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Abstract
We introduce the conditional p-dispersion problem (c-pDP), an incremental variant of the
p-dispersion problem (pDP). In the c-pDP, one is given a set N of n points, a symmetric
dissimilarity matrix D of dimensions n×n, an integer p ≥ 1 and a set Q ⊆ N of cardinality
q ≥ 1. The objective is to select a set P ⊂ N \Q of cardinality p that maximizes the minimal
dissimilarity between every pair of selected vertices, i.e., z(P ∪ Q):=min{D(i, j), i, j ∈
P∪Q}. The set Qmaymodel a predefined subset of preferences or hard location constraints in
incremental network design.We adapt the state-of-the-art algorithm for thepDP to thec-pDP
and include an ad-hoc accelerationmechanism designed to leverage the information provided
by the set Q to further reduce the size of the problem instance. We perform exhaustive
computational experiments and show that the proposed acceleration mechanism helps reduce
the total computational time by a factor of five on average. We also assess the scalability of
the algorithm and derive sensitivity analyses.

Keywords p-Dispersion · Clustering · Conditional p-dispersion · Exact methods

1 Introduction

The conditional p-dispersion problem (c-pDP) is defined on an undirected graph G =
(N , E), where N is the set of vertices with cardinality n and E is the set of edges with
cardinality n × n. The set of vertices N is composed of the union of two disjoint sets Q and
R, where Q is the set of initial located vertices such that |Q| = q ≥ 1, and where R is the set
of potential additional locations such that |R| ≥ p ≥ 1. Each edge (i, j) ∈ E is associated
with a dissimilarity D(i, j) satisfying D(i, j) = D( j, i) ≥ 0 for every 1 ≤ i, j ≤ n and
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D(i, i) = 0 for every 1 ≤ i ≤ n. We also denote by D = {D(i, j) : (i, j) ∈ E} the
dissimilarity matrix. The objective is to select a subset of vertices P ⊆ R of cardinality p
such that z(P ∪ Q):=min{D(i, j), i, j ∈ P ∪ Q} is maximum. We denote the associated
c-pDP for given input parameters N , Q, D and p as c-pDP(N,Q,D,p). The c-pDP is
NP-hard as an instance of the pDP—NP-hard as noticed by Erkut [24]—can be reduced
to an equivalent instance of the c-pDP by adding a single vertex u to N with sufficiently
large dissimilarity to every other vertex in N , and thus by solving c-pDP(N′,Q′,D′,p), with
N ′ = N ∪ {u}, Q′ = {u} and D′ built from extending the dissimilarity matrix D by one
row and column associated with the new vertex u. Note that the c-pDP is also slicewise
polynomial [18] in O(n p) time by exhaustive enumeration.

The c-pDP arises as an incremental variant of pDP in contexts where a decision planner
desires to enlarge a previously existing network by locating additional facilities to improve its
service. In location science, the pDP can be applied, for example, when locating harzardous
facilities the furthest away from the population and when locating multiple stores to prevent
cannibalism [29]. Belotti et al. [2] describe an application of the pDP in the location of
waste disposal centres to reduce the undesirable effects on the surrounding populations. In
multiobjective optimization, solving apDP canbeused, for example, to select p solutionswith
different characteristics when the Pareto frontier contains many solutions [36]. In portfolio
optimization, selecting a diversified portfolio is important [38] and solving a pDP can be used
to select p investment options with distinct features in order to minimize the risk associated
with the portfolio [36]. Finally, in the maximin split clustering problem, which can be solved
in polynomial time [17], one has to create p clusters in order to maximize the minimum
dissimilarity between each pair of observation from different clusters. Similar applications
can be found for the c-pDP. In particular, network design is often done in multiple iterations
which can be separated by many years due, for example, to limited funding. Therefore, an
initial set of facilities are located and additional locations are added later on. In portfolio
optimization, this arises when initially selecting a set of investment options and then, when
one has more money to invest, when expanding the portfolio.

The state-of-the-art solver for the pDP [13] relies on the clustering of the data to solve
a series of small instances—each of which provides an upper bound of the problem—in
a dynamic fashion. To the best of our knowledge, the incremental variant has not been
previously studied and little is known regarding the potential of exact methods to handle this
problem. Therefore, managerial insights can be derived by analyzing the impact of optimally
locating from scratch compared to incrementally designing the network. In this paper, our
main contributions are as follows. First, we adapt the state-of-the-art algorithm proposed
by Contardo [13] and include new tailored acceleration mechanisms for the c-pDP that
take advantage of the additional information provided by the set Q. Second, we show that
such acceleration mechanisms outperform state-of-the-art algorithms for the pDP for which
additional fixing constraints for the set Q could be added. Third, through an exhaustive
computational campaign, we analyze the scalability of the proposed algorithm. In particular,
instances with more than 100,000 vertices are solved to optimality which makes sense in
practice, for example, in portfolio optimization problems where the number of investment
options to choose from is often very large.

The remainder of this article is organized as follows. In Sect. 2, we present a review of
the relevant scientific literature. In Sect. 3, we propose an exact solution algorithm for the
c-pDP including new acceleration mechanisms tailored for this problem. In Sect. 4, we
assess the effectiveness of the algorithm through our computational experiments, show that
naive variants of state-of-the-art algorithms for the pDP are not efficient to solve the c-pDP,
and derive sensitivity analyses. Finally, Sect. 5 concludes the paper.
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2 Literature review

To thebest of our knowledge, thec-pDPhas not beenpreviously studied, but related problems
such as the discrete [24] and continuous [22,23] pDP, and conditional variants of p-center [6]
and p-median [16] problems have already been subjects of scientific analysis. Our proposed
decremental clustering algorithm is similar to relaxationmechanisms that have been proposed
to solve minimax and maximin optimization problems to optimality [1,7–11,33] as well as
routing problems [5,32,35]. This section presents the literature and state-of-the-art algorithms
for related problems to thec-pDP aswell as algorithmic variants of the proposed decremental
clustering algorithm.

While several authors have studied the pDP and developed exact and heuristic solution
approaches, we only highlight the most relevant contributions in exact methods. Kuby [29]
introduced the first mathematical formulation for the pDPwhich was based on mixed-integer
linear programming and used Big-M coefficients to compute the minimal distance between
each pair of vertices. They obtained results for instances with exactly 25 vertices. Pisinger
[33] later strengthened that formulation by introducing a quadratic formulation which is
solved though different relaxations and embedding the upper bounds in a branch-and-bound
algorithm. Their algorithm can solve instances with up to 100 vertices. More recently, Sayah
and Irnich [37] introduced a binary compact formulation and proposed two enhancements to
strengthen the formulation: bounds on the optimal distances and new valid inequalities. They
propose a branch-and-cut algorithm to solve the problem and report solutions for instances
with up to 1000 vertices. The state-of-the-art algorithm for thepDPwas proposed byContardo
[13] and dynamically solves a series of relaxations of the problem in an incremental fashion.
This algorithm optimally solves instances with more than 100,000 vertices in reasonable
computational time.

Other related problems to the c-pDP are the conditional p-center and the conditional p-
median problems. These twoproblems are said to be conditional if a set of facilities are already
open and when the problem aims to locate p additional facilities. In the conditional p-median
problem, the objective consists of minimizing the sum of the weighted distances between
the demand points and their closest facility, whereas the objective of the p-center problem
consists of minimizing the maximum distance between demand points and their closest
facility. Drezner [20] show that the conditional p-center problem can be solved by solving
O(log n) p-center problems,wheren is the number of potential facilities.Berman andSimchi-
Levi [4] later propose an algorithm to solve both the conditional p-center and conditional p-
median problems by solving a (p+1)-center (or median) problem and modifying the distance
matrix. Berman and Drezner [3] have implemented an algorithm based on an alternative
distance matrix and show that the proposed distance matrix outperforms the method of
Berman and Simchi-Levi [4] for the the conditional p-center and the conditional p-median
problems.Drezner [21] propose solutionmethods for the conditional 1-median problemon an
instance with 100 vertices. Chen and Chen [9] suggest that reverse relaxation can be used to
optimally solve the conditional p-center problem which iteratively solves p-center problem
and show that the complexity of the proposed algorithm isO(n). More recently, Irawan et al.
[27] have developed a heuristic multi-phase algorithm for the conditional p-median problem
for large instances and are able to solve instances with up to 89,600 vertices within reasonable
computational time. Drezner and Drezner [19] have also solved variants of the conditional
location problem where the two facilities are sequentially located: the first one can either
be randomly or optimally located, and the second one is optimally located according to the
first one. They have tested three variants of the problem: the minisum, the minimax and the
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competitive problem. For the minisum and the minimax, their results show that randomly
locating the first facility provides better results than optimally locating the first facility, which
can be counter-intuitive.

As previously mentioned, the current state-of-the-art algorithm for the pDP consists of
clustering the vertices to iteratively solve smaller instances [13]. Other decremental relax-
ation methods have been proposed to solve minimax and maximin optimization problems to
optimality. We can note the decremental relaxation methods proposed by Chen and Chen [8]
and Contardo et al. [15] to solve p-center problems. Their algorithm iteratively solves relaxed
problems ignoring a few allocation constraints and by adding them only when needed. The
algorithm proposed by Contardo et al. [15] solves instances with to 1,000,000 vertices to
optimality within reasonable computation time. Aloise and Contardo [1] has also proposed
a relaxation method to solve the minimax diameter clustering problem (MMDCP), where
the objective consists of grouping the vertices in k clusters while minimizing the maximum
intra-cluster dissimilarity. As for the p-center problem, their relaxation method iteratively
and dynamically solves smaller MMDCP. Their algorithm can solve instances with up to
600,000 vertices to optimality within reasonable computational time. Recently, Contardo
and Sefair [14] introduced a progressive approximation scheme for the solution of sparse
large-scale binary interdiction games that is closely related to our algorithm.

Finally, reduction techniques have also been studied in the literature and are usually
specifically designed for a solution-method or a problem-structure. In general, dual and
primal information is leveraged to derive the conditions satisfied by an optimal solution. In
mixed-integer programming, reduced cost fixing is a common technique which consists in
fixing non-basic variables to some of their bounds after an iteration of the simplex method
[12]. In column generation, variable fixing provides important speed-ups for vehicle routing
[28]. For continuous facility location problems,Hooker et al. [26] present a general framework
to identify a finite dominating set, which is a set of finite cardinality containing all potentially
optimal locations. Network flows problems can also benefit from graph reduction techniques
to decrease the complexity of finding augmenting cycles in the residual network [25, see, for
instance,]. In minimax or maximin optimization problems, such techniques can have an even
greater impact because the dual information can often be reduced to a single variable. This is
the case, for instance, of p-center problems or minimax diameter clustering problems where
a single arc may account for the total cost of a solution. As shown in Aloise and Contardo
[1,30,31], assignments exceeding the cost of a primal bound can be discarded.

3 An exact decremental clustering algorithm

In this section, we describe the proposed exact decremental clustering algorithm to solve the
c-pDP. The algorithm is initialized with an initial feasible solution for the c-pDP which is
constructed through a heuristic algorithm. This solution yields a lower bound for the c-pDP
and allows to discard multiple non-promising vertices, thus yielding a more compact—
yet fully equivalent—input graph. Finally, we solve a pDP on the reduced graph using the
algorithm proposed by [13]. Algorithm 1 provides an overview of our algorithm. In the next
subsections, we describe the different steps of the algorithm.
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Algorithm 1 Exact decremental clustering for the c-pDP(N,Q,D,p)

Require: N , Q, D, p
z ←heuristicCPDP(N,Q,D,p)

G ′, D′ ← graphReduction(N,Q,D,z)

S ← decrementalClusteringPDP(G′,D′,p)

return S

Please note that the case where p = 1 can be solved in linear time by finding a vertex
u∗ ∈ argmax{min{D(i, u) : i ∈ Q} : u ∈ R}. Therefore, in the remainder of this article, we
assume that p ≥ 2.

3.1 Procedure heuristicCPDP(N,Q,D,p)

In this section, we describe a heuristic construction algorithm for the c-pDPwhich provides
a non-trivial lower bound z to the problem. This procedure is not tailored to provide near-
optimal solutions, but helps reducing the size of the graph which is given as an input for
the decremental clustering algorithm. The set Q of initially selected vertices defines the
initial solution X ← Q. The value of the objective function for this initial solution can be
computed as d ← min{D(u, v) : u, v ∈ Q}. Then, for each vertex i ∈ N\X , we compute
di+ ← min{D(u, v) : u, v ∈ Q ∪ {i}} which is the minimal dissimilarity resulting from
adding vertex i to X . The set X is then enlarged by adding vertex i ∈ argmax{di+ : i ∈ N\X}.
If multiple such vertices exist, the one with the smallest index is chosen to enlarge X . This
procedure is repeated until |X | = q + p. This heuristic yields a valid lower bound which can
be computed as z ← min{D(u, v) : u, v ∈ X}.

3.2 Procedure graphReduction(N,Q,D,z)

In this section, we describe a procedure to reduce the input graph. Given the heuristic lower
bound z found with the procedure heuristicCPDP(N,Q,D,p), we define N ← {i ∈ N :
∃ j ∈ Q, D(i, j) < z} as the set of vertices that lie at a distance strictly lower than z from at
least one vertex in Q. Note that, by definition, the set N contains set Q. We define the set of
vertices in the reduced graph G ′ as N ′ ← N \ N . Once this is done, the dissimilarity matrix
of G ′ is modified by setting the dissimilarity between two vertices i and j as the minimum
between their dissimilarity and the dissimilarity between each of these two vertices and its
closest vertex in Q, i.e., for i, j ∈ N ′, we set

D′(i, j) ← min{D(i, j),min{D(i, k), D( j, k) : k ∈ Q},min{D(u, v) : u, v ∈ Q}}. (1)

The dissmilarity matrix D′ is defined as D′ = {D′(i, j) : i, j ∈ N ′}.
Proposition 1 Given a valid lower bound z and the set N ← {i ∈ N : ∃ j ∈ Q, D(i, j) < z},
no vertex i ∈ N is in the optimal solution of the c-pDP.

Proof Let us define z as the lower bound found with the procedure
heuristicCPDP(N,Q,D,p) and the set of vertices within amaximal dissimilarity of z and
one of the initially located vertices j ∈ Q defined as N ← {i ∈ N : ∃ j ∈ Q, D(i, j) < z}.
If one of the vertex in N is in the optimal solution, this implies that z∗ ≤ z. Because the
objective function is maximized, this is a contradiction and this solution cannot be optimal.

�
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Proposition 2 Solving the c-pDP with the dissimilarity matrices D′ and D yields the same
optimal solution value.

Proof Let us define z∗D as the value of the optimal solution of the c-pDP when solving
it with the original dissimilarity matrix D, and z∗D′ as the value of the optimal solution
of the c-pDP when solution with the dissimilarity matrix D′. Let us also define X =
(x1, . . . , xq , xq+1, . . . , xq+p) as an optimal solution obtained when solving the c-pDPwith
dissimilarity matrix D. We aim to prove that z∗D = z∗D′ .
Case 1 If the minimal dissimilarity between two vertices in X is equal to the minimal dissim-
ilarity between two vertices in Q, i.e., z∗D = min{D(i, j), i, j ∈ X} = min{D(i, j), i, j ∈
Q}. Then, this implies that there are at least p vertices further than z∗D from the set Q and
themselves, i.e., min{D(i, u) : i ∈ X\Q, u ∈ Q} ≥ min{D(u, v) : u, v ∈ Q}. In that case,
by defining D′(i, j)with Eq. (1), we know that D′(i, j) = min{D(u, v) : u, v ∈ Q},∀i, j,∈
X\Q. Therefore, z∗D′ = min{D(u, v) : u, v ∈ Q} and z∗D = z∗D′ .
Case 2 If the minimal dissimilarity is between a vertex i ∈ Q and a vertex j ∈ X\Q. This
implies that, D(i, k) ≥ D(i, j),∀k ∈ X\{i, j} and that D( j, k) ≥ D(i, j),∀k ∈ X\{i, j}.
As defined by Eq. (1), this implies that D′( j, k) = D(i, j),∀k ∈ X\Q, k �= j . Therefore,
because z∗D = D(i, j) and z∗D′ = D′( j, k) = D(i, j), then z∗D = z∗D′ .
Case 3 If the minimal dissimilarity is between two vertices i, j ∈ X\Q. This implies that,
D(i, k) ≥ D(i, j),∀k ∈ Q and that D( j, k) ≥ D(i, j),∀k ∈ Q. As defined by Eq. (1), this
implies that D′(i, j) = D(i, j). Therefore, because z∗D = D(i, j) and z∗D′ = D′(i, j) =
D(i, j), then z∗D = z∗D′ . �


3.3 Procedure decrementalClusteringPDP(G′,D′,p)

In this section, we describe the decremental clustering procedure to solve the c-pDP on
the reduced graph G ′ and the dissimilarity matrix D′. As explained in Sect. 3.2, the set
of vertices N ′ in the reduced graph G ′ does not contain the set Q. Therefore, solving the
c-pDP on the reduced graph G ′ and the dissimilarity matrix D′ implies solving a pDP. The
proposed decremental clustering procedure uses that of Contardo [13] which is the current
state-of-the-art of the pDP. In this procedure, the first step consists of computing valid upper
and lower bounds. Given these bounds, initial clusters are created which are used to solve to
optimality the problem through decremental clustering. In order to provide a self-contained
paper, we explain each step of this procedure in the next subsections.

3.3.1 Step 1: Valid upper and lower bounds

At this step, a valid and non-trivial upper bound z and lower bound z are computed for the
pDP. The upper bound z is computed as themaximal dissimilarity between any pair of vertices
in the reduced graph G ′, i.e., z = max{D′(i, j) : i, j ∈ N ′}. The lower bound is computed
using the greedy construction heuristic described in Sect. 3.1 starting with X = {u, v} where
u and v are the vertices in N ′ that maximize {D′(u, v) : u, v ∈ N ′}. The value of the objective
function for this heuristic solution is computed as z ← min{D′(i, j) : i, j ∈ X}.

3.3.2 Step 2: Creation of an initial cluster

A this step, a sufficiently refined clustering of the vertices in N ′ is created. The concept of
sufficiently refined clusterswas introduced by Contardo [13] and can be stated as follows. Let
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C = {Ci : i = 1, . . . ,m} define a clustering such that each vertex is contained in exactly one
cluster, i.e., Ci ∩ C j = ∅,∀ 1 ≤ i < j ≤ m and ∪{Ci : i = 1, . . . ,m} = N ′. That cluster is
said to be sufficiently refined if the maximal dissimilarity between any pair of vertices in that
cluster is lower than z∗, the optimal solution value of the pDP, that is, max{D′(u, v) : u, v ∈
Ci } < z∗. Considering that z ≤ z∗, a clustering for which max{D′(u, v) : u, v ∈ Ci } < z is
sufficiently refined.

To build a sufficiently refined clustering of the vertices in N ′, p initial clusters are created
with a k-means algorithm, where k = p. If this initial clustering is sufficiently refined,
then the algorithm stops and returns the clustering C as well as its associated dissimilarity
matrix DC , where DC(i, j) = max{D′(u, v) : u ∈ Ci , v ∈ C j }. Otherwise, additional
clusters are iteratively created until the clustering is sufficiently refined. At each iteration, one
additional cluster is created by dividing the cluster with the maximal dissimilarity Ci∗ , i.e.,
i∗ ← argmax{DC(i, i) : i = 1, . . . ,m}, into two smaller clusters using a k-means algorithm
where k = 2. To reduce the computational time, upon removing a cluster and adding two
clusters, only the new rows and columns of the dissimilarity matrix are computed.

3.3.3 Step 3: Optimal decremental clustering

To solve the pDP to optimality, we use the decremental clustering procedure proposed by
Contardo [13]. Let us denote byW the complete set of clusters in the optimal solution, and by
S the set of optimal clusters with more than one vertex, i.e., S = {w ∈ W : |Cw| ≥ 2}. This
procedure consists of iteratively solving to optimality the pDP on a reduced graph consisting
of clusters and creating new clusters when at least one cluster of the optimal solution has
more than one vertex. When all the clusters of the optimal solution have exactly one vertex,
the procedure stops and returns an optimal solution. We hereby explain in more detail this
procedure.

Solving to optimality the pDP

In decremental relaxation schemes, there is often degeneracy due to the fact that the optimal
value of the problem does not decrease from one iteration to the next [1,13,15]. Therefore,
the pDP is first solved heuristically. If an optimal solution is found, the exact solver is not
executed. Otherwise, it is. Note that at the first iteration, the heuristic solver is not executed.

Given a clustering C for which one cluster has been splitted at the previous iteration, the
heuristic solver consists in identifying p vertices from the set W ′, where W ′ denotes the
optimal solution of the previous iteration for which one of the optimal clusters has been
splitted into two clusters. If it is possible to find a solution for which the value is equal to
z, i.e., the upper bound of the previous iteration, then this solution is optimal and the exact
solver is not executed. Otherwise, the exact solver is executed.

The exact solver consists of embedding the branch-and-cut algorithm proposed by Sayah
and Irnich [37] within the double binary search algorithm proposed by Contardo [13] which
exploit the fact that the upper bound z is monotonically decreasing. The first binary search
consists of finding an optimal solution of thepDP for the given clustering. The algorithm starts
by setting z′, z′ ← z. Then, the pDP is solved through the branch-and-cut algorithm proposed
by Sayah and Irnich [37]. This branch-and-cut uses a compact binary integer formulation
containing two types of variables, i.e., binary variables to indicate if a vertex is used to locate
a facility, and binary variables which indicate if a a location decision satisfies a minimal
dissimilarity. This formulation is tightened with the lower bound z′ and the upper bound z′,
and additional valid inequalities which consider the incompatibility of two locations within a
minimal dissimilarity are added. We refer the reader to the paper of Sayah and Irnich [37] for
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details on the model as well as the inequalities and their separation procedure If no feasible
solution is found, the bounds are modified as follows: z′ ← z′ − 1, z′ ← z′ − 2t , where t
represents the iteration number and is initially set to one, and the branch-and-cut algorithm
is iterated. If a feasible solution is found, the lower bound is modified as follows: z′ ← z′∗,
where z′∗ is the value of that feasible solution. The second binary search is done to close
the gap between z′ and z′ and is is repeated until z′ ≥ z′. Closing the gap is important as it
reduces the dimension of the mathematical model and thus reduces the total computational
time. First, we set z′′ ← �(z′ + z′)/2� and solving the problem through branch-and-cut given
the lower bound z′′ and the upper bound z′. If a feasible solution is found, we set z′ ← z′′,
otherwise the value of the upper bound is reduced as follows: z′ ← z′′ − 1.

Creating and adding new clusters

Given the optimal solutionW of the previous iteration, this step consists of selecting a cluster
s ∈ S, S ⊆ W such that S = {w ∈ W : |Cw| ≥ 2} and splitting it into two new clusters.
To determine the splitted cluster, the pair of clusters in S × W with minimal dissimilarity
is identified, i.e., (s∗, w∗) ← argmin{DC(s, w) : s ∈ S, w ∈ W }. Then, the vertex u∗ ∈
{s∗, w∗} with the maximal dissimilarity is identified, i.e., u∗ ← argmax{DC(u, u) : u ∈
{s∗, w∗}}. Note that if w∗ ∈ W\S, then by definition u∗ ∈ s∗. Given the vertex u∗, a k-
means algorithm with k = 2 is executed to create two new clusters. The clustering C and its
associated dissimilarity matrix DC are then updated.

4 Computational results

Our algorithm has been implemented in Julia v1.1 using the JuMP interface v18.5. The
general purpose MIP solver required to solve the restricted pDPs (see Sect. 3.3.3) is Gurobi
v8.1. All tests were performed on an computer equipped with an Intel Xeon E5-2637 v2 (3.5
GHz) processor and with 128 GB of RAM. Given that this problem is strategic, the maximum
computation time was set to 86,400 s, i.e., one day, and the number of threads is limited to
one. Note that the computational time does not comprise the time needed to generate the set
Q, as this is given for the c-pDP.

We have tested our algorithm on instances from the TSPLIB [34] containing between
1621 and 104,815 vertices. For each instance, we have computed the dissimilarity between
two vertices according to the TSPLIB standards and round it to the nearest integer. For
the instances for which vertices with identical coordinates exist, we remove all redundant
vertices. To generate the set Q, three construction strategies have been tested: greedy, optimal
and random construction (see “Appendix A”). On our set of instances, greedily constructing
the set Q provides the best solutions with the lowest computational time. Therefore, our
computational analysis is derived for the instanceswhere the set Q is greedily constructed.We
have tested four values of q and p, i.e., q, p ∈ {5, 10, 15, 20}, for a total of 16 combinations.

We have designed a series of experiments with the aim of performing a sensitivity analysis
of the c-pDP to the input parameters and to assess the quality of the proposed algorithm. In
the first subsection, we analyze the sensitivity of the model to the different values of p and
q . In the following subsection, we determine the performance of our algorithm. We compare
our algorithm against a naive adaptation of the state-of-the-art algorithm for the pDP to the
conditional case, and show that our proposed algorithm reduces by a factor of five on average
the total computational time compared to a more naive approach. We also test higher values
of q and p, and show that our algorithm performs well even when increasing q and p. For
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Table 1 Average deviation from
the best known solution

p = 5 p = 10 p = 15 p = 20

q = 5 0.0 − 19.8 − 31.8 − 40.6

q = 10 − 28.3 − 37.7 − 44.1 − 49.4

q = 15 − 41.4 − 48.8 − 53.2 − 56.4

q = 20 − 51.2 − 55.5 − 58.6 − 60.8

Table 2 Average CPU time (s) p = 5 p = 10 p = 15 p = 20

q = 5 186.7 1095.0 2913.6 8893.7

q = 10 63.4 331.6 944.5 2072.3

q = 15 19.4 46.1 171.6 328.0

q = 20 19.1 41.0 97.6 298.9

Table 3 Average percentage of
eliminated vertices

p = 5 p = 10 p = 15 p = 20

q = 5 75.6 51.4 38.2 28.9

q = 10 93.8 79.3 63.0 52.9

q = 15 97.9 90.2 81.3 71.8

q = 20 98.9 94.9 88.2 80.3

conciseness reasons, we only report summarized results in the manuscript. Detailed results
can be found in “Appendices B–D”.

4.1 Sensitivity analyses on the sizes of q and p

In this section, we analyze the impact of increasing the value of q and p on the quality of the
solutions as well as on the total computational time and the number of eliminated vertices
with our graph reduction technique. Detailed results are reported in “Appendix B”. Tables 1,
2 and 3 present the average deviation from the best known solution, the average time in
seconds and the average percentage of eliminated vertices according to the value of q and p,
respectively. These tables are not discussed in this section, but will be used for the analysis
conducted in the next subsections.

4.1.1 Analysis on modifying the value of pwhile fixing the value of q

In this section, we focus our analysis on the impacts of modifying the value of p while fixing
the value of q . Therefore, Figs. 1, 2 and 3 illustrate the impact on the average deviation from
the best known solution, on the average time (in seconds), and on the average percentage
of eliminated vertices, respectively, when modifying the value of p and fixing q = 5. In
each figure, the x-axis represents the number of vertices in each instance and the y-axis
the deviation with the best known solution, the average time (in seconds), or the average
percentage of eliminated vertices, respectively. Note that the best known solution is the
solution with the highest objective function value at optimality when setting q = 5. Similar
results are obtained when fixing q to 10, 15, and 20.
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Fig. 1 Impact of increasing the value of p on the deviation from the best known solution (q = 5)

Fig. 2 Impact of increasing the value of p on the computational time (q = 5)

First, we can realize that the quality of the solution decreases as the value of p increases. In
fact, when the value of p increases, the problem becomes more constrained which typically
yields in a decrease of the value of the objective function at optimality. Second, we can
realize that the total computational time increases as the size of p increases. The increase
in computational time can be explained by two factors. On one hand, when increasing the
value of p, the value of the initial lower bound decreases which decreases the number of
eliminated vertices. On the other hand, when increasing the value of p, the mathematical
model has more variables and is therefore more complex to solve.

4.1.2 Analysis on modifying the value of qwhile fixing the value of p

In this section, we analyze the impacts of modifying the value of q for a fixed value of p.
Therefore, Figs. 4, 5 and 6 illustrate the impact on the average deviation from the best known
solution, on the average time (in seconds), and on the average percentage of eliminated
vertices, respectively, when modifying the value of q and fixing p = 5. Note that the best
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Fig. 3 Impact of increasing the value of p on the percentage of eliminated vertices (q = 5)

Fig. 4 Impact of increasing the value of q on the deviation from the best known solution (p = 5)

known solution is the solution with the highest objective function value at optimality when
setting p = 5. Similar results are obtained when fixing p to 10, 15, and 20.

First, our analysis shows that the quality of the solution decreases as the value of q
increases. In fact, when setting p = 5, increasing the value of q from 5 to 10 decreases the
quality of the solution by 28.3%. In practice, when increasing the value of q , this makes
the problem more constrained and therefore decreases the value of the objective function at
optimality. Second, the computational time decreases as the size of q increases. In particular,
when q = 5, the algorithm can be as much as four times slower on average (when p = 20). In
fact, when increasing the value of q , the number of eliminated vertices also increases because
more vertices are within a range of an initially located facility, i.e., there are more initially
located facilities, and this reduces the total computational time.
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Fig. 5 Impact of increasing the value of q on the total computational time (p = 5)

Fig. 6 Impact of increasing the value of q on the percentage of eliminated vertices (p = 5)

4.1.3 Analysis on modifying the values of q and pwhile fixing q + p to a given value

In this section, we fix the value of q + p and analyze the impact of modifying the values
of p and q . Figures 7, 8 and 9 illustrate the impact on the average deviation from the best
known solution, on the average time (in seconds), and on the average percentage of eliminated
vertices, respectively, when modifying the value of p and q and fixing q + p = 25. Similar
results are obtained when fixing q + p to 15, 20, 30, and 35.

First, our analysis shows that the quality of the solution increases as the size of q decreases
and size of p increases. In fact, for all instances and for a fixed value of q + p, increasing
the size of q always decreases the quality of the solution. In practice, this shows that the
added flexibility gained by having a higher value of p, i.e., locating more facilities at a later
stage rather than locating more facilities at an earlier stage, allows to increase the value of the
objective function. Second, the computational time increases as the size of q decreases and
the size p increases. In fact, when q decreases and p increases, the percentage of eliminated
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Fig. 7 Impact of modifying the values of p and q on the deviation from the best known solution (q + p = 25)

Fig. 8 Impact of modifying the values of p and q on the computational times (q + p = 25)

vertices decreases which can then increase the total computational time. In addition, when
p increases, the mathematical model has more variables and therefore takes more time to
solve.

4.2 Performance of the algorithm

In this section, we determine the performance of the proposed algorithm. First, we compare
our algorithm with a naive algorithm to determine how the new features proposed in our
algorithm, e.g., the graph reduction technique, impact its computational performance. Second,
we analyze how increasing the values of q and p impact the computational performance of
our algorithm.
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Fig. 9 Impact of modifying the values of p and q on the percentage of eliminated vertices (q + p = 25)

4.2.1 Comparison with a naive algorithm

In this section, we assess the performance of the proposed algorithm, denoted as the ad
hoc algorithm, against a naive implementation of the state-of-the-art algorithm proposed by
Contardo [13] for the pDP, denoted as the naive algorithm. The algorithm has been adapted
as follows. When building the initial sufficiently refined clustering, the vertices in Q are
in singleton clusters. We fix the binary location decisions associated with these clusters
to one (i.e., ensuring that they are consistently chosen across the different stages of the
algorithm). The pDP is then solved for p′ = p + q with the additional fixing constraints.
Note that the naive algorithm does not use our proposed graph reduction technique. As the
greedy construction strategy for the set Q is shown to be the most effective in our previous
experiments, we only consider this construction strategy for the comparison. The initial set
Q is the same for both algorithms and therefore the associated optimal solution values are
consistently equivalent. For this reason, we only analyze the impact on the computational
times. Note that the naive algorithm did not prove optimality for three problems, and for
only two of those three with our ad hoc algorithm. In addition, all of the problems solved to
optimality by the naive algorithm are also solved to optimality with the ad hoc algorithm.
We restrict the analysis to the problems that could be solved to proven optimality by both
algorithms, which excludes these three problem instances, i.e., instances fyg28534, pla85900
and sra104815 with p = 20 and q = 5. Detailed results are presented in “Appendix C”.

Tables 4 and 5 show the average proportional increase on the total computational time
for the different values of p and q for instances where |N | ≤ 10,000 and for instances
where |N | > 10,000, respectively. The average proportional increase has been computed
as Secnaive/Secad hoc, where Secnaive and Secad hoc are the total time in seconds to solve the
instance with the naive and the ad hoc algorithms, respectively. We also show more detailed
time profiles in Figs. 10, 11, 12 and 13 for the following configurations of (p, q): (5, 5),
(5, 20), (20, 5), and (20, 20). For conciseness reasons, we do not show all configurations,
but believe that the four identified ones are representative of the results.

We can easily see that independently on the values of p and q , our algorithm is always
faster by a factor of at least 1.2 on average and at most 596.2 on average. By considering the
average total computational time over all instances, our algorithm is faster by a factor of five.
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Table 4 Average proportion
increase of time with the naive
algorithm (|N | ≤ 10,000)

p = 5 p = 10 p = 15 p = 20

q = 5 7.3 2.4 1.5 1.2

q = 10 10.9 6.6 4.1 2.7

q = 15 14.5 10.8 7.8 5.1

q = 20 15.9 13.4 10.0 7.4

Table 5 Average proportion
increase of time with the naive
algorithm (|N | > 10,000)

p = 5 p = 10 p = 15 p = 20

q = 5 32.0 4.6 2.3 1.6

q = 10 161.0 40.5 6.4 2.9

q = 15 517.2 131.9 27.4 12.9

q = 20 596.4 190.9 80.2 38.6

Fig. 10 Time profiles of the naive and the ad hoc algorithms (p = 5, q = 5)

Table 6 Number of instances
solved to optimality within the
prescribed time limit

p = 10 p = 20 p = 40 p = 80

q = 10 21 21 19 7

q = 20 21 21 21 12

q = 40 21 21 21 20

q = 80 21 21 21 21

We can also note that increasing the value of q and decreasing the value of p is favorable
to our algorithm as compared to the naive algorithm. This can also be observed in the time
profiles depicted in Figs. 10, 11, 12 and 13. In addition, the differences becomemore apparent
as the sizes of the instances grow. Our algorithm, including our proposed graph reduction
technique, is most of the time orders of magnitude faster than the naive setting.
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Fig. 11 Time profiles of the naive and ad hoc algorithms (p = 5, q = 20)

Fig. 12 Time profiles of the naive and ad hoc algorithms (p = 20, q = 5)

Table 7 Average CPU time (s) p = 10 p = 20 p = 40 p = 80

q = 10 33.9 99.1 5905.2 6926.9

q = 20 19.9 33.7 216.5 4463.4

q = 40 35.0 37.2 54.3 866.4

q = 80 34.7 35.3 39.6 115.7

4.2.2 Performance of the algorithmwith increasing values of q and p

In this section, we assess the performance of our algorithm for increasing values of q and p.
For these results, we have tested values of q, p ∈ {10, 20, 40, 80} and have selected a subset
of instances, that is, those with |N | ≤ 10,000. Tables 6 and 7 present, for each tested value
of q and p, the number of instances solved within the prescribed time limit as well as the
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Fig. 13 Time profiles of the naive and the ad hoc algorithms (p = 20, q = 20)

average computational time for these instances, respectively. Note that there are 21 instances
with |N | ≤ 10,000. Detailed results are presented in “Appendix D”.

Our results show thatwhen increasing the value of p, less instances are solved to optimality
and the average computational time increases. In fact, when p = {10, 20}, all instances are
solved to optimality within the prescribed time limit and the average computational time is
under oneminute. On the other hand, when p = {40, 80}, not all instances are solved for lower
values of q . In particular, when p = 80, only seven and 12 instances out of 21 are solved to
optimality with q = 10 and q = 20, respectively. In addition, the average computational time
are more than one hour when p = 40 and q = 10, and when p = 80 and q = {10, 20}. These
results can be explained by the fact that for lower values of q , less vertices are eliminated
with our graph reduction technique. We can also explain these results as, for a fixed value
of q , increasing the value of p increases the complexity of the algorithm. Interestingly, our
results show that for higher values of q and p, i.e., when q and p are equal to 80, all instances
can be solved with an average computational time limit of less than two minutes. Therefore,
our algorithm seems to perform well for higher values of q , independently of the value of
p, while the computational complexity of our algorithm increases for higher values of p and
lower values of q .

5 Conclusions

In this paper, we have introduced the c-pDP and have implemented an ad hoc adaptation of
the exact decremental clustering proposed by Contardo [13]. The particularity of the c-pDP
allows us to implement a graph reduction technique which uses valid lower bounds found
through a greedy heuristic construction algorithm. We have shown that this graph reduction
technique allows to reduce the total computational time and is therefore important for this
problem. We show that for a fixed value of q , increasing the value of p decreases the quality
of the solution and increases the total computational time. For a fixed value of p, increasing
the value of q decreases the quality of the solution, but also decreases the total computational
time. In addition, we show that for a fixed value of q + p as the sizes of p increases and
q decreases, the quality of the solutions are better even though the total computational time
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increases. This suggests thatwhen designing a network, it ismore interesting to allow formore
flexibility at a later stage, i.e., locating less facilities now to allow locatingmore facilities later
on. From an algorithmic viewpoint, we show that the different enhancements introduced in
this article are very efficient to reduce the computational time compared to a naive adaptation
of Contardo [13]’s algorithm for the pDP to the conditional case.

Acknowledgements The authors thank the Canadian Natural Sciences and Engineering Research Council
(NSERC) under Discovery Grants 2017-06106 and 2020-06311 for its financial support. We also thank the
GERAD for providing access to its computing infrastructure. Finally, we thank the referees for their valuable
comments.

A Impact of the choice of construction strategy for the setQ

In this section, we present three construction strategies (greedy, optimal and random) for the
initial set Q. The greedy strategy consists of selecting the set Q in an iterative manner such
that, at every iteration, one vertex is added to the solution according to its impact on the
objective function. The optimal strategy consists of solving a pDP by setting p = q using
the algorithm proposed by Contardo [13]. Note that we use one of the optimal solutions even
though there might be alternative optimal solutions if there is a lot of symmetry. The third
strategy consists of selecting the set Q randomly.

Table 8 presents summarized results for the construction strategies of the set Q. For
each construction strategy (greedy, optimal and random), we report the average deviation
in percentage from the best known solution computed as (z∗ − z∗best )/z∗best , where z∗ is the
optimal solution found according to a given initial set Q and z∗best is the best solution for a
given instance independently on how Q is generated (Average� z∗ (%)), the worst deviation
in percentage from the best known solution (Worst (%)), the number of best known solutions
(# Best), the average computational time in seconds (Average CPU time (s)), the number of
instances solved to optimality within the prescribed time limit (# Solved), and the average
percentage of eliminated vertices with our graph reduction technique (Average elim. (%)). In
addition, Figs. 14, 15 and 16 present the average time, the average deviation with respect to
the best known solution value, and the average percentage of eliminated vertices according
to the construction strategy as well as the number of instances, respectively.

By analyzing the results, we can note that randomly constructing the set Q yields the
worst solutions (− 74.4% on average compared to less than − 2% on average for the two
other strategies). In addition, the total computational time is the slowest which is due to the
symmetry between the solutions because the value of the initial lower bound is the worst one.
By comparing the greedy and the optimal construction strategies, one can realize that the
greedy construction strategy yields better results for our set of instances. In fact, it yields the
best average deviation from the best known optimal solution (− 1.4% on average compared
to − 1.9% on average with the optimal construction) and its worst solution is better than
the worst solutions with the two other construction strategies. In addition, this strategy has
the lowest computational time and the highest number of instances solved to optimality
within the prescribed time limit. Finally, our graph reduction technique performs best with
this strategy. With our set of instances, greedily constructing the set Q outperforms both
the optimal construction and the random construction as it yields the best solutions and has
the lowest computational time. In practice, obtaining the set Q with a greedy construction
algorithm ismuch faster than obtaining the set Q by solving to optimality the pDP. Therefore,
it seems more practical the generate the set Q greedily.
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Table 8 Impact of the
construction strategy for the set
Q

Greedy Optimal Random

Average � z∗ (%) − 1.4 − 1.9 − 74.4

Worst (%) − 12.8 − 24.0 − 99.5

# Best 368 280 0

Average CPU time (s) 1095.2 1929.5 9067.1

# Solved 638 543 543

Average elim. (%) 74.2 68.5 21.4

Fig. 14 Impact of the construction algorithm on the average time

Fig. 15 Impact of the construction algorithm on the average deviation from the best known solution
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Fig. 16 Impact of the construction algorithm on the percentage of eliminated vertices

B Detailed results

In this section, we presented detailed results. Tables 9, 10, 11, 12, 13, 14, 15, 16, 17, 18,
19, 20, 21, 22, 23 and 24 present the detailed results for the values of p = {5, 10, 15, 20}
and q = {5, 20, 15, 20}. In each table, the first column contains the name of the instance
(Instance). Then, for each construction strategy for the set Q, i.e., greedy construction,
optimal construction, and random construction, we report the total computational time in
seconds (Sec), the optimal solution value (z∗), and the number of eliminated vertices with
our graph reduction technique (Elim). If no solution was found within the prescribed time
limit, the cells are left blank.

123



Journal of Global Optimization (2021) 81:23–83 43

Ta
bl
e
9

D
et
ai
le
d
re
su
lts

w
ith

p
=
5
an
d
q
=
5

G
re
ed
y

O
pt
im

al
R
an
do

m

In
st
an
ce

Se
c

z∗
E
lim

Se
c

z∗
E
lim

Se
c

z∗
E
lim

ar
91

52
66

.6
73

29
60

29
3.
4

71
42

57
59

53
7.
1

98
5

29
79

bb
y3

46
56

64
8.
5

34
2

24
,0
64

28
8.
4

33
0

26
,8
15

25
,6
91

.6
12

11
7

bm
33

70
8

92
4.
6

34
82

20
,1
69

62
3.
3

36
49

21
,3
40

47
93

.3
12

75
11

,1
33

br
d1

40
51

20
.5

22
87

13
,4
10

15
1.
7

22
68

89
26

27
38

.3
24

1
78

4

ca
46

63
28

.0
17

,1
54

31
06

12
.6

19
,0
90

29
72

14
9.
4

30
22

12
02

ch
71

00
9

10
5.
1

12
,4
83

67
,2
95

20
.0

12
,5
49

69
,0
84

11
,5
01

.4
41

31
34

,3
20

d1
51

12
64

.2
62

39
12

,0
30

58
.4

66
76

11
,5
63

20
81

.7
16

89
21

09

d1
51

12
-2
50

0
20

.5
60

77
19

54
2.
4

65
56

18
58

d1
85

12
16

0.
3

22
58

13
,5
77

61
.4

23
47

15
,0
31

61
96

.3
17

7
25

8

eg
71

46
19

1.
9

25
99

95
2

0.
6

28
21

66
96

50
5.
3

21
8

14
09

ei
82

46
27

.6
12

91
69

38
44

.5
12

65
57

26
94

.1
75

3
44

92

fi1
06

39
46

.7
34

51
81

54
0.
3

36
49

10
,4
59

78
5.
3

86
0

25
01

fy
g2

85
34

18
5.
8

30
3

22
,6
44

11
6.
6

29
6

23
,2
95

gr
98

82
21

.6
24

48
89

94
8.
4

23
82

82
45

91
3.
6

49
0

11
71

ho
14

47
3

53
.6

13
00

11
,9
79

20
.1

12
54

52
22

16
.1

76
8

13
,4
10

it1
68

62
86

.9
28

03
12

,8
80

95
.4

28
73

12
,5
02

20
58

.8
70

3
33

92

ja
98

47
25

.6
50

45
86

01
29

.4
45

24
75

08
96

3.
7

73
8

11
42

kz
99

76
36

.2
75

16
82

30
1.
4

79
10

93
76

17
7.
1

36
35

49
52

m
o1

41
85

64
.3

25
38

11
,1
52

4.
0

26
39

13
,3
62

54
.0

15
90

11
,3
00

m
u1

97
9

19
.6

20
57

16
49

0.
3

20
66

17
16

nu
34

96
19

.6
14

24
32

53
0.
1

13
66

23
16

10
2.
3

85
12

26

123



44 Journal of Global Optimization (2021) 81:23–83

Ta
bl
e
9

co
nt
in
ue
d

G
re
ed
y

O
pt
im

al
R
an
do

m

In
st
an
ce

Se
c

z∗
E
lim

Se
c

z∗
E
lim

Se
c

z∗
E
lim

pb
a3
84

78
13

09
.1

36
5

23
,3
60

0.
2

39
9

38
,3
92

14
,7
20

.5
79

43
37

pc
b3

03
8

21
.3

11
69

24
09

1.
2

12
97

25
68

52
.1

51
8

91
0

pl
a3
38

10
25

4.
2

23
2,
37

1
26

,6
14

40
3.
4

24
7,
32

9
23

,9
38

11
77

.2
13

2,
84

7
20

,3
04

pl
a7
39

7
39

.4
22

3,
56

7
54

29
37

.2
13

2,
68

7
50

50

pl
a8
59

00
10

31
.3

31
2,
21

6
71

,6
08

81
9.
2

31
3,
34

8
73

,0
68

14
,7
37

.2
13

5,
32

9
42

,5
31

pm
80

79
19

.8
12

02
78

12
0.
7

12
07

44
73

33
2.
2

11
8

34
67

pr
23

92
20

.6
39

91
19

13
0.
6

45
77

21
14

rl
11

84
9

90
.0

55
59

83
20

0.
2

61
22

11
,7
25

64
0.
9

20
23

37
74

rl
18

89
22

.8
52

08
11

24
0.
1

57
68

18
59

rl
59

15
38

.1
55

27
40

54
4.
7

51
37

49
43

20
. 4

39
63

45
93

rl
59

34
51

.1
53

78
34

70
0.
2

59
15

57
90

45
0.
3

80
0

34
5

rw
16

21
20

.2
49

2
13

33
0.
7

47
4

63
0

sr
a1
04

81
5

75
5.
4

56
4

92
,3
52

41
28

.1
60

2
80

,7
23

96
,5
46

.1
13

4
15

,0
17

sw
24

97
8

52
0.
3

35
53

15
,8
37

8.
6

39
31

23
,7
29

96
56

.0
33

7
79

4

tz
61

17
24

.8
32

39
50

65
5.
8

33
00

51
84

26
3.
1

89
6

13
91

u1
81

7
22

.9
83

0
10

13
0.
1

86
7

17
90

us
a1
35

09
42

.6
11

7,
17

8
11

,7
11

14
8.
1

12
1,
12

8
81

26
31

6.
6

54
,6
38

70
90

vm
22

77
5

33
9.
0

24
89

15
,3
29

46
5.
4

25
67

13
,7
14

30
23

.8
85

4
53

67

ym
76

63
28

.8
25

65
60

46
32

.8
11

43
58

84

123



Journal of Global Optimization (2021) 81:23–83 45

Ta
bl
e
10

D
et
ai
le
d
re
su
lts

w
ith

p
=
5
an
d
q
=
10

G
re
ed
y

O
pt
im

al
R
an
do

m

In
st
an
ce

Se
c

z∗
E
lim

Se
c

z∗
E
lim

Se
c

z∗
E
lim

ar
91

52
19

.4
55

94
89

87
2.
5

50
48

60
35

61
9.
7

57
4

31
34

bb
y3

46
56

23
.9

23
9

33
,4
95

0.
1

22
5

34
,6
43

13
,7
43

.5
51

33
49

bm
33

70
8

22
.9

24
14

32
,7
91

3.
3

23
54

32
,7
59

14
,4
90

.3
39

9
33

38

br
d1

40
51

33
.1

15
54

12
,3
87

0.
9

15
93

13
,6
44

24
63

.9
24

3
12

76

ca
46

63
19

.7
12

,6
98

42
43

0.
8

12
,2
07

42
09

40
2.
3

55
5

18
9

ch
71

00
9

33
.3

94
54

69
,4
46

51
3.
2

88
28

59
,9
87

99
,1
73

.0
42

1
16

41

d1
51

12
20

.8
47

97
14

,5
01

0.
4

43
92

14
,8
61

51
26

.5
25

1
23

9

d1
51

12
-2
50

0
18

.8
47

78
24

00
0.
1

44
24

24
24

d1
85

12
22

.8
17

58
17

,6
20

0.
4

16
39

18
,2
92

84
77

.5
73

12
5

eg
71

46
24

.1
18

48
59

01
0.
2

18
83

69
94

31
2.
9

23
8

24
60

ei
82

46
22

.2
87

1
74

60
0.
2

89
0

81
49

11
87

.0
92

28
4

fi1
06

39
19

.6
23

95
10

,2
57

0.
7

22
27

10
,3
01

15
64

.8
33

1
80

1

fy
g2

85
34

12
5.
2

21
4

23
,9
15

33
.8

22
2

25
,6
34

55
24

.3
72

65
25

gr
98

82
34

.2
16

28
79

98
0.
1

17
84

98
20

10
80

.9
30

7
95

7

ho
14

47
3

18
.8

96
8

14
,4
52

0.
8

85
4

67
31

41
2.
1

22
4

89
63

it1
68

62
22

.8
19

93
16

,0
29

4.
2

21
66

15
,7
43

25
79

.0
43

7
31

41

123



46 Journal of Global Optimization (2021) 81:23–83

Ta
bl
e
10

co
nt
in
ue
d

G
re
ed
y

O
pt
im

al
R
an
do

m

In
st
an
ce

Se
c

z∗
E
lim

Se
c

z∗
E
lim

Se
c

z∗
E
lim

ja
98

47
29

.0
33

60
86

51
0.
1

32
75

98
22

12
66

.9
36

4
92

4

kz
99

76
24

.9
51

28
89

51
1.
3

52
17

95
48

17
2.
5

24
85

57
49

m
o1

41
85

19
.2

17
90

13
,7
64

10
.5

17
66

12
,6
84

23
89

.8
27

8
16

92

m
u1

97
9

19
.2

12
80

19
29

0.
1

12
67

19
39

nu
34

96
19

.7
88

6
32

84
0.
8

88
0

20
29

79
.7

11
8

14
02

pb
a3
84

78
19

.0
26

6
38

,3
81

14
.8

23
8

36
,6
05

12
,2
32

.1
76

75
89

pc
b3

03
8

19
.0

87
6

29
41

0.
2

89
4

28
92

77
.7

28
9

67
8

pl
a3
38

10
99

.8
16

5,
21

7
29

,7
88

40
.6

15
6,
76

5
30

,7
26

38
34

.2
69

,6
57

15
,2
91

pl
a7
39

7
19

.4
15

8,
89

9
72

23
70

9.
4

20
,8
81

44
4

pl
a8
59

00
74

1.
1

21
4,
13

3
74

,0
12

79
,0
80

.2
46

,6
81

12
,1
71

pm
80

79
21

.0
85

1
74

93
0.
4

78
6

46
70

55
4.
3

33
31

76

pr
23

92
19

.1
32

65
23

72
0.
4

29
09

21
97

rl
11

84
9

19
.1

41
55

11
,8
37

1.
0

36
39

11
,4
28

15
44

.6
86

1
15

55

rl
18

89
17

.3
38

02
18

67
0.
3

35
32

17
33

rl
59

15
19

.0
39

57
58

25
0.
1

35
75

58
40

24
1.
4

13
71

15
28

rl
59

34
18

.9
39

20
59

10
0.
4

35
38

57
16

29
.7

27
88

42
38

rw
16

21
18

.7
34

7
15

36
0.
1

32
4

80
3

sr
a1
04

81
5

76
9.
6

42
2

91
,6
25

22
5.
7

41
4

98
,5
66

10
1,
15

2.
4

98
17

,6
81

sw
24

97
8

21
.4

25
68

24
,2
84

1.
9

26
55

24
,3
84

66
00

.8
48

5
34

47

tz
61

17
17

.7
24

32
60

76
0.
3

23
27

59
53

46
1.
3

35
3

61
7

u1
81

7
18

.9
57

1
17

97
0.
2

54
0

17
11

us
a1
35

09
30

.1
90

,4
31

11
,9
99

1.
8

82
,2
79

12
,9
08

25
77

.6
10

,9
25

85
3

vm
22

77
5

18
.9

18
27

22
,5
72

0.
5

16
84

22
,4
72

62
67

.3
29

7
25

16

ym
76

63
33

.2
17

25
60

11
24

2.
7

48
0

32
66

123



Journal of Global Optimization (2021) 81:23–83 47

Ta
bl
e
11

D
et
ai
le
d
re
su
lts

w
ith

p
=
5
an
d
q
=
15

G
re
ed
y

O
pt
im

al
R
an
do

m

In
st
an
ce

Se
c

z∗
E
lim

Se
c

z∗
E
lim

Se
c

z∗
E
lim

ar
91

52
17

.9
39

67
88

96
0.
1

39
96

67
09

41
4.
5

10
19

38
66

bb
y3

46
56

18
.6

19
4

34
,1
41

2.
0

18
3

33
,9
58

17
,5
60

.6
32

21
64

bm
33

70
8

19
.7

18
74

33
,3
00

21
,2
27

.2
15

8
88

7

br
d1

40
51

19
.3

12
64

13
,6
68

6.
6

12
17

13
,0
11

27
08

.4
19

3
12

37

ca
46

63
19

.1
98

79
46

48
0.
1

10
,1
07

46
16

40
0.
8

47
2

22
1

ch
71

00
9

18
.5

75
36

70
,8
76

1.
1

70
74

70
,5
96

68
,1
38

.4
88

9
71

15

d1
51

12
19

.1
40

60
14

,9
78

0.
2

37
51

15
,0
09

31
56

.6
61

3
14

62

d1
51

12
-2
50

0
17

.5
37

97
24

62
0.
1

37
80

24
64

d1
85

12
20

.1
14

19
18

,1
39

0.
5

13
86

18
,2
66

20
,8
00

.6
11

15

eg
71

46
21

.0
14

76
64

77
1.
1

14
38

65
52

24
6.
5

24
3

27
92

ei
82

46
18

.7
70

6
81

84
0 .
4

69
3

79
99

59
8.
1

23
5

16
17

fi1
06

39
19

.1
18

81
10

,4
22

0.
3

19
03

10
,4
61

49
7.
3

64
8

45
10

fy
g2

85
34

19
.1

19
5

28
,5
17

0.
7

16
7

28
,1
46

53
47

.4
66

75
15

gr
98

82
19

.2
12

98
97

57
0.
2

12
13

97
70

19
82

.5
83

25
9

ho
14

47
3

22
.1

72
1

13
,7
26

0.
4

73
4

68
66

75
8.
1

94
79

09

it1
68

62
19

.7
16

30
16

,7
72

3.
6

16
21

15
,8
73

58
95

.3
10

1
30

6

ja
98

47
21

.1
26

96
93

12
2.
0

24
31

91
60

59
7.
4

63
5

30
31

kz
99

76
18

.7
41

71
98

69
0.
2

42
06

98
64

13
22

.0
64

7
10

87

123



48 Journal of Global Optimization (2021) 81:23–83

Ta
bl
e
11

co
nt
in
ue
d

G
re
ed
y

O
pt
im

al
R
an
do

m

In
st
an
ce

Se
c

z∗
E
lim

Se
c

z∗
E
lim

Se
c

z∗
E
lim

m
o1

41
85

19
.2

14
33

13
,8
81

0.
9

13
75

13
,7
27

28
08

.2
18

6
13

62

m
u1

97
9

18
.2

11
48

19
52

0.
1

10
47

19
59

nu
34

96
19

.0
76

8
34

64
0.
1

72
9

23
36

pb
a3
84

78
17

.4
25

4
38

,4
45

0.
1

19
3

38
,4
47

14
,1
06

.9
61

61
34

pc
b3

03
8

19
.2

75
2

29
69

0.
1

69
4

29
76

16
0.
4

92
12

6

pl
a3
38

10
19

.8
13

9,
53

3
33

,5
53

19
,3
24

.5
16

,0
49

12
76

pl
a7
39

7
19

.0
11

6,
08

7
73

61
68

4.
6

15
,7
13

89
4

pl
a8
59

00
19

.0
19

0,
40

3
85

,8
54

81
,0
63

.8
36

,5
01

12
,4
39

pm
80

79
19

.3
64

5
79

79
0.
2

65
5

48
49

21
5.
9

13
7

42
14

pr
23

92
19

.2
25

81
23

45
0.
1

24
86

23
54

rl
11

84
9

19
.0

38
92

11
,7
79

0.
2

33
01

11
,7
41

29
93

.7
22

7
19

1

rl
18

89
19

.9
30

66
17

60
0.
1

31
85

18
68

rl
59

15
17

.6
32

02
57

82
0.
1

30
44

58
12

53
3.
2

44
8

32
8

rl
59

34
20

.4
32

42
56

52
0.
1

30
67

59
07

41
5.
5

69
2

73
2

rw
16

21
18

.7
28

5
16

09
0.
1

27
5

85
5

sr
a1
04

81
5

27
.3

35
3

10
3,
13

6
16

,2
40

.0
17

1
63

,2
51

sw
24

97
8

19
.7

21
10

24
,7
39

2.
0

20
40

24
,2
14

31
07

.6
71

9
88

41

tz
61

17
19

.5
19

44
60

36
0.
3

19
17

59
17

53
9.
1

24
8

71
2

u1
81

7
19

.2
50

9
16

15
0.
1

47
2

18
08

us
a1
35

09
19

.8
66

,2
84

13
,4
50

0.
2

62
,6
36

13
,4
14

19
31

.8
12

,4
17

23
77

vm
22

77
5

20
.0

14
38

22
,2
20

0.
1

14
25

22
,7
23

60
85

.5
28

4
31

79

ym
76

63
17

.8
14

49
76

27
12

15
.2

58
24

9

123



Journal of Global Optimization (2021) 81:23–83 49

Ta
bl
e
12

D
et
ai
le
d
re
su
lts

w
ith

p
=
5
an
d
q
=
20

G
re
ed
y

O
pt
im

al
R
an
do

m

In
st
an
ce

Se
c

z∗
E
lim

Se
c

z∗
E
lim

Se
c

z∗
E
lim

ar
91

52
17

.2
33

26
91

14
0.
2

32
44

66
16

28
7.
4

10
22

46
93

bb
y3

46
56

17
.9

16
3

34
,3
50

12
,0
31

.0
47

60
74

bm
33

70
8

18
.9

16
77

33
,6
27

1.
4

15
35

33
,0
23

16
,2
40

.5
26

4
31

37

br
d1

40
51

18
.8

10
82

13
,9
89

0.
5

10
30

13
,8
26

43
70

.8
79

35
6

ca
46

63
18

.8
88

26
46

49
0.
1

81
33

46
21

48
3.
5

27
1

16
3

ch
71

00
9

20
.0

63
56

70
,4
28

0.
9

64
47

70
,5
22

34
,2
46

.4
13

63
22

,3
13

d1
51

12
19

.6
34

42
14

,8
98

0.
4

30
64

14
,8
43

48
49

.1
26

5
36

9

d1
51

12
-2
50

0
18

.9
34

71
24

90
0.
2

30
64

24
23

d1
85

12
19

.1
12

50
18

,3
93

1.
5

10
94

17
,9
24

78
11

.0
87

33
6

eg
71

46
18

.9
12

49
70

75
0.
1

11
48

70
53

67
0.
5

97
11

75

ei
82

46
17

.3
66

2
81

97
0.
1

61
4

81
86

87
5 .
1

13
4

96
1

fi1
06

39
18

.1
16

01
10

,2
92

0.
2

15
25

10
,5
03

10
56

.6
42

9
20

79

fy
g2

85
34

17
.7

17
4

28
,2
41

12
,7
49

.5
25

19
55

gr
98

82
17

.8
11

07
97

28
0.
4

10
68

96
45

20
75

.5
69

22
2

ho
14

47
3

17
.3

62
7

14
,4
45

0.
1

62
7

70
62

20
50

.2
17

73
90

it1
68

62
19

.0
13

68
16

,6
10

0.
3

14
34

16
,6
74

29
07

.1
29

7
30

78

ja
98

47
19

.1
21

92
97

59
0.
2

21
08

97
31

15
41

.7
19

4
80

1

kz
99

76
19

.2
38

01
99

24
0.
1

35
60

98
83

12
31

.8
63

8
12

66

m
o1

41
85

18
.9

12
20

13
,9
67

0.
1

11
63

14
,1
05

38
83

.2
98

44
7

m
u1

97
9

19
.1

93
4

19
29

0.
1

83
7

19
38

nu
34

96
18

.7
65

0
34

75
0.
1

59
1

23
40

pb
a3
84

78
18

.5
16

2
38

,3
64

21
,6
03

.0
33

27
40

123



50 Journal of Global Optimization (2021) 81:23–83

Ta
bl
e
12

co
nt
in
ue
d

G
re
ed
y

O
pt
im

al
R
an
do

m

In
st
an
ce

Se
c

z∗
E
lim

Se
c

z∗
E
lim

Se
c

z∗
E
lim

pc
b3

03
8

18
.9

61
8

30
13

0.
1

61
9

30
19

94
.2

19
3

59
5

pl
a3
38

10
22

.2
11

5,
41

3
32

,9
28

51
91

.4
46

,1
74

13
,5
26

pl
a7
39

7
19

.4
94

,0
22

71
33

pl
a8
59

00
29

.1
16

4,
01

0
84

,1
42

12
5,
02

8.
7

17
,7
49

31
88

pm
80

79
17

.6
59

6
80

65
0.
2

53
7

48
08

51
8.
7

37
32

78

pr
23

92
19

.4
22

02
23

35
0.
1

20
57

23
54

rl
11

84
9

18
.7

24
17

11
,8
00

0.
3

25
01

11
,6
38

16
70

.1
65

7
15

36

rl
18

89
19

.2
24

16
18

65
0.
1

23
40

18
37

rl
59

15
19

.1
25

80
58

05
0.
1

25
54

58
74

31
0.
3

87
8

12
38

rl
59

34
18

.8
24

65
59

18
0.
1

23
66

59
08

63
0.
5

31
0

23
4

rw
16

21
18

.4
23

9
16

05
0.
1

24
0

86
0

sr
a1
04

81
5

19
.9

29
0

10
4,
20

4
12

6,
65

0.
3

60
14

,9
45

sw
24

97
8

19
.2

18
75

24
,7
28

1 .
4

17
52

24
,4
37

84
26

.5
28

5
27

82

tz
61

17
18

.8
16

51
60

85
0.
1

16
27

60
76

58
0.
4

21
7

56
8

u1
81

7
19

.2
35

6
18

08
0.
1

34
5

17
66

us
a1
35

09
19

.2
56

,9
54

13
,3
96

vm
22

77
5

17
.6

12
21

22
,5
42

1.
4

12
49

22
,2
25

10
,2
44

.1
10

5
71

9

ym
76

63
19

.2
10

58
75

20
76

0.
2

14
8

10
52

123



Journal of Global Optimization (2021) 81:23–83 51

Ta
bl
e
13

D
et
ai
le
d
re
su
lts

w
ith

p
=
10

an
d
q
=
5

G
re
ed
y

O
pt
im

al
R
an
do

m

In
st
an
ce

Se
c

z∗
E
lim

Se
c

z∗
E
lim

Se
c

z∗
E
lim

ar
91

52
14

8.
9

61
48

49
19

67
.2

57
64

33
78

76
.2

29
65

58
55

bb
y3

46
56

17
72

.5
28

3
17

,7
92

51
75

.8
27

9
11

,4
17

98
68

.9
89

34
16

bm
33

70
8

28
39

.3
26

81
13

,4
33

43
61

.2
26

72
11

,7
22

15
,1
89

.3
30

8
15

01

br
d1

40
51

37
3.
1

17
48

65
46

71
2.
1

17
45

49
00

16
52

.2
42

0
17

55

ca
46

63
44

.3
13

,9
16

24
38

44
.5

14
,9
50

17
15

14
4.
9

47
79

37
4

ch
71

00
9

14
03

.3
10

,2
78

56
,9
32

54
11

.9
10

,1
07

35
,9
84

35
,5
63

.4
19

29
14

,3
05

d1
51

12
26

8.
9

52
30

85
78

72
2.
1

55
92

54
52

29
3.
8

33
79

77
36

d1
51

12
-2
50

0
27

.6
52

43
13

83
19

.6
54

68
10

08

d1
85

12
48

8.
8

18
86

92
42

97
6.
2

19
76

74
65

40
5.
8

13
05

94
57

eg
71

46
23

7.
3

23
77

24
1

15
.2

20
70

53
18

55
6.
8

15
1

73
4

ei
82

46
19

5.
2

10
48

36
42

17
7.
9

10
30

35
31

37
6.
6

39
8

16
85

fi1
06

39
21

5.
9

26
74

55
79

28
8.
7

26
44

38
37

13
52

.0
36

9
57

9

fy
g2

85
34

28
18

.1
25

4
11

,6
83

25
10

.1
25

7
11

,2
84

18
95

.5
17

0
91

23

gr
98

82
29

3.
4

17
93

36
30

15
5.
5

18
51

50
06

16
46

.8
10

0
17

8

ho
14

47
3

13
4.
7

10
15

10
,8
87

13
7.
7

10
26

31
86

52
6.
0

18
0

79
86

it1
68

62
57

0.
3

22
98

82
79

64
5.
6

22
03

70
37

32
2.
4

22
53

99
64

ja
98

47
16

3.
0

39
07

46
33

76
.4

36
04

55
10

57
6.
2

99
9

20
18

kz
99

76
16

5.
9

62
39

54
25

19
0.
9

59
33

48
49

92
.0

53
04

68
03

m
o1

41
85

43
1.
5

20
27

67
79

27
2.
9

20
05

77
05

48
05

.2
52

24

123



52 Journal of Global Optimization (2021) 81:23–83

Ta
bl
e
13

co
nt
in
ue
d

G
re
ed
y

O
pt
im

al
R
an
do

m

In
st
an
ce

Se
c

z∗
E
lim

Se
c

z∗
E
lim

Se
c

z∗
E
lim

m
u1

97
9

34
.7

14
73

46
6

13
.7

14
19

47
6

nu
34

96
35

.5
10

71
20

14
13

.6
99

8
10

27
17

.7
52

9
25

25

pb
a3
84

78
20

05
.4

28
5

22
,1
24

49
90

.7
30

5
14

,7
57

53
2.
8

23
5

25
,7
22

pc
b3

03
8

35
.1

99
5

16
14

40
.7

10
45

97
2

28
.5

92
1

21
34

pl
a3
38

10
19

47
.4

19
5,
15

1
15

,9
08

42
92

.8
20

0,
84

9
86

14
49

2.
4

18
1,
08

0
25

,0
89

pl
a7
39

7
91

.7
17

4,
95

2
39

94
31

8.
2

42
,4
27

16
88

pl
a8
59

00
12

,9
80

.6
26

0,
85

5
39

,9
22

21
,0
41

.8
26

9,
37

4
33

,2
95

41
,1
99

.2
85

,3
74

18
,5
00

pm
80

79
53

.3
91

7
54

52
42

.2
91

7
23

18
34

6.
7

85
32

81

pr
23

92
26

.9
34

22
14

91
21

.1
36

62
91

8

rl
11

84
9

13
0.
8

42
13

80
94

35
8.
8

47
02

45
83

74
8.
9

16
80

27
96

rl
18

89
27

.7
39

74
10

28
12

.0
43

85
70

5

rl
59

15
13

3.
8

43
72

25
71

79
.3

43
78

24
93

38
2.
5

90
7

43
0

rl
59

34
74

.1
41

12
32

73
10

3.
8

44
28

22
92

23
1.
6

15
16

94
4

rw
16

21
23

.6
38

7
11

09
2.
8

39
3

35
9

sr
a1
04

81
5

10
,9
12

.5
49

8
59

,4
28

23
,8
32

.2
48

8
45

,7
01

12
4,
42

1.
9

73
59

01

sw
24

97
8

11
82

.5
27

88
12

,1
28

16
73

.7
29

32
90

40
17

67
.6

14
73

83
91

tz
61

17
75

.5
27

09
34

67
47

.6
27

91
36

12
25

4.
7

80
2

11
14

u1
81

7
27

.3
62

3
88

7
12

.4
65

6
68

9

us
a1
35

09
14

4.
0

94
,5
15

93
72

48
3.
9

92
,8
53

51
38

12
60

.5
29

,7
97

18
29

vm
22

77
5

10
95

.3
19

73
92

07
11

78
.0

19
73

92
61

52
75

.3
38

4
17

09

ym
76

63
16

8.
7

18
72

29
96

12
6.
6

70
3

36
47

123



Journal of Global Optimization (2021) 81:23–83 53

Ta
bl
e
14

D
et
ai
le
d
re
su
lts

w
ith

p
=
10

an
d
q
=
10

G
re
ed
y

O
pt
im

al
R
an
do

m

In
st
an
ce

Se
c

z∗
E
lim

Se
c

z∗
E
lim

Se
c

z∗
E
lim

ar
91

52
33

.4
45

16
75

11
16

.2
43

96
52

18
12

24
.4

83
24

49

bb
y3

46
56

33
7.
8

21
3

27
,4
43

1.
2

21
6

34
,2
14

15
,1
75

.6
41

23
03

bm
33

70
8

26
8.
7

20
51

26
,5
83

14
7.
8

20
87

28
,2
79

86
34

.0
55

4
62

31

br
d1

40
51

11
3.
9

13
84

10
,3
63

31
.6

13
63

11
,7
67

17
65

.9
31

8
21

52

ca
46

63
23

.7
11

,4
88

36
20

4.
8

10
,5
63

36
75

74
.2

29
00

20
49

ch
71

00
9

58
1.
5

80
09

61
,0
90

17
76

.9
79

01
52

,6
39

82
,1
83

.2
49

2
22

68

d1
51

12
46

.5
41

64
13

,1
55

5.
9

42
75

13
,9
68

20
00

.6
10

32
24

68

d1
51

12
-2
50

0
20

.5
40

33
21

11
1.
1

39
32

21
64

d1
85

12
97

.1
14

98
14

,8
24

5.
6

15
01

17
,5
26

20
14

.3
56

9
45

17

eg
71

46
72

.3
16

15
33

73
23

.2
16

18
46

93
27

9.
9

24
4

21
43

ei
82

46
34

.1
73

6
66

60
6.
2

83
3

72
27

34
9.
6

35
5

20
79

fi1
06

39
34

.5
20

66
87

18
12

.6
20

27
90

70
16

70
.5

22
7

50
6

fy
g2

85
34

17
7.
4

19
9

23
,2
33

16
5.
2

19
1

23
,1
87

11
,6
18

.9
26

72
9

gr
98

82
63

.1
14

09
72

62
2.
9

14
45

91
39

16
26

.6
97

24
5

ho
14

47
3

37
.7

77
7

12
,7
75

7.
3

76
2

59
03

41
6.
1

20
9

85
59

it1
68

62
57

.6
16

80
14

,0
43

25
4.
1

18
50

10
,3
45

10
86

.5
68

4
60

71

ja
98

47
72

.4
27

60
66

47
24

.2
27

45
75

90
12

76
.2

23
2

61
8

kz
99

76
36

.2
44

28
82

24
5.
2

48
86

90
41

123



54 Journal of Global Optimization (2021) 81:23–83

Ta
bl
e
14

co
nt
in
ue
d

G
re
ed
y

O
pt
im

al
R
an
do

m

In
st
an
ce

Se
c

z∗
E
lim

Se
c

z∗
E
lim

Se
c

z∗
E
lim

m
o1

41
85

71
.6

15
51

10
,9
01

95
.8

14
89

10
,3
12

17
76

.1
33

7
21

91

m
u1

97
9

19
.8

11
88

18
28

0.
4

11
17

18
05

nu
34

96
20

.5
78

4
31

50
2.
5

81
4

17
47

23
.5

29
1

23
31

pb
a3
84

78
20

.1
25

4
37

,9
94

34
.2

23
2

35
,5
92

17
,2
85

.0
46

26
64

pc
b3

03
8

21
.4

79
3

24
49

2.
1

78
3

25
46

13
0.
7

14
8

20
4

pl
a3
38

10
34

0.
1

14
6,
69

7
26

,1
19

39
.7

15
2,
67

5
30

,4
88

26
28

.4
74

,2
16

15
,8
40

pl
a7
39

7
48

.9
12

8,
57

7
50

50
40

7.
1

32
,0
63

14
20

pl
a8
59

00
21

12
.6

19
7,
51

1
66

,2
61

47
,0
12

.1
59

,5
72

19
,7
05

pm
80

79
28

.5
72

0
66

85
10

.8
69

4
34

99
19

8.
0

14
2

41
46

pr
23

92
20

.1
26

95
19

75
1.
8

27
13

19
23

rl
11

84
9

19
.5

38
92

11
,5
81

2.
0

35
43

11
,2
04

12
23

.8
10

19
12

89

rl
18

89
20

.6
32

95
14

29
0.
6

32
93

16
15

rl
59

15
28

.0
34

65
48

52
0.
2

34
75

57
73

11
0.
8

18
19

24
53

rl
59

34
26

.1
34

12
48

54
38

4.
7

70
0

56
0

rw
16

21
20

.6
30

0
14

25
0.
3

29
6

70
3

sr
a1
04

81
5

76
96

.7
38

0
69

,8
98

11
23

.6
37

5
89

,1
93

19
1,
92

0.
6

26
15

60

sw
24

97
8

15
5.
0

22
56

19
,6
81

10
4.
6

22
49

20
,2
15

66
32

.3
39

5
26

48

tz
61

17
23

.8
21

69
52

35
3.
5

20
04

53
97

23
2.
1

68
0

14
41

u1
81

7
21

.4
50

9
12

24
0.
4

50
0

16
02

us
a1
35

09
17

8.
8

71
,3
17

85
53

19
.1

72
,2
35

11
,7
13

19
56

.1
12

,6
23

16
22

vm
22

77
5

20
4.
8

15
26

16
,7
62

59
.3

15
60

19
,4
09

35
83

.9
44

8
46

61

ym
76

63
56

.6
15

28
53

16
45

0.
5

28
8

17
70

123



Journal of Global Optimization (2021) 81:23–83 55

Ta
bl
e
15

D
et
ai
le
d
re
su
lts

w
ith

p
=
10

an
d
q
=
15

G
re
ed
y

O
pt
im

al
R
an
do

m

In
st
an
ce

Se
c

z∗
E
lim

Se
c

z∗
E
lim

Se
c

z∗
E
lim

ar
91

52
30

.5
34

68
77

87
0.
4

36
38

65
11

64
9.
3

49
4

27
68

bb
y3

46
56

69
.1

16
8

31
,9
05

5.
2

17
7

33
,5
50

15
,9
93

.8
31

19
21

bm
33

70
8

53
.7

17
40

31
,0
45

54
.7

17
15

30
,1
42

24
,2
92

.7
83

28
3

br
d1

40
51

42
.5

11
25

12
,1
85

19
.6

10
81

12
,1
83

32
87

.3
11

3
52

4

ca
46

63
19

.0
88

35
45

60
0.
4

90
91

45
13

38
4.
6

38
9

20
6

ch
71

00
9

39
.2

67
53

68
,9
20

44
.5

62
73

67
,8
28

38
,7
30

.1
13

63
14

,8
75

d1
51

12
31

.1
35

52
13

,8
69

2.
6

34
74

14
,2
76

37
4.
5

19
78

83
72

d1
51

12
-2
50

0
19

.6
34

71
23

62
0.
4

35
51

23
25

d1
85

12
30

.0
12

61
17

,2
72

6.
0

12
44

17
,4
22

37
46

.4
28

9
21

17

eg
71

46
23

.0
13

18
62

30
6.
8

13
35

56
99

28
6.
1

17
7

24
45

ei
82

46
19

.2
67

1
79

93
0.
9

63
8

78
34

45
0.
0

23
0

19
69

fi1
06

39
30

.7
17

00
91

14
1.
7

16
87

10
,1
07

13
02

.5
30

0
10

15

fy
g2

85
34

21
.6

17
4

27
,7
80

5.
8

16
1

27
,5
58

98
38

.4
33

24
24

gr
98

82
31

.2
11

88
84

85
2.
3

11
56

91
98

10
27

.4
19

4
13

43

ho
14

47
3

30
.1

66
9

13
,1
56

2.
3

66
7

64
12

97
5.
3

50
75

19

it1
68

62
25

.7
14

87
15

,8
56

4.
7

14
85

15
,8
46

64
68

.9
69

17
3

ja
98

47
45

.4
23

27
78

81
16

.6
22

26
81

97
31

00
.6

37
34

kz
99

76
20

.4
38

21
95

38
2.
0

37
54

94
83

13
22

.5
48

5
77

1

123



56 Journal of Global Optimization (2021) 81:23–83

Ta
bl
e
15

co
nt
in
ue
d

G
re
ed
y

O
pt
im

al
R
an
do

m

In
st
an
ce

Se
c

z∗
E
lim

Se
c

z∗
E
lim

Se
c

z∗
E
lim

m
o1

41
85

30
.6

13
21

12
,6
39

28
.0

12
17

11
,7
46

39
21

.3
75

18
3

m
u1

97
9

19
.4

93
9

17
66

1.
4

86
5

14
66

nu
34

96
19

.2
68

1
32

78
0.
7

65
0

20
45

52
.8

14
9

16
87

pb
a3
84

78
39

8.
8

18
8

30
,7
36

75
.1

17
3

34
,4
84

18
,4
57

.8
36

27
79

pc
b3

03
8

19
.7

67
3

26
91

0.
2

65
4

29
18

15
3.
3

84
11

3

pl
a3
38

10
65

.7
12

4,
55

2
30

,7
45

68
29

.8
42

,8
02

92
17

pl
a7
39

7
21

.6
10

1,
56

0
68

61
93

4.
1

72
12

20
0

pl
a8
59

00
15

1.
0

16
7,
43

1
80

,3
19

41
,3
41

.4
56

,9
29

24
,9
23

pm
80

79
19

.5
59

6
78

06
0.
7

58
0

46
05

24
9.
8

10
5

38
88

pr
23

92
20

.8
22

42
21

26
0.
1

22
21

22
82

rl
11

84
9

64
.5

29
29

93
01

25
.6

26
85

98
12

19
11

.4
40

7
56

1

rl
18

89
20

.9
26

65
15

77
1.
1

26
60

15
20

rl
59

15
23

.9
27

07
50

78
2.
3

27
28

53
21

48
7.
2

44
0

26
6

rl
59

34
22

.7
27

78
51

67
25

2.
2

98
9

14
50

rw
16

21
19

.3
24

4
15

39
0.
2

24
5

79
4

sr
a1
04

81
5

18
4.
6

29
3

98
,8
10

29
,4
04

.7
13

8
47

,2
04

sw
24

97
8

34
.9

19
06

23
,1
52

9.
5

18
74

23
,2
73

10
,0
06

.9
18

6
87

4

tz
61

17
21

.2
17

01
55

25
0.
7

16
71

57
83

71
0.
1

85
25

1

u1
81

7
20

.7
38

1
15

14
0.
6

39
5

15
36

us
a1
35

09
21

.7
59

,2
73

12
,8
03

1.
6

57
,0
00

12
,9
90

18
64

.5
12

,7
58

18
24

vm
22

77
5

35
.3

12
49

21
,0
18

1.
1

13
19

22
,3
35

46
33

.8
30

0
37

91

ym
76

63
26

.6
11

85
64

08
61

8.
4

17
0

11
00

123



Journal of Global Optimization (2021) 81:23–83 57

Ta
bl
e
16

D
et
ai
le
d
re
su
lts

w
ith

p
=
10

an
d
q
=
20

G
re
ed
y

O
pt
im

al
R
an
do

m

In
st
an
ce

Se
c

z∗
E
lim

Se
c

z∗
E
lim

Se
c

z∗
E
lim

ar
91

52
19

.3
31

10
90

26
0.
9

30
34

63
23

64
1.
4

41
8

29
83

bb
y3

46
56

32
.9

15
0

33
,1
06

70
,9
25

.1
2

34

bm
33

70
8

25
.4

16
23

32
,7
09

14
,9
87

.7
26

1
27

48

br
d1

40
51

22
.2

96
9

13
,3
13

1.
7

96
2

13
,4
48

21
35

.5
21

0
18

21

ca
46

63
20

.9
79

38
43

25
0.
2

73
97

45
09

36
1.
2

41
4

27
9

ch
71

00
9

30
1.
7

57
32

63
,0
07

38
.9

56
39

68
,1
86

d1
51

12
20

.4
32

54
14

,6
52

43
90

.9
28

1
40

8

d1
51

12
-2
50

0
19

.4
30

45
23

71
0.
2

28
89

23
80

d1
85

12
24

.2
11

55
17

,5
68

eg
71

46
20

.6
11

20
66

33
0.
2

10
81

69
29

25
3.
9

16
9

27
22

ei
82

46
20

.8
60

0
77

20
1.
0

56
6

78
38

12
48

.6
59

20
5

fi1
06

39
22

.0
14

41
97

96
0.
9

14
06

10
,2
25

86
6.
7

40
3

23
56

fy
g2

85
34

79
.1

14
0

25
,0
00

95
09

.7
31

27
52

gr
98

82
19

. 8
10

50
94

64
3.
5

97
0

90
23

41
60

.6
17

20

ho
14

47
3

19
.2

56
7

14
,2
61

0.
9

55
5

67
09

57
0.
2

11
2

82
48

it1
68

62
22

.7
12

81
16

,0
57

5.
9

12
51

15
,6
92

47
86

.0
12

3
67

4

ja
98

47
21

.8
18

17
92

04
5.
6

19
40

88
54

15
08

.6
14

9
56

9

kz
99

76
21

.4
32

65
93

27
1.
3

33
56

95
26

61
2.
9

10
77

28
03

123



58 Journal of Global Optimization (2021) 81:23–83

Ta
bl
e
16

co
nt
in
ue
d

G
re
ed
y

O
pt
im

al
R
an
do

m

In
st
an
ce

Se
c

z∗
E
lim

Se
c

z∗
E
lim

Se
c

z∗
E
lim

m
o1

41
85

25
.1

10
88

13
,1
93

1.
3

10
48

13
,6
55

30
51

.6
12

2
86

2

m
u1

97
9

20
.3

81
7

18
15

0.
1

72
5

19
11

nu
34

96
19

.2
56

0
32

60
0.
2

54
4

22
60

57
.2

13
0

16
28

pb
a3
84

78
19

.5
15

6
38

,0
81

57
08

.1
80

14
,2
34

pc
b3

03
8

19
.2

56
3

29
12

0.
1

59
5

29
83

72
.6

21
5

74
3

pl
a3
38

10
72

.1
11

0,
34

5
30

,5
17

15
,5
27

.6
18

,1
11

23
59

pl
a7
39

7
19

.6
92

,0
32

70
97

19
88

.4
20

00
21

pl
a8
59

00
39

2.
9

14
9,
61

0
77

,2
13

10
0,
49

5.
3

22
,1
00

58
19

pm
80

79
19

.8
51

6
77

72
2.
6

50
1

42
99

16
0.
9

13
7

45
35

pr
23

92
19

.2
20

07
22

57
0.
2

19
08

22
89

rl
11

84
9

19
.3

23
98

11
,7
79

1.
0

23
65

11
,5
40

23
59

.4
28

9
35

7

rl
18

89
19

.5
22

78
18

13
0.
1

22
64

18
15

rl
59

15
20

.0
23

28
55

86
0.
5

23
86

56
68

45
6.
0

47
2

51
9

rl
59

34
19

.1
23

82
58

63
22

2.
2

91
4

15
67

rw
16

21
20

.3
20

6
15

58
0.
1

20
7

82
0

sr
a1
04

81
5

56
.3

28
1

10
1,
77

3
87

,5
38

.8
73

20
,4
48

sw
24

97
8

26
.1

16
58

23
,7
32

2.
3

16
50

24
,1
91

32
25

.2
58

4
80

93

tz
61

17
19

.4
14

60
59

10
0.
8

14
89

57
73

47
3.
3

19
0

70
4

u1
81

7
19

.2
34

5
17

98
0.
1

33
0

17
52

us
a1
35

09
19

.9
53

,3
69

13
,1
34

18
25

.8
99

35
24

77

vm
22

77
5

21
.9

11
01

21
,9
44

26
.4

10
81

20
,3
74

85
27

.3
12

1
10

04

ym
76

63
20

.0
99

0
72

51
11

39
.1

50
24

3

123



Journal of Global Optimization (2021) 81:23–83 59

Ta
bl
e
17

D
et
ai
le
d
re
su
lts

w
ith

p
=
15

an
d
q
=
5

G
re
ed
y

O
pt
im

al
R
an
do

m

In
st
an
ce

Se
c

z∗
E
lim

Se
c

z∗
E
lim

Se
c

z∗
E
lim

ar
91

52
85

8.
0

48
53

38
67

33
7.
3

47
65

22
19

20
6.
7

20
17

39
07

bb
y3

46
56

90
91

.4
23

4
11

,8
00

15
,2
20

.3
23

7
11

,0
05

29
60

.1
14

3
11

,6
98

bm
33

70
8

76
30

.1
22

86
89

49
60

55
.4

22
88

78
41

85
89

.0
65

5
36

84

br
d1

40
51

65
7.
9

15
27

49
25

22
19

.5
14

99
42

88
20

95
.8

28
3

78
7

ca
46

63
70

.5
11

,6
07

18
27

40
.7

11
,6
07

22
61

30
5.
5

76
5

93

ch
71

00
9

46
38

.1
87

36
44

,0
13

16
,5
70

.2
84

64
20

,8
16

71
,4
55

.5
69

5
25

20

d1
51

12
11

51
.8

46
99

64
31

40
45

.6
46

10
40

72
17

33
.4

13
40

21
18

d1
51

12
-2
50

0
54

.5
45

57
92

1
19

0.
6

45
02

70
1

20
.0

32
43

11
92

d1
85

12
16

59
.8

16
82

64
68

25
99

.7
16

31
59

77
34

91
.6

34
6

12
80

eg
71

46
27

5.
3

17
83

67
25

.2
17

91
49

40
25

6.
2

26
6

19
95

ei
82

46
45

0.
3

86
7

26
96

56
8.
0

86
3

27
49

52
1.
3

28
1

90
7

fi1
06

39
52

9.
5

22
41

35
18

51
4.
2

22
74

27
13

94
9.
1

52
3

12
21

fy
g2

85
34

61
34

.2
21

9
11

,1
38

79
38

.8
22

0
10

,2
47

14
12

.2
19

9
15

,3
23

gr
98

82
35

8.
5

15
24

31
19

21
4.
7

15
41

41
63

43
6.
9

56
8

23
72

ho
14

47
3

44
4.
9

88
4

94
07

21
3.
0

89
1

22
80

13
7.
1

43
4

99
47

it1
68

62
93

0.
1

19
65

65
56

10
61

.1
19

29
59

69
23

79
.2

49
0

13
30

ja
98

47
31

7.
5

29
97

29
06

20
4.
4

29
75

35
65

40
2.
6

11
29

23
14

kz
99

76
29

8.
5

49
71

43
99

32
7.
7

50
24

42
76

23
3.
9

47
77

49
01

123



60 Journal of Global Optimization (2021) 81:23–83

Ta
bl
e
17

co
nt
in
ue
d

G
re
ed
y

O
pt
im

al
R
an
do

m

In
st
an
ce

Se
c

z∗
E
lim

Se
c

z∗
E
lim

Se
c

z∗
E
lim

m
o1

41
85

11
94

.8
17

03
44

30
48

0.
1

16
55

69
09

20
72

.6
29

8
82

0

m
u1

97
9

34
.3

12
08

41
2

16
.9

12
02

39
0

nu
34

96
50

.7
87

4
18

51
22

.8
92

0
67

1
16

.0
56

7
25

34

pb
a3
84

78
23

79
.1

26
1

20
,8
57

64
15

.1
25

4
14

,0
67

19
62

.3
23

3
23

,5
57

pc
b3

03
8

13
2.
6

87
5

10
89

14
4.
4

87
7

90
6

43
.5

78
8

16
90

pl
a3
38

10
45

79
.0

16
6,
24

2
12

,5
56

85
68

.4
16

5,
21

7
57

26
97

6.
7

16
2,
11

3
22

,2
47

pl
a7
39

7
19

4.
9

14
2,
91

6
25

76
54

.0
13

2,
50

9
54

38

pl
a8
59

00
26

,5
55

.8
22

0,
77

8
32

,6
78

37
,1
65

.1
22

1,
51

6
25

,0
79

46
03

.2
16

0,
63

9
50

,1
40

pm
80

79
96

.9
76

2
48

76
86

.5
77

1
13

00
12

5.
5

26
0

43
53

pr
23

92
76

.2
30

94
93

6
13

0.
2

30
35

80
7

rl
11

84
9

16
8 .
3

39
33

73
29

71
2.
1

38
66

44
31

80
3.
3

15
67

22
17

rl
18

89
36

.3
35

87
61

6
16

.6
35

90
63

6

rl
59

15
92

3.
0

37
70

16
08

28
3.
7

36
44

18
56

14
2.
7

32
39

26
41

rl
59

34
27

8.
1

36
22

19
94

23
0.
8

13
86

79
6

rw
16

21
29

.0
32

8
10

47
4.
4

32
0

39
5

sr
a1
04

81
5

38
,9
66

.7
40

3
36

,5
89

77
,4
13

.5
39

3
30

,5
52

60
26

.1
34

6
74

,6
43

sw
24

97
8

21
50

.4
24

73
88

84
23

92
.6

26
25

80
77

77
57

.3
32

4
58

6

tz
61

17
16

4.
7

23
01

23
14

12
6.
8

22
46

29
42

71
.2

20
98

39
80

u1
81

7
39

.9
54

7
42

4
18

.4
54

4
62

8

us
a1
35

09
42

2.
2

80
,1
81

60
95

97
5.
7

81
,3
19

40
13

31
69

.3
46

63
29

0

vm
22

77
5

23
04

.6
17

87
52

75
20

13
.7

17
77

53
41

54
3.
6

15
84

14
,1
05

ym
76

63
21

5.
6

15
54

26
31

53
6.
8

27
6

96
1

123



Journal of Global Optimization (2021) 81:23–83 61

C Detailed computational time with the naive algorithm

In this section,we present the total computational time for the naive and the ad hoc algorithms.
Tables 25, 26, 27 and 28 present the detailed results for the values of p = {5, 10, 15, 20},
respectively. In each table, the first column contains the name of the instance (Instance).
Then, for each value of q , i.e., q = {5, 10, 15, 20}, we report the total computational time
in seconds used with the proposed ad hoc algorithm (ad hoc) and with the naive algorithm
(naive). If no optimal solution was found within the prescribed time limit, the cells are left
blank.
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Table 25 Time profiles of the naive and ad hoc algorithms (p = 5)

q = 5 q = 10 q = 15 q = 20

Instance Ad hoc Naive Ad hoc Naive Ad hoc Naive Ad hoc Naive

ar9152 66.6 291.4 19.4 291.6 17.9 379.4 17.2 385.5

bby34656 648.5 7108.8 23.9 8221.0 18.6 8304.9 17.9 9290.0

bm33708 924.6 6659.0 22.9 7068.8 19.7 8214.4 18.9 8268.1

brd14051 20.5 1028.6 33.1 1464.2 19.3 1306.5 18.8 1429.8

ca4663 28.0 125.9 19.7 150.7 19.1 155.4 18.8 167.9

ch71009 105.1 21,903.2 33.3 25,703.1 18.5 28,974.8 20.0 35,281.5

d15112 64.2 1406.2 20.8 1458.0 19.1 1592.0 19.6 1811.1

d15112-2500 20.5 66.7 18.8 61.9 17.5 70.3 18.9 70.7

d18512 160.3 2242.4 22.8 2337.4 20.1 2497.6 19.1 2486.1

eg7146 191.9 398.4 24.1 295.0 21.0 380.3 18.9 320.3

ei8246 27.6 423.7 22.2 482.1 18.7 565.7 17.3 538.8

fi10639 46.7 680.4 19.6 655.9 19.1 786.6 18.1 811.4

fyg28534 185.8 4891.5 125.2 5949.3 19.1 5360.3 17.7 5842.3

gr9882 21.6 552.4 34.2 728.5 19.2 713.0 17.8 752.9

ho14473 53.6 291.0 18.8 313.4 22.1 396.3 17.3 394.5

it16862 86.9 1751.9 22.8 1881.2 19.7 1873.2 19.0 2114.2

ja9847 25.6 448.7 29.0 624.9 21.1 671.7 19.1 661.0

kz9976 36.2 622.5 24.9 665.0 18.7 739.7 19.2 762.5

mo14185 64.3 1155.6 19.2 1197.6 19.2 1314.8 18.9 1425.1

mu1979 19.6 44.2 19.2 44.9 18.2 42.4 19.1 46.8

nu3496 19.6 46.0 19.7 58.4 19.0 57.9 18.7 59.2

pba38478 1309.1 9329.2 19.0 9611.5 17.4 8158.0 18.5 12,259.6

pcb3038 21.3 80.3 19.0 91.2 19.2 89.5 18.9 98.9

pla33810 254.2 6553.3 99.8 7884.3 19.8 8058.4 22.2 9689.0

pla7397 39.4 351.1 19.4 346.9 19.0 452.9 19.4 599.2

pla85900 1031.3 39,068.7 741.1 53,222.4 19.0 49,334.1 29.1 54,530.6

pm8079 19.8 118.0 21.0 183.6 19.3 174.2 17.6 177.2

pr2392 20.6 58.2 19.1 62.2 19.2 68.0 19.4 71.3

rl11849 90.0 816.6 19.1 840.4 19.0 837.2 18.7 1272.2

rl1889 22.8 46.4 17.3 43.6 19.9 50.0 19.2 51.9

rl5915 38.1 248.7 19.0 242.8 17.6 259.8 19.1 308.4

rl5934 51.1 243.3 18.9 242.8 20.4 258.5 18.8 320.8

rw1621 20.2 26.8 18.7 25.7 18.7 25.4 18.4 26.1

sra104815 755.4 69,119.7 769.6 71,240.5 27.3 73,444.2 19.9 83,220.3

sw24978 520.3 3686.5 21.4 3913.2 19.7 3852.7 19.2 4139.1

tz6117 24.8 245.5 17.7 266.3 19.5 286.5 18.8 310.5

u1817 22.9 42.9 18.9 46.2 19.2 45.5 19.2 49.2

usa13509 42.6 1031.4 30.1 1135.7 19.8 1311.4 19.2 1391.8

vm22775 339.0 2801.4 18.9 3057.9 20.0 3000.5 17.6 3803.0

ym7663 28.8 295.1 33.2 400.8 17.8 363.3 19.2 443.0
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Table 26 Time profiles of the naive and ad hoc algorithms (p = 10)

q = 5 q = 10 q = 15 q = 20

Instance Ad hoc Naive Ad hoc Naive Ad hoc Naive Ad hoc Naive

ar9152 148.9 305.7 33.4 313.5 30.5 382.0 19.3 333.0

bby34656 1772.5 7558.7 337.8 7517.3 69.1 8049.8 32.9 8992.0

bm33708 2839.3 7328.2 268.7 6957.4 53.7 7483.8 25.4 6955.4

brd14051 373.1 1183.2 113.9 1352.2 42.5 1379.0 22.2 1329.3

ca4663 44.3 145.7 23.7 118.3 19.0 133.4 20.9 148.5

ch71009 1403.3 20,580.6 581.5 24,159.0 39.2 24,813.4 301.7 31,975.0

d15112 268.9 1484.9 46.5 1454.5 31.1 1613.6 20.4 1522.2

d15112-2500 27.6 64.1 20.5 62.1 19.6 67.3 19.4 71.5

d18512 488.8 2267.9 97.1 2232.1 30.0 2341.6 24.2 2315.1

eg7146 237.3 245.4 72.3 257.4 23.0 272.7 20.6 289.3

ei8246 195.2 474.7 34.1 497.5 19.2 491.3 20.8 535.5

fi10639 215.9 709.0 34.5 650.5 30.7 713.9 22.0 800.0

fyg28534 2818.1 6074.0 177.4 5516.5 21.6 4522.7 79.1 6151.0

gr9882 293.4 607.4 63.1 657.5 31.2 654.9 19.8 647.9

ho14473 134.7 359.1 37.7 344.7 30.1 346.8 19.2 359.5

it16862 570.3 1613.3 57.6 1775.8 25.7 1673.4 22.7 1986.4

ja9847 163.0 482.6 72.4 576.6 45.4 625.9 21.8 645.9

kz9976 165.9 549.4 36.2 648.5 20.4 674.9 21.4 677.2

mo14185 431.5 1272.2 71.6 1228.8 30.6 1166.6 25.1 1270.4

mu1979 34.7 44.1 19.8 35.9 19.4 40.6 20.3 42.6

nu3496 35.5 57.2 20.5 59.2 19.2 58.3 19.2 61.6

pba38478 2005.4 9604.1 20.1 7330.5 398.8 10,045.3 19.5 10,871.3

pcb3038 35.1 84.8 21.4 87.3 19.7 89.6 19.2 95.8

pla33810 1947.4 7280.2 340.1 7769.5 65.7 7511.5 72.1 8473.5

pla7397 91.7 398.4 48.9 435.9 21.6 468.6 19.6 477.8

pla85900 12,980.6 41,836.4 2112.6 47,443.3 151.0 46,639.5 392.9 51,261.7

pm8079 53.3 167.4 28.5 179.3 19.5 163.1 19.8 179.6

pr2392 26.9 65.5 20.1 68.1 20.8 64.6 19.2 66.2

rl11849 130.8 937.7 19.5 796.7 64.5 964.2 19.3 1061.7

rl1889 27.7 57.6 20.6 44.1 20.9 52.9 19.5 51.5

rl5915 133.8 315.1 28.0 257.4 23.9 282.0 20.0 294.5

rl5934 74.1 266.7 26.1 230.7 22.7 273.0 19.1 280.9

rw1621 23.6 29.8 20.6 29.2 19.3 28.0 20.3 29.3

sra104815 10,912.5 64,531.1 7696.7 69,347.3 184.6 72,591.8 56.3 70,570.2

sw24978 1182.5 3778.1 155.0 3676.5 34.9 3776.4 26.1 3802.9

tz6117 75.5 268.0 23.8 237.5 21.2 253.5 19.4 307.9

u1817 27.3 49.1 21.4 44.7 20.7 48.8 19.2 46.5

usa13509 144.0 1055.6 178.8 1451.7 21.7 1155.9 19.9 1364.8

vm22775 1095.3 2976.6 204.8 3095.8 35.3 3143.4 21.9 3159.9

ym7663 168.7 314.8 56.6 342.0 26.6 353.4 20.0 424.4
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Table 27 Time profiles of the naive and ad hoc algorithms (p = 15)

q = 5 q = 10 q = 15 q = 20

Instance Ad hoc Naive Ad hoc Naive Ad hoc Naive Ad hoc Naive

ar9152 858.0 679.2 101.5 340.3 43.0 359.4 22.0 318.2

bby34656 9091.4 16,154.8 1422.9 8341.4 210.5 7748.4 51.7 8267.3

bm33708 7630.1 10,562.7 765.6 6965.5 263.4 7092.4 91.0 7358.6

brd14051 657.9 1293.2 379.6 1671.9 143.2 1428.4 39.3 1365.0

ca4663 70.5 133.5 30.3 137.0 20.7 128.1 21.9 149.4

ch71009 4638.1 24,469.5 2260.1 26,286.9 911.9 28,453.1 1077.1 29,831.6

d15112 1151.8 1823.9 190.9 1489.5 42.2 1514.4 67.7 1672.6

d15112-2500 54.5 86.7 24.0 65.1 20.9 70.1 21.7 77.2

d18512 1659.8 2651.2 252.3 2123.7 113.1 2290.1 61.5 2512.3

eg7146 275.3 260.7 113.3 254.4 34.9 270.6 37.0 241.7

ei8246 450.3 521.3 41.5 487.1 29.3 495.1 27.2 486.8

fi10639 529.5 903.3 110.2 760.7 75.9 780.1 40.0 743.9

fyg28534 6134.2 8915.5 561.2 5179.8 220.8 5670.0 121.0 5703.1

gr9882 358.5 717.8 123.6 666.6 41.0 636.1 36.0 639.9

ho14473 444.9 530.4 69.2 342.6 46.8 352.2 20.6 365.4

it16862 930.1 1831.7 266.0 1827.3 37.3 1673.7 48.3 1781.9

ja9847 317.5 600.7 193.7 597.3 135.9 684.9 30.9 617.8

kz9976 298.5 675.0 59.7 637.4 46.1 667.0 30.1 707.4

mo14185 1194.8 1551.8 216.3 1303.0 116.0 1264.3 41.1 1289.2

mu1979 34.3 41.6 21.6 36.7 19.9 40.3 21.5 51.0

nu3496 50.7 76.5 22.6 59.0 22.5 61.4 20.0 57.3

pba38478 2379.1 8965.4 2258.8 9458.6 549.3 9389.7 23.5 9998.1

pcb3038 132.6 129.4 29.8 92.5 21.9 101.5 20.0 95.1

pla33810 4579.0 8775.7 1642.0 7478.3 386.2 8139.6 201.2 8256.6

pla7397 194.9 520.3 92.8 524.3 22.9 524.4 23.2 410.8

pla85900 26,555.8 66,566.2 8033.0 46,521.9 1923.9 47,950.9 1113.3 48,827.4

pm8079 96.9 185.8 42.3 177.1 29.3 173.5 22.8 177.7

pr2392 76.2 105.4 23.9 59.4 22.0 71.1 19.7 70.0

rl11849 168.3 968.3 236.2 995.9 86.7 1110.5 19.0 971.0

rl1889 36.3 50.4 25.0 52.3 21.4 49.6 19.3 47.8

rl5915 923.0 1151.9 74.7 280.4 31.7 278.3 21.9 267.7

rl5934 278.1 324.4 48.1 257.4 25.2 261.8 19.9 269.7

rw1621 29.0 33.0 21.3 29.1 19.6 27.9 19.4 28.5

sra104815 38,966.7 76,520.1 16,236.2 72,592.8 791.7 64,476.0 239.5 67,003.0

sw24978 2150.4 3733.7 438.2 3388.6 120.0 3648.4 56.6 3750.4

tz6117 164.7 307.2 43.0 249.7 29.1 277.8 20.8 273.8

u1817 39.9 60.0 26.3 45.8 20.4 45.9 19.4 46.8

usa13509 422.2 1449.6 387.7 1377.7 30.7 1243.4 32.9 1294.1

vm22775 2304.6 3065.4 705.0 3543.6 94.5 3023.7 60.0 3372.0

ym7663 215.6 417.9 187.8 415.4 42.0 384.5 24.6 393.7
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Table 28 Time profiles of the naive and ad hoc algorithms (p = 20)

q = 5 q = 10 q = 15 q = 20

Instance Ad hoc Naive Ad hoc Naive Ad hoc Naive Ad hoc Naive

ar9152 1799.5 2314.1 107.4 301.2 92.8 347.5 30.4 356.8

bby34656 12,980.8 18,784.6 2638.8 8067.5 341.8 7768.0 127.7 7740.9

bm33708 12,611.4 15,287.7 2795.1 8236.2 799.7 7670.6 815.1 7677.7

brd14051 3244.3 8223.2 1355.6 1534.6 323.3 1434.5 81.7 1350.2

ca4663 112.8 161.7 38.0 123.6 25.6 139.4 25.0 156.3

ch71009 12,007.7 25,290.6 5911.5 29,321.6 1637.1 26,838.4 1922.8 29,306.5

d15112 6517.1 10,397.4 308.9 1805.6 220.5 1656.7 119.0 1732.3

d15112-2500 98.2 133.0 29.9 79.0 28.5 77.2 23.7 81.8

d18512 12,180.1 13,492.2 1746.0 2598.7 271.2 2358.0 99.4 2375.0

eg7146 332.2 325.7 160.4 284.6 57.4 243.0 82.8 277.3

ei8246 684.7 1593.4 96.6 486.5 51.6 483.2 76.3 495.4

fi10639 2954.4 3380.1 228.1 697.7 133.3 764.9 89.7 758.0

fyg28534 6690.4 6790.2 340.8 5358.8 438.8 5830.3

gr9882 503.8 748.9 246.3 704.3 128.1 627.4 49.4 700.7

ho14473 1603.9 1264.5 134.8 400.8 80.8 419.4 29.9 304.8

it16862 1846.7 2256.4 424.8 1717.9 87.8 1601.0 140.6 1685.0

ja9847 552.7 715.7 287.4 591.1 205.5 670.8 57.5 623.6

kz9976 663.0 945.2 201.3 708.4 95.7 672.3 40.5 699.8

mo14185 1892.4 3821.6 531.3 1298.0 184.8 1342.7 56.7 1232.8

mu1979 40.2 44.7 23.0 37.0 24.0 47.6 23.0 45.6

nu3496 74.6 81.9 32.7 62.3 25.2 58.0 22.6 62.2

pba38478 9433.9 12,756.2 9253.6 12,363.4 895.9 11,006.8 26.8 9451.3

pcb3038 653.7 598.2 47.8 110.2 27.9 105.1 21.2 94.9

pla33810 11,729.3 16,791.0 3363.2 8575.8 633.3 7655.9 692.8 8036.5

pla7397 503.9 686.9 132.1 484.6 29.7 471.6 39.2 525.7

pla85900 15,816.8 49,604.0 3300.1 47,023.4 4213.0 50,145.4

pm8079 114.6 189.7 98.8 189.6 37.6 174.3 28.9 183.5

pr2392 611.2 294.0 28.9 73.9 23.2 74.2 20.4 66.1

rl11849 1299.1 2112.3 391.5 1050.3 103.8 1067.2 19.6 911.8

rl1889 161.7 88.5 25.7 49.2 21.8 51.4 20.1 47.6

rl5915 2464.7 4018.6 95.6 311.2 43.3 287.4 25.5 278.4

rl5934 1571.1 835.6 56.2 266.3 32.7 260.4 23.6 262.6

rw1621 32.5 48.4 23.8 29.7 19.9 29.8 19.7 31.0

sra104815 71,884.2 26,138.9 72,847.4 2048.9 66,830.4 2018.0 71,468.4

sw24978 3866.4 4281.3 823.6 3659.6 272.8 3782.4 167.7 3500.8

tz6117 402.7 353.2 72.1 259.1 35.8 277.0 24.5 273.4

u1817 133.0 92.8 27.2 52.7 22.2 50.6 19.4 49.6

usa13509 1769.8 5681.3 967.2 1644.6 78.3 1243.2 61.0 1323.2

vm22775 3041.0 3410.7 1289.1 3486.9 263.8 3225.2 128.5 3399.1

ym7663 556.2 628.7 250.5 441.3 74.3 407.0 33.9 360.5
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DDetailed computational time with increasing values of q and p

In this section, we present the total computational time for the results obtainedwith increasing
values of q and p, that is q, p ∈ {10, 20, 40, 80}, and for the instances with |N | ≤ 10,000.
Tables 29, 30, 31 and 32 present the detailed results for the values of p = {10, 20, 40, 80},
respectively. In each table, the first column contains the name of the instance (Instance).
Then, for each value of q , i.e., q = {10, 20, 40, 80}, we report the total computational time
in seconds. If no optimal solution was found within the prescribed time limit, the cells are
left blank.

Table 29 Time profiles of the
algorithm (p = 10)

Instance q = 10 q = 20 q = 40 q = 80

ar9152 33.4 19.3 34.9 35.4

ca4663 23.7 20.9 34.9 34.2

d15112-2500 20.5 19.4 35.0 34.7

eg7146 72.3 20.6 35.3 34.7

ei8246 34.1 20.8 34.9 34.7

gr9882 63.1 19.8 35.4 35.0

ja9847 72.4 21.8 35.9 34.8

kz9976 36.2 21.4 35.9 35.6

mu1979 19.8 20.3 34.9 35.0

nu3496 20.5 19.2 34.1 34.2

pcb3038 21.4 19.2 35.2 34.6

pla7397 48.9 19.6 34.8 34.6

pm8079 28.5 19.8 35.5 35.4

pr2392 20.1 19.2 34.2 34.9

rl1889 20.6 19.5 34.6 34.2

rl5915 28.0 20.0 34.2 34.2

rl5934 26.1 19.1 35.0 34.0

rw1621 20.6 20.3 34.5 34.1

tz6117 23.8 19.4 35.8 35.8

u1817 21.4 19.2 34.7 34.4

ym7663 56.6 20.0 34.3 34.1
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Table 30 Time profiles of the
algorithm (p = 20)

Instance q = 10 q = 20 q = 40 q = 80

ar9152 107.4 30.4 36.3 35.3

ca4663 38.0 25.0 39.2 34.9

d15112-2500 29.9 23.7 34.6 35.0

eg7146 160.4 82.8 42.6 35.4

ei8246 96.6 76.3 36.3 35.9

gr9882 246.3 49.4 40.8 36.1

ja9847 287.4 57.5 45.5 35.8

kz9976 201.3 40.5 37.8 36.5

mu1979 23.0 23.0 36.2 34.7

nu3496 32.7 22.6 34.8 34.9

pcb3038 47.8 21.2 36.1 34.9

pla7397 132.1 39.2 35.8 35.7

pm8079 98.8 28.9 36.3 36.6

pr2392 28.9 20.4 34.9 34.7

rl1889 25.7 20.1 35.5 34.8

rl5915 95.6 25.5 36.5 34.5

rl5934 56.2 23.6 36.6 35.7

rw1621 23.8 19.7 35.0 35.2

tz6117 72.1 24.5 38.2 35.3

u1817 27.2 19.4 34.5 34.3

ym7663 250.5 33.9 37.0 35.7

Table 31 Time profiles of the
algorithm (p = 40)

Instance q = 10 q = 20 q = 40 q = 80

ar9152 13,135.5 175.7 64.0 37.5

ca4663 120.4 119.5 63.1 37.1

d15112-2500 113.5 39.0 37.0

eg7146 439.8 279.0 86.6 61.4

ei8246 8283.6 390.7 50.4 40.9

gr9882 13,410.8 1006.1 82.3 41.0

ja9847 3479.6 569.0 99.5 41.5

kz9976 6499.9 279.9 60.7 43.6

mu1979 78.7 55.7 40.8 37.9

nu3496 157.7 73.4 42.1 35.8

pcb3038 6816.5 106.2 42.5 36.3

pla7397 17,682.1 158.2 49.3 42.8

pm8079 143.6 51.5 36.6

pr2392 2487.3 70.9 39.5 36.3

rl1889 183.1 51.3 40.1 36.0

rl5915 23,679.3 302.8 56.0 39.0

rl5934 2158.0 152.6 43.7 41.3

rw1621 60.4 39.4 35.8 35.4

tz6117 2754.3 132.0 59.0 37.2
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Table 31 continued Instance q = 10 q = 20 q = 40 q = 80

u1817 349.3 50.6 37.0 35.6

ym7663 10,423.1 276.4 58.1 40.9

Table 32 Time profiles of the
algorithm (p = 80)

Instance q = 10 q = 20 q = 40 q = 80

ar9152 1625.5 57.3

ca4663 18,850.2 2024.5 693.8 62.1

d15112-2500 11,723.7 100.0 50.8

eg7146 14,491.5 13,702.3 827.7

ei8246 961.0 82.2

gr9882 3867.9 106.4

ja9847 5782.2 178.4

kz9976 821.7 145.6

mu1979 337.4 163.4 82.1 57.1

nu3496 6202.2 2218.8 184.8 49.0

pcb3038 6504.3 253.5 51.1

pla7397 12,771.0 900.0 92.9

pm8079 171.0 66.5

pr2392 2391.0 101.4 49.6

rl1889 3578.1 167.5 97.8 44.4

rl5915 292.5 119.9

rl5934 331.3 105.6

rw1621 110.3 65.4 43.1 38.5

tz6117 1629.0 390.4 72.1

u1817 4918.6 199.7 61.8 48.3

ym7663 566.8 124.3
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