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Abstract 

The multilevel generalized assignment problem (MGAP) differs from the classical GAP in that agents can 
perform tasks at more than one efficiency level. Important manufacturing problems, such as lot sizing, can be 
formulated as MGAPs; however, the large number of variables in the related 0-1 integer program makes the use of 
commercial optimization packages impractical. In this paper, we present a heuristic approach to the solution of the 
MGAP, which consists of a novel application of tabu search (TS). Our TS method employs neighborhoods defined by 
ejection chains, that produce moves of greater power without significantly increasing the computational effort. 

Keywords: Tabu search; Generalized assignment problem; Lot sizing; Resource allocation 

1. Introduction 

The multilevel generalized assignment problem (MGAP) was first described by Glover, Hultz and 
Klingman (1979) in the context of large-scale task allocation in a major manufacturing firm. In general, 
the MGAP consists of assigning n tasks to m agents with a maximum of l efficiency levels. Each task j 
must be assigned to one and only one agent i at a level k. Each agent i has a limited a m o u n t  b i of a 
single resource. An agent i may have more than one task assigned to it, but the sum of the resource 
requirements for these tasks must not exceed b i. The resource requirements of a particular task depend 
on the agent and level to which the task is assigned, and they are denoted by ai j  k (i.e., the resources used 
by task j assigned to agent i at level k). The cost of assigning task j to agent i at level k is represented 
by ci j  ~. In real-world problems, the relationship between cost and resource utilization for any agent- 
level-task assignment is such that if auk,  < a u k ,  then Cij k, > Cijk.. The objective of this combinatorial 
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optimization problem is to minimize the total assignment cost. A 0-1 integer programming formulation 
of the MGAP follows: 

l 
Minimize Z(x)= ~.~ ~ E CijkXijk (1) 

i=1 j = l  k=l  

subject to ~ xi~k = 1, j = 1 , . . . ,  n ,  (2) 
i=1 k=l  

l 
E aijkXijk <- bi, i = 1 , . . . , m ,  (3) 

j = l  k=l  

x q ~ = O o r l ,  i = 1  . . . .  , m ,  j = l , . . . , n ,  k = l , . . . , l .  

In the above model, the binary variable xii k is defined to be 1 if task j is assigned to agent i at the 
k-th level. In the application presented by Glover, Hultz and Klingman (1979), the objective is to 
minimize the combine cost of production and inventory holding by determining optimal product lot sizing 
and optimal assignment of production to machines. There are a maximum of l possible lot sizes, and the 
machines work in parallel at different rates and operational costs. Some general-purpose machines are 
capable of producing several (or all) of the products while others are more specialized. For this 
application, cii ~ represents the combined setup, production, and holding cost (per unit time) incurred 
when product j" is assigned to machine i in the k-th possible lot size. Therefore, for a particular 
product-machine pair, a small lot size results in a large combined cost and vice versa. 

The mathematical model of the MGAP may be graphically represented by means of a network  
(network-related formulation). The field of netforms has allowed OR theoreticians and practitioners to 
formulate problems as networks or generalized networks, even in contexts that do not immediately 
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suggest this possibility (see, e.g., the survey by Glover, Klingman and Phillips 1989). This field also 
introduces notational conventions that make possible the representat ion of problems in a network-re- 
lated framework, including the identification of flow restrictions such as 'all or none '  and 'multiple 
choice'  and integer restrictions in generalized networks. The use of these conventions allows for a 
concise representat ion of network programming problems with 'side conditions'. 

The M G A P  net form consists of n + m nodes and at most m × I × n arcs (i.e., there are at most l 
levels for each agent-task pair). For each source node j there is a fixed supply of one unit, and for each 
destination node i there is a demand that must not exceed b i units. Every arc has a lower and an upper  
bound set to zero and one, respectively. The flows in every arc are restricted to be integers, therefore 
they can only be  0 or 1. There  is also a cost co. a and multiplier ao. k for  every arc, which respectively 
identify the cost and capacity requirement  for a task j that is being assigned to agent i at level k. The 
combination of arc multipliers and the %1 integer restriction results in a netform that is generally 
referred to as integer network or 0-1  generalized network.  A diagram of the M G A P  netform appears  in 
Fig. 1, where costs are enclosed in boxes, multipliers are enclosed in triangles, and integer restrictions for 
arc flows are indicated by asterisks. 

M G A P  formulations of  ' real-world '  problems contain a large number  of  binary variables, eliminating 
(for a l l  practical purposes) the possibilii:y of finding optimal solutions. In the following sections we 
present  a heuristic approach to the solution of large MGAPs.  Our  method is based on the tabu search 
methodology, and incorporates a number  of novel features, including the use of a highly effective move 
mechanism derived f rom the notion of ejection chains defined on the M G A P  netform. 

2. Ejection chains 

A neighborhood structure for defining moves, based on the notion of ejection chains, was introduced 
by Glover (1991) in the context of the traveling salesman problem. The proposed method may be 
implemented at a variety of levels resulting in an interplay between simplicity of programming and 
sophistication of search. The neighborhoods defined by ejection chains provide the foundation for the 
more  advanced levels of  the solution method.  Such neighborhoods are designed to produce moves of 
greater  power with an efficient investment of computer  effort. 

An ejection chain is an embedded  neighborhood construction that  compounds the neighborhoods of 
simple moves to create more  complex and powerful moves. A very simple move definition for the M G A P  
is one that  changes the value of xii ~ f rom 0 to 1 and the value of Xi,jk, f rom 1 to 0. In terms of the 
netform representation, this simple move is equivalent to deleting the k-th arc going f rom node j to node 
i, and inserting arc k '  that goes from node j to liode i'. (Note that in this contexrt it is possible for node i' 
to be the same as node i representing a change of efficiency levels within the same agent.) An ejection 
chain results by allowing this move to 'eject '  an element  (or arc) at node i', which must then be 
' reposi t ioned '  (replaced by another  arc f rom the same source) to lead to some new node i". The 
destination node i" is given in the form of a pointer  for each task, to avoid the computational  cost of 
searching for a new agent to assign the task ejected by j. The process may continue through additional 
nodes until a suitable termination criterion is met.  Our  adaptat ion of the ejection chain idea to the 
present  setting may be viewed as a heuristic generalization of a weighted alternating path  approach, as 
applied in the solution of matching problems. 

Before we present  the different types of ejection chains used in our implementation,  let us define si, 
the capacity slack of agent i, as follows. Let  .x  be a given solution to the M G A P  that satisfies the 
assignment constraints (2) but does not necessarily mee t  the capacity restrictions (3), then 

~ l ' 

Si = bi - E aijkXiik. 
j=l  k=l 
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Table 1 
Ejection chains 
Type Leaving arcs Entering arcs Feasibility condition 

Simple (a) ( i l i  Jl, kl) (il, Jl, k2) 
(b) (il, ]1, kl) (i2, Jl, k2) 

Double (a) (il, Jl, ka)(i~, J2, k3) (ii, Jl, k2)(il, J2, k4) 
(b) (il, Jl, kl)(il, Jz, k3) (il, Jl, k2)(i2, J2, k4) 
(C) (ii, JI, kl)(iz, Jz, k3) (i2, Jl, k2)(i2, J2, k4) 
(d) (il, Jl, klXi2, J2, k3) (i2, Jl, k2Xi3, J2, k4) 

Circular (il, Jl, kl)(i2, J2, k3) (i2, Jl, k2)(il, J2, k4) 

Sil q- a i l J l k l  --  ai lJ lk2 >_ 0 
Si2 -- ai2Jlk2 >__ 0 

Sil "b a i l ] l k l  "[- ailJ2k3 --  a i lJ lk2  --  ailJ2k4 >__ 0 
Sil -}- a i l j l k l  -}- ailJ2k3 --  a i lJ lk2  >_ 0 

si2 -b ai2J2k3 - a i z i l k2  -- ai2J2k4 ~ 0 
Si2 q- ai212k3 --  a i z i l k2  >_ 0 

Si2 d- aiz i2k3 --  ai2Jlk2 > 0 

Our search procedure assures that the assignment constraints (2) are always satisfied; however, 
infeasibility may occur due to the violation of the capacity constraints (3). Therefore,  infeasible solutions 
are those for which s/ is strictly less than zero for at least one i. A measure of infeasibility, v, of an 
assignment-feasible solution x, may be defined as the absolute value of the sum of all the  negative 
capacity slacks, i.e., v(x) = abs(Em= 1 min(si, 0)). Feasibility plays an important role in the selection of the 
ejection chains defined within our solution procedure. 

Table 1 summarizes the types of ejection chains that are used to construct the candidate list of moves 
at each iteration of our solution approach. The first column of this table assigns a name to each type of 
chain. The next two columns show the entering and leaving arcs (or binary variables) within the chain. 
An arc is considered to be 'entering' when its flow changes from the lower limit 0 to the upper  limit 1. A 
leaving arc is one for which its flow changes from 1 to 0. The feasibility condition of each chain assures 
that the capacity constraint of the 'ejection' node is satisfied. The ejection node is simply the index of the 
agent where an ejection occurs. For very small problems (i.e., n < 10 and m × 1 < 5), there may be 
solution states for which no chain satisfies the feasibility condition. In these situations, the condition is 
relaxed, and the chains are selected in such way that the infeasibility in the ejection node is minimized. 
The entering arc associated with task J2, e.g., arc (i3, J2, k4), is selected such that the difference between 
its cost and the cost of the leaving arc, e.g., (i2, J2, k3), is minimized (i.e., Ci312k4 - -  Ci2J2k3 is minimum). 
Appendix A shows a graphical representation of the ejection chains summarized in Table 1. 

3. Tabu search 

Early heuristic procedures based on the tabu search (TS) framework typically focused on short term 
memory issues. Most implementations consisted of simple fixed-size tabu lists as the primary design for 
short term memory, and some type of re-starting mechanism to achieve a limited level of diversification. 
However, recent TS applications for the solution of hard combinatorial optimization problems (see e.g., 
Kelly, Golden and Assad 1993; Glover and Laguna, 1993; Crainic et al., 1991) have shown the merit of 
designing procedures that contain more elaborate intensification and diversification strategies. In our TS 
method for the solution of the MGAP, we have designed a tabu structure that consists of multiple 
dynamic tabu lists with a long term memory component,  and a strategic oscillation element that allows 
searching paths to cross the capacity-feasibility boundary. 

After  a move has been executed, the leaving arcs (or arc, in the case of a simple chain) become(s) 
tabu. The number of iterations that a leaving arc remains tabu is a function of three elements: (1) the 
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number of alternative arcs out of the same node as the leaving arc; (2) the difference between the ranks 
of the leaving and entering arcs; and (3) the frequency that the leaving arc has been a member of a 
previously selected ejection chain. Let the  leaving and the entering arcs be (iL, J, kL) and (iE, J, kz), 
respectively. Then, the number of iterations that (iL, J, kL) will remain tabu (i.e., the time in which the  
leaving arc is not allowed to be part of the solution), is given by the following expression: 

3 
tabu_t ime( iL,  j ,  kL) = K( j )  -~ + 

A ~ m X I X q~(iL, J, kL) 

2 ( K ( j )  -- 1) ] "}- ~max 

where: 
~b(iL, j, kL) = 
(~ ITIaX 

= 

A =  
p(i, j, k ) =  

Number of times arc (iL, j, k L) has been part of an executed move. 
Maximum ~b(iL, j, kL) , for all i, j, k. 
Number of arcs out of node j. 
P(iL, J, k L ) -  p(iE, j, kE). 
The position of the arc  (i, j, k) when all arcs out of node j are ordered by increasing 
value of the cost - resource  ratio. 

The minimum tabu_t ime value is K(j) and occurs when the entering arc has the worst cost-resource 
ratio (i.e., p(iE, j, k E) = K(j)), the leaving arc has never before been part  of an executed chain (i.e., 
~b(i L, j, k L) = 0), and the •leaving arc's cost-resource ratio is the best (i.e., P(iL, j, k L) = 1). The 
maximum tabu_t ime value is 2 × K(j) + m × l and occurs when p(iE, j, k E) = 1, p(iL, j, k L) = K(j), and 
6(iL, j, kL)= 6max" 

The tabu structure defined above may be viewed as a form of multiple lists of dynamic size. There  is 
one list for each task j and the size depends on the number of possible ways that the task can be 
assigned (i.e., the number of arcs out of node j). The long term memory element Of the list is 
implemented in form of a frequency count. This component does not depend on the tasks and it is only a 
function of the history of the current search. The tabu status of a move is overridden if the move leads 
the search to the best feasible solution ever found. 

T h e  start ing point for the TS procedure is the solution x 0 that results from selecting the arc with the 
lowest cost oUt of each node j'. The objective function Z(x  o) is then a lower bound to Z(x*), where x* is 
the global optimum. Therefore,  if v(x o) = 0 then x 0 is the optimal solution. However, it has been shown 
(Fisher, Jaikumar and Van Wassenhove, 1986) that Z(x  o) is generally a poor  lower bound to the 
single-level GAP. In the tabu search methodology, it is important to create best move definitions that 
depend on the search state. In our approach, we establish the relationship between the solution state and 
the best neighbor of the current solution in the following manner. Let x be the current solution, x' the 
neighbor solution for which  Z ( x ' ) -  Z(x)  is minimum (hence, typically v(x ' )> 0), and x" be the 
neighbor solution for which v ( x " ) -  v(x) is minimized (here, ties are broken with reference ~to the 
change on the objective function value), then the best neighbor is defined as follows: 

Solution state Best neighbor 

> o x" 

v(x)  = 0  and v ( x" )>O x' 
v (x )  = 0 and v(x") : 0 and Z(x")  < z x" 
v (x )  = 0 and v(x") = 0 and Z(x")  > z x' 

When the current solution is infeasible, the best neighbor is the one that reduces infeasibility the 
most. When the search is inside the feasible region, but no neighbor exists within this region, the search 
moves to be infeasible neighbor with the smallest objective function value. Nonimproving moves within 
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the feasible region are accepted as long as the resulting objective function value does not exceed the 
threshold ~-. The search is forced into infeasibility when the objective function values of the neighboring 
feasible solutions exceed the z-value. The ~--value is defined as the objective function value of the first 
solution found during the last time the search entered the feasible region. A record is kept of the best 
solution (x B) found every time the search enters feasibility. If m × l × n iterations elapse without 
improving Z ( x  B) then z is reset to Z(x )  causing the next nonimproving search state to select an 
infeasible neighbor. 

4. Computational experiments 

A number of optimal procedures for the single-level GAP have been reported in the literature (see, 
e.g. Barcia and J6rnsten, 1990; Fisher, Jaikumar and Van Wassenhove, 1986; Guignard and Rosenwein, 
1989; J6rnsten and N~isberg, 1986; Klastorin, 1979; Martello and Toth, 1990; Ross and Soland, 1975). A 
comprehensive review of these methods can be found in Osman (1991). One of the most referenced 
papers in this area is the work by Ross and Soland (1975). This paper describes a branch-and-bound 
procedure for the optimal solution of the classical single-level GAP. The computational experiments 
'apparently' show that the method is able to optimally solved problems with up to 4000 binary variables 
(20 agents and 200 tasks). However, through the course of our research we have been able to determine 
that the problems used by Ross and Soland (1975) are easily solvable by commercial optimization 
packages using a 'generic' branch-and-bound procedure. Specifically, we generated 7 problems with 20 
agents and 200 tasks using the random generator described in Ross and Soland (1975). (This generator 
was later referred to as A in Martello and Toth (1981).) We were able to solve these problems to 
optimality using the Cplex(MIP) optimization package. The median number of nodes generated by Cplex 
was 35, which compares favorable with the median of 75 obtained in a similar experiment reported in 
Ross and Soland (1975). The corresponding CPU times have a median value of 7.27 seconds using a 
DECstation 5000/120. Fisher, Jaikumar and Van Wassenhove (1986) have also experimentally shown 
that Ross and Soland's method is not able to solve quite small problem (5 agents and 20 tasks) when 
these problems are generated using a design that establishes an inverse relationship between cost and 
resources for every agent-task pair. From the four generators described in Martello and Toth (1981), 
only the one labeled D relates the cost and resource requirement values. After initial experimentation 
with problem generators A, B, and C, we determined that the problem instances did not represent a 
challenge for our procedure and decided to discontinue the use of these random problems. 

The first set of experiments are focused on measuring the merit of our procedure in the single-level 
case. We generated 100 D-type problems with 5 agents and 20 tasks, and solved them to optimality using 
the branch-and-bound procedure described in Martello and Toth (1990). The D generator uses the 
following integer uniform distribution functions: 

aij ~ Uniform[i,  100], 

cij = 111 - aij + Uniform[ - 10, 10], 

The results of running 100 thousand iterations of the TS procedure (which corresponds to approximately 
250 CPU seconds of the DECstation 5000/120) for each problem are presented in Table 2. 
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Table 2 
Experiments with 100 D-type problems with 5 agents and 20 tasks 

Tabu Search M&T Heuristic M&T Exact 

Optimal solutions 94 0 100 
Percentage deviation from optimality: 

Minimum 0.000 0.567 0.000 
Average 0.014 7.958 0.000 
Maximum 0.715 15.028 0.000 

CPU seconds to best (optimal): 
Average 24.75 0.00613 27.93 
Maximum 244.98 0.00781 356.27 

The column labeled ' M & T  Heuristic' in Table 2 corresponds to the heuristic procedure used by 
Martello and Toth (1990) to find an upper bound at the top level of the branching tree. This heuristic is 
extremely fast, as indicated by its average and maximum running times, but its average deviation from 
optimality is approximately 8%. The TS procedure is able to find 94 out of 100 optimal solutions, and 
this number may be increased by allowing the search to continue beyond 100 000 iterations. However, for 
this kind and size of problem the exact method developed by Martello and Toth seems to be preferable, 
since it finds all optimal solutions within 6 minutes of CPU time. 

Although the branch and bound procedure performs extremely well on relatively small problem 
instances, our conjecture is that as the problems increase in size, the TS method becomes more attractive 
in terms of the tradeoff between solution quality and computational effort. In order to investigate this 
issue, we created a set of 10 D-type problems with 5 agents and 25 tasks. Note that the problems in this 
set contain only 5 more tasks than those in the previous experiment (i.e., these problems are only 25% 
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larger). Since finding and confirming optimal solutions to these problems requires an unreasonable 
amount of computer  time, we compare the average solution quality of the M & T  branch-and-bound and 
our TS method during the first 5 minutes of CPU time. A plot of the average solution value versus CPU 
seconds is presented in Fig. 2. This figure shows that the TS procedure is able to obtain a better  average 
solution than the M & T  branch-and-bound during the specified running time. It is reasonable to 
conclude that the TS method should be preferred over the M & T  exact procedure for problems where 
the product  of the number of agents and tasks (i.e., the number of binary variables in the integer 
programming model) exceeds 100. 

One of the goals of our experimentation is to show that the TS method is robust and maintains a good 
level of performance across experiments with structurally different problem instances of various sizes. 
We emphasize that our procedure requires no adjustment of parameters,  hence eliminating the need for 
preliminary experiments to ' tune'  the method. A structurally different set of problems may be obtained 
by allowing the resource requirements to be distributed according to an exponential distribution. This 
probability function more accurately captures the disparity among equipment in actual production 
facilities, where the setup time for highly specialized machines greatly differs from the time taken to 
prepare general purpose machinery. The following is a description of a random problem generator that 
we would like to label with the letter E. This generator may be used to create random instances of full or 
sparse single and multilevel GAPs. 

aij  k = 1 - 10 × In(Uniform(O, 1]) with probability p ,  and with 
probability 1 - p  arc ( i ,  j ,  k )  is not included, 

¢ijk = l O 0 0 / a i j k  -- 10 X Uniform[O, 1], 

b i = m - -  X E aijk , m a x  a i j  k . 
m j = l k = l  x i ( J )  aUj,k 

i 

In the equation to calculate the bi-values, xi( j )  denotes the number of arcs going from node j to node i. 
For single-level problems with p = 1, K i ( j )  has a value of 1 for all values of i and j. 

We used the E generator to create single-level GAP instances with 5 agents and number of tasks 
ranging from 15 to 20. For each size, 10 problems were  generated and optimally solved with Martello and 
Toth's procedure (labeled M & T  in Fig. 3). The TS method was able to match the optimal solutions in 
every case (i.e., 60 instances). The average CPU time (in seconds) to optimality was computed for each 
problem size and the results are shown in Figure 3. Note that the vertical axis is a logarithmic scale. 
Hence,  it is clear from this figure that the TS procedure consistently finds optimal solutions in several 
orders of magnitude less time than the M & T  approach, and that this difference becomes more extreme 
as the problem size increases (e.g., the average time to optimality for problems with 5 agents and 20 tasks 
is 1.28 seconds for the TS method and 4944.81 seconds for Martello and Toth  branch-and-bound). This 
figure also illustrates the difficulties encountered by the branch-and-bound designed by Martello and 
Toth  in solving problem instances where the coefficients are not uniformly distributed. 

The next set of experiments focuses on assessing the performance of the TS method on instances of 
the MGAP for different p-values. For  these experiments we use the E generator to create 9 sets of 10 
problems with numbers of agents and levels ranging from 3 to 5, numbers of tasks ranging from 20 to 40, 
and p-values of 1, 0.75, and 0.5. The best (upper-bound) solutions for these problems were found using 
Cplex(MIP), since the Martello and Toth method does not apply to this problem and, to the best of our 
knowledge, no specialized optimal procedure exists for the solution of the MGAP. 

Table 3 summarizes the results from solution trials of 180 CPU seconds for every problem in each set. 
The time limit was chosen to allow Cplex to run under  the 'best-bound' branch-and-bound strategy 
without exhausting the random access memory of our computer  (16 megabytes). The two 'Time to Best' 
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columns in Table 3 contain the average CPU seconds that each procedure required to find its best 
solutions to each problem. The two 'Objective Value' columns identify the average value of the best 
solutions found, within the specified time limit, by the corresponding methods. The 'Model size' column 
gives the average number of binary variables in the MIP formulation. The values in the column labeled 
'Optima' indicate the number of problems for which Cplex confirmed optimality. The TS solutions are 
on the average at least as good as the Cplex solutions in 7 out of 9 cases. This experiment disclosed the 
that the TS procedure experienced more difficulty with sparse problems where the number of levels is 
larger than the number of agents. However, the average deviation from optimality for the problems in 
the (0.75: 3, 5, 25) set is only 0.33%. 

Our final experiment consists of using the TS method to obtain the best known solution to a 
real-world lot sizing problem. The problem is to find the optimal lot sizes for 30 jobs that are to be 
processed on 7 machines with equal capacity of 2106 units. Each job may be processed in up to 3 
different lot sizes. This problem results in an integer programming formulation with 338 binary variables 
(i.e., the coefficient matrix is approximately 54% full) and 37 constraints. Appendix B contains the data 

Table 3 
Summary of results for MGAP instances 

Problem set TS Method Cplex (MIP) 

(p: m, l, n) Time to Best Objective Value Time to Best Objective Value Model Size Optima 

(1.0: 3, 5, 20) 65.028 2280.6 77.121 2280.6 300 4 
(1.0: 5, 3, 20) 82.079 1664.2 79.429 1705.8 300 0 
(1.0: 4, 4, 20) 62.508 1985.6 106.156 2020.6 320 0 
(0.75: 3, 5, 25) 98.098 3005.1 68.865 2995.2 281 10 
(0.75: 5, 3, 25) 89.459 2660.5 91.889 2734.2 280 0 
(0.75: 4, 4, 25) 79.752 2889.1 115.176 2909.9 298 1 
(0.5: 3, 5, 40) 87.391 5184.8 67.239 5159.3 299 8 
(0.5" 5, 3, 40) 108.575 5406.3 76.547 5591.8 300 1 
(0.5: 4, 4, 40) 90.424 5174.8 103.7i7 5195.0 320 2 
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for this problem as expressed in a netform representation. The problem was run on Cplex(MIP) for more 
than 50 hours, this time using the 'depth-first' strategy to avoid computer memory problems. Cplex(MIP) 
was unable to find a single feasible solution during this time. The best solution found by our TS 
approach, and therefore the best known solution to this problem, has an objective function value o f  
691 634, and it was found in 120.07 CPU seconds. 

5. Conclusions 

We have presented a TS method with search neighborhoods defined by ejection chains for the 
solution of MGAP instances. Our procedure has been also tested on difficult single-level GAP instances 
and has shown a consistently high level of performance. Furthermore, the procedure does not require 
parameter adjustments to maintain its high performance level when solving a variety of structurally 
different problems. This represents a notable departure from most heuristic approaches. The TS method 
was also successful in finding a feasible solution to a real-world problem for which a state-of-the-art and 
commercially available optimization package was unable to find any feasible solutions. 

There are several avenues for refining and extending our work. Strategies of scaling the capacity 
requirements (and hence the arc multipliers) have been proved useful in settings employing surrogate 
constraints (Glover, 1977; Freville and Plateau, 1991). In addition, infeasibility measures based on 
accentuating the scaled constraint violations (as by squaring) may also be relevant where problem 
coefficients are not congenially distributed. Beyond this, our restriction to ejection chains of at most two 
links is not at all essential, and the incorporation of larger ejection chains may yield additional benefits. 

Appendix A 
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Fig. A.1. Ejection chains. 
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Table B.l 

Arc No. Agent Task Level cost Resources Arc No. Agent Task Level Cost Resources 

1 1 1 1 46743 1176 56 1 28 2 54007 152 
2 1 1 2 48745 1020 57 1 28 3 57630 1100 

3 1 1 3 52644 968 58 1 29 1 49072 1211 
4 1 2 1 33871 654 59 1 29 2 51696 1031 

5 1 2 2 36358 598 60 1 29 3 56507 971 

6 1 3 1 5627 165 61 1 30 1 6029 174 

7 1 4 1 45488 686 62 2 1 1 36984 1004 

8 1 5 1 35757 575 63 2 1 2 39161 848 

9 1 6 1 12809 332 64 2 1 3 43261 796 

10 1 6 2 13493 272 65 2 2 1 26475 725 

11 1 7 1 35008 692 66 2 2 2 26477 557 

12 1 7 2 37535 624 67 2 2 3 29020 501 
13 1 8 1 5748 168 68 2 10 1 23961 478 

14 1 9 1 6268 181 69 2 10 2 25636 414 

15 1 10 1 25717 550 70 2 11 1 22547 539 

16 1 10 2 27324 486 71 2 11 2 24256 479 

17 1 11 1 27610 629 72 2 13 1 47780 1094 

18 1 11 2 29271 569 73 2 13 2 51446 902 

19 1 12 1 26139 748 74 2 13 3 58008 838 

20 1 12 2 27209 568 75 2 15 1 15039 365 
21 1 12 3 30466 508 76 2 15 2 16194 313 
22 1 13 1 54914 1272 77 2 18 1 35016 837 

23 1 13 2 58356 1080 78 2 18 2 36525 645 

24 1 13 3 64657 1016 79 2 18 3 40893 581 

25 1 14 1 13828 353 80 2 19 1 28299 815 

26 1 14 2 14581 293 81 2 19 2 28790 659 

27 1 15 1 18003 417 82 2 19 3 31177 607 

28 1 15 2 19112 365 83 2 21 1 33153 874 

29 1 16 1 5967 163 84 2 21 2 33915 718 

30 1 17 1 21478 640 85 2 21 3 36599 666 
31 1 17 2 21811 484 86 2 23 1 4845 150 

32 1 17 3 24040 432 87 2 24 1 6243 176 

33 1 18 1 39658 950 88 2 28 1 41039 1109 

34 1 18 2 41083 758 89 2 28 2 42972 953 

35 1 18 3 45368 694 90 2 28 3 46802 901 

36 1 19 1 37927 940 91 2 29 1 39506 1041 

37 1 19 2 38342 784 92 2 29 2 42346 861 

38 1 19 3 40653 732 93 2 29 3 47374 801 

39 1 20 1 19894 451 94 3 1 1 36984 1004 

40 1 20 2 21249 399 95 3 1 2 39161 848 

41 1 21 1 41669 1015 96 3 1 3 43261 796 
42 1 21 2 42338 859 97 3 2 1 26475 725 

43 1 21 3 44931 807 98 3 2 2 26477 557 
44 1 22 1 42341 1063 99 3 2 3 29020 501 

45 1 22 2 44401 883 100 3 10 1 23961 478 
46 1 22 3 48684 823 101 3 10 2 25636 414 

47 1 23 1 5733 162 102 3 11 1 22547 539 

48 1 24 1 7623 193 103 3 11 2 24256 479 

49 1 25 1 9606 280 104 3 13 1 44940 1094 

50 1 25 2 9696 220 105 3 13 2 48606 902 

51 1 26 1 11003 300 106 3 13 3 55168 838 

52 1 26 2 11389 248 107 3 15 1 15039 365 

53 1 27 1 12211 324 108 3 15 2 16194 313 

54 1 27 2 12748 264 109 3 18 1 33206 837 
55 1 28 1 52281 1308 110 3 18 2 34715 645 
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Table B.1 (continued) 

Arc No. Agent  Task Level Cost Resources  Arc No. Agent  Task Level Cost Resources  

111 3 18 3 39083 581 166 4 21 3 44931 807 
112 3 19 1 28299 815 167 4 22 1 42341 1063 
113 3 19 2 28790 659 168 4 22 2 44401 883 
114 3 19 3 31177 607 169 4 22 3 48684 823 
115 3 21 1 33153 874 170 4 23 1 5733 162 
116 3 21 2 33915 718 171 4 24 1 7623 193 
117 3 21 3 36599 666 172 4 25 1 9606 280 
118 3 23 1 5029 150 173 4 25 2 9696 220 
119 3 24 1 6243 176 174 4 26 1 11003 300 
120 3 28 1 41039 1109 175 4 26 2 11389 248 
121 3 28 2 42972 953 176 4 27 1 12211 324 
122 3 28 3 46802 901 177 4 27 2 12748 264 
123 3 29 1 39506 1041 178 4 28 1 52281 1308 
124 3 29 2 42346 861 179 4 28 2 54007 1152 
125 3 29 3 47374 801 180 4 28 3 57630 1100 
126 4 1 i 46743 1176 181 4 29 1 49072 1211 
127 4 1 2 48745 1020 182 4 29 2 51696 1031 
128 4 1 3 52644 968 183 4 29 3 56507 971 
129 4 2 1 33871 654 184 4 30 1 6029 174 
130 4 2 2 36358 598 185 5 1 1 36984 1004 
131 4 3 1 5807 165 186 5 1 2 39161 ' 8 4 8  
132 4 4 1 47288 686 187 5 1 3 43261 796 
133 4 5 1 36729 575 188 5 2 1 26475 725 
134 4 6 1 13417 332 189 5 2 2 26477 557 
135 4 6 2 14100 272 190 5 2 3 29020 501 
136 4 7 1 35008 692 191 5 10 1 23961 478 
137 4 7 2 37535 624 192 5 10 2 25636 414 
138 4 8 1 5558 168 193 5 11 1 22547 539 
139 4 9 1 6268 181 194 5 11 2 24256 479 
140 4 10 1 24287 550 195 5 13 1 47780 1094 
141 4 10 2 25894 486 196 5 13 2 51446 902 
142 4 11 1 27610 629 197 5 13 3 58008 838 
143 4 11 2 29271 569 198 5 15 1 15039 365 
144 4 12 1 26139 748 199 5 15  2 16194 313 
145 4 12 2 27209 568 200 5 18 1 35016 837 
146 4 12 3 30466 508 201 5 18 2 36525 645 
147 4 13 1 54914 1272 202 5 18 3 40893 581 
148 4 13 2 58356 1080 203 5 19 1 28299 815 
149 4 13 3 64657 1016 204 5 19 2 28790 659 
150 4 14 1 13828 353 205 5 19 3 31177 607 
151 4 14 2 14581 293 206 5 21 1 30905 874 
152 4 16 1 5957 163 207 5 21 2 31667 718 
153 4 17 1 21478 640 208 5 21 3 34351 666 
154 4 17 2 21811 484 209 5 23 1 5029 150 
155 4 17 3 24040 432 210 5 24 1 6243 176 
156 4 18 1 39658 950 211 5 28 1 41039 1109 
157 4 18 2 41083 758 212 5 28 2 42972 953 
158 4 18 3 45368 694 213 5 28 3 46802 901 
159 4 19 1 37927 940 214 5 29 1 39506 1041 
160 4 19 2 38342 784 215 5 29 2 42346 861 
161 4 19 3 40653 732 216 5 29 3 47374 801 
162 4 20 1 18714 451 217 6 1 1 46743 1176 
163 4 20 2 20069 399 218 6 1 2 48745 1020 
164 4 21 1 41669 1015 219 6 1 3 52644 968 
165 4 21 2 42338 859 220 6 2 1 33871 654 



188 M. Laguna et al. / European Journal of Operational Research 82 (1995) 176-189 

Table B.1 (continued) 

Arc No. Agent Task Level Cost Resources Arc No. Agent Task Level Cost Resources 

221 
222 
223 
224 
225 
226 
227 
228 
229 
230 
231 
232 
233 
234 
235 
236 
237 
238 
239 
240 
241 
242 
243 
244 
245 
246 
247 
248 
249 
250 
251 
252 
253 
254 
255 
256 
257 
258 
259 
260 
261 
262 
263 
264 
265 
266 
267 
268 
269 
270 
271 
272 
273 
274 
275 

2 2 36358 598 276 
3 1 5807 165 277 
4 1 47288 686 278 
5 1 36729 575 279 
6 1 13417 332 280 
6 2 14100 272 281 
7 1 33055 692 282 
7 2 35582 624 283 
8 1 5748 168 284 
9 1 6268 181 285 

10 1 25717 550 286 
10 2 27324 486 287 
11 1 27610 629 288 
11 2 29271 569 289 
12 1 26139 748 290 
12 2 27209 568 291 
12 3 30466 508 292 
13 1 51364 1272 293 
13 2 54806 1080 294 
13 3 61107 1016 295 
14 1 13828 353 296 
14 2 14581 293 297 
15 1 18003 417 298 
15 2 19112 365 299 
16 1 6195 163 300 
17 1 22788 640 301 
17 2 23121 484 302 
17 3 25350 432 303 
18 1 37396 950 304 
18 2 38821 758 305 
18 3 43105 694 306 
19 1 37927 940 307 
19 2 38342 784 308 
19 3 40653 732 309 
20 1 21074 451 310 
20 2 22429 399 311 
21 1 41669 1015 312 
21 2 42338 859 313 
21 3 44931 807 314 
22 1 39531 1063 315 
22 2 41591 883 316 
22 3 45874 823 317 
23 1 5733 162 318 
24 1 7623 193 319 
25 1 9606 280 320 
25 2 9696 220 321 
26 1 11003 300 322 
26 2 11389 248 323 
27 1 12211 324 324 
27 2 12748 264 325 
28 1 52281 1308 326 
28 2 54007 1152 327 
28 3 57630 1100 328 
29 1 49072 1211 329 
29 2 51696 1031 330 

6 
6 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 -  
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 

29 3 56507 971 
30 1 6029 174 

1 1 50201 1176 
1 2 52203 1020 
1 3 56101 968 
2 1 33871 654 
2 2 36358 598 
3 1 5627 165 
4 1 45488 686 
5 1 35757 575 
6 1 12809 332 
6 2 13493 272 
7 1 33055 692 
7 2 35582 624 
8 1 5748 168 
9 1 6268 181 

10 1 24287 550 
10 2 25894 486 
11 1 27610 629 
11 2 29271 569 
12 1 26139 748 
12 2 27209 568 
12 3 30466 508 
13 1 54914 1272 
13 2 58356 1080 
13 3 64657 1016 
14 1 13828 353 
14 2 14581 293 
15 1 18003 417 
15 2 19112 365 
16 1 5957 163 
17 1 21478 640 
17 2 21811 484 
17 3 24040 432 
18 1 39658 950 
18 2 41083 758 
18 3 45368 694 
19 1 37927 940 
19 2 38342 784 
19 3 40653 732 
20 1 21074 451 
20 2 22429 399 
21 1 41669 1015 
21 2 42338 859 
21 3 44931 807 
22 1 42341 1063 
22 2 44401 883 
22 3 48684 823 
23 1 5733 162 
24 1 7623 193 
25 1 9606 280 
25 2 9696 220 
26 1 11865 300 
26 2 12251 248 
27 1 12211 324 
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Table B.i (continued) 

189 

Arc No. Agent Task Level Cost Resources Arc No. Agent Task Level Cost Resources 

331 7 27 2 12748 264 335 7 29 1 49072 12!i 
332 '  7 28 1 52281 1308 336 7 29 2 51696 1031 
333 7 28 2 54007 1152 337 7 29 3 56507 971 
334 7 28 3 57630 1100 338 7 30 1 6029 174 
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