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The capacitated p-median problem is the variation of
the well-known p-median problem in which a demand
is associated to each user, a capacity is associated to
each candidate median, and the total demand of the
users associated to the same median must not exceed
its capacity. We present a branch-and-price algorithm,
that exploits column generation, heuristics and branch-
and-bound to compute optimal solutions. We compare
our branch-and-price algorithm with other methods pro-
posed so far, and we present computational results both
on test instances taken from the literature and on ran-
dom instances with different values of the ratio between
the number of medians and the number of users. © 2005
Wiley Periodicals, Inc. NETWORKS, Vol. 45(3), 125-142 2005
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1. INTRODUCTION

The p-median problem (PMP) is one of the most widely
studied problems in location theory. It consists of partition-
ing the vertices of a given graph into p subsets and to choose
a median vertex in each subset, minimizing the sum of the
distances between each vertex of the graph and the median
of its subset. The PMP arises in many different contexts such
as network design, telecommunications, distributed database
design, transportation, and distribution logistics. Kariv and
Hakimi [14] proved that the PMP is A/P-hard. Optimiza-
tion algorithms based on Lagrangean relaxation have been
proposed in [2, 4, 5, 21] and approaches based on dual for-
mulations are illustrated in [9, 11]. A survey on the PMP can
be found in [22].

If medians represent facilities providing a certain service
and each vertex of the graph represents a user who requires
that service, it is natural to introduce capacity constraints, so
that the sum of the demands of the users assigned to each
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facility is forced not to exceed the capacity of that facility.
This yields the capacitated p-median problem (CPMP).
Algorithms devised for the uncapacitated PMP cannot be
adapted to the CPMP in a straightforward way: even find-
ing a feasible solution is NP-complete when capacities are
considered.

Very recently, two heuristic algorithms for the CPMP
have been presented: Lorena and Senne [16] followed a col-
umn generation approach, finding good solutions on real
instances with up to 402 vertices, while Diaz and Fernan-
dez [7] attacked an instance with 737 vertices through hybrid
scatter search and path relinking.

In this article we deal with exact optimization algorithms
for the CPMP. The optimization of the CPMP can be pur-
sued through the adaptation of an algorithm developed by
Pirkul [25] for the capacitated concentrator location prob-
lem (CCLP): the CCLP is similar to the CPMP in that it
involves the allocation of a set of indivisible users’ demands
to capacitated facilities, but the number of facilities to be
used is not fixed; instead, a cost is incurred for each facil-
ity used. The algorithm is based on Lagrangean relaxation
and branch-and-bound, and it can solve the CCLP to opti-
mality on graphs with up to 100 vertices in a few minutes.
Another approach was suggested by Ross and Soland [27],
and consists of the reformulation of CPMP instances as gener-
alized assignment problem (GAP) instances; although based
on an elegant transformation, this technique is not compet-
itive because the GAP instances it produces are very large.
More recently, Baldacci et al. [1] developed an algorithm that
either proves optimality or provides a bound on the approx-
imation obtained; the authors report about experiments for
problems with up to 200 vertices and 20 medians, when their
algorithm is initialized with quasioptimal feasible solutions.
In this article we present a branch-and-price algorithm for the
exact solution of the CPMP, and we compare it with a gen-
eral purpose integer linear programming solver (CPLEX) and
with the algorithm of Pirkul (adapted to the CPMP). We also
compare our results with those obtained by the algorithm of
Baldacci et al. [1] when it is properly initialized.

The article is organized as follows. In Section 2 we
define the mathematical model of the CPMP, and we present



a disaggregated formulation; then we compare the lower
bounds obtained from the corresponding linear relaxations;
in Section 3 we describe our branch-and-price algorithm
and we illustrate some implementation details; in Section 4
we describe the algorithms we used as benchmarks and we
present experimental results.

2. FORMULATIONS

Consideragraph G = (N, E) andasubset M C N, M =
{1...M]} of its vertices that are candidates to be medians. For
each vertex i € N\ aninteger weight w; represents its demand.
For each candidate median j € M an integer coefficient
Q; represents its capacity. Integer coefficients dj; (usually
referred to as distances) describe the cost of allocating each
vertex i € N to each median j € M. We make the assump-
tion that djj > 0 Vi € N, j € M. The vertex set N must
be partitioned into p subsets (clusters), where p is given.
The capacitated p-median problem (CPMP) is formulated as
follows:

CPMP) min v = Z Z dijx;j

ieN jeM
S.t.
Yoxyj=1  VieN (1)
JeM
D owxg < Q. VjeM )
ieN
PET: 3)
jeM
xj€f{0,1})  VieN, VYjieM
yj €1{0,1} VjieM

Binary variables x are assignment variables: x;; = 1if and
only if vertex i is assigned to a median located in vertex j.
Binary variables y correspond to location decisions: y; = 1 if
and only if vertex j is selected to be a median. The objective is
to minimize the sum of allocation costs. Set partitioning con-
straints (1) impose that each vertex is assigned to a median.
Capacity constraints (2) impose that the sum of the vertex
weights in each cluster do not exceed the capacity of the
median and forbid the assignment of vertices to unselected
medians. To satisfy constraint (3) exactly p medians must be
selected.

The linear relaxation of this formulation can be strength-
ened in two ways: first, including the inequalities x; < yj,
Vi € N, j € M, arising from constraints (2); second, by
dynamic generation of valid inequalities. The illustration of
the test instances we have used is presented in Subsection 2.4.
Our computational experience using CPLEX 6.5 as a general
purpose solver is reported in Section 4.

2.1. Dantzig-Wolfe Decomposition

Hereafter we derive an alternative formulation of the
CPMP amenable to a column generation approach.
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Let (1,p) be the vector of the right-hand side terms of
constraints (1) and (3), &/ = (dyj ... dnj) be the vector of
the distances between each vertex and the candidate median
j € M, ¥ = (x1j,...,xn;) the vector of assignment vari-
ables related to the medianinj € M and w = (wy,...,wy)
the vector of vertex weights. Consider the CPMP linear
relaxation, expressed as follows:

min Z(dj,O)T(xj, )

JEM
S.t.
> Wy =p)
JEM
(xj,yj)eQi Vie M

where o = {(xi,yj) € ERﬁH | xj < 1VieN,y <1,
wly < Ojyj } The optimal value of this linear relaxation is a
lower bound for the CPMP. To improve this bound, we replace
each polyhedron €/ with the convex hull of its integer points:

min Y (@, 0)" (¢, y)
JEM
S.t.
>y =.p)
jemM
o,y € conv(Q))  Vje M
Because € is the polyhedron of the linear relaxation of
a binary knapsack problem (see [19] for a classical refer-
ence), which is known not to have the integrality property,
its extreme points can have fractional coordinates; therefore,
the lower bound computed after the convexification of each
€/ can be stronger than that of the linear relaxation of the
CPMP (and our experiments reported in Table 1 show that
this is actually the case).
Because the y variables are bounded, and because the
weights and the capacities are nonnegative, every polyhedron
€/ is bounded, and every solution (+/,y;) € conv(§/) can be

TABLE 1. Comparison between different lower bounds.
N P CPMP (a) SG (b) LMP (c)
50 5 1.21% 1.14% 0.99%
12 4.17% 3.20% 2.88%
16 3.90% 2.81% 2.39%
20 4.44% 4.04% 1.73%
100 10 1.26% 1.06% 0.90%
25 3.84% 3.28% 2.90%
33 3.43% 2.98% 2.67%
40 3.84% 3.16% 2.12%
150 15 0.52% 0.58% 0.30%
37 2.31% 1.93% 1.65%
50 3.00% 2.54% 2.26%
60 3.36% 2.85% 2.03%
200 20 0.64% 0.64% 0.44%
50 4.89% 4.34% 3.93%
66 5.38% 4.69% 4.32%
30 5.48% 4.65% 3.22%




obtained as a convex combination of the L;+ 1 extreme points
of conv(£2/). We indicate the set of the extreme points with
{(0,0), &1, 1),..., (x5, 1)}. Therefore, we have

oy =Y @5,
keZ!
Yodg=1 ey VkezZ @
keZ

where each k € Z/ is the index of an extreme point of /.
Substituting expression (4) in the formulation of the linear
relaxation of the CPMP we obtain

min Y (@007 Y @)z

jem kezi
s.t.
>N @ e =ap
JjeMiez
Z z,{ =1 Vj e M
keZ
ZeRy VjeM VkeZ

Therefore, the decomposition and convexification of the
linear relaxation of the CPMP yields the following linear
master problem (LMP):

LMP) min Z Z (Z dijx,]»‘> z,{

JEMkeZl \ieN
S.t.

YN =1 vieN (5)

JjeEM kezZi

j
D ID I (©)
JeEM kezi
~>g=-1 VieM ()
keZi
eNy  VieM, VkeZl.

Each column of this model corresponds to a feasible cluster,
that is, an assignment of vertices to a median, that satisfies the
capacity constraint. Each cluster k is described by assignment
coefficients xf.‘ equal to 1 if and only if vertex i € A belongs

to cluster k € Z/ of median j € M. A binary variable z,i is
associated with each cluster. Constraints (5) guarantee that
each vertex is assigned to at least one median; constraint
(6) implies that the total number of selected clusters is at
most p; constraints (7) impose that no more than one cluster
is associated to the same median.

In model (5)—(7) all equality constraints have been
replaced by inequalities, and hereafter we briefly discuss the
correctness and usefulness of the substitutions.

Partitioning constraints (1) can be replaced by covering
constraints (5) because all distances are nonnegative and
therefore it always exists as an optimal solution in which
no user is assigned more than once.

Because there is no fixed cost associated to the medians,
if an optimal solution exists with p’ < p medians, there is
also an equivalent solution with p medians, p — p’ of which
have empty clusters. Therefore, equality constraint (3) can
be replaced by the inequality Zje amYj < p. This yields the
constraint jeM D ke ykZ]{ < pinour reformulation. How-
ever, empty clusters affect neither the objective function value
nor the satisfaction of constraints (5), and therefore, we can
make the assumption that no empty cluster (i.e., a cluster
with y¥ = 0) appears in LMP. For this reason the constraint
et Ykew y¥z] < p can be restated as DieM 2kez 7 <
P, and constraints (7) are stated as inequalities.

Each set Z/ of feasible clusters contains an exponential
number of elements. Because LMP cannot be solved directly
because of the exponential number of its columns, column
generation (see [10]) is applied: a restricted linear master
problem (RLMP), defined by a relatively small subset of
columns is considered and solved to optimality; then, a search
is performed for new columns of negative reduced cost, and
if any such column is found, it is inserted into the formulation
and the RLMP is solved again. When no columns of negative
reduced cost exist, the optimal solution of the RLMP is also
optimal for the LMP, and its value is a valid dual bound to be
used in a branch-and-bound framework.

When solving LMP by column generation, the set cover-
ing formulation above has at least two advantages compared
to the equivalent set partitioning formulation: first, the gener-
ation of feasible solutions is easier, and therefore the primal
simplex algorithm can be always easily initialized with a fea-
sible basis; second, all dual variables are nonnegative, and
this restricts the dual space and speeds up the convergence.
A drawback is that the LMP may have an optimal fractional
solution, in which some user is covered more than once; in
this case, some minor modifications to the primal bounding
procedure and to the branching scheme have to be made (see
Section 3).

2.2. The Pricing Problem

Let A € RY,n € Ry and u € RY be the vectors of
nonnegative dual variables corresponding to constraints (5),
(6), and (7), respectively; the reduced cost of column k € Z' is

T Oum ) =Y dixf =Y hxf o+
ieN ieN

To find columns with negative reduced cost, one must solve
a pricing problem for each median j € M:

min Z(dij —DXf + 0+

ieN
s.t.
k
Z wix; < 0
ieN
xk e 0,1} Vie N
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and this requires the solution of the following binary knap-
sack problem:
KP)maxz = ) (b — dip)x}
ieN

k
Z wix; < 0,

ieN
ef0,1}  VieN

Therefore, the computational effectiveness of our branch-
and-price algorithm mainly relies upon that of the algorithms
used for the iterated solution of the master problem (i.e., the
simplex algorithm) and the binary knapsack subproblem. One
of our main motivations for applying the branch-and-price
technique to the CPMP is the existence of very effec-
tive algorithms and reliable implementations for both linear
programming and the binary knapsack problem.

S.t.

2.3. Lagrangean Relaxation

The lower bound obtained from the LMP can also
be obtained through the Lagrangean relaxation of semi-
assignment constraints (1) of the CPMP formulation:

LR) minw g = Z Z dijxij + Z)"(l - Z xij)

ieN jeM ieN JeM
S.t.
ZW,’XU < ijj. Vj e M )
ieN
dovi=r )
JEM
Xl:/'E{O,l} ViEN,VjEM
y; €1{0,1)} Vje M

The Lagrangean multipliers in LR correspond to the dual vari-
ables A in the LMP and the Lagrangean subproblem can be
decomposed in the same M binary knapsack problems as the
pricing subproblem in the column generation approach (for
the equivalence between Dantzig-Wolfe decomposition and
Lagrangean relaxation the reader is referred to mathematical
programming textbooks like [23]). Therefore, column gen-
eration can be used as a method alternative to subgradient
optimization to update the Lagrangean multipliers.

2.4. Benchmark Instances and Lower Bound Comparison

We considered a testbed made of four classes of instances,
named o, B, ¥ and §. Each class consists of forty instances:
20 of them are taken from the literature ([1, 17, 24]) and
concern graphs with 50 and 100 vertices and p = {V—O; the
other 20 instances were randomly generated on graphs with
cardinality 150 (15 medians) and 200 (20 medians): vertex
coordinates were drawn from a uniform distribution between
1 and 100 and vertex demands were drawn from a uniform
distribution between 1 and 20. Each dj; coefficient was taken
as the Euclidean distance computed from the coordinates of
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vertices 7 and j, rounded down to the nearest integer. In ran-
dom instances all capacities were fixed to 120. In both the
random and the literature instances, the set A/ of vertices and
the set M of candidate medians coincide; hence, N = M.
In our experiments we could observe that the behavior of the
different algorithms may be significantly influenced by the
ratio between p and N. This means that a sound test set for the
CPMP cannot be limited to instances where the ratio between
p and N is constant. Therefore, the same 40 instances were
solved with different number of medians: p = % in class
o, p= L%’J inclass 8, p = L%VJ inclass y and p = L%J in
class §. The overall capacity was preserved in all classes by
setting Q; = [12%1\# € M. In all instances in our test set
the medians have the same capacity and d;; = 0 whenever
user i and median j coincide.

All tests presented in this article were done on an Intel
Pentium IV 1600 MHz PC with 512 MB RAM in Linux envi-
ronment (RedHat 7.2, kernel 2.4.19). The algorithms were
coded in C + 4, compiled with gcc/g + + version 2.96 with
the “—03” optimization level. We imposed some resource
limitation to every test: computation was halted after 1 hour
or in case of memory overflow. ILOG CPLEX 6.5 was used
as an LP solver in the branch-and-price algorithm.

In Table 1 we compare (a) the bound obtained from the
CPMP linear relaxation strengthened by inequalities x;; < y;
and tightened with clique, cover and GUB-cover inequalities
automatically generated by CPLEX; (b) the bound obtained
from Lagrangean relaxation and subgradient optimization
(see Section 4.1 for details); (c¢) the bound obtained from
the LMP. As a measure of the quality of these relaxations we
indicate the average gap between each lower bound (LB) and
the best known upper bound (UB), that it UBU_BLB . The upper
bounds we used are often the optimal solution values.

Bound (a) is systematically worse than the others on all
classes and all sizes. Lower bound (b) is found by subgradi-
ent optimization halted after 300 iterations. Therefore, it does
not exactly correspond to lower bound (c), obtained from the
LMP, that corresponds to solving the Lagrangean dual to opti-
mality. Lower bound (c) is definitely dominating both (a) and
(b); this can be interpreted as a measure of the effectiveness
of the convexification of the capacity constraints.

3. A BRANCH-AND-PRICE-ALGORITHM
3.1. Branching

The choice of the branching rule in branch-and-price algo-
rithms is crucial because the addition of constraints may
change the structure of the pricing problem. We have tested
two branching strategies, outlined hereafter.

3.1.1. Strategy 1: Branching on Binary Variables. This
branching strategy is similar to the one used by Pirkul in
his Lagrangean-based branch-and-bound algorithm for the
capacitated concentrator location problem [25] and to the
method by Diaz and Fernandez for the single-source capac-
itated plant location problem [6]. Intuitively, fixing location



variables y has much a stronger effect than fixing assign-
ment variables x: when a location variable is fixed to 0 many
assignment variables can be also fixed to 0; moreover, once p
location variables have been fixed to 1, the CPMP reduces to
a generalized assignment problem. Therefore, it is effective
to fix y variables early in the exploration of the search tree.

A candidate median j* is selected and two possibilities
are considered: in one branch all columns k with k € Z/" are
discarded (that is the candidate median is fixed as “not used”)
in the other branch the equality constraint Zk 7 zk =1
is inserted into the RLMP (that is the candidate median is
fixed as “used”). In both cases the structure of the pricing
problem is not affected. The branching variable j* is selected
among the candidate medians not yet fixed as the one with
minimum value of 7; (that is the most unpromising one) and
the branch in which the median is not used is explored first,
with a depth-first policy.

When p medians have been fixed as “used” or N — p have
been fixed as “not used,” branching is performed by fixing
variables x, that is assigning the vertices to the selected medi-
ans. Assigning vertex i* to median j* corresponds to fixing

= 1 in the pricing subproblem KP;: and x{‘ = 0 in all
KP;,j # j*. The branching vertex i* is the one with largest
number of fractional assignments to different medians in the
optimal solution of the LMP (instead, in Pirkul’s algorithm
the vertex with maximum weight w; is chosen).

In each successor node of the search tree the branching
vertex i* is assigned to a different median, so that p branches
are considered (in random order).

We used this branching strategy in conjunction with depth-
first search policy, because this allows to exploit the structure
of the LMP (namely, the columns and the optimal basis) of
each predecessor node in the search tree to solve the LMP of
its first successor without explicitly storing such information
for each node. Moreover depth-first search policy quickly
produces good feasible solutions, that can be useful to prune
the search tree.

3.1.2. Strategy 2: Branching on Semiassignment Con-
straints. This branching strategy is similar to that used
by Savelsbergh is his branch-and-price algorithm for the
GAP [28]. For each vertex i € A we consider the set M;
of candidate medians j € M for which there is a frac-
tional assignment x;; in the optimal solution of the RLMP.
In Savelsbergh’s algorithm the set M; is partitioned into
two subsets M, = {j e M : x; > 0, j < j*} and
/\/l:r ={jeM:x; >0, j> j} by choosing j* i

such a way that |M"| = [&2"‘]. We elaborated on this idea,
aiming at a balanced partition: the elements in M; are sorted
by nonincreasing value of fractional assignment and they are
inserted alternately in M;™ and in M+ The set of candidate
medians to which vertex i is not as51gned is also partitioned
into two subsets ./\/ll and ./\/l+ of balanced cardinality. In
[28], the author proposed to choose J* as close as possible
to %’ with the constraint of leaving at least one fractional
variable on each side, but we found that our choice of j*

produces better results. The vertex i* selected for branching
is the one for which | M;| is maximum. In case of ties we
select the vertex for which 37 - >4y xkz] is closest to

3 Y ieMs Yoxez Xzi- Then we branch on the original con-
straint ) ;.\, X+ = 1 by setting ZjeM;uKZ; xpj = 0 in
one branch and } Miuat; Xirj = 0in the other. The addi-
tion of these constraints does not change the structure of the
knapsack problems; it only reduces their size.

Our experiments showed that branching strategy 2 is def-
initely more effective than strategy 1: only 57 of the 160
instances considered were solved to proven optimality with
strategy 1, while 92 instances were solved with strategy 2.
Moreover, on the instances solved with both methods, the
algorithm with strategy 2 was faster. For this reason the com-
putational results reported in Tables 3 to 6 are referred to
strategy 2.

3.2. Primal Bound

The problem of finding a feasible solution to the CPMP is
NP-complete: the reduction from Partition [15] is the same
as for the GAP (see [19]). To compute approximate solutions
to the CPMP we modified the MTHG algorithm [18], that
was devised by Martello and Toth for the GAP. Once defined
suitable coefficients f;; as a measure of the desirability of
assigning each job i to each machine j, the MTHG algorithm
goes through two steps. In the first step all jobs are sorted in
decreasing order of a regret value and then they are assigned
one at a time to their “most desired” machine. The regret is
defined as the difference between the coefficient f;; referred
to the most desirable machine and the coefficient f;;» referred
to the second most desirable one. In the second step, provided
that all jobs have been assigned without exceeding capacities,
the solution is improved by single-job exchanges in a local
search fashion. If some job remains unassigned the algorithm
fails.

Jornsten and Nasberg [13] proposed a similar algorithm
in which all jobs are assigned even if capacity constraints
are violated. Afterwards, local search steps are executed to
possibly achieve feasibility, followed by further local search
steps to improve the solution.

In our algorithm we first choose p candidate medians (step
1); then the vertices are assigned to the medians in the same
way as in the MTHG algorithm, that is without exceeding
capacities (step 2); if some vertex remains unassigned, local
search iterations are performed to produce a feasible solu-
tion (step 3); if this step succeeds, a final local search tries
to improve the solution (step 4). A synthetic description of
each step follows; the complete pseudocode is reported in the
appendix.

STEP 1. Medians selection. If a CPMP instance with non-
uniform capacities is feasible, obviously it has at least one
feasible solution in which the p most capable vertices are the
medians. However, in the CPMP instances considered in the
literature all candidate medians have the same capacity. In this
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case, following Savelsbergh [28], the desirability coefficients
have been defined as

fi=)_xzl YieN VjeM
keZ'
to produce an integer solution similar to the optimal solution

of the RLMP. Then the p vertices with the highest values of
Y; are chosen as medians, where

V=) fi VieM

ieN

STEP 2. Direct assignment. In step 2 our algorithm is iden-
tical to that of Martello and Toth: the vertices are assigned to
the selected medians in decreasing order of the regret value.
Step 2 terminates as soon as a vertex is encountered, which
cannot be assigned to any median.

STEP 3. Assignment through exchanges. In this step all best-
fit l-exchanges are evaluated: an unassigned vertex i replaces
a vertex k of smaller weight in a cluster C; whenever the
capacity constraint allows for such an exchange. The replaced
element k is immediately inserted in another cluster if pos-
sible, as in step 2; otherwise it remains unassigned. The
algorithm chooses i, j, and k so that the residual capacity
of C; is minimized.

STEP 4. Solution improvement. Two different neighborhoods
are explored in this final local search step. At each itera-
tion one element is shifted from a cluster to another or two
elements belonging to different clusters are swapped.

At the root node the evaluation of the primal bound is
done after each column generation iteration; in all the other
nodes of the search tree it is done at the end of the column
generation routine.

3.3. Columns Management

At each iteration the algorithm inserts into the RLMP all
columns with negative reduced cost that have been found.
After the termination of the column generation algorithm, it
removes from the RLMP all columns whose reduced cost is
higher than a threshold, that is a function of the gap between
the best incumbent primal solution and the optimal solution
of the LMP. In particular, we set the threshold equal to the
ratio between the primal-dual gap and the number of medians
p. The removal is also performed during the execution of
the column generation algorithm every time the number of
columns exceeds a limit (set to 3000 in our experiments). In
this case, the dual bound of the father node is used in the
computation of the threshold.

In general there is no guarantee that the columns removed
from the RLMP in one node of the search tree will not belong
to the optimal solution of another node. Therefore, it is useful
to store removed columns in a pool and to scan it before run-
ning the pricing algorithm. Because every column is related
to a particular candidate median, the pool is partitioned into
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M subsets. If any column with negative reduced cost is found
in the pool, it is inserted into the RLMP.

To keep the pool size limited, the columns are erased from
the pool when their reduced cost is nonnegative for a certain
number of consecutive evaluations (three in our experiments).

To achieve feasibility the RLMP is initialized at each node
with a dummy column of cost ) ;.\, maxjer{djj}, corre-
sponding to an infeasible cluster, that covers all vertices and
uses none of the free medians (those whose corresponding y
variable has not been fixed). The structure of the dummy col-
umn is the following: all its coefficients in constraints (5) are
set to 1; the coefficient in constraint (6) is set to 0; the coeffi-
cients in constraints (7) are set to —1 if the corresponding y
variable has been fixed to 1, and they are set to O otherwise.

To improve the performance of the column generation
algorithm at the root node, we also generate 20 initial solu-
tions with the same primal heuristic illustrated above. Ten
solutions are computed using f;j = —d;; and 10 using f;; =
1/d;; for i # j and setting f;; to a very large value. In both
cases the set of medians in step 1 is chosen at random with uni-
form probability distribution. The columns generated in this
way are inserted even if the corresponding solutions are infea-
sible because of violations of the partitioning constraints.

In each node of the search tree the RLMP is initialized
with the columns of the most recently solved node plus some
additional columns taken from the pool with the following
procedure: for every node of the search tree we store the
optimal values of the dual variables; for each successor node
we use the dual values of its predecessor to compute the
reduced costs of all columns in the pool; if any column is
found with negative reduced cost, it is added to the initial
formulation of the RLMP in the successor node.

3.4. Lower Bound and Termination

The equivalence between Dantzig-Wolfe decomposition
and Lagrangean relaxation is exploited both for variable
fixing purposes and in the termination test.

Ateach iteration 7 of column generation the current values
of the dual variables A" are used as Lagrangean multipliers to
compute a valid lower bound:

wZRZ_ Z tjt+z)‘;

JEMIR ieN

where MIR C M is the set of vertices with the p maximum
values of tj’ . In this way a sequence of valid lower bounds
is computed during column generation, and this allows to fix
variables or even to prune the current node of the search tree
before column generation is over.

When the gap between the optimal value of the RLMP at
iteration ¢ and the best incumbent Lagrangean lower bound
wily = max{w]p,...,whp} is smaller than a predefined
threshold (set to 10™* in our tests), the column generation
algorithm is terminated and wj% is kept as the final lower
bound. This allows to reduce the typical and undesired tailing-
off effect in the column generation routine. This technique
is not used at the root node, where column generation is



iterated until no more columns with negative reduced cost
can be identified. In fact, the set of dual values obtained dur-
ing the last column generation iterations can be useful to
perform effective variable fixing tests; moreover, the struc-
ture of quasioptimal LMP solutions can be exploited by the
primal heuristic to obtain tight bounds.

Experimental results show that this termination criterion
reduces the computation time and the number of column gen-
eration iterations in nonroot nodes. We made a comparison
between the performances of our algorithm with and with-
out the use of the Lagrangean lower bound on the set of
instances with N = 50 of the four classes and we observed
a reduction of about 8.5% in the overall CPU time required
and a reduction of about 2.5% in the average number of col-
umn generation iterations needed in each nonroot node of the
search tree.

3.4.1. Subgradient Optimization. It is also possible to
better exploit the relationship between column generation
and Lagrangean relaxation outlined above to improve the
dual variables via subgradient optimization [12] after each
column generation iteration. Starting with the current opti-
mal values of the dual variables A7, 100 subgradient iterations
are executed. The step parameter is initialized to 2 and halved
after every 10 iterations in which w’L R = a)lL}l , that is the cur-
rent lower bound has not been improved with respect to the
previous iteration.

At each subgradient iteration we also compute a primal
solution using a Lagrangean heuristic: medians are chosen
according to the values of the Lagrangean penalties; when
partitioning constraints are not violated, we use the same
assignments that appear in the solution of the RLMP; the
allocation of the other vertices is done as in the MTHG algo-
rithm, with desirability coefficients f;; = —dj;; then a local
search step is performed, as proposed by Mulvey and Beck
[20]: after every primal bound evaluation, the optimal median
for every cluster is recomputed and a new primal bound is
evaluated with the new set of medians; this process is iterated
until no more changes in the medians occur or a limit of five
iterations is reached.

This combination of column generation with subgradi-
ent optimization yielded significant improvements at the root
node, in terms of reduced number of column generation iter-
ations, reduced computational time to achieve convergence,
increased number of variables fixed and quality of the primal
bound. However, this improvement did not reduce either the
size of the search tree or the time required by the algorithm
to complete the enumeration. Furthermore, this method was
too time-consuming to be used at each node of search tree.

3.4.2. VariableFixing. Givenasolutionof the Lagrangean
relaxation LR, let wyg be its value and let jWI €
argmin]]ffM {7;} be the vertex with minimum 7; value which is
median and j#° ¢ argmax;¢ 1 ¢ {7j} be the vertex with max-
imum 7;, value which is not a median (WI stands for “worst
in,” BO for “best out”). Let also v* be a primal bound. If it
does exist j € MR such that [wrg + 7j — Tjs0] > v*, then y;

can be fixed to 1. Analogously, if it does exist j ¢ MR such
that [wzg — 7 + Tjm] > v*, then y; can be fixed to O (this
also implies x;; = 0 Vi € N).

Once the 7; values have been computed, this variable fixing
step takes O(M) time and it may reduce the problem size
considerably. In our experiments variable fixing was done at
each iteration of the subgradient optimization algorithm at
the root node, and only at the end of column generation at the
other nodes in the search tree.

The effectiveness of variable fixing test at the root node
can be appreciated from the computational results reported
in Tables 3 to 6 in columns fix.med.

3.5. Pricing Algorithm

In the pricing step we solve binary knapsack problem
instances to optimality by a modified version of Pisinger’s
MINKNAP algorithm [26], that combines dynamic program-
ming with bounding and reduction techinques to dynamically
adjust the core. Yet MINKNAP was devised for knapsack
problems with integer coefficients, while in our pricing sub-
problems the dual variables, as well as the multipliers in
Lagrangean relaxation, can be fractional. Instead of scaling
the coefficients, that implies the computation of the determi-
nant of a matrix and can be very time-consuming, we relaxed
the bounding test so that the optimal solution computed by
the modified algorithm may differ from optimality by at most
Ngkpe, where Ngp is the number of variables left outside the
core and ¢ is a very small positive parameter. Although this
technique gives slightly worse dual bounds, we found that it
has a clear computational advantage compared to the scal-
ing approach. In particular, we considered values of ¢ in
the range between 10~® and 10~'2: for values higher than
10° the approximation is not tight; for values lower than
10~'2 numerical problems may arise; in between these val-
ues we obtained tight approximations, and we observed that
the computation time does not change significantly.

In general, it is also possible to generate columns with
negative reduced cost by solving the pricing problem approx-
imately. This is usually done when the pricing problem is
difficult to solve to optimality. However, our computational
experience showed that this is not worth doing in this case,
because the time required to solve the binary knapsack is
negligible compared with that needed to solve the LMP.

Column generation can be also speeded up by multiple
pricing: instead of inserting into the RLMP only the opti-
mal column for each candidate median, if any is found with
negative reduced cost, it is worth adding more (suboptimal)
columns to enlarge the search space for the linear program-
ming algorithm. This is particularly useful at the root node,
when the column pool is still empty and the set of available
columns may be small.

To this purpose we exploit the subgradient optimization
algorithm and we insert into the RLMP the set of columns
corresponding to each solution of the LR for which the
Lagrangean lower bound improves upon the best incumbent
Lagrangean lower bound.
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Another method we devised to obtain promising columns
consists of applying local exchanges to the columns found at
each column generation iteration. For each candidate median,
we consider the optimal cluster, that is the cluster described by
the column with the minimum reduced cost, and we generate
all feasible clusters obtained by the exchange of one vertex
in the cluster with one vertex outside the cluster. All columns
generated in this way are added to the RLMP, provided that
their reduced cost is negative and that it is no more than 10%
far away from the optimal one.

In Table 2, we present the computational results when
(a) multiple pricing is not used, (b) multiple columns are
generated via local exchanges, and (c) multiple columns
are generated via subgradient optimization. For each policy
we report the number of iterations of the column genera-
tion algorithm (CGRoot), the number of columns generated
(ColsRoot) and the time spent (TimeRoot) at the root node.
In the same way for the search tree nodes we report the aver-
age number of column generation iterations (CGTree), the
number of columns generated (ColsTree) and the time spent
to complete the enumeration process (TimeTree). Finally, we
report the number of nodes explored (Eval. Nodes).

In case (c) the number of column generation iterations
and the time spent at the root node are inferior. Moreover,
the CPU time reported in case (c) includes the time spent
for the Lagrangean heuristic and the variable fixing routine.
However, in case (c), we often observed an increase in the
computation time required to complete the overall enumera-
tion process. This can be explained by at least two reasons:
first, when the optimum of the LMP is degenerate, the solu-
tion obtained in case (c) has slightly more fractional variables;
second, when the algorithm generates less columns at the root
node, the pool is scarcely useful and more columns must be
generated later during the exploration of other nodes.

3.6. Experimental Results

We report in Tables 3, 4, 5, and 6 detailed results on
the computational behavior of the branch-and-price algo-
rithm when subgradient-based multiple pricing is used. These
tables, one for each class of instances, are composed by
two horizontal blocks: the first block contains experimen-
tal results for the root node, while the second block refers to
the whole search tree.

TABLE 2. Comparison between different multiple pricing methods.

N p CGRoot ColsRoot TimeRoot (s) CG Tree ColsTree TimeTree (s) Eval. nodes

(a) No multiple pricing

50 5 107.3 4566.0 1.38 4.27 51.02 207.05 1304.6
12 71.7 3589.4 043 3.76 58.01 93.10 2770.0
16 73.7 3422.1 0.33 3.64 60.77 19.17 13,707.7
20 71.4 33313 0.30 2.84 47.69 35.92 1727.0

100 10 168.8 15,166.6 12.83 10.98 259.55 214.56 1336.5
25 137.9 13,099.0 4.68 6.59 222.57 622.46 19,984.2
33 132.6 12,680.8 3.93 4.83 175.83 505.28 21,048.5
40 130.4 12,527.7 3.46 3.50 128.70 619.98 20,357.2

Average 112.48 8547.86 3.42 5.05 125.52 289.69 10,279.46

(b) Multiple pricing via local search

50 5 80.7 25,458.8 10.04 5.48 67.90 228.75 1288.0
12 64.5 10,921.6 1.30 4.71 75.25 83.31 2318.0
16 62.9 8684.4 0.79 3.61 62.66 16.46 13,230.3
20 61.4 7067.6 0.49 2.55 44.80 50.91 2324.6

100 10 133.5 129,155.0 146.71 10.08 237.93 418.48 1187.3
25 117.3 50,237.6 15.05 6.35 214.95 510.33 18,263.3
33 116.0 39,770.0 9.31 5.31 194.48 328.28 18,7514
40 114.3 33,000.8 6.32 3.71 138.41 436.83 17,172.5

Average 93.83 38,036.98 23.75 5.23 129.55 259.17 9316.93

(c) Multiple pricing via subgradient optimization

50 5 8.9 3526.7 0.77 12.65 109.90 189.11 1204.6
12 7.0 2139.1 0.55 6.93 95.97 90.45 2495.6
16 6.3 2274.6 0.51 5.34 80.00 15.46 13,450.5
20 54 2341.6 0.51 4.06 62.68 49.40 2188.2

100 10 12.8 8299.3 3.53 20.76 416.74 543.60 1248.7
25 7.2 4887.1 2.46 8.16 258.21 115.67 18,858.7
33 6.6 5222.8 2.33 6.56 235.11 467.95 18,065.1
40 53 4612.3 1.83 5.56 199.96 795.43 17,850.5

Average 7.44 4162.94 1.56 8.75 182.32 283.39 9420.24
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TABLE 3.

Branch-and-price with subgradient-based multiple pricing—Class «.

Root Search tree
Instance
N P CGit. cols UB LB gap UBgap LBgap time(s) fixmed. CGit cols FUB FLB gap time(s) avgfixmed. ev. nodes
50 5 cpmp01 13 2706 713 705 1.13% 0.00% 1.12% 0.60 28 16.00 139.84 713 713 0.00% 4.58 2.73 33
cpmp02 3 896 740 740 0.00% 0.00%  0.00% 0.15 0 0.00 0.00 740 740 0.00% 0.16 0.00 1
cpmp03 13 2755 751 749 0.27% 0.00%  0.27% 0.66 40 40.25 254.25 751 751 0.00% 243 0.00 5
cpmp04 4 1571 651 651 0.00% 0.00%  0.00% 0.28 0 0.00 0.00 651 651 0.00% 0.31 0.00 1
cpmp05 5 1441 664 664 0.00% 0.00%  0.00% 0.54 0 0.00 0.00 664 664 0.00% 0.56 0.00 1
cpmp06 3 1598 778 778 0.00% 0.00%  0.00% 0.30 0 0.00 0.00 778 778 0.00% 0.33 0.00 1
cpmp07 10 2650 787 779 1.03% 0.00% 1.11% 0.59 22 14.00 167.00 787 787  0.00% 7.13 3.06 37
cpmp08 11 2835 820 772 6.22% 0.00%  5.89% 0.86 2 20.63 210.05 820 820 0.00% 1904.73 3.61 11965
cpmp09 10 2575 715 713 0.28% 0.00%  0.34% 0.51 30 10.00 74.00 715 715 0.00% 1.00 4.00 5
cpmpl0 9 1829 829 818 1.34% 0.00% 1.34% 0.78 17 1057 97.99 829 829  0.00% 7.96 3.26 109
Average 8.1 2085.6 1.03% 0.00% 1.01% 0.53 139 1114 94.31 0.00% 192.92 1.67 1215.8
100 10 cpmpll 11 5573 1007 1002 0.50% 0.10%  0.49% 2.16 40 19.50 414.58 1006 1006  0.00% 19.08 10.08 25
cpmpl2 11 4896 969 959 1.04% 031%  0.78% 1.73 20 17.04 358.63 966 966  0.00% 93.51 7.13 211
cpmpl3 13 5568 1026 1022 0.39% 0.00%  0.43% 2.94 66  38.860 809.07 1026 1026  0.00% 30.46 5.00 15
cpmpl4 11 4880 985 972 1.34% 0.31% 1.04% 2.15 24 17.06 351.92 982 982 0.00% 232.13 6.47 425
cpmpl5 12 5623 1092 1081 1.02% 0.09%  0.97% 2.55 28 17.86 311.71 1091 1091 0.00% 407.73 521 721
cpmpl6 8 3940 955 952 0.32% 0.10%  0.28% 1.55 60 16.70 266.50 954 954 0.00% 5.70 4.14 11
cpmpl7 13 4603 1034 1026 0.78% 0.00%  0.84% 226 33 17.06 249.75 1034 1034 0.00% 113.91 5.03 283
cpmpl8 10 5053 1046 1032 1.36% 0.29% 1.06% 1.96 25 2125 476.07 1043 1043 0.00% 877.95 6.35 1181
cpmpl9 13 5567 1036 1027 0.88% 0.48%  0.46% 2.66 27 13.57 329.41 1031 1031 0.00% 18.03 5.18 45
cpmp20 11 4906 1022 974 4.93% 1.59%  3.22% 2.83 0 19.04 474.55 1006 993 1.31% — 8.87 9128
Average 113 5060.9 1.25% 0.33%  0.96% 2.28 323 1979 404.22 0.13% 199.83 6.35 1204.5
150 15  cpmp2l 10 6576 1294 1282 0.94% 047%  0.48% 4.02 26 1497 526.78 1288 1288 0.00% 81.86 8.36 105
cpmp22 12 8969 1256 1248 0.64% 0.00%  0.65% 6.14 39 2013 505.33 1256 1255 0.08% — 6.00 3182
cpmp23 11 7898 1279 1278  0.08% 0.00%  0.09% 5.29 90 8.50 230.00 1279 1279  0.00% 6.89 0.00 3
cpmp24 11 6461 1220 1219 0.08% 0.00%  0.13% 522 100 22.50 536.00 1220 1220 0.00% 8.35 0.00 3
cpmp25 10 6135 1193 1189 0.34% 0.00%  0.35% 5.15 68  29.81 91835 1193 1193 0.00% 125.71 6.60 53
cpmp26 11 7240 1269 1259  0.79% 0.40%  0.41% 5.67 20 16.63 64136 1264 1264  0.00% 184.92 16.11 121
cpmp27 10 7838 1330 1312 137% 0.53%  0.85% 5.54 15 17.58 599.31 1323 1320 0.23% — 12.26 3139
cpmp28 11 7200 1237 1231 0.49% 032%  0.20% 4.65 45 2670 1030.20 1233 1233 0.00% 20.72 19.75 11
cpmp29 5 5850 1219 1219  0.00% 0.00%  0.00% 7.36 0 0.00 0.00 1219 1219 0.00% 7.56 0.00 1
cpmp30 13 8536 1205 1201 0.33% 0.33%  0.06% 5.41 53 6150 441375 1201 1201 0.00% 34.76 12.75 5
Average 10.4 7270.3 0.51% 0.20%  0.32% 545 456 21.83 940.11 0.03% 58.85 8.18 662.3
200 20 cpmp31 11 9913 1379 1373 0.44% 0.07%  0.43% 10.20 49 31.01 1847.13 1378 1378 0.00% 1003.81 13.10 223
cpmp32 12 8687 1429 1410 1.35% 0.00% 1.34% 12.48 12 2416 180395 1429 1419 0.70% — 7.82 1149
cpmp33 15 11,154 1383 1362 1.54% 1.17%  0.38% 11.66 6 2301 1659.16 1367 1367 0.00% 1420.90 21.10 557
cpmp34 12 11,092 1385 1375 0.73% 0.00%  0.75% 13.34 44 2567 104643 1385 1383 0.14% — 11.76 1425
cpmp35 10 8917 1442 1431 0.77% 035%  0.44% 8.75 23 19.77 920.21 1437 1437 0.00% 2662.5 16.06 1265
cpmp36 11 9638 1385 1379 0.44% 0.22%  0.27% 8.41 53 2677 1611.16 1382 1382  0.00% 188.59 11.21 65
cpmp37 11 10,360 1458 1455 0.21% 0.00%  0.26% 7.90 84 3294 1730.03 1458 1458 0.00% 109.22 14.73 33
cpmp38 12 9379 1400 1373  1.97% 1.01%  0.99% 10.13 0 2652 219510 1386 1381 0.36% — 21.93 1100
cpmp39 11 8568 1389 1370 1.39% 1.09%  0.31% 7.98 9 2645 199851 1374 1374 0.00% 222.67 26.75 81
cpmp40 10 8967 1432 1414 1.27% 1.13%  0.20% 8.50 3 1879 135140 1416 1416  0.00% 167.56 19.45 87
Average 115 9667.5 1.01% 0.50%  0.54% 9.93 283 2551 1616.31 0.12% 825.04 16.39 598.5
Overall average  10.33  6021.08 95% 026%  0.71% 4.55 19.57 763.74 0.07% 319.16 920.28

For the root node we report the number of column gen-
eration iterations needed to reach optimality (CG it.), the
number of columns generated (cols), the best upper bound
found (UB), the value of the LMP relaxation (LB), the gap
between the upper and lower bounds, that is % (gap).
Moreover, we report the gap between the upper bound at
the root node and the best solution found during the explo-
ration of the search tree (UB gap = W) and the gap
between the initial LMP relaxation and the best solution
found (LB gap = Z-UB-LB) The former evaluates the qual-
ity of the heuristic solution found by column generation, the
latter the quality of the LMP relaxation. Finally, we include
the CPU time spent (time) and the number of candidate medi-
ans fixed to O by the variable fixing tests (fix.med.) at the root

node.

For the search tree we report the average number of iter-
ations of the column generation algorithm (CG it.) and the
average number of generated columns in each node of the
search tree (cols), the final upper and lower bounds (F.UB
and F.LB), the approximation obtained (gap), the CPU time
spent in the optimization (the tests for which computation
exceeded time limit are marked with a dash), the average
number of variable fixing tests succeeded in each node of the
search tree (avg.fix.med.) and the number of nodes evaluated
in the search tree (ev. nodes).

The number of column generation iterations and the num-
ber of generated columns at the root node decrease as the ratio
1% increases. This is especially true moving from class « to
class §. We explained this phenomenon with the following
observation: when the ratio is high, there are several medians
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TABLE 4. Branch-and-price with subgradient-based multiple pricing—Class f.

Root Search tree
Instance
N p CGit. cols UB LB gap UBgap LBgap time(s) fixmed. CGit. cols FUB FLB gap time(s) avgfixmed ev.nodes
50 12 cpmpOl 4 1285 387 374 3.48% 1.04%  2.52% 0.15 1 7.05 94.36 383 383  0.00% 5.75 5.25 165
cpmp02 6 1361 420 409 2.69% 1.94%  0.92% 0.26 1 775 14225 412 412 0.00% 1.86 2.57 37
cpmp03 5 1201 405 399 1.50% 0.00% 1.67% 0.24 3 6.76 90.20 405 405 0.00% 4.38 4.46 107
cpmp04 6 1618 385 365 5.48% 0.26%  4.97% 0.33 0 8.08 102.44 384 384 0.00% 308.15 421 8075
cpmp05 4 830 429 419 2.39% 0.00%  2.38% 0.21 4 6.47 81.06 429 429 0.00% 11.19 4.61 359
cpmp06 5 1302 485 467 3.85% 0.62%  3.28% 0.28 1 797 11855 482 482 0.00% 73.69 3.70 2633
cpmp07 5 1235 445 425 4.71% 0.00%  4.64% 0.33 0 7.74 97.50 445 445 0.00% 318.60 3.61 8431
cpmp08 6 1199 407 393 3.56% 0.99%  2.55% 0.34 2 6.70  100.49 403 403 0.00% 18.82 4.09 657
cpmp09 5 1227 452 423 6.86% 3.67%  3.11% 0.41 0 6.83 94.47 436 436 0.00% 23.68 5.42 623
cpmpl0 5 1309 466 443 5.19% 1.08%  4.09% 0.41 1 6.51 93.69 461 461 0.00% 113.35 4.44 3607
Average 5.1 1261.7 3.97% 096%  3.01% 0.30 1.3 7.19  101.50 0.00% 87.95 4.24 2469.4
100 25 cpmpll 6 3101 549 529 3.78% 092%  2.77% 1.01 0 7.73 23557 544 544 0.00%  2963.49 8.58 25,757
cpmpl2 5 2190 508 496 2.42% 0.79% 1.59% 0.80 2 6.94  169.11 504 504 0.00% 99.66 8.80 1017
cpmpl3 5 2392 569 535 6.36% 2.15%  4.12% 0.76 0 8.56 33738 557 546 2.01% — 2.25 32,375
cpmpl4 5 2938 556 530 4.91% 221%  2.671% 0.79 0 9.81 287.92 544 541 0.55% — 6.91 28,074
cpmpl5 5 2611 586 573 2.27% 0.51% 1.77% 0.90 3 7.56  196.19 583 583 0.00% 231.80 9.04 1707
cpmpl6 6 2566 543 521 4.22% 093%  3.32% 1.08 0 825 299.15 538 530 1.51% — 3.20 36,101
cpmpl7 5 2352 551 536 2.80% 1.66% 1.14% 0.96 1 6.37 15473 542 542 0.00% 6.60 9.17 53
cpmpl8 8 4408 508 501 1.40% 0.00% 1.38% 1.33 10 10.89 34238 508 508  0.00% 47.78 7.88 179
cpmpl9 5 2879 562 531 5.84% 2.00%  3.69% 0.85 0 8.60  320.10 551 547 0.73% — 7.75 31,511
cpmp20 4 1930 581 523 11.09% 1.57%  8.63% 1.04 0 7.98  300.49 572 537 6.52% — 0.06 32,135
Average 5.4 2736.7 4.51% 1.27%  3.11% 0.95 1.6 8.27 26430 1.13% 669.87 6.36  18,890.9
150 37  cpmp2l 6 4793 682 675 1.04% 0.15%  0.98% 2.01 4 1036  380.63 681 681  0.00% 838.88 11.00 2685
cpmp22 5 2703 680 646 5.26% 1.80%  3.40% 221 0 843 46376 668 654 2.14% — 0.94 13,447
cpmp23 7 4599 682 643 6.07% 1.79%  4.17% 2.88 0 8.81 486.25 670 652 2.76% — 0.31 12,794
cpmp24 6 4884 597 587 1.70% 0.51% 1.21% 2.01 2 8.83  361.28 594 594  0.00% 2365.36 11.56 8527
cpmp25 6 3893 636 628 1.27% 1.11%  0.29% 1.63 0 6.41  338.03 629 629 0.00% 24.07 7.50 103
cpmp26 6 4953 680 647 5.10% 4.13% 1.06% 1.86 0 8.66 39274 653 653 0.00% 188.63 13.15 599
cpmp27 6 4138 771 714 7.98% 2.12%  5.51% 2.70 0 7.93  435.58 755 723 4.43% — 0.00 13,355
cpmp28 5 3785 654 633 3.32% 1.55% 1.84% 1.58 0 875 472.12 644 641 0.47% — 10.97 14,962
cpmp29 6 5180 670 641 4.52% 3.24% 1.29% 1.98 0 7.09  309.75 649 649 0.00% 472.24 17.00 2135
cpmp30 7 5092 634 619 2.42% 0.48% 1.90% 2.24 0 8.77 41825 631 628  0.48% — 9.79 17,376
Average 6.0 44020 3.87% 1.69%  2.17% 2.11 0.6 8.40 405.84 1.03% 777.84 8.22 8598.3
200 50 cpmp3l 5 5421 748 712 5.06% 1.63%  3.29% 3.58 0 7.83  550.64 736 718 2.51% — 0.10 7376
cpmp32 5 4647 908 800 13.50% 342%  8.97% 4.42 0 6.34  346.10 878 806 8.93% — 0.00 6050
cpmp33 6 5397 726 694 4.61% 0.14%  4.32% 4.61 0 8.82  642.66 725 701 3.42% — 0.00 7024
cpmp34 6 4867 854 779 9.63% 0.00%  8.81% 5.64 0 7.40  402.77 854 785  8.79% — 0.00 6187
cpmp35 6 6955 763 728 4.81% 0.66%  4.07% 4.26 0 7.79  539.26 758 733 341% — 0.00 7504
cpmp36 7 7652 708 693 2.16% 0.71% 1.53% 4.96 0 8.13  586.80 703 697  0.86% — 3.77 7682
cpmp37 5 5700 785 744 5.51% 3.97% 1.54% 2.89 0 8.72 65521 755 749 0.80% — 3.77 7898
cpmp38 5 4365 775 730 6.16% 0.00%  5.81% 4.20 0 7.89  531.62 775 735 5.44% — 0.00 6134
cpmp39 7 7417 736 713 3.23% 1.80% 1.44% 4.10 0 8.87 595.13 723 720 0.42% — 13.79 6916
cpmp40 6 6377 796 738 7.86% 0.38%  6.99% 5.74 0 7.83 45432 793 745 6.44% — 0.00 6192
Average 5.8 5879.8 6.25% 1.27%  4.68% 4.44 0.0 7.96 53045 4.10% — 2.14 6896.3
Overall average 5.58  3570.05 4.65% 1.30%  3.24% 1.95 7.96 32552 1.57% 511.88 9213.73

with similar allocation pattern. The reduced cost of the corre-
sponding columns is almost the same, and many columns are
inserted into the RLMP at each column generation iteration.
On the opposite, the performances of the primal heuristic
worsen as the ratio increases, as it is harder to find an optimal
set of medians. Instances of class y are the hardest to solve
for the branch-and price algorithm: the average gap between
the upper and lower bounds after 1 hour of computation and
the number of unsolved instances are higher than for the other
classes. A similar behavior has been observed for the unca-
pacitated version of the problem (see [4]). Finally, we ran our
algorithm without time limit. It was able to solve to optimality
15 more instances, and to reduce the average gap between the
best known upper and lower bounds below 1% before running
out of memory.
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3.6.1. Large Scale Instances. We tried to use our algo-
rithm on even larger instances: to obtain benchmark instances
similar to those presented before, we used the instances
pmed-38, pmed-39, and pmed-40 for the uncapacitated p-
median problem from the OR Library, that involve 900
vertices, fixing the number of medians to 90. We generated
random weights as described in the previous section, and set
the capacity of each candidate median to 120. Our algorithm
solved the root problem in less than 40 minutes, produc-
ing solutions whose primal-dual gap was less than 2.6%,
2.4%, and 3.0%. No significant improvement was observed
in these bounds after some hours of computation. How-
ever this was expected: no CPMP instance of this dimension
has been solved so far, although larger instances have been
solved for the uncapacitated version of the problem. This



TABLE 5. Branch-and-price with subgradient-based multiple pricing—Class y .
Root Search tree
Instance
N P CGit. cols UB LB gap UBgap LBgap time(s) fixmed. CGit cols FUB FLB gap time(s) avgfixmed ev.nodes
50 16 cpmpO1 4 1537 305 296  3.04% 235%  0.67% 0.16 2 4.67 8250 298 298  0.00% 0.42 1.00 7
cpmp02 3 814 338 328 3.05%  0.60% 2.38% 0.13 2 519  85.08 336 336 0.00% 3.51 2.92 143
cpmp03 4 1412 317 309  259%  0.96% 1.59% 0.15 0 480  79.50 314 314 0.00% 0.58 4.40 11
cpmp04 4 1280 303 297  2.02%  0.00% 2.29% 0.21 5 4.93 64.51 303 303 0.00% 2.23 291 71
cpmp05 5 1555 351 346 1.45%  0.00% 1.42% 0.25 2 506  79.44 351 351 0.00% 0.94 4.38 19
cpmp06 4 1019 403 387 4.13% 333%  0.90% 0.25 0 5.25 93.19 390 390 0.00% 0.75 1.00 17
cpmp07 5 1747 362 357 1.40%  0.28% 1.11% 0.30 5 436  69.29 361 361 0.00% 3.19 3.17 95
cpmp08 5 1237 363 323 1238%  2.54% 8.86% 0.34 0 7.64  146.61 354 349 1.43% — 4.87 127066
cpmp09 4 1010 387 366  5.74% 3.75% 1.88% 0.27 0 416  62.05 373 373 0.00% 9.34 4.08 407
cpmpl0 4 1042 399 376  6.12%  2.31% 3.79% 0.32 0 5.93 84.96 390 390  0.00% 143.78 2.98 5137
Average 42 1265.3 4.19% 1.61% 2.49% 0.24 1.6 520 8471 0.14% 18.30 3.17 13,297.3
100 33 cpmpll 4 2165 420 406  3.45% 1.45% 1.97% 0.56 0 6.27 21797 414 414 0.00% 97.42 6.72 1053
cpmpl2 5 4854 402 375  720% @ 2.81%  4.16% 0.75 0 8.11 303.72 391 387 1.03% — 6.11 34,995
cpmpl3 5 4169 446 441 1.13%  0.00% 1.23% 0.75 3 6.67  209.77 446 446 0.00% 30.25 6.09 203
cpmpl4 4 1672 455 434  4.84% 1.79% 2.91% 0.70 0 7.19 27052 447 443 0.90% — 6.19 39,581
cpmpl5 4 2686 517 470 10.00%  9.07% = 0.98% 0.68 0 6.29  230.82 474 474 0.00% 135.43 2.82 1317
cpmpl6 4 2483 454 431 534%  0.44%  4.71% 0.72 0 6.49 26522 452 440 2.73% — 0.77 41,818
cpmpl7 5 3931 447 424 5.42% 3.71% 1.78% 0.81 0 6.46  210.82 431 431 0.00% 120.12 6.06 855
cpmpl8 5 2211 462 431 7.19%  0.00% 6.78% 1.06 0 6.64  269.58 462 442 452% — 0.37 39,287
cpmpl9 5 3675 471 431 9.28%  5.84% 3.22% 0.87 0 6.39  189.70 445 445 0.00% 1399.44 7.08 12,989
cpmp20 4 2772 470 451 421%  2.17% 1.96% 0.88 0 591 176.56 460 460  0.00% 847.31 7.81 9321
Average 4.5 3061.8 5.81% 2.73% 2.98% 0.78 0.3 6.64 23447 0.92%  438.33 5.00 18,141.9
150 50  cpmp2l 6 4249 612 581 534%  0.00% 5.13% 3.46 0 6.45  363.75 612 588  4.08% — 0.00 15,748
cpmp22 4 2694 590 540  9.26%  2.08% 6.60% 2.06 0 7.05 41241 578 548  547% — 0.00 15,096
cpmp23 5 4655 590 551 7.08% 3.87% 3.02% 2.52 0 7.31 44829 568 559 1.61% — 1.53 15,158
cpmp24 4 2917 522 496  5.24% 3.37% 1.95% 1.54 0 7.14 41421 505 503 0.40% — 8.08 15,747
cpmp25 4 3652 512 486  535%  4.92%  0.58% 1.21 0 6.64 439.24 488 488  0.00% 13.09 1.42 59
cpmp26 5 4893 547 526 3.99% 1.30% 2.65% 1.67 0 6.66 383.68 540 537 0.56% — 9.27 17,439
cpmp27 5 5124 610 568  7.39%  535% 2.01% 2.17 0 7.84 39879 579 578  0.17% — 10.40 14,258
cpmp28 4 2385 511 499  2.40% 1.59%  0.80% 1.16 0 4.87 247.27 503 503 0.00% 72.69 4.76 483
cpmp29 5 5378 554 530  4.53%  0.00% @ 4.46% 1.77 0 6.52  376.30 554 535 3.55% — 0.03 17,533
cpmp30 5 4010 521 488  6.76% 3.17% 3.50% 1.87 0 7.02  399.80 505 495 2.02% — 1.10 18,879
Average 4.7 3995.7 5.73% 2.56% 3.07% 1.94 0.0 6.75 38837 1.79% 42.89 3.66 13,040.0
200 66 cpmp3l 5 5247 579 572 1.22%  0.70%  0.68% 3.27 0 6.01 413.83 575 574 0.17% — 8.81 11,898
cpmp32 4 5238 833 700 19.00%  7.07% 10.13% 3.67 0 5.08 282.11 778 705 10.35% — 0.00 8084
cpmp33 4 4901 654 600  9.00%  0.00% 8.39% 4.31 0 6.07 383.52 654 605 8.10% — 0.00 7349
cpmp34 6 5678 749 684  9.50%  0.00% 8.74% 6.74 0 6.71  489.37 749 691 8.39% — 0.00 6745
cpmp35 6 5718 631 593  6.41% 1.94%  4.29% 5.25 0 6.67 54047 619 598 3.51% — 0.00 8535
cpmp36 5 5341 608 570  6.67%  0.00% 6.33% 4.76 0 6.58  456.59 608 574  5.92% — 0.00 7025
cpmp37 4 5787 655 617  6.16%  0.00% 5.88% 3.00 0 6.28 507.32 655 621 5.48% — 0.00 6898
cpmp38 5 4592 633 596  621% 4.11% 2.08% 3.86 0 6.53 52449 608 601 1.16% — 2.34 9655
cpmp39 4 5743 609 574  6.10% 2.35% 3.60% 3.58 0 6.43  523.50 595 578 2.94% — 0.00 7995
cpmp40 4 3513 657 608 8.06% 1.55% 6.04% 4.11 0 6.44  469.29 647 613 5.55% — 0.00 7761
Average 47 51758 7.83% 1.77% 5.62% 4.25 0.0 6.28  459.05 5.16% — 1.11 8194.5
Overall average 4.53  3374.65 589%  2.17% 3.54% 1.80 6.22  291.65 2.00% 166.51 13,168.43

puts in evidence that the capacity constraints actually make

the problem harder.

4. BENCHMARKS AND EXPERIMENTAL

COMPARISONS

and a relative and absolute optimality tolerance of 0.01% and
1079, respectively.

4.1.2. Lagrangean Relaxation.

Lagrangean relaxation

4.1. Benchmark Algorithms

4.1.1. General Purpose Solver. We solved the CPMP
instances with CPLEX 6.5, using the formulation of the
CPMP presented in Section 2, tightened with the inequalities
x;j < yj;. All the parameters were kept at the default values.
These include automatic dynamic generation of clique, cover,
and GUB-cover inequalities, best-bound-first search strategy,

has been successfully applied to many combinatorial opti-
mization problems; hence, it is a good benchmark for other
methods. Pirkul’s branch-and-bound algorithm for the capac-
itated concentrators location problem [25], based on the
Lagrangean relaxation of the partitioning constraints, can
be easily adapted to the CPMP. Also, Baldacci et al. [1]
compared their algorithm with an adaptation of Pirkul’s
algorithm. Following [25] and [1], we implemented a branch-
and-bound algorithm based on the Lagrangean relaxation of
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TABLE 6. Branch-and-price with subgradient-based multiple pricing—Class §.

Root Search tree
Instance
N p CGit cols UB LB gap UBgap LBgap time(s) fixmed. CGit cols FUB FLB gap time(s) avg.fix.med ev.nodes
50 20  cpmpOl 3 1066 266 259 2.70% 0.00%  2.74% 0.13 2 491 74.95 266 266 0.00% 1.69 3.33 57
cpmp02 4 2107 300 293 2.39% 0.67% 1.85% 0.31 4 4.44 67.60 298 298  0.00% 343 1.91 79
cpmp03 3 1000 352 307 14.66% 13.18% 1.29% 0.21 0 4.06 71.38 311 311 0.00% 0.66 0.75 17
cpmp04 3 784 277 276 0.36% 0.00%  0.54% 0.15 6 2.69 40.75 277 277 0.00% 0.44 0.43 17
cpmp05 4 1550 360 355 1.41% 1.12%  0.42% 0.38 1 4.00  54.00 356 356 0.00% 0.57 3.67 5
cpmp06 4 1400 370 367 0.82% 0.00%  0.81% 0.26 6 3.00 8.50 370 370 0.00% 0.35 0.00 3
cpmp07 4 1356 359 357 0.56% 028%  0.28% 0.36 6 3.83 62.83 358 358 0.00% 0.60 3.60 7
cpmp08 4 914 322 298 8.05% 321%  4.78% 0.33 0 4.44 73.65 312 312 0.00% 44.90 2.90 2025
cpmp09 3 739 417 404 3.22% 121%  2.09% 0.29 0 3.86 64.30 412 412 0.00% 11.65 1.90 539
cpmpl0 3 920 502 442 13.57% 9.61%  3.68% 0.39 0 4.48 77.35 458 458 0.00% 426.68 2.65 19,429
Average 35 1183.6 4.77% 2.93% 1.85% 0.28 2.5 3.97 59.53 0.00% 49.10 2.11 2217.8
100 40  cpmpll 4 3381 446 406  9.85% 747%  2.21% 0.89 0 6.45 24948 415 413 0.48% — 5.89 38912
cpmpl2 4 2035 424 365 16.16% 11.58%  4.14% 1.04 0 593 23771 380 373 1.88% — 1.88 42,328
cpmpl3 4 3955 424 405 4.69% 291% 1.74% 0.74 0 4.54 147.86 412 412 0.00% 430.11 4.05 4449
cpmpl4 4 2230 474 413 1477% 12.59% 1.97% 0.92 0 529  172.20 421 421 0.00% 352.47 3.72 3731
cpmpl5 3 1924 526 489 7.57% 6.05% 1.44% 0.68 0 550 178.90 496 496  0.00% 737.53 5.60 9075
cpmpl6 4 3423 435 425 2.35% 1.64%  0.86% 0.91 0 426 147.66 428 428  0.00% 95.71 2.95 1205
cpmpl7 4 1848 475 430 10.47% 795%  2.27% 0.95 0 585 190.92 440 440 0.00%  1588.28 5.14 18,091
cpmpl8 5 3857 464 434 6.91% 3.11%  3.69% 1.13 0 575 19139 450 450  0.00% 666.00 4.82 6675
cpmpl9 5 2901 466 440 591% 3.56%  2.43% 1.57 0 525 197.79 450 450 0.00%  3587.27 4.90 40,217
cpmp20 5 5076 523 476 9.87% 761%  2.19% 1.81 0 5.19 180.20 486 486  0.00% 533.02 4.71 4773
Average 42 3063.0 8.86% 6.45%  2.30% 1.06 0.0 540 189.41 0.24% 998.80 4.36 16,945.6
150 60  cpmp2l 6 4780 591 545 8.44% 7.07% 1.28% 323 0 581 367.01 552 552 0.00% 333.66 2.18 1481
cpmp22 4 4519 659 588 12.07% 9.65%  2.21% 2.46 0 6.06 385.59 601 595 1.01% — 2.40 18,434
cpmp23 3 3160 597 540  10.56% 401%  5.99% 1.59 0 5.68 353.92 574 548  4.74% — 0.00 17,100
cpmp24 4 2386 506 475 6.53% 1.61%  4.80% 2.01 0 591 36748 498 480  3.75% — 0.02 17,603
cpmp25 4 4910 478 428 11.68% 9.63% 1.90% 1.77 0 591 321.61 436 434 0.46% — 728 21,154
cpmp26 4 2433 534 506 5.53% 3.89% 1.65% 2.70 0 536 329.25 514 511 0.59% — 4.34 16,901
cpmp27 5 2838 772 715 7.97% 039%  7.09% 3.47 0 574 36325 769 722 6.51% — 0.00 14,311
cpmp28 4 4844 485 463 4.75% 275%  2.03% 1.58 0 539 292,07 472 469  0.64% — 5.39 23,304
cpmp29 4 4988 524 488 7.38% 6.07% 1.21% 1.30 0 524 303.62 494 494  0.00% 1976.75 6.63 11,337
cpmp30 5 7058 461 435 5.98% 3.83%  2.06% 1.96 0 584 33576 444 441  0.68% — 6.93 19,715
Average 4.3 4191.6 8.09% 489%  3.02% 221 0.0 5.69 34195 1.84% 1155.21 3.52 16,134.0
200 80 cpmp31 4 7505 567 528 7.39% 3.66%  3.50% 3.76 0 582 39749 547 533 2.63% — 0.04 7983
cpmp32 4 3796 926 781 18.57% 920%  7.96% 5.80 0 594  500.34 848 788  1.61% — 0.00 7657
cpmp33 4 4155 575 548 4.93% 1.05%  3.72% 3.86 0 522 403.86 569 551 327% — 0.02 8852
cpmp34 6 6058 1043 835 2491% 20.02%  4.01% 9.57 0 6.14  513.67 869 838 3.70% — 0.00 6097
cpmp35 4 4175 588 542 8.49% 334%  4.75% 4.57 0 544  453.69 569 545 4.40% — 0.00 8076
cpmp36 4 6777 581 538 7.99% 0.00%  7.42% 3.53 0 5.66 436.61 581 543 7.00% — 0.00 7576
cpmp37 5 7722 634 580  931% 3.59%  5.28% 5.64 0 5.65 43758 612 584  4.79% — 0.00 6686
cpmp38 5 6375 635 587 8.18% 726%  0.85% 5.33 0 596  489.10 592 590  0.34% — 10.51 8422
cpmp39 4 3591 578 528 9.47% 0.00%  8.66% 4.95 0 520 366.94 578 532 8.65% — 0.00 5775
cpmp40 4 4433 632 571  10.68% 3.61%  6.40% 391 0 549  410.60 610 575 6.09% — 0.00 6401
Average 4.4 5458.7 10.99% 517%  5.26% 5.09 0.0 5.65  440.99 4.85% — 1.06 7352.5
Overall average 4.10 347423 8.18% 486%  3.11% 2.16 518 25797 1.73% 737.37 10,662.48

the semiassignment constraints presented in Section 3. The
Lagrangean dual problem is solved by subgradient optimiza-
tion. At most 300 subgradient iterations are executed at the
root node, at most 50 iterations at the other nodes of the
first level search tree (where branching is done on location
variables) and at most 15 iterations at the nodes of the second
level branching tree (where branching is done on assignment
variables). Primal bounds are computed at each subgradient
iteration by Pirkul’s procedure Heur?2.

We also implemented alternative and faster bounding
techniques proposed in [25], namely evaluating the dual
bound using the best Lagrangean penalties found at the
predecessor node in the search tree, and solving the linear
relaxation of the knapsack subproblems using a “good” set of
multipliers.

136 NETWORKS—2005

More details on the adaptation of Pirkul’s algorithm to the
CPMP can be found in [3], where an alternative formulation
is also discussed, consisting of the relaxation of constraints
(1) and (3).

4.2. Algorithms Comparison

In Tables 7 and 8, for every class of instances the col-
umn “v*(gap)” reports the optimal value if optimality was
proven; otherwise it reports the gap between the best primal
and dual bounds obtained. As indicated in Subsection 2.4,
computation was halted after 1 hour or in case of memory
overflow. If computation exceeded these resource limitations,
the “time” column is marked with a dash and the type of
resource exceeded is indicated in the “status” column. The



TABLE 7. CPLEX6.5.
Class o Class g Class y Class §
Instance v* (gap) time (s) status v* (gap) time (s) status v* (gap) time (s) status v* (gap) time (s) status
N =50 cpmp01 713 4.98 383 7.26 298 2.07 266 3.96
cpmp02 740 0.48 412 434 336 16.46 298 731
cpmp03 751 31.15 405 27.41 314 8.98 311 20.27
cpmp04 651 1.43 384 453.59 303 98.69 271 8.43
cpmp05 664 5.92 429 85.84 351 14.52 356 22.81
comp06 778 0.68 482 70.51 390 23.66 370 6.39
cpmp07 787 50.02 445 380.05 361 45.99 358 19.69
cpmp08 820 154.10 403 131.38 353 571.27 312 230.11
cpmp09 715 26.31 436 290.84 373 174.40 412 804.70
cpmpl0 829 127.49 461 551.10 390 530.10 458 646.66
0.000% 40.256 10 0.000% 200.232 10 0.000% 148.614 10 0.000% 177.033 10
N =100 cpmpl1 1006 423.55 544 969.41 414 80.13 415 696.14
cpmpl2 966 142.38 504 2045.81 391 1691.34 371 1092.72
cpmpl3 1026 50.01 555 1788.78 446 100.56 412 365.01
cpmpl4 982 929.99 544 2279.67 447 1897.32 421 1624.19
cpmpl5 1091 1111.13 583 700.60 474 323.27 496 1158.77
cpmpl6 954 176.70 (550;529) — (a) (455;447) — (a) 428 1261.00
cpmpl7 1034 571.67 542 261.80 431 46.31 440 2612.34
cpmpl8 1043 1129.22 508 223.17 456 3223.04 450 690.38
cpmpl9 1031 557.86 551 3538.42 445 2107.70 450 1607.81
cpmp20 (1061;995) — (a) (611;533) — (a) 460 1925.53 (—:458) — (a)
0.663% 869.952 9 1.860% 1900.980 8 0.179% 1499.630 9 (0.000%) 1234.262 9
N =150 cpmp21 1288 481.72 (1292672) — (a) (760;581) — (a) (1466;539) — (a)
cpmp22 (1256;1251) — (a) (876;645) — (a) (1364;535) — (a) (—3575) — (a)
cpmp23 1279 665.76 (706:653) — (a) (1652;542) — (a) (1474;535) — (a)
cpmp24 (1254;1213) — (a) 594 1235.17 (1241;492) — (a) (491:484) — (a)
cpmp25 1193 430.84 629 204.04 488 1330.24 (1044:427) — (a)
cpmp26 1264 1502.08 653 886.45 (750;528) — (a) 512 589.29
cpmp27 1323 3463.23 (1540;701) — (a) (1967;560) (a) (—:668) — (a)
cpmp28 1233 455.58 644 473.86 503 138.68 471 1199.79
cpmp29 1219 202.37 649 390.83 (545;544) — (a) 494 347.70
cpmp30 1201 156.56 630 896.90 (1234:487) — (a) 444 163.33
0.378% 1462.320 8 25.588% 1861.870 6 98.966% 3052.720 2 (61.680%) 2102.900 4
N =200 cpmp31 (1439;1371) — (a) (1545;710) — (a) 575 396.79 (726:526) — (a)
cpmp32 (1472;1411) — (a) (—776) — (a) (-;680) — (a) (—722) — (a)
cpmp33 (1406;1363) — (a) (781;701) — (a) (1492;594) — (a) (—;545) — (a)
cpmp34 (2466;1372) — (a) (—762) — (a) (832;666) — (a) (—3776) — (a)
cpmp35 (1494;1431) — (a) (1462;723) — (a) (-;585) — (a) (1781;533) — (a)
cpmp36 1382 1089.73 701 2949.48 (662:;573) — (a) (—:534) — (a)
cpmp37 1458 936.61 753 1809.92 (1341;614) — (a) (1464;578) — (a)
cpmp38 (—;1370) — (a) (1533;729) — (a) (646;606) — (a) (—:576) — (a)
cpmp39 1374 976.39 (835:712) — (a) (610;584) — (a) (563;536) — (a)
cpmp40 1416 2878.57 (1484;736) — (a) (678;614) — (a) (—:563) — (a)
(10.731%) 2707.790 4 (57.554%) 3368.600 2 (41.440%) 3285.100 1 (107.613%) 3697.240 0

(a) = computation exceeded time limit; (b) = out of memory.

lastrow of each block in the tables reports the average gap, the
average computation time (neglecting the tests that exceeded
resource limitations), and the number of problems solved to
proven optimality.

From the examination of the gaps between the primal solu-
tion, the optimum and the lower bound at the root node, the
branch-and-price algorithm shows a good behavior also when
it is used as a heuristic. This is especially true for instances
in class «, where the best solution found is on the average
0.26% from optimality after only 4.55 seconds. For all sizes
considered CPLEX could solve to optimality more instances
in class B than the other algorithms.

The Lagrangean approach shows a completely different
behavior, because it is competitive even for large instances
but only for small values of the % ratio. When the number

of medians increases, its performances significantly worsen.
This is easy to explain: for given N, when p is higher
the first level branching tree grows larger, because it is
necessary to fix more location variables to reach a leaf
node.

On the 40 instances with N = 200, the primal solutions
found by branch-and-price after 1 hour were consistently
better than those found by any of the other algorithms consid-
ered. CPLEX was not able to find any feasible solution within
the time limit for 11 of these 40 instances. For the remaining
29 instances, the average approximation error, computed with
respect to the best known lower bound, was 2.64% for the
branch-and-price algorithm, while the approximation error
yielded by the Lagrangean relaxation algorithm was 7.57%
and that given by CPLEX more than 40%.
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TABLE 8.

Branch-and-bound with Lagrangean relaxation.

Class o Class 8 Class y Class §
Instance v* (gap) time (s) status v* (gap) time (s) status v¥* (gap) time (s) status v* (gap) time (s) status
N =50 cpmp01 713 0.17 383 12.35 298 3.4 266 440.37
cpmp02 740 0.06 412 1.19 336 271.86 298 2423.56
cpmp03 751 0.13 405 8.85 314 18.49 311 77.54
cpmp04 651 0.07 384 910.32 303 85.28 277 256.79
cpmp05 664 0.09 429 308.33 351 22.15 356 216.23
cpmp06 778 0.09 482 256.78 390 272.26 370 39.49
cpmp07 787 0.80 445 715.14 361 107.85 358 42.29
cpmp08 820 17.54 403 153.58 (365:322) - (a) (313;290) - (a)
cpmp09 715 0.92 436 91.26 373 165.14 (418;365) — (a)
cpmpl0 829 2.85 461 647.89 (390:368) — (a) (481:403) — (a)
0.000% 2272 10 0.000% 310.569 10 1.933% 118.304 8 4.181% 499.467 7
N =100 cpmpl1 1006 3.26 (544;527) — (a) (439:405) — (a) (435:400) — (a)
cpmpl2 966 15.26 (509:496) — (a) (394;374) — (a) (393:362) — (a)
cpmpl3 1026 132 (567;534) — (a) (451:439) — (a) (425:402) — (a)
cpmpl4 982 47.97 (548;529) — (a) (481:433) — (a) (442:411) — (a)
cpmpl$ 1091 3233 (593;570) — (@) (481;468) — (a) (504;482) — (a)
cpmpl6 954 8.17 (558:518) — (a) (453:430) — (a) (430:423) — (a)
cpmpl7 1034 42.49 542 1673.37 (439;424) — (a) (795;427) — (a)
cpmpl8 1043 39.94 508 977.96 (493:429) — (a) (500:429) — (a)
cpmpl9 1031 18.92 (562:531) — (@ (473:430) — (@) (498:437) — (a)
cpmp20 1005 3377.63 (597;514) — (a) (483;448) — (a) (1630;463) — (a)
0.000% 358.729 10 4.936% 1325.660 2 7.196% — 0 40.554% — 0
N =150 cpmp21 1288 227.11 (683:674) — (@ (626:580) — (a) (585:543) — (a)
cpmp22 1256 1100.95 (665;643) — (a) (599;537) - (a) (992;582) - (a)
cpmp23 1279 62.43 (711;639) — (a) (659;548) — (a) (1235;528) — (a)
cpmp24 1220 288.73 (603;585) — (@) (533:495) — (a) (518:471) — (a)
cpmp25 1193 29.55 (634;627) — (a) (499;484) - (a) (4613427) — (a)
cpmp26 1264 48.11 (653;646) — (a) (565:526) — (a) (530;504) — (a)
cpmp27 1323 1795.07 (837;711) — (a) (631:566) — (a) (2859:694) — (a)
cpmp28 1233 74.16 (647,630) — (a) (526;498) — (a) (493:462) — (a)
cpmp29 1219 11.70 (656:641) — (@ (565:529) — (a) (505:488) — (a)
cpmp30 1201 11.61 (641:619) — (@ (515:487) — (@ (472:434) — (a)
0.000% 364.942 10 4.762% — 0 8.758% — 0 56.609% — 0
N =200 cpmp31 1378 482.48 (767;711) — (b) (590;570) — (a) (590;527) — (b)
cpmp32 (1447;1404) — (a) (1580;789) — (b) (1699;694) — (b) (—732) — (b)
cpmp33 (1385:1360) — (a) (765:693) — (b (751:598) — (@ (662:547) — (a)
cpmp34 (1385;1372) — (a) (1137;770) — (b) (915;677) — (a) (—788) — (b)
cpmp35 1437 2982.44 (801;725) — (b (636;592) — (a) (630:540) — (b)
cpmp36 1382 100.30 (717,690) — (b) (615:569) — (a) (574;537) — (a)
cpmp37 1458 259.51 (783;743) — (a) (679;615) — (b) (668;578) — (b)
cpmp38 (1390;1369) — (a) (839:730) — (b) (645:595) — (b) (764:581) — (b)
cpmp39 1374 106.60 (736;712) — (a) (620;573) - (b) (600;528) — (b)
cpmp40 1416 1300.01 (842;735) — (b) (712;606) — (b) (1366;568) — (b)
0.738% 871.89 6 21.882% — 0 26.908% — 0 (32.217%) — 0

(a) = computation exceeded time limit; (b) = out of memory.

4.3. The Algorithm of Baldacci, Hadjicostantinou,
Maniezzo and Mingozzi

In [1] Baldacci et al. proposed an algorithm (in the remain-
der we call it BHMM for short) that is able to prove optimality
of the solution found or to provide a valid dual bound, and
therefore an a posteriori approximation guarantee.

BHMM adopts a three steps approach: a primal-dual
bound gap is computed by a procedure H1, that relies on
Lagrangean relaxation (the same described above) and sub-
gradient optimization. The dual bound obtained is strength-
ened by a procedure H2, that uses the linear relaxation of the
CPMP reformulation as a set partitioning problem, whose
columns are the feasible clusters whose reduced costs do not
exceed the gap found in H1; the reduced costs are evaluated
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using the best set of multipliers encountered. To reduce the
problem size only the best A clusters (A = 2000 in the imple-
mentation of [1]) for every candidate median are considered.
When a new dual bound (and the corresponding dual solu-
tion) is obtained, a new set of columns is computed and an
integer solution is obtained using CPLEX (procedure EHP);
that solution can be nonoptimal, but a dual bound based
on the reduced cost of the best cluster discarded can either
prove optimality or provide information on the approximation
obtained.

BHMM may behave as an optimization algorithm or as a
heuristic depending on the value of parameter A, which is
user-controlled. Unfortunately, it is not known how A must
be chosen to have an a priori optimality guarantee: once
a value of A has been guessed, it is possible that BHMM



terminate providing a suboptimal solution together with a
lower bound. If the user wants to find the optimal solution,
he must guess a larger value of A and try again, and the
procedure must be repeated until optimality is reached or
the available computing resources are exhausted. Obviously,
larger values of A imply larger amounts of computing time.
On the contrary, our branch-and-price algorithm does cer-
tainly yield the optimal solution, provided that the program
is not aborted for insufficient computing resources. Hence,
when a difficult CPMP instance must be solved to optimality
one has two alternatives: either tentatively tuning A accord-
ing to the available resources and running BHMM in the
hope that the solution will be provably optimal or running

the branch-and-price algorithm in the hope that the comput-
ing resources will be sufficient. Even if the two methods are
of different nature from a theoretical viewpoint, we tried to
make a significant experimental comparison because at the
best of our knowledge they represent the state of the art to
solve the CPMP. To this purpose we set A to the same value
indicated in [1], that is A = 2000, which is large enough
to often obtain provably optimal solutions and small enough
to make the algorithms comparable from the viewpoint of
computing time.

Moreover, we had to address two other points, concern-
ing the formulation of the problem and the initialization
of BHMM. In [1], the authors used a slightly less general

TABLE 9. Comparison between BHMM and branch-and-price.

Problem BHMM + bionomic bound Branch-and-price
N P Instance Bionomic bound Optimum v* (gap) time (s) v* (gap) time (s)
50 5 cepxl 713 713 713 40.25 713 4.58
ccpx2 740 740 720 40.08 740 0.16
cepx3 751 751 751 40.16 751 2.43
cepx4 651 651 651 40.07 651 0.31
cepxS 664 664 664 40.15 664 0.56
ccpx6 778 778 778 40.08 778 0.33
cepx7 787 787 787 41.24 787 7.13
ccpx8 820 820 (820;790) — 820 1904.73
ccpx9 715 715 715 40.28 715 1.00
ccpx10 829 829 829 44.41 829 7.96
Average 0.38% 40.74 0.00% 2.72
100 10 cepxl1 1006 1006 1006 42.20 1006 19.08
cepx12 966 966 966 133.83 966 93.51
cepx13 1026 1026 1026 40.62 1026 30.46
cepx14 982 982 982 125.23 982 232.13
cepx15 1091 1091 1091 90.04 1091 407.73
cepx16 954 954 954 40.95 954 5.70
cepx17 1034 1034 1034 57.67 1034 113.91
cepx18 1043 1043 (1043;1040) 179.14 1043 877.95
cepx19 1031 1031 1031 43.48 1031 18.03
cepx20 1013 1005 (1013;985) — (1006;993) —
Average 0.31% 71.75 0.13% 115.07
150 15 cepx21 1290 1283 (1283;1279) 3952.79 1283 4119.65
ccpx22 1292 1291 1291 206.04 1291 450.46
ccpx23 1220 (1219;1192) — (1216;1207) —
ccpx24 1236 1235 (1235;1230) 470.59 1235 5143.87
ccpx25 1189 1188 1188 40.72 1188 3.94
ccpx26 1228 1227 1227 40.63 1227 4.37
ccpx27 1270 1269 1269 208.40 1269 730.71
ccpx28 1181 1180 1180 49.49 1180 391.48
ccpx29 1260 (1259;1248) 6389.09 (1262;1250) —
cepx30 1243 1241 (1241;1236) 2291.95 (1241;1239) —
Average 0.57% 109.05 0.19% 316.19
200 20 cepx31 1447 1446 1446 294.68 1446 3827.76
ccpx32 1352 (1351;1336) — (1358;1344) —
cepx33 1391 1390 1390 4045 1390 10.47
ccpx34 1395 (1394;1362) — (1393;1374) —
cepx35 1401 (1400;1382) — (1401;1389) —
ccpx36 1384 1382 (1382;1378) 2643.33 (1382;1380) —
cepx37 1399 (1398;1370) — (1388;1379) —
ccpx38 1462 (1461;1438) — (1476;1447) —
cepx39 1427 (1426;1421) 1013.62 (1426;1425) —
ccpx40 1393 1392 1392 41.20 1392 12.94
Average 0.91% 125.44 0.62% 1283.72

NETWORKS—2005 139



formulation of the CPMP, imposing that a vertex hosting a
selected median must belong to its cluster, that is x;; variables
were used instead of y; as location variables. From a mod-
eling viewpoint this assumption is a significant restriction in
capacitated problems: it can change the optimal solution (this
is the case of instance ccpx-7, class §, for example) and it can
even inhibit the existence of feasible solutions. For this rea-
son we decided to address the more general formulation, in
which y; variables are introduced. However, from an algorith-
mic viewpoint the difference is negligible: we could easily
adapt BHMM to the more general formulation, and we did
not observe any significant change in its performances.

The second key issue to make a significant experimen-
tal comparison is initialization. The computational results
reported in [1] were obtained by initializing procedure H1
with very tight primal bounds: the authors used solutions
given by a so-called “bionomic” algorithm described in [17],
and these solutions are often optimal; the initialisation was
made by taking such values increased by 1 as initial upper
bounds. However, the computing time spent in the com-
putation of so good initial solutions took 10 minutes on
an Intel Pentium 166 MHz PC, as reported in [17], and it
was not considered in the presentation of the computational
resultsin [1]. On the contrary, our branch-and-price algorithm
does not require the knowledge of quasi-optimal solutions
in advance, because upper bounds are generated inside the
column generation procedure.

Therefore, to make a fair comparison between the two
techniques, we did the following. First of all, we initial-
ized BHMM as in [1] and we compared the outcome
with the results reported by Baldacci et al., to validate
our reimplementation of their code, which had not been
made available to us. The observed computing times well
correspond to those reported in [1] when they are scaled by
a factor 10.8, which is the ratio between the speed of our
hardware and that of the machine cited in [1], according to
the LINPACK benchmark [8].

Then we compared the BHMM algorithm and the branch-
and-price algorithm under the usual hypothesis that nothing
is known in advance: this means that the branch-and-price
algorithm started from scratch with no initialization, while
the BHMM algorithm was initialized with the best solution
given by the bionomic algorithm (the values were taken from
[1], without increasing them by 1) and its computing time was
increased by a corresponding amount, equal to 10 minutes
divided by the scale factor given by the LINPACK bench-
mark: for the machine used for the experiments reported in
[17] such factor is about 15. The comparison is reported in
Table 9, and it was necessarily limited to the instances of
class o for which the initial value given by the bionomic
algorithm was known. As in [1], computation was halted
after 1 hour for the tests on instances with N = 50 and
N = 100, and after 2 hours on instances with N = 150
and N = 200. As in the previous tables, the column “v*
(gap)” reports the optimal value if optimality was proven,
otherwise the best primal and dual bounds are shown and the
“time” column is marked with a dash. For each instance, in
the columns “Bionomic bound” and “Optimum” the primal
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bound given by the bionomic algorithm and the optimal value
(if known) are indicated. When the BHMM algorithm termi-
nated without proving optimality, we report both the best
primal and dual bounds and the time required. CPLEX 6.5
was used both as an LP solver and a IP solver in the BHMM
algorithm.

For instances with N = 50, both algorithms performed
well: BHMM was slower, due to the time needed by the
bionomic algorithm to reach a good primal bound. Branch-
and-price solved to optimality one instance more than
BHMM. For instances with N = 100 and N = 150 BHMM
was faster, but branch-and-price proved the optimality of
more instances and produced smaller primal-dual gaps. For
instances with N = 200, both BHMM and branch-and-
price solved to optimality only three instances over 10. Once
again, BHMM was faster, but branch-and-price gave tighter
approximations.

4.4. Concluding Remarks

The computational results presented in Sections 3 and
4 show that the performances of all algorithms we have
considered are strongly affected both by the size of the
instance, that is, the number of vertices, and by the value
of the % ratio. In addition, the algorithms show complemen-
tary behaviors. CPLEX is particularly effective is solving
the smaller instances and those of class 8. However, larger
problems are still too big to be efficiently managed by a
general-purpose solver: no feasible solution was found for
several of the instances with N = 200 after 1 hour of
computation.

The Lagrangean-based branch-and-bound works fine for
small values of % (class «), but its performance worsens
quickly as this ratio increases. In fact, both the quality of the
lower bound and the effectiveness of the branching policy are
affected by high }% ratios. The branch-and-price algorithm
shows a much more stable behavior: it is effective on small
problems, where no significant difference can be observed
within the four classes of instances, still giving tight upper
and lower bounds for the larger instances. A feasible solu-
tion is always found within a few percentage points from
optimality.

This suggests to use branch-and-price as an approxima-
tion method for large CPMP problems: as an alternative
approach, we investigated the behavior of the BHMM
algorithm initialized with upper bounds given by the bio-
nomic metaheuristic. When both methods complete the
computation within the time limit, the BHMM algorithm
is on average faster. However, branch-and-price consis-
tently yields smaller gaps between upper and lower bounds,
and is able to prove the optimality of a larger number of
instances.
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APPENDIX

Primal heuristic:

Input: z* Vk € Z

(the solution of LRMP)

Output: ¢V Vj € M

(the set of clusters of a feasible solution for CPMP)

(Step 1: medians selection)
fi =Y ren ¥z, Vie NVje M
I/Q' = ZieNfij Vj e M
M:=0
for p times do
j*_ 1= argmaxje v wxqy,)
M= MU {j*}

(Step 2: direct assignment)
forall j € M do g; := Q;
NW = N
Cl=C=....=C" =9
while Ny # @ do
(evaluation of regret values)
forall i € Ny do
M= {jlj € M,q; = wi}
if M' = ¢ then GOTO step 3
ji= argmax ;e ¢ { fij}
if M" = {j'} then D; := 400
else
Ji = argmax ;e g i i)
Di:=fy —fy
(assignment of the node with highest regret)
i* 1= argmax;cx;, {Di}

=g
"= O U (i)
Nw = Nw\{i*}

qf‘ = LI]* — Wi

(Step 3: assignment through exchanges)
while Ny # @ do
forall i € Ny do
(Evaluation of the set of clusters in which node
i could be inserted)
Li={jl3ked|qg+we>wiwi <wijeM}
forallj € L; do
1(i,j) == mineci{(q; +wi)lg; + we = w;,
Wi < w;}
k(i,j) = argmin{l(i, )}
if U;ens, Li # 9 then
(Shifting that minimizes the residual capacity of
a median)
(i"“,j*) = argmine nr, er {130, 7) — wi}
O = O \{k(@*, 7)), O = O U {i*)

gy = 1", j*) — wir
Nw = Nw\{i*}
if 3j € M | g; > wy(+j+) then
Cl = O U k@i, %))}
qj ‘= qj — Wk(i*j")
else My := Ny U {k(i*,7%)}
else FAIL

(Step 4: solution improvement)
if My = ¢ then
(definition of a dummy node 2)
wq = 0; dgz/. =0V, eM
forall j € M, forall i € €/ do s; :=j
do
foralli € N do
forall j € M do
E{ ={k e gu {2}Ig; +wi = w;,
qs, +w; > Wik}
8i = min;e vy e p (dij — dis, + dis; — dig)
k) = argmingeM’keEﬁ){dU — dis, + dis,
—d;}
* = argminge \{gi}; J* = jh kK* =KL
if (g < 0) then
sy "= Gsp T Wix — Wi
qj = gj» — Wix + Wi
if (k* # Q) then
O/ = O \{k*}; C** = C% U {k*}

Sk* = Si*
Cs* = CS\{i*}; OV = " U {i*});
siw == J*
while g+ < 0
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