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In this work, we address the capacitated p-center problem (CpCP). We study two auxiliary problems, dis-
cuss their relation to CpCP, and analyze the lower bounds obtained with two different Lagrangean duals
based on each of these auxiliary problems. We also compare two different strategies for solving exactly
CpCP, based on binary search and sequential search, respectively. Various data sets from the literature
have been used for evaluating the performance of the proposed algorithms.

� 2009 Elsevier B.V. All rights reserved.
26
T 55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82
U
N

C
O

R
R

E
C

1. Introduction

In p-center problems we have to partition a set of customers
into exactly p clusters. A cluster is defined both by the location
of its facility and by the set of its customers. There is a given cost
for assigning each customer to each facility, and we want to min-
imize the maximum assignment cost among all the customers.
These are discrete location problems, since facilities must be lo-
cated within a given set of potential locations. In the capacitated
p-center problem (CpCP) each customer has also a known demand
and each potential location a known capacity. Each cluster must be
such that the total demand of all its customers does not exceed the
capacity of its facility. Thus, CpCP is the problem of finding the set
of p locations and the assignment pattern that satisfies the capacity
constraints where the maximum assignment cost is as small as
possible.

Typical applications of the p-center problem include the loca-
tion of public facilities when it is required that no customer be
too far away from his closest service point. This is the case of emer-
gency services like, for instance, ambulances, hospitals or fire sta-
tions. However, most of these services have, in practice, limited
capacities. For example, in a very dense small area, a location
might exist that is close enough to all the inhabitants, but we can-
not assume that one single facility can absorb all the demand in the
area. Therefore, capacitated versions of the problem need to be
investigated.

The uncapacitated version of the problem has been extensively
studied, and both exact and approximate algorithms have been
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proposed. The paper by Elloumi et al. [5] is a recent work with a
comprehensive up-to-date state of the art of the research on p-cen-
ter problems. On the contrary, the capacitated p-center problem
has received much less attention in the literature, as opposed to
the capacitated version of the p-median problem for which there
is a quite extensive related literature (see, for instance, [4,15,6]).
A local search heuristic is presented in [14]. Approximation algo-
rithms for the particular case in which all the demands are the
same have been proposed in [2,9], and a polynomial exact algo-
rithm for tree networks is developed in [8]. To the best of our
knowledge, there is only one general exact algorithm for CpCP in
the literature, recently proposed by Özsoy and Pinar [13]. For the
particular case when all customer demands are one, and facility
capacities are equal, it is possible to extend the subexponential ex-
act algorithm proposed in [1] for the continuous version of the
problem.

The exact algorithm of Özsoy and Pinar succeeds to provide
optimal solutions in small times for small instances of the problem.
However, the algorithm requirements increase fast with the in-
stance dimensions, so that large instances cannot yet be solved
efficiently. Clearly, the efficiency of any exact algorithm for CpCP
strongly depends on the quality of the bounds that can be derived
for it, and on the strategy that is used to enumerate the solution
space once the bounds are at hand. In this paper we address these
two issues. We are not aware of any published work studying low-
er bounds for CpCP. One of the contributions of this paper is the
analysis of two auxiliary subproblems and their relation to CpCP.
More specifically, we propose two different Lagrangean duals
based on each of these subproblems and we evaluate how tight
their associated bounds are. The two auxiliary problems that we
study are the maximum demand coverage with fixed radius prob-
lem, denoted PDd, and the minimum required centers with fixed
ean duals and exact solution to the capacitated p-center problem,
009.02.022
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radius problem, denoted PCd. Problem PDd consists of finding the
maximum demand that can be satisfied with at most p centers
within a given coverage radius d, whereas problem PCd consists
of finding the minimum number of centers that are needed in order
to satisfy customers demands within a given coverage radius d. For
fixed radii d, we study two different Lagrangean duals based on PDd

and PCd, respectively. Each Lagrangean dual provides both a lower
and an upper bound for CpCP. We are not aware of any work where
problem PDd is considered in relation to CpCP. Problem PCd was
used by Özsoy and Pinar in [13] to obtain lower bounds from its
linear programming (LP) and mixed integer linear programming
(MILP) relaxations. To the best of our knowledge, the Lagrangean
duals studied in this work have not been previously considered
in the literature neither as a tool for solving the CpCP nor in other
contexts. This has led us to analyze their structure and to study
their solutions. As we will see, the structure of the Lagrangean sub-
problems allows us to solve them very efficiently. One additional
benefit of solving Lagrangean duals is that feasible solutions
(and, thus upper bounds) can be easily obtained from the solutions
to the Lagrangean subproblems. Our computational experiments
assess the quality of the obtained bounds. However, we have ob-
served that in the case of the CpCP, the difficulty for solving exactly
different instances of the same size with similar optimal values and
similar lower and upper bounds, might vary considerably, depend-
ing on the number of different radii (values for feasible solutions)
within the lower and upper bounds. Indeed, the difficulty for solv-
ing exactly a given instance with lower and upper bounds LB and
UB, respectively, increases with the number of radii in the interval
½LB;UB�. As will be seen, the bounds obtained when solving our
Lagrangean duals allow an important reduction on number of con-
sidered radii.

In the second part of the paper we propose an exact algorithm
for CpCP that identifies the optimal solution by iteratively explor-
ing the set of non-eliminated radii. It is in this phase when the ben-
eficial effect of the bounding phase on the overall algorithm can be
better appreciated, since the reduction on the number of candidate
radii to be considered due to its application, implies a big reduction
on the overall computing time, which largely compensates the
computation time of the bounding phase. According to our exper-
imental results and taking into account that, roughly speaking, the
bounding phase reduces the number of candidate radii by over
85%, if the exact algorithm were used without the bounding phase,
a time increase of at least 30%, raising over 100% would result in
most of the instances.

For proposing an exact algorithm for the CpCP, we analyze two
different strategies for selecting the candidate radius at each iter-
ation. In the first one radii are increased sequentially, starting from
the lower bound. This strategy was already used by Özsoy and Pin-
ar in [13], starting from their lower bounds. The second strategy
uses binary search on the range of candidate radii. As will be seen,
the later strategy is more efficient, not only from a worst case anal-
ysis point of view but also, in general, empirically, specially for in-
stances with very similar distances, where the set of candidate
radii is often large, even when the current percent gap is very
small.

This paper is structured as follows. Section 2 gives some nota-
tion, defines de problem formally and presents some elimination
tests. In Sections 3 and 4, we discuss the two auxiliary problems
PDd and PCd, their relation to CpCP, and their corresponding Lagran-
gean duals and heuristics. Section 5 presents the algorithmic
framework to obtain the lower and upper bounds, describes the
computational experiments and discusses the obtained results.
Next, in Section 6 we present the exact algorithm, we describe
the two strategies that have been compared and we analyze the
computational results obtained with the best strategy. Finally, in
Section 7 we draw some conclusions and give some final remarks.
Please cite this article in press as: M. Albareda-Sambola et al., Lagrang
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2. The capacitated p-center problem

Let I ¼ f1; . . . ;ng and J ¼ f1; . . . ;mg be the sets of indices for
customers and centers, respectively. Let hi denote the demand of
customer i 2 I, bj denote the capacity of a center located at site
j 2 J, and p be the number of centers to locate. For each pair ði; jÞ,
i 2 I; j 2 J, let dij be the distance from customer i to center j.

Then, the goal of CpCP is to find a subset of plants of cardinality
p to open, JO # J, and an assignment of customers to open plants
i#jðiÞ 2 JO, such that each open plant j� 2 JO, has assigned a total
demand that does not exceed its capacity,

P
i:jðiÞ¼j�hi 6 bj� , and the

maximum assignment cost, maxi2IdijðiÞ, is minimized.
Along the paper we use some additional notation. For a given

radius d, for each j 2 J, Idj will denote the set of customers whose
distance to center j does not exceed the radius d. That is,
Idj ¼ fi 2 I : dij 6 dg. Analogously, for a given customer i 2 I, Jdi will
denote the set of plants that are within a distance d from customer
i; Jdi ¼ fj 2 J : dij 6 dg. Also, we denote by D0 < D1 < � � � < Dkmax the
sorted distinct entries in the distance matrix ðdijÞ, and by
K ¼ f0; . . . ; kmaxg the set of their indices.

Obviously, the value of the optimal solution is one of
fD0;D1; . . . ;Dkmaxg. However, exploring the full list to find this value
would be extremely inefficient, unless a large number of these ra-
dii are discarded beforehand. To this end, we obtain lower and
upper bounds on the optimal value of CpCP and we apply the fol-
lowing elimination tests:

Elimination test 1

If LB is a lower bound for CpCP, then the set of radii fD0; . . . ;Dklg,
where kl is the largest index such that Dkl < LB, can be discarded.

Elimination test 2

Similarly, if UB is an upper bound, the optimal solution will take
a value that is not in fDku ; . . . ;Dkmaxg, where ku is the smallest index
such that Dku > UB.

The above elimination tests allow to reduce the set of candidate
radii to fDklþ1; . . . ;Dku�1g. In order to obtain tight lower and upper
bounds for CpCP that reduce the set of candidate radii as much as
possible, in the next two sections, we address two different auxil-
iary problems.

3. The maximum demand coverage within fixed radius problem

When solving CpCP, it can be useful at some point to know the
maximum demand that can be satisfied with at most p plants,
within a given radius d. This is the goal in the maximum demand
coverage within fixed radius problem (PDd).

Defining the two sets of decision variables

yj ¼
1 if a center is located at site j 2 J;

0 otherwise

�

and

xij ¼
1 if customer i 2 I is assigned to a center located at site j 2 J;

0 otherwise;

�

we can model this problem as:

ðPDdÞ HðdÞ ¼max
X
j2J

X
i2Idj

hixij ð1Þ

s:t:
X
j2Jdi

xij 6 1 8 i 2 I; ð2Þ

X
i2Idj

hixij 6 bjyj 8 j 2 J; ð3Þ
ean duals and exact solution to the capacitated p-center problem,
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X
j2J

yj 6 p; ð4Þ

xij 2 f0;1g; yj 2 f0;1g 8j 2 J; i 2 Idj : ð5Þ

By constraints (2) each customer is assigned to at most one cen-
ter. Constraints (3) guarantee that no customer is assigned to a
center that is not opened and also that the capacity of the open
facilities is not violated. The last constraint (4) limits to at most p
the number of open facilities.

For obtaining a stronger model with a tighter LP bound, in con-
straints (3) we substitute the facility capacities bj by b̂d

j , 8j 2 J,
where b̂d

j bounds the maximum capacity that can be effectively
used given a coverage radius d: b̂d

j ¼minf
P

i2Idj
hi; bjg. Throughout

we assume that capacity constraints (3) are expressed in this
stronger form. Also, Hag ¼

P
i2Ihi will denote the aggregated

demand.
The following observations help us to appreciate the close rela-

tionship between the above problem and CpCP.

Remarks

1. The optimal solution to CpCP can be obtained by finding the
smallest k 2 K such that HðDkÞP Hag . Note that the
solutions to PDd correspond to binary assignments of customers
to open facilities. Thus, if the total demand that can be satisfied
within the radius Dk is at least the aggregated demand, all
customers are assigned and Dk is a valid upper bound on
CpCP.

2. If, for a given d, HðdÞ < Hag , then d gives a valid lower bound on
the value of CpCP. Moreover, when d ¼ Dk for some k 2 K such
that HðDk�1Þ < Hag , then Dk is also a valid lower bound on the
optimal value of CpCP, even if HðDkÞP Hag .

The above remarks can be summarized in the following result.

Proposition 1. The optimal solution to CpCP is given by Dk� , where
k� 2 K is such that HðDk��1Þ < Hag 6 HðDk� Þ.

Unfortunately, for a given value of d, problem PDd is not easy
to solve since it is an NP-hard problem (notice that it has the gen-
eralized assignment problem as a special case). For this reason,
we will not try to solve PDd exactly. Instead, we will use a relax-
ation of PDd for finding valid lower bounds for CpCP. For a given
relaxation of PDd, let HðdÞ denote its value. Note that Remark 1
no longer holds for relaxations of PDd, since d need not be an
upper bound on the optimal value of CpCP when HðdÞP Hag .
The reason is that satisfying the aggregated demand constraint
for a relaxation of PDd, no longer guarantees that there exists a
feasible allocation of all the customers. On the contrary, Remark
2 also holds for the relaxations of PDd. For this reason we will
obtain a valid lower bound for CpCP by solving a relaxation of
PDd.

Proposition 2. For k 2 K, if HðDk�1Þ < Hag then Dk is a valid lower
bound on the optimal value to CpCP. The best such bound is given by
Dk� , where k� 2 K is such that HðDk��1Þ < Hag 6 HðDk� Þ.

We next present the relaxation of PDd that we have used and we
show how to solve it in order to obtain the value HðdÞ, for a given
value of d.
301

302

303

304

305

306

307
3.1. Lagrangean relaxation of PDd

In this section we consider the relaxation of PDd that
results when relaxing constraints (2) in a Lagrangean fashion.
The subproblem that we obtain for a given multipliers vector
u 2 RjIjþ is:
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L1dðuÞ ¼max
X
j2J

X
i2Idj

hixij þ
X
i2I

ui 1�
X
j2Jdi

xij

0
@

1
A

¼
X
i2I

ui þmax
X
j2J

X
i2Idj

hi � uið Þxij

8><
>:

9>=
>;

s:t:
X
i2Idj

hixij 6 b̂d
j yj 8 j 2 J;

X
j2J

yj 6 p;

xij 2 f0;1g; yj 2 f0;1g 8 j 2 J; i 2 Idj :

For solving L1dðuÞ, we first solve for each j 2 J the following
knapsack problem:

KPjðuÞ ¼max
X
i2Idj

hi � uið Þxij;

s:t:
X
i2Idj

hixij 6 b̂d
j ;

xij 2 f0;1g 8 i 2 Idj ;

and then we order the indices in J by non increasing values of KPjðuÞ,
so that KPj1 ðuÞP KPj2 ðuÞP � � �P KPjjJj ðuÞ. Let p� ¼minfp;
maxfr : KPjr ðuÞ > 0gg. Then, the solution to L1dðuÞ consists of open-
ing the plants j1; j2; . . . ; jp� , and assigning to each of them the cus-
tomers given by the optimal solution to its corresponding
knapsack problem. Note that, although both PDd and KPjðuÞ are
NP-hard problems, pseudo-polynomial algorithms exist that allow
to solve knapsack problems very quickly so that L1dðuÞ can be effi-
ciently computed.

Thus, for a given vector of multipliers u, we can apply the above
procedure to obtain the value L1dðuÞ, that is a valid upper bound on
the value of PDd. As usual, the best upper bound is obtained by
solving the Lagrangean dual. Therefore,

ðD1Þ HðdÞ ¼min
u2RjIjþ

L1dðuÞ:

For a given vector u, a subgradient of L1dðuÞ is given by c ¼ 1� xðuÞ,
where 1 is a vector whose components are all one, and xðuÞ is the
solution to subproblem L1dðuÞ. Hence, D1 can be solved by applying
subgradient optimization.

3.2. Heuristic solutions to CpCP from L1dðuÞ

At the inner iterations of subgradient optimization, we apply a
very simple heuristic for obtaining feasible solutions to CpCP. For a
given vector of multipliers u, let xðuÞ, and yðuÞ denote the optimal
solution to L1dðuÞ. Throughout the heuristic, the set of open facili-
ties is given by JðuÞ ¼ fj 2 J : yjðuÞ ¼ 1g and the facility to which
customer i 2 I is assigned is denoted jðiÞ. The heuristic has two
steps, that are the following:

1. First, all customers i 2 I, such that there exists a facility j� 2 JðuÞ
with xij� ðuÞ ¼ 1, are assigned to that facility: i.e., jðiÞ ¼ j� (ties are
broken by the minimum assignment distance).

2. All customers that are not yet assigned are ordered by decreas-
ing values of their demands. Then, each unassigned customer is
assigned to the open facility with more available capacity, if
any. That is, for each unassigned customer, let jðiÞ 2
arg maxfsj : j 2 JðuÞ \ Jdi ; sj P hig where sj ¼ bj �

P
i2Aj

hi denotes
the available capacity of facility j (Aj is the set of customers
already assigned to facility j).

Obviously, the above heuristic may fail to obtain a feasible solu-
tion. At the iterations when the heuristic succeeds, we compare the
ean duals and exact solution to the capacitated p-center problem,
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obtained solution with the best solution obtained so far, and we re-
cord it if it improves its objective function value.

4. The Minimum Required Centers Within Fixed Radius
Problem

The problem that we present next is also closely related to CpCP.
It consists of finding the minimum number of centers that are
needed to satisfy the customers demands within a fixed radius d.
We refer to that problem as the Minimum Required Centers Within
Fixed Radius Problem. Using the same decision variables as before,
the problem can be modeled as:

ðPCdÞ YðdÞ ¼ min
X
j2J

yj; ð6Þ

s:t:
X
j2Jdi

xij ¼ 1 8i 2 I; ð7Þ

X
i2Idj

hixij 6 b̂d
j 8j 2 J; ð8Þ

xij 6 yj 8j 2 J; i 2 Idj ; ð9ÞX
j2J

b̂d
j yj P Hag ; ð10Þ

xij 2 f0;1g; yj 2 f0;1g 8j 2 J; i 2 Idj : ð11Þ

Here, the new constraints (9) ensure that customers are only as-
signed to open facilities. Using these constraints, we can rewrite
the capacity constraints as (8). Additionally, we include the con-
straint (10) to ensure that the capacity of the open facilities is en-
ough to satisfy the aggregated demand. This aggregated demand
constraint is redundant in PCd, but we include it in its formulation
in order to strengthen the relaxation that we will consider later in
this section. A problem similar to PCd, but with the non-reinforced
expression of the capacity constraints (8) and without constraint
(10), has been considered in the work of Özsoy and Pinar [13] for
solving CpCP. Note that when for a given d, YðdÞ > p, then d is a low-
er bound on the optimal value of CpCP. Thus, similarly to Proposi-
tion 1 in Section 3, the optimal solution to CpCP is given by Dk� ,
where k� 2 K is such that YðDk��1Þ > p P YðDk� Þ. Again, problems
PCd are NP-hard so we will resort to solving relaxations of PCd in
order to obtain valid lower bounds. Let, YðdÞ denote the optimal va-
lue of the relaxed problem for a fixed value of d.

Proposition 3. For k 2 K, if YðDk�1Þ > p then Dk is a valid lower
bound on the optimal value to CpCP. The best such bound is given by
Dk� , where k� 2 K is such that YðDk��1Þ > p P YðDk� Þ.

We next present the relaxation of PCd that we have used and we
show how to solve it in order to obtain the value YðdÞ, for a given
value of d.

4.1. Lagrangean relaxation of PCd

When relaxing constraints (7) in a Lagrangean fashion the
subproblem that we obtain for a given multipliers vector u 2 RjIj is:

L2dðuÞ ¼min
X
j2J

yj þ
X
i2I

ui 1�
X
j2Jdi

xij

0
@

1
A

¼
X
i2I

ui þmin
X
j2J

yj �
X
i2Idj

uixij

0
B@

1
CA

8><
>:

9>=
>;

s:t:
X
i2Idj

hixij 6 b̂d
j 8 j 2 J;
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xij 6 yj 8 j 2 J; i 2 Idj ;X
j2J

b̂d
j yj P Hag ;

xij 2 f0;1g; yj 2 f0;1g 8 j 2 J; i 2 Idj :

For each center j 2 J, consider the subproblem

KPjðuÞ ¼max
X
i2Idj

uixij

s:t:
X
i2Idj

hixij 6 b̂d
j ;

xij 2 f0;1g 8i 2 Idj :

The index set of centers to be open in the optimal solution to L2dðuÞ,
denoted JðuÞ# J, can be found by solving

AGðuÞ ¼min
X
j2J

1� KPjðuÞ
� �

yj

s:t:
X
j2J

b̂d
j yj P Hag ;

yj 2 f0;1g 8 j 2 J:

In particular, if yðuÞ denotes the optimal solution to AGðuÞ, then
JðuÞ ¼ fj 2 J : yjðuÞ ¼ 1g. Thus, the optimal solution to L2dðuÞ
consists of opening the centers indexed in JðuÞ and for these centers
performing the assignment of customers given by the optimal
solution to subproblem KPjðuÞ. Note that the knapsack problems
KPjðuÞ have only jJj variables, and that they can be solved in pseu-
do-polynomial time. Let xðuÞ denote the resulting assignment
vector.

Again, we use subgradient optimization to solve the Lagrangean
dual

ðD2Þ YðdÞ ¼ max
u2RjIj

L2dðuÞ:

For a given vector u, the components of a subgradient vector c 2 RjIj

of L2dðuÞ are given by ci ¼ 1�
P

j2Jdi
xijðuÞ.

4.2. Heuristic solutions to CpCP from L2dðuÞ

At the inner iterations of subgradient optimization we apply a
heuristic for obtaining feasible solutions to CpCP. The idea of the
heuristic is opening enough plants so as to assign all the customers
within the coverage radius d. Note that for a given set of plants JðuÞ
there might be customers that do not fall within the coverage ra-
dius d of any of the plants in JðuÞ. We will denote Inc ¼ fi 2 I :

dij > d;8j 2 JðuÞg ¼ I n ð
S

j2JðuÞI
d
j Þ, the set of such ‘‘uncovered” cus-

tomers. Let JO denote the set of plants opened by the heuristic (ini-
tially JO ¼ ;). The heuristic consists of three steps which are the
following:

1. Let J1 ¼ fj 2 J n JðuÞ : Inc \ Idj – ;g be the set of plants that cover
at least one customer in Inc within the coverage radius d.
When Inc – ;, in order to obtain a feasible solution to CpCP,
some plants in J1 must open. For this reason, we successively
open plants in J1, until all the customers in Inc are assigned to
some open plant within the coverage radius d. The criterion
that is used to select plants to open is to maximize the
demand that is satisfied. Recall that if plant j is opened an
estimation of the demand that it will satisfy is
sj ¼minfb̂d

j ;
P

i2Idj \Inc
hig, and corresponds to the total demand

of the customers that will be assigned to it if opened. Let Aj

denote the set of such customers. A summary of Step 1 is
depicted in Algorithm 1.
ean duals and exact solution to the capacitated p-center problem,
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Algorithm 1. Step 1.

Ia ¼ ;
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while Inc–; do
Select the unopened plant in J1 with the most available

capacity
j� 2 argmaxfsj : j 2 J1g
JO :¼ JO [ fj�g
J1 :¼ J1 n fj�g
jðiÞ ¼ j�;8i 2 Aj�

Inc :¼ Inc n Aj�

Ia :¼ Ia [ Aj�

end while
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2. When the second step is entered, only the set of customers that
are reachable from plants in JðuÞ remains unassigned. Let
Ina ¼ I n Ia be this set. Now, we order customers in Ina by
decreasing values of their demands and try to assign them to
some open plant within its coverage radius d, with enough
available residual capacity. If no such plant exists, since all cus-
tomers in Ina fall within the coverage radius d of at least one
plant in JðuÞ, we open one such plant in JðuÞ and assign the cus-
tomer to it. In both cases, the selected plant is the one (in the
corresponding set of candidate plants) with the most residual
capacity sj ¼ b̂d

j �
P

i:jðiÞ¼jhi. A summary of Step 2 is depicted in
Algorithm 2.

Algorithm 2. Step 2.

Ina ¼ I n Ia
T 508509
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for i 2 Ina do
Define set of candidate plants
if JO \ fj 2 Jdi : hi 6 sjg–; then

J2 ¼ JO \ fj 2 Jdi : hi 6 sjg
else

J2 ¼ fj 2 JðuÞ : hi 6 sjg
end if
if J2–; then

Select the candidate plant with more available capacity
j� 2 argmaxfsj : j 2 J2g
if j� 2 JðuÞ then

JðuÞ :¼ JðuÞ n fj�g
JO :¼ JO [ fj�g

end if
jðiÞ :¼ j�

Ina :¼ Ina n fig
end if

end for
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3. If there are still customers that have not been assigned, new
plants are opened until all unassigned customers are assigned
to one open plant. Note that at this point the only unopened
plants with enough capacity that could cover some unassigned
customer within the radius d are the ones in J n ðJO [ JðuÞÞ.
Again, we consider unassigned customers by decreasing values
of their demand and the criterion that is used to select the
plants is the available capacity.
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5. Lower and upper bounds

We next obtain two lower bounds, LB1 ¼ Dk�1 and LB2 ¼ Dk�2 ,
that satisfy the conditions of Propositions 2 and 3, respectively.
Both radii, Dk�1 and Dk�2 , are obtained by applying binary search
on the value of the index k such that the radius Dk gives a valid
lower bound. The procedure to obtain Dk�1 solves a series of
e cite this article in press as: M. Albareda-Sambola et al., Lagrang
pean Journal of Operational Research (2009), doi:10.1016/j.ejor.2
Lagrangean duals of the type HðDkÞ, whereas the procedure to ob-
tain Dk�2 resorts to the solution of Lagrangean duals of the type
YðDkÞ. When solving the corresponding Lagrangean duals, both
procedures may also generate valid upper bounds, ub1ðDkÞ and
ub2ðDkÞ, by applying the heuristics as explained in Sections 3.2
and 4.2, respectively. More specifically, the values of the bounds
are the objective function value in CpCP of the corresponding fea-
sible solutions. Let UB1 and UB2 denote the best such bounds. The
two procedures follow a very similar structure, which is summa-
rized in Algorithm 3:
Algorithm 3. Identification of upper
and lower bounds
ean duals and exact solution to the capa
009.02.022
F

Computation of LB1 and UB1.
 Computation of LB2 and
UB2.
Oa ¼ 1; b ¼ kmax;UB1 ¼ Dkmax
 a ¼ 1; b ¼ kmax;UB2 ¼ Dkmax
while a – b do
 while a – b do

k :¼ baþb

2 c
 k :¼ baþb
2 c
OEvaluate HðDkÞ
 Evaluate YðDkÞ
if ub1ðDkÞ < UB1 then
 if ub2ðDkÞ < UB2 then

UB1 :¼ ub1ðDkÞ
 UB2 :¼ ub2ðDkÞ
Rb :¼ k
 b :¼ k
end if
 end if
Pif HðDkÞ < Hag then
 if YðDkÞ > p then

a :¼ kþ 1
 a :¼ kþ 1
else
 else

b :¼ k
 b :¼ k
Dend if
 end if
end while
 end while

k�1 ¼ a

�

k�2 ¼ a

�
ELB1 :¼ Dk1
 LB2 :¼ Dk1
5.1. Empirical comparison of lower bounds

The two bounds presented in the last subsection correspond to
Lagrangean relaxations of two different problems related with the
CpCP that cannot be compared from a theoretical point of view. For
this reason, we have carried out a series of computational experi-
ences to empirically compare these bounds. We next describe
these computational experiments and evaluate the quality of the
obtained bounds. All the algorithms have been coded in C and
run on a HP Pavilion ze5400 PC Intel Pentium 4, at 2.39 GHz and
512 MB of RAM. CPLEX 10.1 was used to solve subproblems YðdÞ
while the knapsack subproblems of the Lagrangean functions
where solved using the algorithm presented in [11]. In all the
experiments the cpu time limit has been set to one hour (3600 sec-
onds). The 174 benchmark instances that we have used have I ¼ J;
they are the following:

1. The set with 160 instances with euclidean distances of [3]. The
set contains 10 instances of each of the following dimensions:
(i) n ¼ 50 and p ¼ 5;12;16;20; (ii) n ¼ 100 and p ¼ 10;25;
33;40; (iii) n ¼ 150 and p ¼ 15;27;50;60, and; (iv) n ¼ 200
and p ¼ 20;50;66;80. These instances are referred to as set
S1. set S1 contains the 20 instances generated by Osman and
Christofides [12] for the capacitated p median problem (the
instances with n ¼ 50 and p ¼ 5, and the instances with
n ¼ 100 and p ¼ 10). These 20 instances are available in the
OR-Library (http://mscmga.ms.ic.ac.uk/info.html). Cus-
tomers demands in this set range in the interval ½1;20�. Facili-
ties share the same capacity, whose value is chosen so that
the total capacity of the open facilities is about 1.2 times the
aggregated demand.
citated p-center problem,

http://mscmga.ms.ic.ac.uk/info.html
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2. The set of eight instances derived in [14] for CpCP from the two
instances with non-euclidean distances generated for the max-
imum covering location problem by Galvaõ and ReVelle [7].
There are two instances of each of the following dimensions:
(100,5), (100,10), (150,10) and (150,15). These instances are
referred to as set S2. Demands in the instances with 100 cus-
tomers range in the interval ½20;60�, whereas in instances with
150 customers they range in ½40;130�. According to the facility
capacities, there are two types of instances, one with homoge-
neous capacities, and one where capacities take three different
values (small, average, and large). In all cases, the ratio of the
aggregated demand over p is above 90% of the average capacity.

3. The set of six instances with euclidean distances of [10] that
correspond to real data from the Brazilian city of São José dos
Campos. These instances are available from http://www.la-

c.inpe.br/lorena/instancias.html. Their dimensions
ðn; pÞ are (100,10), (200,15), (300,25), (300,30), (402,30) and
(402,40), respectively. These instances are referred to as set
S3. Here, demands range in the interval ½1;600�, although their
average is between 30 and 60. All facilities share the same
capacity b, and the ratio H=ðpbÞ ranges in ½45%;90%�.

The 20 instances generated by Osman and Christofides in S1, as
well as all the instances in S2 and S3 have also been used in [14,13]
for CpCP. To the best of our knowledge the remaining 140 instances
in S1 have not been used for CpCP, although they have been used
for the p-median problem in [3].

The numerical results with sets S1, S2, S3 are depicted in Tables
1–3 respectively. In these tables we evaluate our lower bounds in
terms of quality, by comparing them with the value of the optimal/
best-known solutions, and also in terms of the cpu times required
to obtain them. Our lower bounds are also compared with those of
Phases I and II of the algorithm of Özsoy and Pinar [13]. The bound
of Phase I is obtained from the solution to the LP relaxation of
problems PCd, whereas bound of Phase II, is obtained from the solu-
tion to the MILPs that result when relaxing the integrality con-
straints of the assignment variables, but maintaining integrality
requirements on the location variables. Since these results were
not available for most of the instances in S1 we report here the re-
sults that have been obtained with our implementation of the
method of [13]. In addition, this allows a better comparison of
the required cpu times. For the instances that were used in [13]
U
N

C
O

RTable 1
Results with instances S1.

n p #Opt. #LB = optimal %gap

OP ADF OP

Ph1 Ph2 D1 D2 Ph1 Ph

50 5 10 2 9 9 9 5.86 0
50 12 10 0 5 7 7 19.71 3
50 16 10 0 5 5 5 24.62 3
50 20 9 0 1 4 6 40.00 16

100 10 10 0 10 7 6 8.72 0
100 25 5 0 4 4 4 24.91 7
100 33 2 0 1 1 1 26.16 14
100 40 5 0 0 2 2 42.68 24

150 15 9 2 9 7 7 5.50 0
150 37 5 0 3 6 7 21.05 10
150 50 4 0 1 3 3 28.62 21
150 60 5 0 0 3 4 38.55 34

200 20 9 1 9 6 6 10.04 1
200 50 3 0 0 1 2 26.15 24
200 66 4 0 0 4 4 30.77 30
200 80 4 0 0 4 4 39.87 39
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the results that we have obtained do not fully coincide with the
ones reported in [13]. We believe that this is due to technical dif-
ferences in the updating of the search parameters.

In Table 1 we give the average results for each group of 10 in-
stances with the same value of n and p, whereas in Tables 2 and
3 we give the results corresponding to each of the instances in Sets
S2 and S3, respectively. In all the tables, columns under the head-
ings n and p give, for each instance or group of instances, the num-
ber of customers and the value of the parameter p, respectively.
Columns under the heading % gap give the percent deviation with
respect to the optimal/best-known solution (defined as
100 Opt�LB

Opt %), and columns under the heading CPU time give the re-
quired cpu-times in seconds. The results corresponding to the
method of Özsoy and Pinar are depicted under the headings OP.
In particular, the results corresponding to Phases 1 and 2 are given
in columns under Ph1 and Ph2, respectively. The results of our solu-
tion algorithms are given under the heading ADF. Now the results
of the Lagrangean duals D1 and D2 are given in the columns under
D1 and D2, respectively. Since the optimal values of all the in-
stances in set S1 are not known, in Table 1 column under #opt. de-
picts the number of instances of each group of 10 instances with
the same parameter values for which the optimal solution is
known. Also, in Table 1 Columns 4–7, under the heading #LB =
optimal, give the number of instances of each group for which
the value of the lower bound coincides with the optimal value,
for each of the compared methods. In Tables 2 and 3 columns un-
der Opt give the value of the optimal solution, whereas columns
under Lower Bound give the values of the lower bounds obtained
with each of the considered methods.

The results in Tables 1–3 indicate that the lower bounds ob-
tained with the two Lagrangean duals are very good and the per-
cent deviation with respect to the optimal/best-known solution
is very small. This can be appreciated, in particular, for the in-
stances in the set S1 where, out of the 104 instances for which
the optimal solution is known, the bounds given by D1 and D2
were already optimal for 73 and 76 instances, respectively. These
results are indeed better than those of OP where the number of in-
stances for which the lower bound gives the optimal value are 15
and 57 for Ph1 and Ph2, respectively. In terms of the percent aver-
age gaps, again D2 gives the best results followed by D1 and Ph2. If
we consider again the subset of 104 instances for which the opti-
mal solution is known, the distribution of the percent deviation
CPU time

ADF OP ADF

2 D1 D2 Ph1 Ph2 D1 D2

.36 0.32 0.32 0.92 1.60 0.48 0.57

.40 1.93 1.93 1.01 5.90 0.43 0.97

.67 3.76 2.89 1.10 8.15 0.43 0.74

.47 5.23 1.69 0.90 398.39 0.51 0.86

.00 2.40 2.40 8.98 19.80 2.63 2.57

.32 8.03 6.69 8.43 1578.04 2.12 2.81

.08 9.44 7.96 11.01 2497.66 1.77 2.37

.97 11.43 9.17 10.10 3256.56 2.10 2.80

.59 1.73 1.73 40.73 74.46 6.55 39.64

.83 6.83 5.83 54.08 2300.27 4.83 7.30

.51 11.79 9.48 51.49 3600.00 6.17 8.34

.66 10.73 8.08 50.45 3600.00 5.89 7.35

.76 3.81 3.81 144.28 347.16 12.54 17.27

.33 15.24 14.13 154.80 3600.00 11.79 17.63

.77 7.26 7.26 160.40 3600.00 13.32 12.39

.87 11.30 12.36 254.96 3600.00 13.22 15.94

ean duals and exact solution to the capacitated p-center problem,
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Table 2
Results with instances S2.

n p Opt Lower bound % ap CPU time

OP ADF OP ADF OP ADF

Ph1 Ph2 D1 D2 Ph1 Ph2 D1 D2 Ph1 Ph2 D1 D2

G1 100 5 94 93 94 93 93 1.06 0.00 1.06 1.06 18.70 31.10 7.10 90.04
G2 100 5 94 93 94 93 93 1.06 0.00 1.06 1.06 5.94 31.72 6.57 63.15
G3 100 10 83 58 83 59 59 30.12 0.00 28.92 28.92 3.69 190.47 3.21 3.56
G4 100 10 84 58 84 81 81 30.95 0.00 3.57 3.57 2.45 197.03 4.93 3.58
G5 150 10 95 93 95 93 93 2.11 0.00 2.11 2.11 14.23 335.28 19.00 42.76
G6 150 10 96 93 96 94 94 3.13 0.00 2.08 2.08 17.88 914.58 19.18 46.91
G7 150 15 89 86 88 86 86 3.37 1.12 3.37 3.37 10.62 396.92 9.22 8.96
G8 150 15 89 86 89 88 88 3.37 0.00 1.12 1.12 14.09 676.55 18.36 10.26

Table 3
Results with instances S3.

n p Opt Lower bound % gap CPU time

OP ADF OP ADF OP ADF

Ph1 Ph2 D1 D2 Ph1 Ph2 D1 D2 Ph1 Ph2 D1 D2

1 100 10 364.73 316.12 349.67 350.04 350.04 13.33 4.13 5.28 4.03 14.44 523.05 12.02 92.08
2 200 15 304.14 301.01 303.98 302.83 302.83 1.03 0.05 0.43 0.43 122.32 538.58 60.98 35.24
3a 300 25 278.96 275.07 277.82 275.18 275.18 1.39 0.41 1.37 1.35 798.51 3600.00 114.37 85.21
3b 300 30 253.71 245.12 252.53 249.10 246.42 3.38 0.46 1.85 2.87 806.39 1781.19 113.67 88.43
4a 402 30 284.68 276.00 276.25 277.03 277.03 3.05 2.96 2.76 2.69 2348.22 3600.00 334.56 248.48
4b 402 40 239.38 237.00 237.03 237.32 237.32 0.99 0.98 0.87 0.86 2345.93 3600.00 242.97 284.18

M. Albareda-Sambola et al. / European Journal of Operational Research xxx (2009) xxx–xxx 7

EOR 9468 No. of Pages 11, Model 5G

10 March 2009 Disk Used
ARTICLE IN PRESS
U
N

C
O

R
R

E
C

from the optimal value for D2 is the following: do not exceed 5%

for 83 instances; in ð5;10� for 18 instances; and over 10% for 3 in-
stances. The maximum percent deviation is 11:11%. For the same
subset of instances, the distribution of the percent deviation from
the optimal value for Ph2 is as follows: do not exceed 5% for 59 in-
stances; in ð5;10� for 12 instances and over 10% for 33 instances.
The maximum deviation is 37.5%. As can be seen, the cpu times re-
quired to obtain these bounds are small both for D1 and D2, taking
into account the size and the difficulty of the problems. In general,
D1 required somewhat smaller times than D2, although this differ-
ence tends to disappear as the size of the instances increases. These
results indicate that, in general, D2 is more efficient than D1, since
it gives slightly better lower bounds in similar cpu times. The qual-
ity of the bounds obtained with Ph2 is rather good, although in
general the bound D2 (and also D1) is better. In addition, it is worth
noting the big computational effort required to obtain the bounds
Ph2, since they are obtained by solving exactly a series of mixed
integer problems. This big computational burden is reflected in
the cpu times required by Ph2 and also in the quality of the bounds
that deteriorates notably as the size of the instances increases,
mainly due to the fact that the method is not able to terminate
in the allowed cpu time.

Neither D1 nor D2 were able to give the optimal value of any of
the eight instances in the set S2 although, excepting in one patho-
logical instance, the percent deviation from the optimal solution
was smaller than 4% both for D1 and D2, which gave the same low-
er bounds for all the instances. Now the cpu time requirements of
D1 (which takes between 3 and 20 seconds) are smaller than those
of D2, which takes 90 and 63 seconds, respectively, for the two
smaller instances in the set, although it takes less than one minute
for the remaining larger instances. For this set of instances Ph2
gave the best results, although again the computational require-
ments in terms of time increase considerably with the sizes of
the instances and are between three and fifteen minutes for all
the instances excepting the two smaller ones.
Please cite this article in press as: M. Albareda-Sambola et al., Lagrang
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EFor the instances in the set S3, D1 and D2 gave the same results,
excepting for instance 3b, for which D1 gave a slightly better
bound. Both D1 and D2 beat Ph2 in three of the six instances. In this
data set it becomes again evident that the cpu time requirements
of both D1 and D2 are very small as compared with Ph2, which
reaches the one hour limit in three of the six instances. On the con-
trary, the cpu time requirements of D1 and D2 did not exceed 6 and
5 minutes, respectively, for any of the instances in this set. Thus,
the results in Tables 1–3 allow us to conclude that both D1 and
D2 give very good quality lower bounds in small computational
times. These bounds are indeed much better than the ones of Ph1
and require smaller computation times. Moreover, in general, the
bounds obtained with D1 and D2 also beat those of Ph2, which is
very costly in terms of cpu time and whose time requirements in-
crease notably with the sizes of the instances. One additional
advantage in solving D1 and D2 is that the heuristic that is applied
also gives feasible solutions and thus valid upper bounds, which
gives us a reference for evaluating the quality of the lower bounds.
Note that both Ph1 and Ph2 terminate without a valid upper bound,
unless optimality is proven.

In our opinion, the increasing difficulty of instances in S1, S2
and S3 is due not only to the increasing sizes of the instances but
also to other characteristics of the instances such as, for instance,
the range between the largest and the smallest radii. Thus, given
that, for the considered sets of instances, the distribution of the
number of radii in the interval of their range is not uniform, we be-
lieve that an indicator of the quality of the lower bounds better
than the percent gap is the reduction on the number of radii that
can be attained after applying Elimination Tests 1 and 2. Recall
from Section 2 that Elimination Test 1 can be applied when a lower
bound is at hand, but Elimination Test 2 requires an upper bound.
For better appreciating the above comments, Fig. 1 depicts the per-
cent reduction on the number of radii due to the elimination tests
after computing the bounds using PCd for all the instances. Again
the values in set S1 are average values over all the instances with
ean duals and exact solution to the capacitated p-center problem,
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Table 4
Results of exact algorithm with instances S1.

n P % gapi #radi % gapf #radf #opt #subp cpu

50 5 15.47 5.60 0.00 1.00 10 1.20 3.00
50 12 26.50 6.70 2.11 1.40 9 2.00 393.19
50 16 40.05 7.90 0.00 1.00 10 2.30 156.49
50 20 25.17 6.00 2.00 1.40 9 1.80 397.54

100 10 10.85 3.10 0.50 1.10 9 1.20 662.03
100 25 93.97 13.40 13.09 2.70 4 2.10 2203.86
100 33 65.96 8.80 6.91 1.80 2 1.90 3096.17
100 40 95.97 12.80 10.07 2.20 4 2.40 2295.28

150 15 44.24 8.00 1.21 1.20 8 2.10 753.69
150 37 85.21 10.30 7.15 1.80 6 2.00 1584.79
150 50 59.84 6.90 9.84 2.00 4 1.50 2381.15
150 60 71.74 8.40 8.35 1.90 5 1.80 2126.33

200 20 68.85 10.60 2.86 1.40 8 2.30 926.69
200 50 80.44 8.20 16.44 2.50 3 1.50 2760.52
200 66 65.69 6.40 8.33 1.70 4 1.60 2365.37
200 80 75.24 7.40 17.93 2.60 4 1.70 2223.31
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the same values of n and p. As can be seen, these reductions are in-
deed very significant, since the depicted values are always over
88%. In fact, if we do not take average values, all the percent reduc-
tions are over 80%, excepting for one small (50� 5) instance in set
S1 for which the percent reduction was 74.11. We believe that this
information gives a richer picture of the effectiveness of the
bounds than the resulting percent gaps, since, for a given CpCP in-
stance, a constant increase of all the distances by the same term
would affect the gap dramatically ðOptþKÞ�ðLBþKÞ

ðOptþKÞ < Opt�LB
Opt

� �
while the

combinatorial structure of the problem would remain the same.

6. The exact solution to CpCP

As mentioned before, once good quality bounds have been ob-
tained they can be used for solving exactly Problem CpCP. Given
that, as we have seen, the best lower bounds are based on Problem
PCd, our exact algorithm is also based on the solution to this prob-
lem. Let us recall that the optimal value to CpCP is given by the
smallest radius d� such that the optimal value to PCd� does not ex-
ceed p. Indeed, for given bounds LB and UB, such d� can be found by
exploring the interval ½LB;UB�. There are essentially two different
strategies that can be used for exploring the set of candidate radii
in ½LB;UB�: the first one initially sets d ¼ LB and sequentially in-
creases its value to the next radius, whereas the second one applies
binary search. Although both strategies solve a sequence of prob-
lems PCd with different values of d until optimality is proven, they
differ in the way the sequence is defined. Note that by using differ-
ent strategies, the sequence of problems that are solved will be dif-
ferent. Moreover, the number of problems solved will also vary
from one strategy to another. Indeed, if nrad denotes the number
of radii in the initial interval ½LB;UB�, with binary search the max-
imum number of problems to solve is Oðlog2ðnradÞÞ, whereas with
sequential search this number may reach nrad. In practice, the ac-
tual number of iterations with binary search will always be very
close to its upper limit, whereas with sequential search this num-
ber will tend to be smaller, as the quality of the lower bound in-
creases. In addition, it is worth to point out that the performance
of binary search depends not only on the quality of the lower
bound, as it happens with sequential search, but also on the quality
of the upper bound. Thus, even if the lower bound is very tight, a
high number of iterations will be needed when the upper bound
is not good.

Taking into account the above considerations, in our computa-
tional experiments we have compared empirically both strategies.
Given that the obtained results are slightly better for the binary
Please cite this article in press as: M. Albareda-Sambola et al., Lagrang
European Journal of Operational Research (2009), doi:10.1016/j.ejor.2
P
Rsearch, these are the results that are fully reported here, although

a brief summary of the comparison of both strategies is given later
in this section. First, a summary of the binary search algorithm that
we have used is given in Algorithm 4. As before, YðdÞ denotes the
value of the optimal solution to PCd. Let kl and ku be such that
LB ¼ Dkl and UB ¼ Dku .
E
DAlgorithm 4. Exact solution to CpCP.

a ¼ kl; b ¼ ku

while ða – bÞ do
k :¼ baþb

2 c
if YðDkÞ > p then

a :¼ kþ 1
else

b :¼ k
end if

end while
d� ¼ Da
The results obtained with the binary search on the different sets
of instances are given in Tables 4–6. As in the previous section, a
limit of one hour of cpu time has been set for each instance. The
ean duals and exact solution to the capacitated p-center problem,
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Table 5
Results of exact algorithm with instances S2.

n P opt % gapi #radi % gapf #radf #subp cpu

G1 100 5 94 1.08 2 0.00 1 1 289.18
G2 100 5 94 1.08 2 0.00 1 1 91.97
G3 100 10 83 47.46 9 0.00 1 3 240.73
G4 100 10 84 7.41 7 0.00 1 3 227.71
G5 150 10 95 4.30 5 0.00 1 2 556.06
G6 150 10 96 3.19 4 0.00 1 2 786.87
G7 150 15 89 12.79 12 0.00 1 3 464.94
G8 150 15 89 4.55 7 0.00 1 2 1324.37

Table 6
Results of exact algorithm with instances S3.

n P opt % gapi #radi % gapf #radf #subp cpu

1 100 10 364.73 41.45 544 11.55 273 1 3600.00
2 200 15 304.14 3.83 110 0.00 1 6 455.37
3a 300 25 278.96 5.39 186 0.00 1 8 837.79
3b 300 30 253.71 17.69 526 0.00 1 9 395.46
4a 402 30 284.68 5.04 262 2.74 6 6 3600.00
4b 402 40 239.38 9.06 358 0.00 1 9 1168.72
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entries in Table 4 provide average values for groups of ten in-
stances with the same values of n and p. Under heading %gapi

we give the percent gap between the initial lower and upper
bounds (100 UB�LB

LB %). Next column, #radi, provides the average
number of radii in the interval ½LB;UB�. Column under %gapf de-
picts the percent gap between the final upper and lower bounds.
Column under #radf provides the average number of radii between
these final bounds, and column #opt gives the number of instances
of each group that were optimally solved within the cpu time limit.
The remaining columns provide information about the efficiency of
the algorithm. Under #subp, we report the average number of
problems PCd that were solved either until optimality was proven
or the time limit was reached, and under heading cpu we give the
average cpu time in seconds, including the time used to obtain the
upper and lower bounds. Tables 5 and 6 display the same informa-
tion for each of the instances in sets S2 and S3, respectively. Now
we have omitted columns #opt since they do not give any addi-
tional information, since each row corresponds to one single in-
stance. Instead, the optimal value of each instance is given under
opt.
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In our opinion, the results are very satisfactory. In terms of the
number of instances that were optimally solved within the cpu
time limit of one hour, we were able to solve 99 instances in set
S1, the eight instances in set S2 and four of the six instances in
set S3, whereas with the algorithm proposed by Özsoy and Pinar,
we could only solve 71 instances in set S1, the eight instances in
set S2 and one single instance of set S3 within the same time limit.
Moreover, except for the first instance in set S3, the binary search
allowed to notably reduce the list of candidate solution values even
for the instances that could not be solved exactly. It is also worth
noting that for the instances that were not already solved within
the bounding phase, the overall time is often one order of magni-
tude larger than the bounding time. Taking into account that,
roughly speaking, the bounding phase reduces the number of can-
didate radii by over 85% if binary search were applied directly to
the initial set of candidate radii, about three extra PCd subproblems
would need to be solved. As compared to the time requirements
displayed in Tables 4–6, this would imply a time increase of over
100% for instances in S1 and S2, and of approximately 30% for in-
stances in S3.

In Fig. 2 we compare the efficiency of our algorithm with that of
Özsoy and Pinar.

The instances that could be solved by at least one of the algo-
rithms within the cpu time limit of one hour have been classified
according to the times taken to solve them. We distinguish the in-
stances that could be solved by only one of the algorithms within
the cpu time limit, the ones where one algorithm was at least 10
times faster than the other, the ones where the time taken by
one algorithm was between 10% and 80% of the time taken by
the other, and the rest, where we consider that both algorithms
are similar. In the figure labels, tOP refers to the time taken by
the algorithm in [13], whereas tADF refers to the time taken by
our algorithm. This figure allows to appreciate the superiority of
our algorithm. Actually, this superiority becomes more significant
as the difficulty of the instances grows. Indeed, most of the larger
instances that are represented in the figure are accounted in the
bars corresponding with the instances where our algorithm was
faster.

From the tables it can be appreciated that, although the size of
the instances has a great impact on the computational effort re-
quired to solve them, there are other factors that are more relevant.
For example, in all three sets there are instances with n ¼ 100 cus-
tomers and p ¼ 10 centers to locate, but the computational burden
required to solve them varies extremely among the sets; while the
ones in set S2 were solved in less than five minutes, those in set S1
 tADF
tOP>1h, 
tADF≤1h

tADF ≥10%tOP,
tADF ≤ 80%tOP

tADF≤10% tOP
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required 11 minutes on the average, and the one in set S3 could not
be solved after one hour. Moreover, the percent gaps between the
initial lower and upper bounds for those instances does not di-
rectly relate to these times, either. The factors that seem to better
explain these large differences are two, the average cpu time re-
quired to solve problems PCd, and the number of radii in the inter-
val defined by the initial bounds. Thus, as conjectured in the
previous section, this last factor gives a better measure of the qual-
ity of the bounds than the percent gap between them.

According to our experiments, a third factor that has influence
on the difficulty of the instances is the distance between the differ-
ent radii. To illustrate this fact, in Fig. 3 we display the densities
#radii
range of the different instances in each set.

As before, for set S1 the values correspond to averages over all
the instances in each size group. As can be seen, the smaller densi-
ties, ranging in ½0:624;0:665� correspond to instances in set S2. Let
us recall that all the instances in this set were optimally solved
both with our method and by the one proposed in [13]. On the
other end, instances in set S3 have the largest densities, ranging
in ½1:8;21:635�. This is precisely the set of instances where we have
observed more differences in the behavior of both the compared
methods and the search strategies. Actually, in this set of instances
the value of the radii are not integer and within two consecutive
integer values there are possibly several radii. Finally, note that,
as previously stated, our numerical results indicate that radii den-
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ues for CpCP.

We next summarize the results of our comparison between
sequential search and binary search for exploring the set of radii
in the interval ½LB;UB�. Since the number of instances that could
be solved within the cpu time limit of one hour is almost the same
with both strategies, in Fig. 4 we compare the performance of the
two search strategies in terms of the number of candidate radii left
after termination. Note that this final number of radii will be one
only for the instances that could be exactly solved within this
cpu time limit, whereas larger values will appear for the instances
that needed larger times. In particular, Fig. 4 depicts, for each strat-
egy, the number of instances for which, at termination, the interval
½LB;UB� contained exactly k radii, for each integer value k within
the range of the corresponding strategy.

Fig. 4 allows to appreciate the superiority of the binary search
over the sequential search in terms of the number of candidate
solution values left after termination. In fact, for the instances in
set S1, the number of radii in ½LB;UB� at termination ranges in
½1;23� with sequential search and in ½1;11� with binary search.
For the instances from set S3 that could not be solved within the
cpu time limit, the number of radii in the final interval ½LB;UB� is
always much smaller with binary search than with sequential
search. Moreover, for the instances in the set S2 (that were all opti-
mally solved with both strategies) binary search also beats sequen-
tial search in terms of the required cpu time, since the average cpu
time to optimality was 548.73 seconds with sequential search and
497.73 seconds with binary search.

Regarding the effort required to solve subproblems PCd, the
computational results show that, for a given instance, not all sub-
problems PCd are equally difficult so solve. Our feeling is that, as it
happens in other capacitated location problems, instances become
harder when capacity constraints are tight in the optimal solution,
which commonly happens for d values near the optimal coverage
radius. Therefore, as the value of the radius d gets closer to the va-
lue of the optimal solution, in practice, it becomes really much
harder to check how the optimal value of PCd compares with p.
Thus, when the value d is very close to the optimal value, for some
instances it was impossible to solve completely or to prove infea-
sibility of just one PCd subproblem within one hour of cpu time.
This gives an extra advantage of binary search over sequential
search, since, typically, less values very close to the optimal value
must be explored with the former than with the latter.
ean duals and exact solution to the capacitated p-center problem,
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7. Conclusions

In this paper we have addressed the CpCP, which is an NP-hard
problem. We have studied two auxiliary problems, the maximum
demand coverage with fixed radius problem and the minimum re-
quired centers with fixed radius problem, their relation to CpCP,
and the lower bounds derived from two associated Lagrangean
duals. These bounds are very tight and allow a significant reduction
on the number of radii that are candidate for the optimal value of
the problem.

In the second part of the paper, we present an exact method for
solving CpCP, once a lower and an upper bound are at hand, that is
based on exploring the set of candidate radii between them. Two
different strategies are compared and the results obtained with
the best one, binary search, are reported. The obtained numerical
results are very satisfactory. Additionally, they allow to identify
characteristics of the instances that have a great impact on their
difficulty.
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