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Abstract—In this paper we consider the problem of clustering m objects into ¢ clusters. The objects are
represented by points in an n-dimensional Euclidean space, and the objective is to classify these m points
into ¢ clusters such that the distance between points within a cluster and its center (which is to be found) is
minimized. The problem is a nonconvex program that has many local minima. It has been studied by many
researchers and the most well-known algorithm for solving it is the k-means algorithm. In this paper, we
develop a new algorithm for solving this problem based on a tabu search technique. Preliminary compu-
tational experience on the developed algorithm are encouraging and compare favorably with both the

k-means and the simulated annealing algorithms.

Tabu search
Global optimum

Clustering problem
Nonconvex programming

1. INTRODUCTION

Cluster analysis could be defined as the process of
separating a set of objects (patterns) into groups (classes
and clusters) such that members of one group are
similar, as much as possible, according to a predefined
criterion. Cluster analysis has found applications in
life, medical, behavioral and social sciences. Other
applications also include earth sciences, information
and decision sciences and engineering. For a summary
of these applications, see Al-Sultan.!}

In cluster analysis, the objects are represented by
points in n-dimensional Euclidean space, where the
elements of the vector are values for the attributes of
the object and the objective is to classify these m points
into ¢ clusters siich that a certain similarity measure is
optimized. In this paper, we consider our similarity
measure (function) to be the distance between points
within a cluster and its center, and the objective is to
minimize that function.

In this paper we develop an efficient algorithm based
on a tabu search technique for the clustering problem.
The paper is organized as follows: in Section 2 the
statement of the problem and literature survey are
presented. In Section 3 we summarize the tabu search
technique. The statement of tabu search algorithm is
presented in Section 4, and its implementation details
are discussed in Section 5. Results and discussion are
presented in Section 6. Finally, we give our conclusion
in Section 7.

k-means algorithm

Simulated annealing

2. STATEMENT OF THE PROBLEM AND
LITERATURE REVIEW

The clustering problem may be stated as follows:
Given m patterns in R", allocate each pattern to one of
¢ clusters such that the sum of squared Euclidean
distances between each pattern and the center of the
cluster (which is also to be found) to which it is allocated
is minimized.

The clustering problem can be mathematically des-
cribed as follows:

Minimize J(w,z)= )

c
Wijllxi‘zj”z
i=1j=1

Subjectto Y w;=1, i=12,...,m

j=1

and w;=0orl, i=12..m j=12,...c

(CP)
where:

¢ number of clusters (given);

m number of available patterns (given);

x;€R" location of the ith pattern (given),
iell,2,....m];

z;eR" center of the jth cluster (to be found),
jell,2,....c];

w;; association weight of pattern x; with cluster j
(to be found);

1443



1444

where

1 if patterniisallocated to clusterj
Vi=1,2,....m, j=1,2,...,c

0 otherwise

ij =

z is an m x ¢ matrix whose column j is z; defined
above;

w:i[w;;] is an n x ¢ matrix;

flx; — z;ll 2 squared Euclidean distance between
pattern x; and center z; of cluster j.

In this formulation, the squared Euclidean distance
has been taken as the criterion function to be minimized.

Problem CP is a nonconvex program which possesses
many local minima. The clustering problem has been
investigated by many researchers. The major difficulty
is that the solution of problem CP could possibly lead
to local optima which are not necessarily global. The
following is a summary of the work done so far on this
problem:

e The k-means algorithm®¥ is the most widely
used method to solve the problem. However, it may
fail to obtain the global solution of the problem. Selim
and Ismail derived a generalized convergence theorem
for the k-means algorithm in which they characterized
the conditions for local optimality of the solution
obtained by that algorithm.

o Jensen'> used dynamic programming to solve the
above problem with the assumption that cluster centers
coincide with some patterns. This approach is not
optimal and it requires a large computer memory
space and time.

e Vindo® and Rao'” formulated the clustering
problem as an integer linear program with the same
assumption as in Jensen. This approach has the same
disadvantages as in Jensen’s approach.

e Duda and Hart® developed the Isodata algorithm
to solve the clustering problem. Although the isodata
algorithm is similar to the k-means algorithm in the
sense that it may fail to obtain the global optimal
solution, it is more complex and more expensive to
implement. However, it has more options which are
not needed in the solution of our problem.

o Cooper'® was the first to formulate the clustering
problem as a location—allocation problem. For the
solution of the probiem, Cooper suggested two heuristic
which could achieve local optimal solutions.

o Selim!!® developed an algorithm that guarantees
that a global solution will be obtained. The algorithm
transforms the criterion function into an equivalent
implicit concave function. Then the concept of con-
vexity cuts is implemented to obtain the optimal solution.
Although this algorithm is exact, it requires much
computational time and a large memory. Since the
cutting plane approach is known to be very slow for
solving linear integer programming, the case will even
be worse for the clustering problem which is a non-
convex program.

e Koontz et al'" employed the branch and bound
approach to solve the problem. Diehr!'?’ modified
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Koontz algorithm to be more efficient. However, the
algorithm is impractical for large problems. The Branch
and Bound approach, although guarantees global
optimality, is known to be a last resort for solving
optimization problems because of the long and un-
predictable time it takes to obtain the solution.

o Klein and Dubes!! and Selim and Al-Sultan*
have developed simulated annealing-based algorithms
for solving the clustering problem. However, no com-
parison of the performance of their algorithms to the
k-means algorithm have been provided.

In this paper, we develop an algorithm for CP based
on a tabu search technique. We compare the per-
formance of our algorithm with that of the k-means
and the simulated annealing algorithms. However, we
start by briefly describing the tabu search technique.

3. THE TABU SEARCH TECHNIQUE

The tabu search is a meta heuristic that can be used
to solve combinatorial optimization problems. It is
different from the well-known hill-climbing local search
techniques in the sense that it does not become trapped
in local optimal solutions, i.e. the tabu search allows
moves out of a current solution that makes the objective
function worse in the hope that it eventually will achieve
a better solution.

The tabu search requires the following basic elements
to be defined:

e Configuration is a solution or an assignment of
values to variables.

e A move characterizes the process of generating a
feasible solution to the combinatorial problem that is
related to the current solution (i.e. a move is a procedure
by which a new (trial) solution is generated from the
current one).

o Set of candidate moves is the set of all possibie
moves out of a current configuration. If this set is too
large, one could operate with a subset of this set.

e Tabu restrictions: These are certain conditions
imposed on moves which make some of them forbidden.
These forbidden moves are known as tabu. It is done
by forming a list of a certain size that records these
forbidden moves. This is called tabu list.

® Aspiration criteria: These are rules that override
tabu restrictions, i.e. if a certain move is forbidden by
tabu restriction, then the aspiration criterion, when
satisfied, can make this move allowable.

Given the above basic elements, the tabu search
scheme can be described as follows: start with a certain
(current) configuration, evaluate the criterion function
for that configuration. Then, follow a certain set of
candidate moves. If the best of these moves is not tabu
orif the best is tabu, but satisfies the aspiration criterion,
then pick that move and consider it to be the new
current configuration; otherwise, pick the best move
that is not tabu and consider it to be the new current
configuration. Repeat the procedure for a certain
number of iterations. On termination, the best solution
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obtained so far is the solution obtained by the algor-
ithm. Note that the move that is picked at a certain
iteration is put in the tabu list so that it is not allowed
to be reversed in the next iterations. The tabu list has
a certain size, and when the length of the tabu reaches
that size and a new move enters that list, then the first
move on the tabu list is freed from being tabu and the
process continues (i.e. the tabu list is circular). The
aspiration criterion could reflect the value of the crit-
erion (objective) function, ie. if the tabu move results
in a value of the criterion function that is better than
the best known so far, then the aspiration criterion is
satisfied and the tabu restriction is overridden by this.

In the above paragraph, we have outlined the basic
steps of the tabu search procedure for solving com-
binatorial optimization problems. For more elabora-
tion on the tabu search technique as well as a list of
successful applications, see Glover.!¥ In the next
section, we develop a new algorithm for solving CP
based on the above tabu search technique.

4. THE NEW ALGORITHM

In this section, we present our tabu search-based
algorithm for problem CP. However, before we state
our algorithm, we need to introduce some notation:

Let A be an array of dimension m whose ith element
(A;) is a number representing the cluster to which the
ith pattern is allocated. Clearly, given A, all w;;s are
defined in the following manner:

{1 if A;=j

W= .

0 otherwise
foralli=1,2,...,m,and j=1,2,...,c.

For example, consider the following array A4 for m = 10,
c=3.

Bl2li]2[2]3]1[1]2]3]
then the first pattern is assigned to the third cluster (i.e.
w;, =0, w,, =0, w;;=1), and the second pattern is
assigned to the second cluster (i.e. w,, =0, w,, =1and
w,5 = 0) and so on.

Given a set of wys, the center of each cluster z; can
be computed as the centroid of the patterns allocated
to that cluster or:

m
i=1WijXij

zj="1 1)
! e Wi
Given the array A, and the centers z;, one can compute
the objective function J(w, z) as:

m [
J(w,2) = Zx '21 Wij“xi - Zj||2- (2)

i=1j=
Thus, from the above it is clear that for any array A
(configuration), a specific value corresponds to the
objective function which, for simplicity, ts denoted
by J. Therefore, we will depend in our tabu search
algorithm on changing the configuration A, and con-
sequently it will map into a value for the objective
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function J. We will operate with three arrays and their
corresponding three objective function values.

Let A, A, and 4, denote the trial, current and best
arrays and J, J. and J, denote the corresponding
trial, current and best objective function values, res-
pectively.

We will always operate with a configuration which
we call the current solution 4_and then through moves
which were explained in the last section, we generate
trial solutions A4, As the algorithm proceeds, we also
save the best solution found so far which is denoted by
A,. Corresponding to these arrays, we also operate
with the objective function values J,, J, and J,, respec-
tively.

We are now ready to state our algorithm.

4.1. Statement of the algorithm

(1) Initialization step. Let A_be an arbitrary solution,
and J, be the corresponding objective function value
computed using equations (1) and (2). Let A, = A, and
Jp=J. Select values for the following parameters:
MTLS (tabu list size), P (probability threshold), NTS
(number of trial solutions) and let ITMAX be the
maximum number of iterations. Let k=1, let TLL
(tabu list length) = 0 and go to step 2.

(2) Using A4, generate NTS trial solutions A}, AZ,. ..,
ANTS (see the remark below) and evaluate their cor-
responding objective function values J!, J2,..., JNS,
and go to Step 3.

(3) Order J!, JZ,...,JNTS in an ascending order,
and denote them by JI', Ji21  JINTSLqf JU1 js not
tabu, or if it is tabu but JI'! < J,, thenlet 4, = 4{'1and
J.=JM and go to step 4; otherwise let A, = A,
J.=JM where JI1 is the best objective function of
JI g1 JINTSEthat is not tabu and go to step 4. If
all J, J121JINTS) are tabu go to step 2.

(4) Insert A, at the bottom of the tabu list and let
TLL=TLL + 1 (if TLL = MTLS + 1, delete the first
element in the list and let TLL =TLL —1). If J, > J,
let A,= A and J,=J_. If k =ITMAX, stop (A4, is the
best solution found and Jy, is the corresponding best
objective function value); otherwise, let k =k + 1 and
g0 to step 2.

4.2. Remark

Given a current solution A_, one can generate a trial
solution using several strategies. We use the following
strategy: Given A, and a probability threshold P, for
i=1,m,...,draw a random number R ~ (0, 1).
If u(0,1)< P, then A,((i)= A_(i); otherwise draw
randomly an integer [from the following set {I: = 1,2,
3,...,6,1%# A(j)) and let A () =1

5. IMPLEMENTATION OF THE ALGORITHM

The algorithm presented in Section 4 has been coded
in C, and tested on a IBM 386 machine on several test
problems. We have used the following two sets of test
problems.
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5.1. Random test problems (RS).

These are randomly generated test problems in R?
where the data are generated within spheres of the
same radii. The overlap among clusters is controlled
through changing the radius of the spheres. The follow-
ing classes of test problems are used:

RSO: Clusters are overlapping,
RST: Clusters are touching each other.
RSS: Clusters are nontouching (separated).

5.2. Standard test problems (SS).
These are standard data sets.'®

SS1: gives 89 postal zones in Bavaria (Germany),
and their three attributes as their surface area in squared
kilometers, their populations, and the density of the
population [see reference (16), pp. 91, 92]

SS2: gives the same 89 postal zones Bavaria
(Germany), but with four attributes which are: the
numbers of self-employed people, civil servants, clerks
and manual workers [see reference (16), pp. 103, 104].

As it is clear from its statement, the tabu search
algorithm has three parameters which need to be
assigned values before the execution of the algorithm.
These parameters are:

MTLS: tabu list size
P: probability threshold
NTS: number of trial solutions

We have performed our implementation in two
phases. In the first phase, an extensive parametric
study has been performed to find the best parameter
settings. These best values were then used in the second
phase for testing the performance of the algorithm on
vartous random and standard problems.

6. RESULTS AND DISCUSSION

As mentioned in the previous section, the tabu search
algorithm has three parameters. In this section, we
discuss the theoretical implications of the values of
these parameters, and the best values obtained for
them by our extensive parametric study.

6.1. Tabu list size (MTLS)

The tabu list embodies one of the functions of the
short term memory, which enables the algorithm to
have some memory of the history. In our case, it tells
the algorithm not to reverse the last MTLS moves,
where MTLS is the size of the tabu list. Therefore, the
size of the tabu list here affects how much memory one
would like the algorithm to have. A large tabu list size
allows more diversification or forcing new moves to be
generated which take solution to far points. A small
list size, on the other hand, makes the algorithm more
forgetful, and therefore allows movement within the
region or allows intensification to happen (not forcing

K.S. AL-SULTAN

it because this means more control on the moves).
Glover'® suggests using a tabu list size in the range
[ 31, 3n], where nis related to the size of the problem. In
our case, n is the number of patterns.

6.2. Probability threshold (P)

This parameter controls the shake-up that is per-
formed on a certain solution to produce a neighbor.
The higher the value of P, the less shake-up is allowed
and consequently the closer the neighbor (the solution
obtained after the move) to the current solution, and
vice versa. In our case, we have found that P = 0.95, or
very little shake-up for the move produces better results.
This means that we allow more intensification in the
neighborhood to generate the next best move. One
should remember that the tabu list will record this
move and the search may not return to it in the next
few iterations or it may be noise to explore the close
neighborhood fully before one leaves it. (Figs. 1 and 2
show a sample the current and trial objective function
values obtained by the algorithm versus. number of
iterations for several values of P, respectively).

6.3. Number of trial solutions (NTS)

This parameter controls the number of trial moves
to be generated from a current one to decide on the
next move. Clearly, the larger the value of NTS the
better, simply because one has more choices to select
from. However, this is done at the expense of more
computational effort. Therefore, if one were to decide
a priori on a certain amount of computational effort
to be made by the algorithm, then larger values of NTS
at each iteration means less number of iterations are
made, or intensification is made at the expense of less
diversification and vice versa.

We have tested our algorithms for various values of
MTLS, P and NTS on 10 problems of each type of test
problems and for various combinations of m and c.
Tables 1-3 are just examples of the extensive parametric
study that has been performed. It is clear that the
algorithm performs better as the probability threshold
increases with the best results obtained at P = 0.95. We
have also found that the best values for both MTLS
and NTS are in the range 15-20. We might add that
the three values for each parameter in Tables 1-3 are
the best values of the parameters found after an initial
parametric study that has included vartous other values
for them. The algorithm, in general, obtains good
results for a wide range of parameter values, i.e. it is
relatively robust.

Tables 4-6 compare the objective function values
(average of 10 problems for each combination) obtained
by our algorithm for the random test problems to
those obtained by our coding of the k-means algor-
ithm.® Tables 7 and 8 compare the objective function
values obtained by our algorithm for the standard test
problems to those obtained by our coding of both the
k-means algorithm and the simulated annealing.
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Fig. 1. Effect of probability threshold value P on the values of the current objective function.

Fig. 2. Effect of probability threshold value P on the values of the best objective function.
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The following points are clear from the tables:

(a) Our algorithm outperforms the k-means algor-
ithm in almost all cases and by a factor ranging from
10 to 99.5%,.

(b) In general, for a certain number of patterns m,
the larger the number of clusters ¢, the more pro-
nounced the improvement of our algorithm over the
k-means. This is of course clear in the standard test
problems where we use the same data with different
values of ¢ (¢ = 2, 3, 4, 5). This trend is in general clear
for the random problems, with few exceptions. The
reason for these exceptions might be that we are not
using the same data with different values of ¢ (as in
standard data sets), but rather the seed for the random
number generator might be different from one problem
to another, and hence generates different data. Our
interpretation of this difference in performance is that
the problem becomes more difficult and may have

Tabie 1. Parametric study on test problems RSS, ¢ = 2,m =40

MTLS 15 MTLS 20

P NTS=15 NTS=20 NTS=15 NTS=20
0.7 1847.58¢@ 1843.10 176093  1652.47
0.9 529.31 529.31 529.31 668.02
0.95 529.31 600.60 529.31 52931

(a)
pULIW A

10 °

where J/ is the objective function value obtained for problem
i by our algorithm.

Table 2. Parametric study on test problems RST,c =4,m =60

MTLS 15 MTLS 20

P NTS =15 NTS =20 NTS =15 NTS=20
0.7 13974.8@ 13559.17 12226.72  13206.64
0.9 5426.01 5104.26 5723.05 3773.02
0.95 3648.53 3653.94 3649.83 3773.10

(a)
I

0’

where J£ is the objective function value obtained for problem
i by our algorithm.

Table 3. Parametric study on test problems RSO, ¢ =2,m =40

MTLS 15 MTLS 20

P NTS=15 NTS=20 NTS=15 NTS=20

0.7 7667.77¢ 7194.93 7609.74  7401.7

0.9 6466.56 6466.56 647477  6466.57

095 64648 6466.56 665797  6464.82

(a)

PRSI
10

where J¢ is the objective function value obtained for problem
i by our algorithm.

more local minima as ¢ increases for the same value of
m. The number of variables for the problem is mc, and
therefore is proportional to the value of ¢ for a fixed
number of m. Being a local search method, the k-means
is more likely to become stuck at a local minimum that

Table 4. Comparison of results obtained by our algorithm
and the k-means algorithm for test problems RSS

Our k-means
¢ m algorithm algorithm
2 10 102.83@ 102.837®

100.00¢ 100.00

40 529.30 529.30

100.00 100.00

3 15 157.03 275.39
57.02 100.00

60 796.86 1281.39

62.19 100.00
4 20 217.99 439.66

49.58 100.00

40 507.74 28725
18.44 100.00
5 20 189.15 1039.19
18.99 100.00
40 477.14 1426.67
60.82 100.00
. 2iJG
10

where J1 is the objective function value obtained for problem

i by our algorithm.
y  ZiiJi
10 °

where Jiis the objective function value obtained for problem

i by the k-means algorithm.

Agl(ﬁ>
o\

x 100%.
10 7

Table 5. Comparison of results obtained by our algorithm
and the k-means algorithm for test problem RST

Our k-means
¢ m algorithm algorithm
2 10 494.87 519.43

96.57 100.00

40 2531.01 2544.90

99.50 100.00

3 15 750.64 750.64
100.00 100.00

60 381097 3829.75

99.51 100.00

4 20 1010.76 111243
93.31 +100.00

40 2362.58 2872.51

85.59 100.00

5 20 8344.89 1039.19
84.59 100.00

40 2159.57 2461.72

89.23 100.00
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is far from the global minimum as the problem becomes
harder. This is not the case for our algorithm as explained
later.

(c) For the standard data sets, our algorithm out-
performs the k-means by a large factor and this dif-
ference in performance is more pronounced than for
the random test sets. The reason is that the k-means is
designed for spherical cluster shapes and our random

Table 6. Comparison of results obtained by our algorithm
and the k-means algorithm for test problems RSO
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Table 7. Comparison of results obtained by our algorithm,
the k-means algorithm and the simulated annealing algorithm
for test problems SS1

Our k-means Simulated
¢ m algorithm algorithm annealing
2 89 6.03 x 10! 6.49 x 10''  6.03 x 10!

92.81 100.00 92.81
3 89 3.64 x 10'° 3.64 x 10! 3.64x 10!

10.00 100.00 100.00
4 89 1.05 x 10! 2.79 x 10'' 318 x 10!

37.63 100.00 114.22
5 89 6.78 x 10'° 2,60 x 10 7.82 x 10!

26.06 100.00 30.09

Our k-means
¢ m algorithm algorithm
2 10 1235.36 1322.86
94.74 100.00 Table 8. Comparison of results obtained by our algorithm,
40 6464.82 6489.08 the k-means algorithm and the simulated annealing algorithm
99.65 100.00 for test problems SS2
3 15 1538.31 1815.21
85.08 100.00 Our k-means Simulated
60 8841.98 9296.26 ¢ m algorithm algorithm annealing
95.11 100.00
4 20 1908.33 2320.56 2 89 1.99 x 10!° 4.86 x 10'°  4.86 x 10'°
83.10 100.00 40.94 100.00 100.00
40 455796 4776.23 3 89 1.74 x 10!° 3.60 x 10'°  1.74 x 101°
95.90 100.00 48.36 100.00 48.36
5 20 1491.29 1814.87 4 89 7.56 x 10° 3.05x10'°  8.04 x 10°
40 84.14 100.00 24.77 100.00 26.34
3697.59 3920.25 5 89 595 x 10° 295 x10'° 647 x 10°
94.86 100.00 20.16 100.00 2193
Rt

vl

Fig. 3. Values of the current objective function vs number of iterations using the best parameter settings.
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Fig. 4. Values of the best objective function versus number of iterations using the best parameter settings.

data are generated within spheres, while this is not the
case for the standard data.

(d) Our algorithm has obtained results that are equal
to those obtained by the simulated annealing algorithm
in two out of the eight problem sets tested (see Tables
7 and B), while it outperformed it in the remaining six
sets and by a factor that is as large as 109 in some
cases. More importantly is the fact that our algorithm
is much more robust and consistent in its performance
compared with the simulated annealing algorithm.
The reason for this lack of robustness in the simulated
annealing algorithm is its sensitivity to some par-
ameters, especially the initial temperature and the
cooling schedule while our algorithm is not too sensi-
tive to parameters values. In the literature, some results
of simulated annealing are deceiving because researchers
usually report the best results obtained by the simulated
annealing algorithm by using the best parameter settings
for the data set which may be different from the settings
used to obtain the best values for another set of data.
An extensive initial parametric study should be per-
formed on a large number of problems, and the values
that seem to be best for most of the problems should
then be picked. Then, fix these values for comparison
purposes. This is what has been done in both simulated
annealing and tabu search algorithms. (If this were not
the right approach, then any result obtained by one of
these algorithm is actually not a result of a single run
of the algorithm, but rather several runs to find the

best parameter settings and one run to obtain the
solution using these parameter values, which is of
course very costly).

{e) Fig. 3 is a typical graph of the values obtained
for the current objective function values versus the
number of iterations. It is clear that uphill moves are
allowed and this is what makes the algorithm powerful
in the sense that it does not become stuck at a local
minimum, but rather allows some uphill moves in the
hope that they will lead to better objective function
values.

Figure 4 is a graph of the best objective function of
values obtained versus the number of iterations. As is
clear from the graph, the best value stays the same for
some (random) number of iterations and suddenly
drops when a downhill move is obtained.

7. CONCLUSIONS

In this paper, we have developed a new algorithm
for solving the clustering problem which is based on
the tabu search technique. The algorithm has been
implemented and tested on various problems, and
preliminary computational experience is very encour-
aging. As a matter of fact, our algorithm obtained
results that are better than the well-known k-means
and the simulated annealing algorithms for many test
problems.
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