MAX-3-coloring problem, 120

MAX-MIN, 287

MAX-SNP, 100

MAX-SNP complete problem, 101

mean, 233

media access, 334

medicine, 218

message, 345-346

message complexity, 331

meta-heuristics, 286

metric, 196

metric distance, 227

metric space, 196

military system, 218

Minoux bound, 41

minimal inventory cost, 301

minimize, 222

minimum arborescence, 206

Minimum Cardinality Rectangular
Partition (MCRP), 313

minimum connected dominating set
(MCDS), 331

minimum edge-length partition, 314

Minimum Length Rectangular Par-
tition (MLRP), 313

minimum rectilinear arborescence,
207

Minimum Spanning Tree (MST),
57, 195

Minimum Steiner arborescence, 206

minimum vertex cover, 126

Minkowski plane, 205

Minkowski functional, 58

min-max formulation, 262
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MIP, 147

MIS, 340

MIS Based CDS, 345

mixed-integer, 226

mobile ad hoc networks, 330

mobile adaptive clustering algorithm,
355

mobile host, 352

mobile networks, 331

mobility information, 355

MPSSP, 265, 299

MSEF, 18

multi level Generalized Assignment
Problem, 263, 268

multicast, 335

multigraph, 234

multiphase spanning network prob-
lem, 206

multiphase Steiner network prob-
lem, 206

multiple leader, 345

multiplier, 276

multiplier adjustment method, 279

multipoint relay set, 353

multipoint relaying, 353

multi-degree, 138

multi-hop cluster, 357

multi-knapsack problem, 298

multi-linear function, 147

multi-period, 265

multi-prover interactive proof (MIP),
89

Multi-Resource Generalized Assign-
ment Problem (MRGAP),
263, 267, 297

multi-variate, 159

multi-weight Steiner tree, 205

m-guillotine cut, 322

m-guillotine subdivision, 200
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Naive protocol, 94

Naive repetition, 102-103

neighborhood information, 350

neighborhood subset coverage, 350

network, 194

network model, 332

network representation, 220

network Steiner tree, 194

network-based mathematical pro-
gramming model, 219

neural network, 219

neuron, 248

NEXP, 89

nodal mobility, 354

nonlinear function, 268

nonlinear integer interaction, 267

nonlinear integer problem, 266

nonnegative decision, 300

non-adaptive, 88

non-adaptive-restricted verifier, 95

non-approximability, 85-86

non-approximability ratio, 122

non-approximability result, 97

non-empty subset, 58

non-Euclidean norm, 61

non-increasing, 132

non-leaf, 340

non-localized CDS, 342

non-localized algorithm, 356

non-split task, 271

non-trivial, 227

non-zero, 94

norm, 58, 61

Normal distribution, 44

notion, 176

NP, 86

NP complete, 118

NP complete language, 115

NP hard, 121
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NP hardness, 86

NP-completeness, 282

NP-hard, 119

NP-hard problem, 18

NP optimization, 85

NP optimization problem (NPO),
97

NTIME, 99

Nullstellensatz, 122

number, 221

n-variate polynomials, 139

omni-directional antennae, 332
on-line compendium, 100
on-line Steiner tree problem, 202
ordered pair, 34

ordering matrix, 34
OR-library, 42

open neighbor set, 332

OPT, 130

optical network, 207

optimal solution, 39

optimal solution vector, 277
optimal value, 231
optimization problem, 219

out component, 242

outer verifier, 107

output, 95

out-degree, 239

overhead, 342

overtrain, 224

P, 98

packeting routing, 334
packeting control, 334

pair, 156

pairwise, 124

pairwise disjoint, 124-125
parallel repetition, 102, 104

Subject Index

parallelized two prover PCP, 112

parameterized variety, 143

parity-check matrix, 146

partition segment, 122

partition system, 122

patching algorithm, 14

patched solution, 14

pattern, 218

PCP theory, 86

PCP theorems, 85

Penalized Knapsack Problem (PKP),
275

perm, 39

perfect soundness property, 147

performance, 199

performance bound, 331

performance ratio, 132

phylogenetic tree, 203

piece, 338

piecewise linear, 220

piecewise linear convex, 273

Placement and Interconnect (PI),
314

plain, 58

plane, 58

point, 22

point-wise, 161

polyhedral, 297

polynomial, 133

polynomial code, 174

polynomial identity, 155

polynomial time, 89

polynomial time machine, 87

polynomial-time, 196

polynomially computable function,
97

polynomially solvable relaxation, 8

polytope, 205

power conservation, 331



Subject Index

power law, 241

power management, 334

power-aware connected dominating
set, 351

power-law, 235

power-law graph, 235

power-law model, 235

PPArminus, 25

PPArplus, 25

PPAr (r), 25-26

predictive modeling, 220

Preliminary Preservation (PP), 20

preservation rule, 20

preservation rule of order r, 24

prescribed accuracy level {a), 21

pricing problem, 275

primal heuristics, 299

process control, 314

production plant, 300

probabilistic model, 292

probabilistic verification, 84-85, 87

probabilistic verifier, 123

probabilistically checkable proof
(PCP), 84

probability, 95

probability analysis, 292

probability distribution, 119, 141

probability measure, 140

probability theory, 87

probability variable, 160

projection, 173

projective indexing, 142

proof, 90

proof composition, 102

protocol overhead, 353

proximity measure, 8, 14

pruning-based, 341

pseudo-Boolean formulation, 33

pseudo-Boolean approach, 33
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pseudo-cost function, 284
PSPACE, 89

PTAS, 129

purely localized CDS, 356
p-median, 261

QCP, 18

QSAT, 92-93

quadrant, 207

quadratic cost partition problem,
18

quadratic cost partition instance,
29

Quality of Service (QoS), 334

quasi-clique, 236

quasi-independent sets, 238

quasi polynomial time, 115

radius parameter, 147

RAM, 15

random, 125

random access machine (V), 88

random bit, 103

random line, 153

random pair, 143

random pair of lines, 161

random plane, 143

randomness, 116

randomized decoding procedure, 176

randomized graph product, 102, 108

range, 121

ratio field, 134

Raz’s parallel repetition theorem,
14

rbg, 15

RC, 36

RCAP, 272

real number (R), 134

rectilinear norm, 64
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rectangular partition, 200, 316
rectilinear plane, 63
rectilinear SMT, 323

rectilinear Steiner arborescence tree,

207
rectilinear Steiner minimum tree,
197
rectilinear Steiner tree, 194
recursive partition, 200
recycling random bit, 167
reduced CAP, 282
reduction, 131
redundance broadcast, 335
Reed Solomon code, 146
refined parameter, 101
regression, 220, 225
regression function, 225
regression problem, 226
regular, 3
regular function, 8
relative time, 47
reject, 177
RO, 36
robust, 362
robustness, 291
rooted spanning tree, 346
route discovery, 331
routing, 334
routing application, 360
RP, 37
running time, 323

sausage, 66

searching strategy, 288
segmentation, 227

segmentation restriction, 108
seizure, 250

semi-assignment constraints, 262
Sensor networks, 330

Subject Index

set (S), 7

set cover, 85, 121

set partitioning formulation, 284

set partitioning problem (SP), 273

setcover, 98

set-cover, 124

set-covering problem, 201

shortest arborescence tree, 206

shortest edge, 200

shortest lattice vector (SLP), 127

shortest network, 194

single leader, 345

single-sourcing problem, 265

similar, 236

similarity, 244

similarity criterion, 227

similarity measure, 243

simple plant location problem, 32

simplex, 204

size, 199

smallest, 137

soundness probability, 101

space, 57

spanning tree, 340

special geometric structure, 198

SPLP, 33

spine based routing, 334

stability, 331

standard family, 145

standard variety, 163

static, 301

Steiner, 56

Steiner minimal arborescence, 208

Steiner Minimal Tree (SMT), 56,
194

Steiner minimal tree with minimum
number of Steiner node (ST-
MSN), 341

Steiner pointer, 56, 194
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Steiner problem, 56, 62

Steiner problem of Minimal Tree,
62

Steiner ratio, 56, 62-63

Steiner ratio problem, 198

Steiner tree, 198, 334

Steiner tree packing, 202

Steiner tree problem, 194

Steiner tree problem with minimum
number of Steiner point,
208

Steiner vertex, 201

stochastic model, 293

stock, 242

stock cutting, 314

stock market, 242

STP-MSP, 208

strongly connected component, 242

structure consequence, 129

structure theoretical consequence,
85

structure theory, 85

subclass, 272

subfield, 135

subgradient method, 283

subproblem, 289

subscript, 141

subsequent sharpening, 118

subset, 58

subset sum, 58

subspace, 136

subspace checking, 163

subtree hypergraph, 206

sub-index, 138

sufficient condition, 92

supervised learning, 220

supervised training, 220

supply chain, 218

support, 141
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support vector machines (SVMs),
225

surface, 221

surrogate constraint, 281

survivable network functionality, 281

tabu searching, 287

task, 261

Task BGAP, 268

telecommunication, 218

Tendrils component, 242

terminal, 194

three-dimensional Euclidean space,
203

threshold (8), 244

tightness, 293

tightness parameter, 295

time, 121

TIME, 121

time complexity, 331

time polynomial, 95

topology control, 334

topology update, 331

total error, 231

training, 222

training data set, 248

training procedure, 231

training the classifier, 222

transparent membership proof, 90

true prover, 91

TSP, 292

TSPLIB, 15

Turing machine, 88

two prover protocol, 105

Uniform distribution, 44

upper bound (UB), 8, 37
upper bound on the out-of-sample
error, 225
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upper bounding procedure, 288
undirected graph, 117
uniform, 140

uniform distribution, 141
uniform function, 173
unimodular, 277

union, 148

unit ball, 8, 37

unit-disk graph (UDG), 332
univariate, 158

universal recipe, 252
universe, 124

uni-variate polynomial, 157
unstable, 343

unsupervised learning, 220

vacuum system, 206

variable, 106

variety, 133

various constraint satisfaction prob-
lems, 85

vector, 92

vector solution, 282

vector space, 135

velocity!, 332

verifier, 91

vertex, 121, 219

vertex cover, 126

vertex induced subgraph, 110

vertical 1-dark point, 317

vertical line, 320

vertical middle point, 317

vertical projection, 319

vertical segment, 316

VRP, 292

VLSI, 201

view, 146

virtual network infrastructure, 360

Subject Index

warehouse, 300

wavelength-division multiplexing
(WDM), 207

WDM optical network, 207

weakly connected dominated set
(WCDS), 333

Web Crawl, 241

Web Graph, 240

web search, 240

weight, 145, 227

weight vector, 229

weighted disgraph, 11

weighted sum, 229

wireless network, 330

World-Wide Web (WWW), 239

worst-case, 202

Zero convex program, 274
zero element (0), 58

zero polynomial, 154
ZIME, 122

ZPP, 119

ZPTIME, 117

ZTIME, 122
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