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Abstract

This paper addresses a real-world customer segmentation problem from a beverage distribu-

tion firm. The firm wants to partition a set of customers, who share geographical and marketing

attributes, into segments according to certain requirements: (a) customers allocated to the same

segment must have very similar attributes: type of contract, type of store and the average difference

of purchase volume; and (b) compact segments are desired. The main reason for creating a partition

with these features is because the firm wants to try different product marketing strategies. In this

work, we propose a detailed attribute formulation and an iterated greedy heuristic that iteratively

destroys and reconstructs a given partition. The initial partition is obtained by using a modified k-

means algorithm that involves a GRASP philosophy to get the initial configuration of centroids. The

heuristic includes an improvement method that employs a variable neighborhood search procedure.

Computational results and statistical analyses show the effectiveness of the proposed approach.

Keywords: Market segmentation; Metaheuristics; GRASP; Iterated greedy heuristics; Variable neigh-

borhood search



1 Introduction

Market segmentation is a strategy that involves the division of a larger market into segments of

customers that have common needs and applications for products and services offered in the market.

These segments or subgroups of customers can be identified by a number of different features,

depending on the purpose of each group. One of the main reasons for creating market segments is

knowing more about the customers and trying different strategies to obtain profits through customer

satisfaction.

This work addresses a real-world problem from a beverage distribution firm. Having a set of

customers, the firm wants to partition this set into segments. Each one must be composed of

customers with the most similar type of contract, type of store, and average purchase volume.

Another feature to consider is the compactness of the segments, that means, customers of each

segment must be as close to each other as possible. This last feature along with the previously

mentioned attributes allows the company to apply different product marketing strategies to satisfy

customer needs and consequently to obtain greater benefits. The first contribution of this work is

the development of a detailed attribute formulation to represent this particular clustering problem.

From this model, an efficient Iterated Greedy Algorithm composed by destruction and reconstruction

procedures, is implemented to generate feasible solutions. We applied Variable Neighborhood Search

(VNS) to further improve the solution quality given by the destruction-reconstruction method.

Empirical work indicates the effectiveness of the proposed heuristic.

This paper is organized as follows. In Section 2 we discuss some literature about work done

on optimization problems in market segmentation. In Section 3, we describe the problem and the

associated attribute formulation. Then, Section 4 details the proposed algorithm based on an It-

erated Greedy Algorithm, which we have called IGACS (Iterated Greedy Algorithm for Customer

Segmentation), implemented to solve this problem. In Section 5 computational results are shown,

along with statistical analyses which demonstrate the suitability of the proposed approach. Finally,

in Section 6, we draw some conclusions based on the results of this work.

2 Literature Review

Market segmentation has been widely studied since the seminal work of Smith (1956). An extensive

review of the literature on market segmentation is given by Wedel and Kamakura (1998). They

carefully review each of several approaches, along with a discussion of the supporting statistical

methodology. Cooil et al. (2008) review general approaches to customer segmentation, with empha-

sis on the most powerful and flexible analytical approaches and statistical models.

Clustering algorithms are among the most popular methods used to solve market segmentation

problems. According to Jain et al. (1999), clustering approaches are mainly split into two main
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groups: (i) hierarchical and (ii) partitional approaches. Hierarchical methods produce a nested series

of partitions, while partitional methods produce only one. A partitional clustering algorithm obtains

a single partition of the data instead of a clustering structure, such as the dendrogram produced by

a hierarchical technique. Partitional methods have advantages in applications involving large data

sets for which the reconstruction of a dendrogram is computationally prohibitive. The partitional

techniques usually produce clusters by optimizing a criterion function defined either locally (on a

subset of the patterns) or globally (defined over all of the patterns). A combinatorial search of the

set of possible labelings for an optimum value of a criterion is clearly computationally prohibitive.

In practice, therefore, the algorithm is typically run multiple times with different starting states,

and the best configuration obtained from all of the runs is used as the output clustering.

The most well-known centroid algorithm is the k-means (Jain et al., 1999). The k-means method

partitions the data set into k subsets such that all points in a given subset are closest to the same

centre. In detail, it randomly selects k of the objects or seeds to represent the cluster centers. Based

on the selected attributes, all remaining instances are assigned to their closer center. The k-means

then computes the new centers by taking the mean of all data points belonging to the same cluster.

The operation is iterated until there is no change in the gravity centers. If k cannot be known ahead

of time, various values of k can be evaluated until the most suitable one is found. The effectiveness

of this method as well as of others relies heavily on the objective function used in measuring the

distance between instances. The difficulty relies on finding a distance measure that works well with

all types of data. There are several approaches to define the distance between instances. Generally,

the k-means algorithm has the following important properties: (i) It is efficient in processing large

data sets; (ii) it often terminates at a local optimum; (iii) the clusters have spherical shapes. The

algorithm described above is classified as a batch method because it requires that all the data should

be available in advance. However, there are variants of the k-means clustering process, which get

around this limitation. Choosing the proper initial centroids is the key step in the basic k-means

procedure.

Several partitioning algorithms developed in the past are discussed by Jain et al. (1999). They

present a discussion about the comparison of techniques such as k-means, artificial neural networks

(ANNs), genetic algorithms (GAs), tabu search (TS), and simulated annealing (SA). As a general

conclusion, it is observed that the well-known k-means algorithm is best suited for large data sets,

whereas the other approaches have been mainly tested on small data sets. This is because obtaining

suitable learning/control parameters for ANNs, GAs, TS, and SA is difficult and their execution

times are very long for large data sets. However, it has been shown by Selim and Ismail (1984) that

the k-means method converges to a locally optimal solution. This behavior is linked with the initial

seed selection in the k-means algorithm. Thus if a good initial partition can be obtained quickly

using any of the other techniques, then k-means would work well even on problems with large data

sets. One of the most commonly used objective functions for clustering problems is the mean square
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error (MSE) measure.

Clustering algorithms have been used in a large variety of applications such as image segmenta-

tion (Jain et al., 1995; Solberg et al., 1996), object recognition (Dorai and Jain, 1995), information

retrieval (Rasmussen, 1992), data mining (Fayyad, 1996), and market segmentation, among many

others. The most important clustering techniques in the literature are reviewed and discussed in

Jain et al. (1999), and more recently in Berkhin (2006).

As of late, some authors have been improving the behavior of the k-means algorithm by develop-

ing some metaheuristic techniques. For instance, Chiu et al. (2009) integrate k-means and particle

swarm optimization (PSO) into a decision support system for market segmentation. Merz (2003)

proposes an iterated local search (ILS) heuristic that is capable of finding near optimal solutions

when applied to gene expression data resulting from biological microarray experiments. Cano et al.

(2002) present a greedy randomized adaptive search procedure (GRASP) for cluster analysis, with

the objective of overcoming the convergence to a local solution. The presented method uses a prob-

abilistic greedy Kaufman initialization for getting initial solutions and the k-means algorithm as a

local search algorithm. The authors compare the presented approach with some typical initialization

methods: Random, Forgy, Macqueen and Kaufman. The new approach obtains better solutions for

the benchmark problems.

Market segmentation has been studied from a multiobjective perspective as well. Recent ap-

proaches using multiple dissimilarity matrices can be found, for instance, in Brusco et al. (2002),

Brusco and Cradit (2005), Liu et al. (2005) and Caballero et al. (2011).

3 Problem Description

This work addresses a real-world problem of a beverage distribution firm. Given a set of customers,

the firm wants to partition this set into segments. Each one of them must be composed of customers

with the most similar type of contract, type of store and average purchase volume as possible. An-

other feature to consider is the compactness of the segments. The firm wishes to get a partition

with this features because it needs to apply different product marketing strategies. We first present

the attribute formulation to represent the specific problem. From this we present an iterated greedy

algorithm that is composed of two main phases, destruction and reconstruction, and uses a vari-

able neighborhood search to improve the solution. As we will see, iterated greedy is a very simple

technique that at the same time produces high quality solutions.

3.1 Formulation of attributes

We define a set of customers V = {1, 2, . . . , n}, a set of segments K = {1, 2, . . . , p}, a set of types

of products (SKU) S = {1, 2, . . . , l1}, a set C of types of contracts and a set E of types of stores,

where C = {1, 2, . . . , l2} and E = {1, 2, . . . , l3}. Note that l1, l2 and l3 are the number of different
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SKU, types of contracts and types of stores, respectively. The considered parameters are: dij , the

Euclidean distance between customers i and j, i 6= j, i, j ∈ V ; a matrix A = {ais}, where ais

represents the purchased volume (measured in number of boxes) of SKU s demanded by customer

i, i ∈ V , s ∈ S; a type of contract ci and a type of store ei for customer i; i ∈ V , where ci ∈ C and

ei ∈ E. Also note that due to the fact that p clusters are sought, we will use p and k indistinctly,

thus referring to k-means is equivalent to referring to p-means.

Given a collection Π of all feasible p-partitions from V , the problem consists of finding a p-

partition X = (X1, . . . ,Xp) ∈ Π so as to minimize the following objective function:

min
X∈Π

f(X) = α1fdisp(X) + α2fsku(X) + α3fcont(X) + α4fest(X) (1)

where fdisp(X), fsku(X), fcont(X) and fest(X) are the dissimilarity functions for the attributes of

dispersion, purchase volume, type of contract, and type of store, respectively, for a given partition X.

The values of αr ∈ [0, 1], where
∑4

r=1 αr = 1, represent the weights of these dissimilarity functions.

These dissimilarity functions are explained next.

Dispersion: For measuring the dispersion of a given partition X we consider the sum of intra-

cluster distances (Brusco and Stahl, 2005). This is, for each segment q ∈ K, we consider the

total sum of the distances between all pairs of customers i and j, where i < j, i, j ∈ Xq. The

sum of intra-cluster distances corresponds to the sum of these totals. Small values of this sum

represent less dispersed segments. This is a very common measure used in literature.

fdisp(X) =
∑

q∈K

∑

i<j∈Xq

dij (2)

Purchase Volume: The way to represent the dissimilarity between customers, with respect to this

attribute, arose from a specific requirement of the firm. It is represented by the total sum of

squares of the differences between average purchase volumes for every pair of customers of the

same segment. For a given pair of customers i and j the dissimilarity in purchase volume is

represented by:

qSKU
ij =

∑

s∈S

(

ais

aTi
−

ajs

aTj

)2

(3)

where ais is the volume (measured in boxes) that customer i demands from product (SKU) s

and aTi =
∑

s∈S ais is the total purchase volume for each customer i ∈ Xq, q ∈ K, for all SKU

s. Consequently, for a given partition X, the total dissimilarity corresponds to the total sum

of squares of the differences between these volumes for all pairs of customers of each segment.

fsku(X) =
∑

q∈K

∑

i<j∈Xq

qSKU
ij (4)
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Type of Contract and Store: For the type of contract (store) the dissimilarity between cus-

tomers of a given partition X will be zero if the type of contract (store) for these customers is

the same and will be equal to one otherwise. Formally we can express it as hij = 0 (gij = 0) if

the type of contract (store) of customer i is equal to the type of contract (store) of customer

j, for i 6= j, i, j ∈ Xq, q ∈ K, and hij = 1 (gij = 0) otherwise. The sum of all dissimilarities

between customers of each segment q ∈ X represents the total dissimilarity in these attributes

of the given partition.

fcont(X) =
∑

q∈K

∑

i<j∈Xq

hij (5)

fest(X) =
∑

q∈K

∑

i<j∈Xq

gij (6)

It has to be noted that all these dimensions represent a specific objective function that follows

the business practices of the firm. While these four dimensions are measured in different scales,

an a posteriori multiobjective approach (for example, producing a Pareto front) is not acceptable

to the firm due to its inherent complexity with four objectives (and the thousands of potentially

non-dominated points in the objective space). A convex linear combination of the four dimensions,

even if measured in different units, is a much more user-friendly approach, once the most suitable

values of α1, . . . , α4 have been agreed upon.

4 Proposed Heuristics

The proposed heuristics in this work are based on an Iterated Greedy Algorithm (IG) Ruiz and Stützle

(2007) which we have called IGACS (Iterated Greedy Algorithm for Customer Segmentation). IG

is a method related to the Iterated Local Search of Lourenço et al. (2002) and Stützle (1998) which

is a metaheuristic that iteratively applies local search in a special way focusing on the space of

solutions that are locally optimal. Instead of iterating over a local search as done in ILS, IG it-

erates over a greedy reconstruction heuristic. One of the most important advantages of the IG

algorithm is its simplicity, and its extension property in order to be applicable to several prob-

lems. For example, Ruiz and Stützle (2007, 2008); Pan et al. (2008); Fanjul-Peyro and Ruiz (2010);

Urlings et al. (2010) obtained state-of-the-art results for different scheduling problems. Iterated

Greedy methods have been proposed under different names for example in Jacobs and Brusco

(1995) and in Marchiori and Steenbeek (2000). Other authors refer to IG as “ruin and recreate”

(Schrimpf et al., 2000) or even “iterative flattening” (Cesta et al., 2000). In any case, after the work

of Ruiz and Stützle (2007), many other authors, specially in the field of scheduling, have been ap-

plying this methodology with good results. Examples are Yuan et al. (2008); Fubito et al. (2008);

Pan et al. (2008); Framiñán (2008); Kahraman et al. (2010); Ying and Cheng (2010) and more re-

cently Lozano et al. (2011) and Ribas et al. (2011).
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IG generates a sequence of solutions by iterating over greedy constructive heuristics using two

main phases: destruction and reconstruction. During the destruction phase some elements are re-

moved from a previously complete candidate solution (in our problem this solution represents a

partition obtained using the p-means algorithm of Hartigan and Wong 1979). Then, the reconstruc-

tion procedure applies a greedy constructive heuristic to reconstruct the partition. IG iterates over

these steps until some stopping criterion is met. In this work we applied a local search procedure,

once the p-means algorithm is applied and after the reconstruction phase of the IGACS, to improve

the given partition.

Pseudocode 1 shows the steps of this Iterated Greedy Algorithm for Customer Segmentation

(IGACS) proposed in this paper. As an initial step we obtain an initial partition using the aforemen-

tioned p-means algorithm of Hartigan and Wong (1979) with some modifications to handle this prob-

lem. Then a local search based on a Variable Neighborhood Search (VNS) (Hansen and Mladenovic,

2001) procedure is applied for improving this partition. The improved partition is one of the input

parameters of the IGACS. At each iteration of the IGACS (Steps 4-39), D elements are removed,

at random, from the solution and are saved in a vector XR. This is the destruction phase. Then

those elements are added, one by one, to the current partition by applying a greedy constructive

heuristic. This is the reconstruction phase. Once the partition has been completely reconstructed,

the VNS is applied again to improve the partition. Afterwards, an acceptance criterion is applied in

order to decide whether the new reconstructed partition replaces the current one or not. Whenever

a partition is better than the best found so far it is also replaced. The IGACS iterates until a

maximum number of iterations is reached (IterIGmax).

4.1 Initial Partition

The initial partition is obtained with a modified version of the well known p-means (k-means)

algorithm of Hartigan and Wong (1979). Basically, in the p-means algorithm, p elements are selected

to represent the initial centers (means) of each segment, the others n− p elements are assigned to

its closest center, and iteratively recalculates them based on the mean of each current segment.

The p-means algorithm iterates until a stopping criterion is reached. One of the most important

advantages of this algorithm is that it can find solutions quickly. The most notable disadvantage is

that the solution depends strongly on the initial selection of centers. The basic p-means algorithm is

designed for elements which can be represented with numerical data; however, some variations of this

algorithm have been made to address the nominal case (He et al., 2005; Huang, 1998; Guha et al.,

2000). For the problem that we deal with in this paper we made some modifications to the basic p-

means algorithm. Pseudocode 2 shows the general procedure for the obtention of the initial partition.

We refer to this method as the MPM-Modified p-means.

One of the proposed modifications is a Greedy Randomized Adaptive Search Procedure (GRASP)
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Pseudocode 1 IGACS(X, IterIGmax)

Input:

IterIGmax: IGACS iterations;

X := Initial Partition

Output: Xbest := Best partition found;

1: X ← VNS(X);

2: Xbest ← X;

3: τ = −1;

4: while (IterIGmax > 0) do

5: X′ ← X;

6: for i = 1 to D do

7: i∗ ← one_random_element(X′); //Destruction Phase

8: XR(i)← i∗; X′ ← X′ \ {i∗};

9: end for

10: for i = 1 to D do

11: i′ ← XR(i); q∗ ← argminq∈K

{

∑

j∈Xq
fi′j

}

; //Reconstruction Phase

12: X′

q∗ ← X′

q∗ ∪ {i
′};

13: end for

14: X′′ ← VNS(X′); //Improvement Phase

15: if (f(X′′) < f(X)) then

16: X ← X′′;

17: if (f(X) < f(Xbest)) then

18: Xbest ← X;

19: end if

20: else

21: gap = f(X)−f(Xbest)

f(Xbest)
∗ 100; //acceptance criterion for worse solutions

22: if τ = −1 then

23: τ = 0.1 · gap //initial value for τ

24: end if

25: if ((gap < τ) and (gap 6= 0)) then

26: X ← X′′; ++ as; csa+ = f(X); nas = 0;

27: else

28: ++ nas; cna+ = f(X); as = 0;

29: end if

30: if nas = ⌈0.2 ∗ IterIGmax⌉ then

31: τ ← cna
nas

; nas = 0; cna = 0;

32: else

33: if as = ⌈0.25 ∗ IterIGmax⌉ then

34: τ ← csa
as

; as = 0; csa = 0;

35: end if

36: end if

37: end if

38: IterIGmax ← IterIGmax − 1;

39: end while

40: return Xbest.
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Pseudocode 2 MPM(V, p, β, Itermax)

Input:

V : Set of customers;

p : Number of segments;

β : GRASP RCL quality parameter;

Itermax: Maximun number of iterations;

Output:

Xbest : Best partition found;

1: Xbest ← ∅; iter ← 0;

2: while (iter < Itermax) do

3: P ← get_centroids(V, p, β); //Obtains p centroids

4: X ← assigment(V, P ); //Obtains partition X

5: if (f(X) < f(Xbest)) then

6: Xbest ← X;

7: end if

8: iter ← iter + 1;

9: end while

10: return Xbest.

for attempting to find an initial configuration of centroids (Step 3). GRASP (Feo and Resende, 1995;

Resende and Ribeiro, 2003) is a multi-start metaheuristic that has been successfully applied to many

combinatorial optimization problems. Following the GRASP spirit, in a particular iteration, given

a partial set of centroids C = c1, . . . , cq, a greedy function φ(j) that measures the cost of assigning

a node j as a centroid is computed for all unassigned nodes j ∈ V \C. Then a Restricted Candidate

List (RCL) is built by taking those candidates whose greedy function evaluation falls within β %

from the best possible value, in other words, the RCL is restricted by the quality parameter β.

An element from the RCL is randomly chosen and added to C. Once the p centroids are selected

(get_centroids(V, p, β) function), the rest of the n− p elements are assigned to its closest centroid

(assignment(V, P ) function) using the proposed objective function (1) to measure the distance (dis-

similarity) between elements. When there are no elements to assign, centroids are recalculated in

such a way that new centroids correspond to the most centered elements of each segment (the one

which distance between all elements of the same segment is the minimum). The current solution is

updated if the new solution is better. This process continues until a maximum number of iterations

is reached. The best solution is returned. The goal of introducing a GRASP-construction is to find

a good configuration of initial centroids and obtain better quality solutions once the p-means algo-

rithm has been applied. We use this method to get the initial partition for IGACS because p-means

is one of the best known algorithms for clustering problems due to its easy implementation and fast

convergence to good solutions. As this solution depends on the initial configuration of centroids, we

tried three different strategies within the GRASP construction phase to get this initial configura-
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tion. The main idea of these strategies is based on greedy heuristics for the p-dispersion problem

developed by Erkut et al. (1994) and correspond to the following:

• Strategy 1: Select the p most disperse elements (considering only the distance attribute).

Under this strategy, first the two nodes i and j whose dij is minimum are chosen and added to

C. Then, for the rest of the n− |C| elements, (C is the set of the selected elements until now)

we calculate the minimum distance between each one of them and the elements belonging to

C, in other words, the greedy function is computed as φ(j) = min{dji : i ∈ C}. The RCL is

formed by the elements of highest value. This procedure is carried out until |C| = p.

• Strategy 2: Select the p most dissimilar elements. It consists of the same procedure except

that now we directly use the dissimilarity function (1) to establish the dissimilarity between

elements. In this regard, the greedy function is computed as φ(j) = min{fji : i ∈ C}.

• Strategy 3: Select the p most dissimilar elements as in Strategy 2, except that now the

distance from a given node j to set C is measured by the sum, not by the minimum value.

That is the greedy function is computed as φ(j) =
∑

i∈C fji.

In order to increase the diversity of solutions, we implemented a GRASP philosophy where

both, the first pair of selected items and the rest of the p− 2 elements are chosen from a restricted

list of candidates (RCL) formed using a quality parameter β. Once p centroids are selected, the

p-means algorithm is applied to obtain a partition. Some modifications are made to this algorithm.

First, instead of using the mean of each segment like a center or centroid, we use medians, this is,

the most centered (the least dissimilar) element of each segment according to the weighted sum of

dissimilarities (Equation 1). Second, the distance between elements represents the dissimilarity with

respect to the four attributes.

4.2 Local Search

The Variable Neighborhood Search (VNS, Hansen and Mladenovic 2001) is a well known meta-

heuristic used for solving optimization problems whose basic idea is the systematic change of neigh-

borhood within a local search. A neighborhood structure, in the solution space Π, is an application

∆ : Π → 2Π that associates each solution X ∈ Π to a subset of solutions (neighborhood) ∆(X) ⊂ Π

which are considered as a neighbors of X. We implemented a VNS procedure to improve the initial

partition found by the modified p-means algorithm and the reconstructed partition obtained in the

reconstruction phase of the IGACS. This improvement procedure is composed of two simple local

searches or neighborhoods. Pseudocode 3 shows the general VNS procedure applied in this paper.

The first neighborhood applied is based on insertion moves (Pseudocode 4), this is, for a segment

q1 ∈ K (chosen at random) we take one element i ∈ Xq1 and insert it into another segment q2, where

q2 6= q1. If the merit function φ (Step 15) is greater than zero the move is accepted (first-found

9



Pseudocode 3 VNS(X)

Input:

X : p-partition;

Output:

X: p-partition;

1: savetot ← 1; ǫ← 0; iter ← 0;

2: while ((savetot > 0) and (iter < 3)) do

3: Xins ← insertion(X); //First Neighborhood

4: Xint ← interchange(X); //Second Neighborhood

5: savetot ← f(Xins) + f(Xint);

6: if (savetot = 0) then

7: iter ← iter + 1;

8: end if

9: end while

10: return Xint = (X1, . . . ,Xp).

strategy). If not, another segment is taken and the move is evaluated again. When the total number

of segments evaluated is equal to p, the best solution found is returned as the best solution found

until now.

For the interchange neigborhood (Pseudocode 5) we take an element i from a segment q1 ∈ K

(chosen at random) and one element j from a different segment q2 ∈ K, q1 6= q2. If a merit function

(step 17) is greater than zero then swap both elements i and j (first-found strategy) and another

element i ∈ Xq1 is selected to be swaped with another element j ∈ Xq2 . Otherwise, another element

j is taken from Xq2 and the move is evaluated again until a swap move is accepted. This local search

finishes when the number of segments selected at random, represented by q1, is equal to ⌈p2⌉.

4.3 Destruction, Reconstruction and Acceptance Criterion

The destruction phase, detailed in steps 6-9 of Pseudocode 1 is simple: given a partition, we destroy

or remove some elements at random. In this phase, D elements are removed from the given partition

at random. The removed elements are kept in list XR(i).

Once D elements have been removed, the reconstruction phase is carried out (steps 10-13 of

Pseudocode 1). Basically, each removed element is tested in all segments and greedily reinserted

into the segment that increases the partition dissimilarity by the smallest possible amount. Once

that all elements are added, we apply the VNS procedure to the new partition obtained. If the total

dissimilarity of the new partition is less than the current one, the current solution is updated. Then,

if the total dissimilarity of this current solution is less than the best solution found until now, the

best solution is updated too.

As with most IG methods, solutions are not only accepted if they are strictly better, as this

quickly results in a premature convergence to strong local optimum solutions. Therefore, when a
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Pseudocode 4 Insertion(X).

Input: X = {X1, . . . , Xp};

Output: X = {X1, . . . ,Xp};

1: m← 0; improve ← YES; {segment counter and improvement status}

2: while (m ≤ p) do

3: if (improve = YES) then

4: P̄ ← P ; //P = {1, 2, . . . , p}

5: end if

6: improve ← NO; m← m+ 1;

7: Select a segment q1 ∈ P̄ at random;

8: P̄ ← P̄ \ {q1}; Ȳ ← Xq1 ;

9: z ← min{|X̄q1 |, |
n
p
|};

10: while (z > 0) do

11: Select an element i ∈ Ȳ at random;

12: Ȳ ← Ȳ \ {i}; z ← z − 1; r ← 1;

13: while ((r ≤ q1) and (improve = NO)) do

14: if (r 6= q1) then

15: φ(i, r) =
∑

j∈Xq1

fij −
∑

j∈Xr

fij ;

16: if (φ(i, r) > 0) then

17: Xq1 ← Xq1 \ {i}; Xr ← Xr ∪ {i};

18: improve ← YES;

19: end if

20: end if

21: r ← r + 1;

22: end while

23: end while

24: end while

25: return X = {X1, . . . ,Xp};
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Pseudocode 5 Interchange(X).

Input: X = {X1, . . . , Xp};

Output: X = {X1, . . . ,Xp};

1: m← 0; improve ← YES; {Segment counter and improvement status}

2: while (m ≤ p

3
) do

3: if (improve = YES) then

4: P̄ ← P ;

5: end if

6: improve ← NO; t← 0; m← m+ 1;

7: Select a segment q1 ∈ P̄ at random;

8: P̄ ← P̄ \ {q1}; Ȳ ← Xq1 ;

9: z ← |Xq1 |;

10: while (z > 0) do

11: Select an element i ∈ Ȳ at random;

12: Ȳ ← Ȳ \ {i};

13: z ← z − 1; r ← 1;

14: while ((r ≤ q1) and (improve = NO)) do

15: if (r 6= q1) then

16: for each element j ∈ Xr do

17: φ(i, j) =





∑

q∈Xq1

fiq −
∑

q∈Xr

fiq



+





∑

q∈Xr

fjq −
∑

q∈Xq1

fjq



;

18: if (φ(i, j) > 0) then

19: Xq1 ← Xq1 \ {i}; Xr ← Xr ∪ {i};

20: Xr ← Xr \ {j}; Xq1 ← Xq1 ∪ {j};

21: improve ← YES;

22: end if

23: end for

24: end if

25: r ← r + 1;

26: end while

27: end while

28: end while

29: return X = {X1, . . . ,Xp};
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new solution is found and it is not better than the current one, an acceptance criterion is applied.

Basically a new non best solution can be accepted if its relative percentage deviation is less than or

equal to a certain threshold value τ computed as follows:

τ =















csa
as

if as = ⌈0.25 ∗ IterIGmax⌉

cna
nas

if nas = ⌈0.20 ∗ IterIGmax⌉

where csa/as (cna/nas) represents the average dissimilarity after as (nas) iterations where as

(nas) is the number of consecutive iterations where worst solutions were accepted (not accepted).

Similarly, csa (cna) is the cost of lower quality accepted (not accepted) solutions.

5 Computational Results and Statistical Analyses

The IGACS was implemented in C++ under the Ubuntu-Linux 9.04 operating system. The experi-

ments were carried out on a Dell server with Intel Core(TM) 2 Quad 1 processor and 2.4 Ghz. CPU

with 3.2 Gb. of RAM. The instances were generated using a uniform distribution for geographical

coordinates and real-world instance information for the rest of the attributes. For all experiments,

we created 30 instances for each one of three different sizes n = {1000, 3000, 5000}. Therefore, a

total of 90 instances are generated. Each instance can be tested with several number of segments.

In this paper we have considered three different number of segments p = {20, 25, 30}.

A total of 6 different vectors for α (αr) are tested, namely (0.25,0.25,0.25,0.25), (0.10,0.40,0.40,0.10),

(1.00,0.00,0.00,0.00), (0.00,1.00,0.00,0.00), (0.00,0.00,1.00,0.00) and (0.00,0.00,0.00,1.00). The first

vector is referred to as “equal weights” where the same preference is given to all objectives. The

second vector corresponds to the weights set by the company or the “commercial weights”. The

other four vectors give complete weight to each one of the four objectives or attributes (dispersion,

purchase volume, type of contract and type of store, respectively), ignoring the others. The response

variable studied in this paper is the average relative percentage deviation or AV RPD as follows:

AV RPD =
1

30

∑ f(X)− f(Xbest)

f(Xbest)
∗ 100 (7)

where f(X) is the resulting objective function value found for each one of the 30 instances that

exist for each size n and f(Xbest) is the best objective function value found for each one of these

instances under the specified tested conditions, i.e., a given number of segments p, and a specified

αr vector.

As a first experiment, we evaluate the p-means algorithm with our presented modifications (PMP

algorithm). Table 1 shows the average relative percentage deviation found for each combination of

α averaged across all instance sizes n (1000, 3000, and 5000), and number of p segments (20, 25,

and 30). The values are displayed according to the Strategy employed and the quality parameter
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values for the GRASP method (β). The MPM algorithm (selection of centroids and assignment)

is executed 50 times for each instance and the average solution found for each one is shown. This

means that each cell contains the average of 50 replicates over 90 instances tested for each segment

size (13,500 results averaged at each cell).

Table 1: Average Relative Percentage Deviations for the MPM algorithm as a function of αr, Strategy

and β values of the GRASP.

β for the GRASP method in MPM

αr GRASP strategy 0 0.2 0.4 0.6 0.8 1 Average

(0.25, 0.25, 0.25, 0.25) Strategy 1 8.11 0.42 0.77 1.73 3.37 5.30 3.28

equal weights Strategy 2 11.67 3.78 3.36 3.71 4.87 5.36 5.46

Strategy 3 18.34 8.32 9.28 6.63 4.85 5.26 8.78

Average 12.71 4.17 4.47 4.02 4.36 5.30

(0.10, 0.40, 0.40, 0.10) Strategy 1 13.22 1.74 2.06 2.35 3.18 3.89 4.41

commercial weights Strategy 2 36.98 15.51 9.04 4.88 3.84 3.96 12.37

Strategy 3 4.28 0.64 0.80 1.22 1.89 2.53 1.89

Average 18.16 5.96 3.97 2.81 2.97 3.46

(1.00, 0.00, 0.00, 0.00) Strategy 1 4.28 0.64 0.80 1.22 1.89 2.53 1.89

dispersion Strategy 2 4.28 0.63 0.84 1.27 1.91 2.42 1.89

Strategy 3 19.24 8.08 6.58 4.05 2.79 2.43 7.19

Average 9.27 3.12 2.74 2.18 2.20 2.46

(0.00, 1.00, 0.00, 0.00) Strategy 1 19.26 2.37 2.58 2.59 2.57 2.52 5.32

purchase volume Strategy 2 63.24 31.89 20.48 8.62 2.80 2.62 21.61

Strategy 3 32.91 21.19 24.08 15.47 3.72 2.67 16.67

Average 38.47 18.49 15.71 8.89 3.03 2.60

(0.00, 0.00, 1.00, 0.00) Strategy 1 139974.00 54203.14 44797.07 40034.56 50092.53 17194.46 57715.96

type of contract Strategy 2 3260.86 0.00 0.00 0.00 0.00 47603.09 8477.32

Strategy 3 3833.97 0.00 0.00 0.00 0.00 33703.41 6256.23

Average 49022.94 18067.71 14932.36 13344.85 16697.51 32833.65

(0.00, 0.00, 0.00, 1.00) Strategy 1 3127.04 72.01 64.81 106.21 84.94 83.40 589.74

type of store Strategy 2 655.89 0.00 0.00 0.00 0.00 126.62 130.42

Strategy 3 588.80 0.00 0.00 0.00 0.00 82.94 111.96

Average 1457.24 24.00 21.60 35.40 28.31 97.65

We can observe that Strategy 1 obtained better solutions for most cases, specially when β = 0.2.

We observe aberrant results in the cases where the maximum weight is given to the attribute of type

contract or store. As we will see later on, this is rapidly fixed when the initial partition is subject

to local search or to the IGACS algorithm. For the remaining statistical experiments these two last

cases are removed.

We carried out some statistical testing to guarantee that results using Strategy 1 are indeed

statistically significant. First we separate the results into four blocks (according to the combination
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of α values where Strategy 1 was better) and study a single factor of each block, the values of β

correspond to the levels (6 levels) and the average relative percentage deviation is the response

variable. We analyzed the data using the Kruskal-Wallis non-parametric test. Figures 1-4 show the

box plot and the pairwise comparisons for each block analized using the Dunn’s Test. The graph on

the left displays boxplots of the groups with their sign confidence intervals for the medians. This

graph is interesting because one can visually see the locations of the groups with respect to the

others. The graph on the right displays the non-absolute group mean rank standardized differences.

This second graph is also extremely useful because one can look at not only the magnitude of the

group differences but the direction as well. It also displays the positive and negative critical z-values

so one can see if a difference is significant. If we observe GAP(0.2) (at the Y-axis) in Figures 1-3, we

can see that GAP(0.6), GAP(0.8) and GAP(1) are significant since this distance goes beyond the

z-value, while GAP(0.4) does not. However, in Figure 4 we can observe that there is not a significant

difference between groups since all comparisons are inside the z-value interval.

Figure 1: Box plot and pairwise comparisons for each level (β values) corresponding to the block

when αr=(0.25, 0.25, 0.25, 0.25) at a 95% of confidence level.

Apart from non-parametric analysis, we carry out a parametric Analysis of Variance after con-

sidering the first four αr values, β, n, p and the Strategy level as factors, being the average relative

percentage deviation the response variable. The corresponding means plot of the interaction between

the Strategy and β factors is shown in Figure 5. As can be seen, Strategy 1 is superior and β=0.2

provide the best overall results.

As a second experiment, we evaluate the number of elements (D) to remove from the solution

(partition) in the destruction phase of the IGACS algorithm. For this experiment we use the 30

instances of each size, setting the number of segments again to p = {20, 25, 30}. We employ the
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Figure 2: Box plot and pairwise comparisons for each level (β values) corresponding to the block

when αr=(0.10, 0.40, 0.40, 0.10) at a 95% of confidence level.

Figure 3: Box plot and pairwise comparisons for each level (β values) corresponding to the block

when αr=(1.00, 0.00, 0.00, 0.00) at a 95% of confidence level.
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Figure 4: Box plot and pairwise comparisons for each level (β values) corresponding to the block

when αr=(0.00, 1.00, 0.00, 0.00) at a 95% of confidence level.
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Figure 5: Means plot with Tukey’s Honest Significant Difference (HSD) 95% confidence intervals for

the interaction between Strategy and β factors. MPM algorithm.
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previous MPM algorithm to create the initial partition fixing β = 0.2 (since this obtained the

best evaluation in the previous experiment in general) and using Strategy 1 for the cases where αr

values do not assign the maximum weight to the type contract or store attributes, and Strategy 2

when these two cases occur. The MPM algorithm (GRASP for centroids and modified p-means) is

executed 50 times and IGACS is iterated 15 times (IterIGmax = 15). We evaluate four different

values for D based on a certain percentage of the instance size. For example, for an instance of size

n = 1000, a 5% value for D equals to 50 elements to remove. If n = 3000 then D = 150 and if

n = 5000 the respective value of D is equal to 250 elements.

Table 2 shows the average relative percentage deviation (grouped for each combination of α

values) using different size of D. Each table contains the average deviations calculated over 15

replicates, 90 instances and for three values of p (4,050 results averaged at each cell).

Table 2: Average Relative Percentage Deviations for the IGACS algorithm as a function of αr and

D.

D

αr 5% 10% 15% 20%

(0.25, 0.25, 0.25, 0.25) 0.27 0.22 0.17 0.14

(0.10, 0.40, 0.40, 0.10) 0.09 0.19 0.15 0.10

(1.00, 0.00, 0.00, 0.00) 0.38 0.39 0.33 0.30

(0.00, 1.00, 0.00, 0.00) 0.28 0.20 0.17 0.12

(0.00, 0.00, 1.00, 0.00) 0.09 0.13 0.42 0.58

(0.00, 0.00, 0.00, 1.00) 3.13 0.83 1.67 0.56

Average 0.71 0.33 0.49 0.30

In general, the results are better removing 20% (depending of the size of the instance) of the

elements from the solution. Except on the case where attributes of purchase volume and type of

contract have greater weight (0.10, 0.40, 0.40, 0.10), and the maximum weight is assigned to the

type contract (0.00, 0.00, 1.00, 0.00). Statistical testing shows that D = 20% gives the overall best

results.

For the final experiment we test, for each αr value the proposed MPM algorithm (Strategy 1 for

the first four αr values and Strategy 2 for the last two and β = 0.2 in all cases) with a total of 50

replications per instance. We also test the presented VNS algorithm, i.e., the result obtained in the

MPM algorithm and then a single run of the VNS method. Lastly, the IGACS method is also run

15 times after the initialization with the MPM+VNS methods using D = 20%. Tables 3-8 show the

full results of the average relative percentage deviations and computational time (in seconds). The

results are further detailed and grouped by n and p.
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Table 3: Average Relative Percentage Deviation and computational time for the proposed algorithms

when αr = (0.25, 0.25, 0.25, 0.25).

n p Methods (AVRPD) Time (Seconds)

MPM VNS IGACS MPM VNS IGACS Total

1000 20 8.17 1.89 0.20 3.37 1.6 6.92 11.89

25 10.53 1.90 0.14 3.59 1.86 6.74 12.19

30 12.26 2.52 0.22 3.87 1.93 7.53 13.33

3000 20 6.37 0.51 0.18 28.26 22.72 59.45 110.43

25 7.97 0.55 0.12 27.96 23.83 60.36 112.15

30 8.96 0.61 0.08 28.38 24.88 64.83 118.10

5000 20 5.70 0.40 0.10 85.29 68.38 151.57 305.24

25 6.98 0.50 0.12 86.33 73.92 159.22 319.47

30 8.39 0.53 0.08 85.68 78.47 164.66 328.81

Average 8.37 1.05 0.14 39.19 33.07 75.70 147.96

Table 4: Average Relative Percentage Deviation and computational time for each method when

αr = (0.1, 0.4, 0.4, 0.1).

n p Methods (AVRPD) Time (Seconds)

MPM VNS IGACS MPM VNS IGACS Total

1000 20 16.02 1.27 0.15 3.34 3.41 8.69 15.43

25 19.60 1.87 0.17 3.57 3.61 8.89 16.07

30 23.03 1.86 0.13 3.84 3.33 9.20 16.38

3000 20 11.71 0.44 0.07 28.02 46.39 80.15 154.56

25 15.07 0.63 0.08 28.17 39.32 83.51 151.00

30 17.79 0.68 0.09 28.96 42.16 84.48 155.60

5000 20 10.71 0.52 0.10 78.29 124.42 201.36 404.08

25 13.46 0.51 0.07 79.41 128.57 203.46 411.43

30 16.12 0.61 0.08 81.23 130.98 215.48 427.69

Average 15.95 0.93 0.10 37.20 58.02 99.47 194.69
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Table 5: Average Relative Percentage Deviation and computational time for each method when

αr = (1.0, 0.0, 0.0, 0.0).

n p Methods (AVRPD) Time (Seconds)

MPM VNS IGACS MPM VNS IGACS Total

1000 20 4.06 1.47 0.42 4.72 0.76 5.28 10.75

25 5.12 2.35 0.43 4.76 0.60 5.23 10.60

30 5.62 2.50 0.36 4.91 0.74 5.46 11.12

3000 20 2.59 0.50 0.31 53.71 14.29 43.08 111.08

25 3.01 0.63 0.32 51.43 14.45 43.28 109.16

30 3.74 0.70 0.30 49.68 13.83 44.41 107.92

5000 20 1.84 0.31 0.16 175.91 37.34 105.50 318.76

25 2.52 0.46 0.17 168.03 39.92 115.28 323.23

30 2.81 0.59 0.25 163.18 40.71 116.90 320.79

Average 3.48 1.06 0.30 75.15 18.07 53.83 147.05

Table 6: Average Relative Percentage Deviation and Computational time for each method when

αr = (0.0, 1.0, 0.0, 0.0).

n p Methods (AVRPD) Time (Seconds)

MPM VNS IGACS MPM VNS IGACS Total

1000 20 18.53 1.34 0.19 3.40 3.90 9.69 16.99

25 21.46 1.60 0.18 3.69 3.82 9.86 17.36

30 23.90 1.93 0.16 3.91 3.83 10.40 18.14

3000 20 15.53 0.39 0.08 29.77 57.18 94.89 181.84

25 17.69 0.45 0.10 30.25 53.93 96.72 180.90

30 20.57 0.53 0.11 30.68 54.32 102.12 187.12

5000 20 14.44 0.44 0.11 83.83 159.33 248.58 491.75

25 16.13 0.44 0.09 83.78 161.31 242.56 487.64

30 18.94 0.50 0.09 83.24 161.56 260.59 505.40

Average 18.58 0.85 0.12 39.17 73.24 119.49 231.90
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Table 7: Average Relative Percentage Deviation and computational time for each method when

αr = (0.0, 0.0, 1.0, 0.0).

n p Methods (AVRPD) Time (Seconds)

MPM VNS IGACS MPM VNS IGACS Total

1000 20 346.67 3.65 0.77 4.40 0.33 6.55 11.28

25 153.33 0.00 0.00 4.75 0.71 3.89 9.35

30 36.67 0.00 0.00 5.16 1.31 1.43 7.90

3000 20 1348.34 32.06 0.24 39.84 2.49 44.74 87.07

25 1559.29 36.89 1.35 42.19 1.82 60.58 104.59

30 1694.59 28.97 1.75 44.92 2.00 187.22 234.14

5000 20 1538.36 23.17 0.00 113.69 6.17 68.20 188.05

25 1871.90 41.61 0.18 118.73 8.25 86.86 213.83

30 2167.20 40.45 0.97 123.75 7.42 168.27 299.43

Average 1190.71 22.98 0.58 55.27 3.39 69.75 128.41

Table 8: Average Relative Percentage Deviation and computational time for each method when

αr = (0.0, 0.0, 0.0, 1.0).

n p Methods (AVRPD) Time (Seconds)

MPM VNS IGACS MPM VNS IGACS Total

1000 20 1344.55 39.48 0.91 4.76 0.46 2.96 8.19

25 1559.08 42.48 1.70 5.02 0.38 5.25 10.64

30 1701.55 27.46 2.37 5.32 0.50 10.45 16.26

3000 20 1651.51 64.10 0.00 41.49 2.38 27.01 70.88

25 2058.47 29.62 0.00 43.65 2.30 32.21 78.16

30 2444.37 68.16 0.06 46.13 3.19 36.34 85.67

5000 20 1712.61 14.00 0.00 120.27 14.48 94.95 229.70

25 2158.83 0.80 0.00 126.13 16.61 108.79 251.53

30 2591.80 5.45 0.00 130.54 19.24 119.24 269.01

Average 1913.64 32.39 0.56 58.14 6.61 48.58 113.34
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As can be seen, the results of the MPM algorithm improve considerably after a single pass

of the VNS method is applied. This is particularly important for the last two cases where the

maximum weight is given to the attributes of type of contract or store with αr = (0.0, 0.0, 1.0, 0.0)

or αr = (0.0, 0.0, 0.0, 1.0). The additional CPU time needed increases substantially, specially for

bigger problems. For example, MPM needs 39.19 seconds on average for αr = (0.25, 0.25, 0.25, 0.25)

and VNS requires an additional 33.07 seconds on average. The results of the proposed IGACS are

much better and improve those of VNS by a large margin. This is important for the last two cases of

αr as IGACS reports average relative percentage deviations of 0.58 and 0.56, respectively whereas

VNS obtains much larger deviations of 22.98 and 32.39, respectively. Of course, such improvements

come at a computational cost, as the additional CPU time of IGACS exceeds 260 seconds in the

worst case for largest instances of 5000 clients. In any case, the total CPU time of applying IGACS

(which comes after applying MPM, VNS and then the IGACS) rarely exceeds 500 seconds in the

worst case, which, considering the large size of the real clustering problem dealt with in this paper

(up to 5000 clients) is readily acceptable.

A final question remains about the comparison between the proposed approaches and the seg-

mentation methods used by the firm. While we cannot provide a quantitative analysis, we can

clearly state that the proposed approach is vastly superior. This is motivated by the fact that the

methods employed by the firm were basically manual and just guided by a Geographical Information

System (GIS). This manual process required hours of intensive work and the results were far from

optimal. Furthermore, the final result did not consider all the attributes in a meaningful way. With

our presented approaches the result is obtained much faster and the partitions have better values

in all tested attributes. Furthermore, no software licenses have to be paid.

6 Conclusions

In this paper we proposed a formulation of attributes to represent a market segmentation problem

that considers multiple attributes, which arose from a real-world application in a beverage distri-

bution firm. We have also proposed an Iterated Greedy Algorithm (IGACS) to solve the problem

efficiently. Also, we used an adaptation of the well known p-means algorithm to create partitions

to our problem. The modifications include three different GRASP-based strategies to select the

initial configuration of centroids in an attempt to obtain better solutions. A local search based on a

variable neighborhood search procedure is developed and implemented after the p-means algorithm

to improve the solution, and it is incorporated after the reconstruction phase of the IGACS for

improving solutions.

Comprehensive computational and statistical experiments have been performed to fix some

parameters of the adapted p-means algorithm and IGACS method. Sound statistical tests were made

in order to guarantee that the observed differences in the average results are indeed statistically
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significant. Empirical results shown that applying the VNS procedure after the MPM algorithm

improve the dissimilarity of the partition significantly. Also, IGACS can improve even more the

dissimilarity of the partition found by the VNS procedure. The three methods obtain excellent

results in less of 261 seconds on average.
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