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Abstract

This paper introduces a new learning-based approach for approximately solving the Kidney-Exchange Problem (KEP), an
NP-hard problem on graphs. The KEP consists of, given a pool of kidney donors and patients waiting for kidney donations,
optimally selecting a set of donations to optimize the quantity and quality of transplants performed while respecting a set of
constraints about the arrangement of these donations. The proposed technique consists of two major steps: the first is a
Graph Neural Network (GNN) trained without supervision; the second is a deterministic non-learned search heuristic that
uses the output of the GNN to find a valid solution. To allow for comparisons, we also implemented and tested an exact
solution method using integer programming, two greedy search heuristics without the machine learning module, and the
GNN alone without a heuristic. We analyze and compare the methods and conclude that the learning-based two-stage
approach is the best solution quality, outputting approximate solutions on average 1.1 times more valuable than the ones
from the deterministic heuristic alone.

Keywords Kidney exchange problem - Graph neural networks - Optimization - Machine learning - Deep learning -
Graph theory and applications

1 Introduction Thus, this work’s main objective is to answer the fol-

lowing question: Can the Kidney Exchange problem be

This study addresses machine learning approaches for the
approximate solving of the Kidney Exchange Problem
(KEP), an NP-Hard problem on graphs [1, 2]. This problem
consists of, given a pool of kidney donors and patients
waiting for kidney donations, optimally selecting a set of
donations to optimize the quantity and quality of trans-
plants performed while still respecting a set of constraints
about the arrangement of these donations.
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better approximately solved with the help of machine
learning? If positive, we want to evaluate the feasibility of
utilizing such an approach in terms of the quality of the
solutions it provides. Further, we are also interested in
assessing how viable would such a method be in terms of
computational time.

Additionally, one hopes that, by answering these ques-
tions, we may also better understand the limitations of the
employed machine learning methods for this problem and
the potential future research directions for solving the KEP
and other optimization problems in graphs.

1.1 On kidney exchanges

Kidney disease impacts millions of people worldwide, and
the two available treatment options for end-stage kidney
disease are dialysis and kidney transplantation [3]. Trans-
plantation is the preferred treatment for the most severe
forms of kidney disease [1] because it is cheaper and offers
a better quality of life and better life expectancy [4]. The
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source of the kidney can be either a cadaver or a live donor,
as the human body has two kidneys, and often only one
suffices.

The compatibility of a transplant between a donor and a
recipient is determined by a number of different factors,
such as the blood group compatibility, tissue-type com-
patibility, the ages and general health of the donor and the
recipient, the size of the donor’s kidney, and many others
[3]. The lower the compatibility between a donor and a
patient, the lower the chance of kidney transplant success
between them.

In the last decades, there have started to be paired kid-
ney exchanges, which are cycles involving donor—patient
pairs such that each donor cannot give a kidney to their
intended recipient because of some incompatibility. How-
ever, each patient can receive a kidney from a donor from
another pair [1]. These cycles were first performed with
only two donor—patient pair nodes, but later longer cycles
of kidney exchanges were performed. Another possibility
of an exchange scheme is to create exchange chains that
begin with a donation of an altruistic or cadaveric kidney
donor, followed by chained donations of patient—donor
pairs, and then finish with a donation either to a patient
with or without an associated donor. In this study, the
donation chains are also referred to as paths, a term often
used for describing sequences of connected nodes in graph
problems. To find the best possible allocation, i.e., the
optimal solution to the problem, considering a set of
donors, patients, and patient—donor pairs, a mix of both
cycles and chains can be selected as long as the cycles and
paths do not intersect with each other.

These cycles and chains could have unlimited size. In
real life, however, there is a practical limit to the size of the
paired kidney exchange cycles and chains: The kidney
donation surgeries in a chain often must be done simulta-
neously to ensure every patient receives a kidney before
her associated donor donates her kidney. However, orga-
nizing many simultaneous surgeries is logistically complex
and sometimes impractical or even impossible. Even if
they do not have to be done simultaneously, it is generally
required at least that every patient—donor pair receive a
kidney before they give a kidney. Furthermore, numerous
other logistical difficulties arise when dealing with longer
cycles and chains, which makes it highly desirable or
sometimes even necessary that these donation cycles and
chains have limited size. The longest kidney transplant
chain successfully performed had a size of 35 and hap-
pened between 6 January and 17 June 2015 in the USA [5],
although, in most situations, the maximum reasonable size
is considerably smaller.
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1.2 The kidney exchange problem

The Kidney Exchange Problem (KEP) was first mathe-
matically formalized by Roth et al. in [1], then slightly
updated in various ways in subsequent works. A summary
of the variations found in the literature and models and
techniques currently employed to solve them can be found
at [6].

In the formalization used in the study, each instance of
the KEP is represented by a directed weighted graph
G = {V,E}. Each patient, donor, and patient-donor pair is
mapped to a graph node; they will be referred to as patient
(P) nodes, non-directed (or altruistic) donor (NDD) nodes,
and patient—donor pair (PDP) nodes. The set of nodes V is
thus accordingly partitioned into sets P, NDD and PDP.
The graph’s edges represent donation compatibility: an
edge from node A to node B represents that a kidney
donation in this direction is possible; the edge weight
encodes the donor’s compatibility with the recipient.

Solving a KEP instance means optimally selecting a set
of cycles and chains to optimize the transplants performed.
This includes maximizing not only the quantity but also the
quality of the transplants, which is encoded in the edge
weights. The solution must also respect a set of constraints.
Each node may participate at most in one transplant as a
donor and another as a receiver. Also, PDP nodes can only
donate a kidney if they receive one, although they can
receive it without donating. Nodes of type P can only
receive donations, and NDD nodes can only donate. The
problem is then described as follows: “Given a list of
kidney needing patients, kidney donors, and patient—donor
pairs, and a compatibility index between each possible
donor and receiver, what is the best possible selection of
donations that can be performed so that the total quantity
of transplants, weighted by the compatibility indexes, is
maximized, while still respecting a given size limit to the
kidney exchange cycles and chains in the solution?”

Our KEP formalization is represented in the set of
equations below, inspired on the so-called Recursive
Algorithm formulation described by [2]. We use a binary
variable y, for each edge e € E, that indicates if the edge is
part of the solution or not, as well as auxiliary variables
flow in f/ and flow out f° for each node v € V, which
represents the node’s number of incoming and outcoming
edges contained in the solution, and are defined at Egs. 9
and 10. C represents the set of existing cycles and paths in
graph, where C € C is a collection of edges, i.e., C C E. C;
is a subset of C (i.e., C;x C C) containing the cycles and
paths that use k or fewer edges.

max Z WeVe (1)

ecE
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Nip(v) ={eVe € E;e = (V,v)}
Nout(v) = {eVe € E,e = (v,V')}

The constraints ensure the result is a valid solution for
KEP: the first two (Egs. 2 and 3) are necessary for the use
of the flow in and flow out variables, the third one (Eq. 4)
controls the flow in and flow out of the PDP nodes, the
fourth and fifth ones (Eqs. 5 and 6) do the same but for
NDD nodes and P nodes, respectively, the sixth one (Eq. 7)
prohibits cycles or paths with length longer than a given
limit k, and the seventh one (Eq. 8) defines the domain of
the y variable. The objective (defined at Expression 1) is to
maximize the number of edges in the solution y, weighted
by the associated edge weights w, while still respecting the
KEP constraints (Egs. 4, 5, 6, 7, and 8).

It has been proven that this problem is NP-Hard [7],
although it can become polynomial-time solvable if some
of the constraints are relaxed, such as limiting the exchange
cycles and chains length to 2, or removing the length
restriction entirely.

2 Machine learning methods
for optimization problems in graphs

In the last few years, many machine learning-based
approaches that effectively solve several different opti-
mization problems in graphs have been proposed, although
none of them designed for solving KEP. Graph optimiza-
tion problems already solved with the help of machine
learning include the Set Covering Problem [8], Graph
Coloring [9, 10], Minimum Vertex Cover [11, 12], Maxi-
mum Cut [13], Graph Partitioning [14], Maximum Inde-
pendent Set [15], Maximum Common Subgraph [16], and

the Traveling Salesperson Problem (also called the travel-
ing salesman problem or TSP), one of the most famous NP-
hard problems, often used to represent the class, and some
variants of it [17-22].

In 2015, the authors of [20] presented a new type of
neural network called Pointer Networks, designed to learn
how to reorder the elements of an input sequence; they
validated the method by using it to solve 3 problems,
including the TSP. In 2016, researchers presented in [23] a
framework for combinatorial optimization problems using
neural networks and reinforcement learning; the work
focused on the TSP, which is a graph problem, but the
approach was designed to work with any combinatorial
optimization problem. In 2017, the authors of [13] pro-
posed the utilization of a combination of graph represen-
tation learning and reinforcement learning to solve graph
optimization problems; they showed that their proposed
approach effectively learns to solve at least three of those
problems: Minimum Vertex Cover, Maximum Cut, and
TSP. In 2018, the decision variant of the TSP, called
Decision Traveling Salesman Problem (DTSP), which is to
decide if a given TSP instance admits a Hamiltonian route
with a cost no greater than a given threshold C, and is also
NP-Hard, was solved in [19] with a GNN.

In 2019, the authors of [17] tried to solve the TSP using
a two-stage technique that is very similar to the one pre-
sented in this study (described at Sect. 4.3.6 and illustrated
at Fig. 1): Firstly, a GNN processes the input graph and
create scores for each edge of the graph; then, a non-
learned search heuristic, which in this case was beam
search, uses these scores to construct a solution. There have
been other approaches that use similar techniques: in [24]
the authors review graph learning methods for solving
combinatorial optimization problems, with a focus on two-
stage techniques, where the first is based on graph repre-
sentation learning, which embeds the input graph into low-
dimension vectors, and the second uses the embeddings
learned in the first stage; [25] surveys the use of GNNs as a
model of neural-symbolic computing and their applica-
tions, which includes combinatorial optimization problems;
[18] unifies and refines several of such two-stage tech-
niques for neural combinatorial optimization, and test it on
the TSP.

3 Dataset

Deep learning methods such as GNNs require lots of data;
usually, many thousands of instances, or even millions,
depending on the problem and the size of the model, are
necessary for the models to converge to a decent behavior.
With insufficient data, the model is very prone to overfit-
ting, or sometimes may not even learn anything at all.
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Two Stage Method
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Fig. 1 Diagram representing an overview of the two-stage method.
The GNN takes the input KEP instance and computes a score for each
edge of the graph; then, a greedy heuristic such as GreedyCycles or
GreedyPaths uses these edge scores instead of the original edge

Medical data, however, is very scarce, and rarely available
at this quantity. This happens for two main reasons. Firstly,
a major problem with healthcare data is its sensitivity: as a
lot of it is confidential information about the patients, it is
usually highly protected and as a rule cannot be used
without special consent, be it from the patients or at least
from the health institute that owns the data. Furthermore,
there are a limited number of medical cases of each given
situation registered; although it would be useful to have a
KEP dataset with millions of instances, this situation has
not happened that many times, and not necessarily all of
them have been registered digitally.

Due to the scarcity of the data, and considering that to
train a machine learning model it usually takes at least tens
of thousands of examples, the datasets were generated
artificially. Three separate datasets were generated: the
train dataset, with 10 thousand instances for the training of
the model; the validation dataset with 100 instances, used
for validation step during the training; and the fest dataset,
with 10 thousand instances, used to evaluate the perfor-
mance of each one of the employed methods. This number
of instances for the validation dataset was chosen because
it was sufficiently big so that still kept roughly the same
properties as the train and test datasets, but small enough
that the validation does not slow down the training too
much.

To generate each instance, first 300 separated nodes are
created, and then 5500 edges are added sequentially linking
random nodes, while still guaranteeing that no two edges
connect the same two nodes in the same direction. The
weight value of each edge is sampled from an uniform
distribution of values between O and 1. To choose the
number of nodes and edges of the KEP generated instances,
the instances used for benchmarking in [2] were used as
reference. Considering the 25 instances presented in
Table S3, which they call “difficult” real data instances,
the average number of nodes on a KEP instance is 265.84,
and the average number of edges is 5695.92. Thus, the
values for the number of nodes and number of edges
chosen were 300 and 5500, respectively. The proportion of
the types of nodes was also chosen to be similar to the
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Edge labels

weights to build an approximate solution, which is a binary label for
each edge (edge labels), indicating if the edge is part of the
approximate solution predicted or not. Source: Author

instances: roughly 90% of the nodes are PDP nodes, 5% are
NDD nodes, and 5% are P nodes.

To keep track of the instances, an unique ID was
assigned to each. For this, the Weisfeiler Lehman graph
hash [26] was used, which has strong guarantees that non-
isomorphic graphs will get different hashes; it also con-
siders node and edge features in its computation, thus
differentiating even between graphs which have the same
structure but different edge weight values.

4 Methods

We classified the methods for solving the KEP in 3 cate-
gories: integer programming methods, non-learnable
heuristic methods, and learnable heuristic methods. All of
them use the same input information, which is a KEP
instance, and return the solution in the same format, which
is a binary label for each edge, indicating if it is in the
solution or not. All of them are evaluated on the test
dataset, with the exception of the integer programming
method, as later explained in Sect. 5, but only the learned
heuristics use the training dataset, during their training
phase.

4.1 Integer programming

To obtain the analytical solution, i.e., the optimal solution,
the formulation presented in Sect. 1.2 was implemented
using the PyCSP3 Python library [27]. There are other
integer programming formulations for KEP, including two
presented in [2], as well as others in [7, 28, 29]. This
formulation was chosen because it is the most straightfor-
ward one.

4.2 Non-learnable heuristics

To evaluate the implemented methods that use machine
learning, we decided to compare them to non-learnable
heuristics, i.e., heuristic methods that do not use learning
techniques. This section aims to describe these non-
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learnable heuristic methods. To the best of our knowledge,
however, there are no canonical heuristics for the KEP. For
this reason, we implemented two search heuristics, which
are described below.

4.2.1 Greedy paths

This algorithm greedily selects paths that start on NDD
nodes and goes through PDP or P nodes one by one until
there is no more nodes to be selected, or until a P node is
reached. It starts by selecting the edge with the highest
weight considering only the subset of edges that have an
NDD node as source. Then, considering only the edges that
come from the previous node, it follows by selecting
always the next edge with the highest weight, until there
are no more available edges left that would continue the
path. After a path has been added to the solution, the edges
connected to nodes of this path are masked, and Greedy-
Paths repeats the process until no more NDD nodes with
valid outgoing edges are available. This algorithm is
described at Algorithm 1.

Algorithm 1 GreedyPaths

4.2.2 Greedy cycles

This algorithm greedly selects cycles of PDP nodes. It
starts by selecting the edge with the highest weight con-
sidering only the subset of edges that have a PDP node as
source and a PDP node as destination. Then, PDP nodes are
greedly added to the solution in the same way as done by
the GreedyPaths method until the cycle ends, or until it
arrives at a node already added in the cycle, in which case
the cycle is closed and the nodes before the current node
are removed from the cycle. After a cycle is added to the
solution, the GreedyCycles algorithm applies a mask on the
edges connected to nodes of this cycle, and then repeats the
process until no more PDP nodes with valid outcoming
edges are available. This algorithm is described at Algo-
rithm 2.

procedure GREEDY-PATHS(G = (N, E), k)

paths « ]

while | GP(G, k)| > 0 do
path < GP(G, k)
paths < paths @[path]

G+ (N\{nVnepaths}, E\{eVee€ E, srcle) =nVitgtle) =n})

return paths
procedure GP(G = (N, E), k)

Enpp < {eVee€ E,src(e) € NDD}

if ‘ENDD| =0 then
return [|

€c ¢ ArgMaX.cp, 3 We

path < [src(e.)]

while | OE(tgt(e.))| > 0 A |path| < (k+ 1) do

path « path ®[tgt(e.)]
€. +— arg maXeeOE(tgt(Ec))\U
return path
procedure OE(G = (N, E),n)
return {e V e € E,src(e) = n}
procedure IE(G = (N, E),n)
return {e V e € E,tgt(e) =n}

nEpath

IE(n) We
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Algorithm 2 GreedyCycles

procedure GREEDY-CYCLES(G = (N, E), k)

cycles + ||

while | GC(G, k)| > 0 do
cycle + GP(G, k)
cycles < cycles ®cycle]

G+ (N\{nVnecycles}, E\{eVec E, srcle) =nVtgt(e) =n})

return cycles

procedure GP(G = (N, E), k)

Eppp < {eVe€ E,src(e) € PDP,dst(e) € PDP}

if |EPDP| =0 then
return ||

€c ¢ ATEMAX e, ) We

cycle < [sre(ee)]

while tgt(e.) ¢ cycle do

if |OE(tgt(e.))| <0V |cycle| > k then

return ||
cycle « cycle ®[tgt(e.)]
€c < ATEMAXcOR(tgt(e.))\U
return cycle
procedure OE(G = (N, E),n)
return {e Ve € E,src(e) =n}
procedure IE(G = (N, E),n)
return {e Ve € E,tgt(e) = n}

necycle

IE(n) We

4.3 Learnable heuristics

As KEP instances are graphs, using GNNs to extract more
detailed and abstract information can help in constructing
an approximate solution. Therefore, GNN models were
chosen as the main learning module for the machine
learning methods.

4.3.1 GNN architecture

The architecture of the GNN used in this work is the fol-
lowing: firstly, there is a message passing phase, where the
original node features are passed through a PNA layer [30],
and then through two consecutive GATV2 layers [31]; after
each message passing layer, a ReLU activation function is
applied, followed by a dropout regularization; next, the
node features are passed through a fully connected feed
forward neural network, followed by another ReLU acti-
vation function; then, the edge features are constructed by
concatenating the original input edge features with the
node features of the origin and destination nodes associated
to each edge; these edge features are then passed through a
fully connected feed forward neural network, which
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outputs a score for each edge; at this point, a skip con-
nection adds the original edge weights to the edge scores;
finally, a node-wise softmax operation, which is described
below, is applied so as to normalize these scores in relation
to the scores of other edges that share the same source
node.

In order to make information flow not only in the
original direction of the original edges, each message
passing layer is accompanied by an associated layer, which
we call counter edge layer, that is exactly similar, but with
different learned weights, and with the difference that the
information is propagated in the opposite direction, i.e.,
flowing from the destination node to the origin node. Each
time message layers are executed, the output of the original
and of the counter edge layers is concatenated before being
passed to the next layers.

4.3.2 KEP unsupervised loss

This loss function was designed to capture, without the
need for the exact solution as a label or any other super-
vision, the essence of what we are trying to maximize: the
sum of weights of edges that are in the predicted solution.
It is defined as the log of the sum of weights of all edges of
the input instance over the sum of weights of edges that are
in the predicted solution, weighted by the scores predicted
by the GNN. This loss function is presented in Formula 11,
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Fig. 3 Evolution of the training and validation loss for GNN+Gree-
dyPaths method

where w represents the vector of edge weights, pred rep-
resents the vector of predicted classes (which indicates if
each edge is contained in the solution or not), and s rep-
resents the vector of scores attributed by the GNN for each
edge.

ZeEE We

KEP_Loss(w, pred, s) = log =———“~——
> ecr Wepred, s,

(11)

4.3.3 Loss constraint regularization

In order to integrate information about the KEP flow
constraints (Egs. 4, 5 and 6) into the learning of the model,
a loss regularization function was developed. It aims to
model the restriction that each node must have at

Number of nodes

Loss

—e— validation
—e— train

6.8 A

0123456 7 8 91011121314151617 181920
Epoch

Fig. 4 Evolution of the training and validation loss for GNN+Gree-
dyCycles method

maximum one single outcoming edge and one incoming
edge that are part of the solution. It is defined as the log of
the division between the total quantity of edges in the
solution and the number of unique nodes that appear in the
solution as an origin/destination node. This makes it so that
the regularization term value is proportional to the number
of invalid edges in the solution, i.e., the total quantity in the
graph of extra edges for each source/destination node. This
function can then be added to the unsupervised loss (de-
scribed in the subsection above) by summing their output
values, weighted by coefficients, which become new hyper-
parameters of the training.
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Fig. 6 Evolution of the score measured in the validation dataset for
the GNN+GreedyPaths method
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Fig. 7 Evolution of the score measured in the validation dataset for
the GNN+GreedyCycles method
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Fig. 8 Evolution of the score measured in the validation dataset for
the Unsupervised GNN method
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Fig. 9 Evolution of the standard deviation of score measured in the
validation dataset for the GNN+GreedyPaths method

4.3.4 Node-wise softmax

The node-wise softmax operation is the application of an
independent softmax operation for each group of edges that
share the same source node, as one can see in Eq. 12,
where Se(,,, Tepresents the edge score of the edge con-
necting node i to node j. In this way, for each node we will
have a probability for each outgoing edge; in KEP, these
values may represent a probability distribution for the
donation options of the donor for each source node.
Although in this work the operation was used grouping
edges by source node, with a simple change of a parameter
it can group edges by groups of common destination node
as well.

67Se('1/~ﬂ/)

75?(/1'/1 )
anEN(ni) e

(12)

node-wise-softmax(se,, ,, )=
7]
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Fig. 10 Box plot comparing the approximate solution scores obtained
when each of the evaluated methods was used in the test dataset. The
evaluated methods were two non-learnt heuristics, GreedyCycles and
GreedyPaths, and their 2 stage method versions, GNN+GreedyCycles
and GNN+GreedyPaths

To the best of our knowledge, this is the first time this
operation is proposed in the literature. It is potentially
useful for any edge classification task on graphs, specially
when the problem involves constraints in which only one
edge may be chosen per node, be it destination or origin
node. These constraints are very common in optimization
problems in graphs; this is the case for KEP, for example:
Each donor or patient—donor pair may donate at most one
kidney, and each patient or patient—donor pair may receive
at most one kidney.

4.3.5 Unconstrained GNN model

This method, referred to from now on as Unsupervised
GNN, consists of a GNN model which receives a KEP
instance and outputs, for each edge of the input instance, a
score and a binary prediction, which indicates if the edge is
part of the predicted solution or not. The binary prediction
is made independently for each edge, and consists of a
simple decision threshold. This GNN model is trained
using the unsupervised loss described at Sect. 4.3.2 with
the loss regularization term described at Sect. 4.3.3.
Although there is no guarantee that the solutions given by
this method will be valid, the loss regularization term is
used with the goal of inducing it to respect the problem
constraints.

4.3.6 Two stage method

Inspired by the approach used in [17, 18], this method
follows a two steps structure: firstly, the learnable step,
which is a GNN, takes the KEP graph instance as an input
and outputs a score for each edge; then, the non-learnable
step, which is one of the heuristic methods described above
in the Sect. 4.2 is executed, but using the scores given by
the GNN instead of the edge weights. This process is
illustrated in the diagram on Fig. 1. The intuition behind
this idea is that the GNN model will learn to encode in the
edge score contextual information that will change the
decisions of the search heuristic so as to maximize the total
score of the final output solution.

This GNN model is trained without supervision using
loss described at Sect. 4.3.2. There is no need to use the

Fig. 11 Box plot comparing the
time to compute a solution on
each of the 10 thousand KEP
instances of the test dataset,
each one with 300 nodes. The
evaluated methods were two
non-learnt heuristics,
GreedyCycles and GreedyPaths,
their 2 stage method versions,
GNN+GreedyCycles and
GNN+-GreedyPaths, and
UnsupervisedGNN, which is a
GNN trained and used without
an heuristic
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loss regularization term described at Sect. 4.3.3 because
the second step of the method ensures that the output will
be a valid solution.

Two versions of the two-stage method were imple-
mented for the experiments. Both use the GNN described
in Sect. 4.3.1 for the first stage, but their second stage
consist of different search heuristics. One uses the Gree-
dyPaths search heuristic described at Sect. 4.2.1 and is
referred to later on as GNN+GreedyPaths. The other uses
the GreedyCycles search heuristic described at Sect. 4.2.2
and is referred to later on as GNN+GreedyCycles.

5 Experiments

The main goal of the experiments was to assess the
machine learning methods, and compare them to the
deterministic heuristics and to the exact solution, both in
terms of the quality of the solutions as well as of their
operational performance, i.e., the time it takes for a solu-
tion to be calculated. The integer programming method,
however, could not be measured in the same dataset
because it took too long to run the solver.

The objective of the Kidney Exchange Problem is to
maximize the number of donations weighted by their
compatibility index, i.e., their associated edge weights in
the graph. Therefore, this was the main metric used to
quantify the quality of each solution and to compare the
different methods, and is also referred to as score in this
study. As the operational performance of the methods was
also to be compared, the total time that each method took to
run per instance was also measured.

Ideally, the heuristics could be compared by using the
optimality gap, which is defined as the distance between
the heuristic solution score and the optimal solution score.
However, as the randomly generated KEP instances of 300
nodes have shown to be intractable while using the
PyCSP3 solver, i.e., impossible to solve optimally in a
reasonable time, the optimality gap could not be measured.

For the trainable heuristics, the total training time was
also measured and compared. To monitor and guide the
training process, the evolution of the loss function value
over the training time was also collected. Additionally, the
mean score of the current model in the validation dataset
was measured at each validation phase.

For a fair comparison between methods, all the mea-
surements were made in the same test dataset, which is
described in Sect. 3, with the exception of the exact solu-
tion method, as explained in Sect. 5 below.
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5.1 Solver execution time analysis

To measure how much time it takes to solve a KEP
instance in relation to the input size, the following exper-
iment was designed: first, we randomly generate 100
instances of each graph size (i.e., number of nodes),
starting from 5 nodes and up to 300 nodes; then, each one
is solved optimally using the integer programming method
described at Sect. 4.1. The elapsed time of each solver
execution is collected for later analysis.

5.2 Training of the ML models

The training of the ML models was separated in epochs. In
each epoch, we iterate through the 10 thousand instances of
the train dataset, predicting, calculating the loss, and
updating the GNN weights according to it. At every 500
instances, a validation phase is run, where the model is
evaluated on the validation dataset and a checkpoint is
saved. The chosen batch size was 1, which means that the
predictions were done on one instance at a time, because it
empirically seemed to be the best for the learning process.
There were two machine learning models that were trained
in this study: the unconstrained unsupervised GNN and the
two-stage method, which are described at Sect. 4.3. For
each training process, it was measured how the loss value
evolved over time in the training and in the validation
datasets.

5.3 Evaluation of KEP solving methods

In order to do a fair comparison between the different
heuristic methods, all of them were evaluated by predicting
the solutions of all 10 thousand instances of the test dataset.
We did not set the cycles and paths size limit (parameter
k in constraint represented by Eq. 7), i.e., the cycles and
paths could have any length, as long as they respect the
KEP constraints. We intend to assess the performance of
these methods with limited cycles and paths length soon.
For each prediction, it was measured the solution score, the
number of edges in the solution, and the relation between
the solution score (which is the sum of the edge weights of
the solution edges) and the total sum of edge weights of the
graph. In addition, the validity of the predicted solution
was evaluated; if invalid, we measure the number of
invalid edges in the solution, i.e., the number of edges that
disrespect the restrictions. Furthermore, we measured the
time it took for each method to solve each instance using a
CPU. Then, it was measured, for each model in relation to
the whole test dataset, the mean, standard deviation, and
distribution for the scores and the prediction elapsed times.



Neural Computing and Applications (2024) 36:15373-15388

15383

6 Results
6.1 Solver time measurements

Figure 2 shows a box plot of the time that the solver took to
optimally solve KEP instances in relation to the instance
size. For that, graphs of sizes 5-15 (i.e., number of nodes)
were used; initially, graphs with up to 300 nodes were
going to be included in the analysis, but as solving graphs
with 16 nodes or more would take several days to compute,
they were excluded. To solve a hundred instances with 15
nodes, for instance, it took 101.2 h in total.

As we can see, the experiment results show a pattern of
exponential growth of computational time in relation to the
input size. The mean time it took when the graph node
number was beneath 10 was always below 1.5 s. For
instances with 15 nodes, the mean time measured was
3569.33 s, i.e., roughly one hour.

6.2 Training of the ML models

Figures 3, 4, and 5 show the evolution of the loss value on
the training and validation datasets for the two-stage
methods described at Sect. 4.3.6, GNN+GreedyPaths and
GNN~+GreedyCycles, and for the Unsupervised GNN
method described at Sect. 4.3.5, respectively.

Figures 6, 7, and 8 show the evolution of the mean score
value for GNN+GreedyPaths, GNN+GreedyCycles, and
Unsupervised GNN, respectively. Figure 9 shows the evo-
lution of the standard deviation of the scores predicted on
the validation dataset.

6.3 Methods’ performances

Figure 10 shows a box plot of the approximate solution
scores (i.e., the sum of the weights of the edges contained
in the approximate solution) achieved by each method in
the test dataset, with the exception of Unsupervised GNN
and integer programming. As all the solutions found by the
Unsupervised GNN method were invalid, there was no
reason to evaluate their quality. The integer programming
method is also absent from the plot, as it was not possible
to run it in instances with 300 nodes.

As we can see, the GreedyPaths heuristic method found
much better solutions than GreedyCycles. The 2 stage
method variations, GNN+GreedyCycles and GNN+
GreedyPaths, obtained very different performances.
Unfortunately, the GNN module in the GNN+Greedy-
Cycles method did not manage to learn to output edge
scores that help the heuristic; on the contrary, the quality of
its approximate solutions are considerably worse than those
from GreedyCycles. The GNN+GreedyPaths method,

however, effectively learned to output better solutions than
the non-learnt heuristic achieving a mean score of 228.40
on the test dataset; while, GreedyPaths obtained 203.79;
this shows an improvement of 12% of the mean solution
score with the use of the GNN. We can also see that,
although the best scores achieved by each of them are very
similar, the score distribution is very different: While
GreedyPaths outputs approximate solutions with very large
range of scores, GNN+GreedyPaths’s approximate solu-
tions have much more consistent scores, obtaining a decent
performance throughout all instances of the dataset.

6.4 Methods’ computational time

The box plot in Fig. 11 shows the comparison between the
time it took for each method to solve the KEP instances of
the test dataset. As we can see, all of them took less than a
second. Although the difference is not large, the two basic
search heuristics took less time than the GNN based
methods, and GNN+GreedyPaths took, on average, the
most time.

7 Analysis of experimental results
7.1 Solver time analysis

Because the Kidney Exchange problem is NP-Hard, the
time it takes to optimally solve each instance is expected to
grow exponentially as the instance size grows. Regardless,
considering that in [2] real life KEP instances could be
optimally solved in a reasonable time, it was expected that
we would also be able to optimally solve the ones used in
this study, since they have been constructed to have similar
sizes to the ones used in the article. However, as described
in Sect. 6.1, instances of size as small as 15 already took in
average 1 h to solve. Considering that we would want to
optimally solve all 10 thousand instances of the test set in
order to fairly compare to the other methods and to mea-
sure their optimality gap, this process would take an
unreasonable time, estimated to be around 10 thousand
hours, i.e., roughly 1.14 years. This estimate is only if the
KEP instances on the test dataset had 15 nodes; for
instances with 300 nodes, it would surely take an unrea-
sonably enormous amount of time.

The number of nodes of the input instance is not,
however, the sole factor that determines the time it takes to
optimally solve it; in a set of instances with the same
number of nodes, some are “harder” than others, i.e., take
more time to solve. As the instance size increases, so does
the variability of the time to solve it: The minimum and
maximum times measured for instances with 15 nodes
were 5.17 s and 29,779.01 s (i.e., roughly 8 h); for
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comparison, the minimum and maximum times for
instances with 5 nodes were 0.8 and 1.3 s. Hence, it is
possible that, while some real life instances are solvable in
a reasonable time, a percentage of them would take too
long to solve, thus becoming intractable.

There can be several reasons why the authors of [2]
could compute the optimal solution of their KEP instances
in much less time. First of all, they probably used a solver
tool that is much more efficient than PyCSP3. In addition,
the computer used may be much more powerful than the
one used in this study. Also, it is important to remember
that the NP-Hardness of KEP guarantees that the compu-
tational time it takes to solve the worst case scenario grows
exponentially, but in practice real life instances may often
have specific properties which may cause them to be either
harder or easier to solve. Hence, another plausible reason is
that their instances may be much easier to solve. Further-
more, the authors used a constrain relaxation technique that
speeds up significantly the solving process. These set of
reasons alone may not explain totally why they were able
to optimally solve their KEP instances much faster than we
did on our data; this may be further investigated in future
work.

7.2 Training of the GNN model

As we can see in Fig. 3, the training of the GNN+Gree-
dyPaths method was successful, seen as it managed to
optimize the GNN by minimizing the loss function. The
training of the GNN+GreedyCycles and Unsupervised
GNN methods, however, were unsuccessful, as shown by
the loss curves of Figs. 4 and 5, which do not decrease over
time.

Although at first glance at Fig. 8 the Unsupervised GNN
model seems to achieve great scores, unfortunately all its
output solutions were invalid, i.e., they did not comply to
the KEP constraints. It is clear that the loss constraint
regularization (described at Sect. 4.3.3) added to the loss
function was unsuccessful in helping the model learn to
comply to the KEP constraints. This highlights the neces-
sity of having a methods that guarantee with total certainty
that all its output solutions are valid. However, even though
there were many manual trials with different hyperparam-
eter combinations, it is still possible that a variation of this
technique could work with a different setting, i.e., another
GNN architecture, other hyperparameters, and so on.

Because of the skip connection that sums the original
edge weights to the predicted edge scores at the end of the
GNN, the predicted solutions start off very similar to the
ones made by GreedyPaths. Then, the changing of the
GNN weights disrupts these scores, which increases the
loss, but goes on to improve them, eventually arriving at a
performance that is better than GreedyPaths. After some
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point (around epoch 6 in Fig. 6), the learning converges to
a solution, and after a while the performance starts to
slowly worsen. The final model was chosen from the
checkpoint with the highest score measured on the vali-
dation dataset, which was in epoch 6, step 3500. As we can
see on Fig. 9, at this point the model’s scores on the val-
idation also presented the lowest standard deviation, which
indicates that the model’s predictions were more consis-
tent, maintaining a decent performance throughout all
instances.

7.3 Methods’ performances

Ideally, we would want to evaluate and compare each
method by measuring their optimality gap for each
instance, i.e., how far the approximate solution is from the
optimal one. However, as we do not have access to the
optimal solution, this was not possible. We can neverthe-
less estimate it roughly by examining an upper bound:
Each instance has 300 nodes, and each node may donate
and receive at most one kidney; thus, the solution with the
most edges would be contain cycles that together com-
prehend all nodes. As each edge weight is a value between
0 and 1, the maximum score possible is equal to 300, when
all edges in the cycle have a weight of 1. Hence, an upper
bound for the score is the number of nodes, which in this
case is 300. This is obviously extremely unrealistic, as it
assumes that all nodes are PDPs, that there are a set of
cycles that links all of them, and that the solution edge
weights are equal to 1 (as the edge weights are values
sampled from a uniform distribution between O and 1, their
average value is 0.5). Considering the score upper bound of
300 as a very conservative estimate for the mean optimal
solution value, we can estimate that the absolute and rel-
ative optimality gap for the GreedyPaths method would be
96.28 and 32%; for GreedyCycles, these values would be
286.29 and 95.4%; for GNN-+GreedyPaths, 71.59 and
23.8%; for GNN+GreedyCycles, 299.15 and 99.7%.
Hence, the improvement on the optimality gap of the
GNN+GreedyPaths method in relation to GreedyPaths
would be at least 34.4% (96.28-71.59), which is already a
very substantial improvement.

It is clear that the two methods that searched for paths
performed much better than the ones that searched for
cycles. There are many possible explanations for this
observed behavior. Maybe the best cycles-only solution in
a KEP instance is usually much worse than the best paths-
only solution. This, however, can only be verified by
making comparisons to the cycles only and paths only
exact solutions, which are unavailable. Also, the Greedy-
Cycles method is probably less efficient because it discards
the path it is constructing if it does not end up closing a
cycle. It also shortens the constructed cycle if it closes
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before the node it had begun on, which may also lead to
worse performance overall. The GreedyPaths method does
not have these issues, as it always keeps the edges it adds to
each path it constructs.

We can also observe that the while the GNN module in
the GNN+-GreedyPaths improved the performance in
relation to the basic non-learnable heuristic, in
GNN+GreedyCycles it only worsened it. It is possible that
its GNN module in GNN+GreedyCycles could not learn
the needed context to know if a given edge would lead to a
longer and higher-valued cycle because it is too complex,
and does not depend that much on the 3-neighborhood
context, which is the limit of information gather in each
node with the GNN architecture used, as it only has 3
message passing GNN layers. Another possible explanation
is that it is way harder for a model to learn to compute edge
scores that help the choices of GreedyCycles because it is
inherently more complex than GreedyPaths, i.e., it is not
just a sequence of simple decisions, as it also has to keep
track of the rest of the nodes of the cycle being constructed,
check if it closed a cycle, and remove from the solution in
construction the edges added before the node where the
cycle was closed. Put simply, the more complex the second
step heuristic is, the harder it is for a machine learning
model to learn to help it.

As explained at Sect. 6.3, GNN+-GreedyPaths approxi-
mate solutions have much more consistent scores, which
suggests that it probably handle much better “hard”
instances. A plausible interpretation is that the GNN
module helps the subsequent greedy heuristic to avoid
choosing edges that are only locally good, but lead to
worse paths overall. It is able to do this because it considers
information of the neighborhood context.

7.4 Methods’ computational time

The GNN computational complexity is linear, as it per-
forms a fixed amount of computations per graph node plus
another fixed amount of computations per edge. As for the
heuristic methods GreedyPaths and GreedyCycles, their
computational complexity is also linear, as the worst case
scenario one edge for each node will be added, one by one,
into the solution; hence, it always performs a quantity of
computational operations linearly proportional to the
number of nodes of the input instance, at worst.

The results from Sect. 6.4 show that every method tes-
ted in this work took very little time to execute, with the
exception of the integer programming method, which took
so much time that applying it to 300 nodes instances
became intractable. The GreedyPaths method took a bit
more time than GreedyCycles probably because it found
better solutions overall, and consequently took more
computing steps to construct each solution. The same effect

may also explain the prediction time difference between
GNN+GreedyPaths and GNN+GreedyCycles. The Unsu-
pervisedGNN method took a bit less time to execute than
the two step methods, which was expected because it runs
the same computations, but without the second step, which
is the basic search heuristic.

8 Conclusion and future work

In this work, several heuristic methods with and without
machine learning for approximately solving the Kidney
Exchange Problem were proposed and investigated. They
were tested on an artificial dataset and compared between
each other and with an implementation of an exact solution
method. Additionally, it was made an experiment for
measuring the time it took for the exact solution method to
solve an instance in relation to the instance size. The results
of the evaluations and experiments were then analyzed and
discussed.

8.1 Answers to the research questions

As seen from the results in Sect. 7.3, the main question
presented at Sect. | was answered: Yes, the Kidney
Exchange problem can be better approximately solved with
the help of machine learning.

As for the feasibility of the ML methods, the
GNN+-GreedyPaths method surpassed all other evaluated
heuristics in terms of the quality of the solutions it pro-
vides; among all evaluated methods, it remains the one that
best approximately solves the dataset instances in a rea-
sonable time. The other ML methods evaluated in the work
(UnsupervisedGNN and GNN+GreedyCycles), however,
did not achieve good results.

Regarding the viability of such methods in terms of
computational time, the GNN module adds an almost
insignificant overhead when compared to the non-learnable
heuristics. When compared to the solver running the exact
solution, it is several orders of magnitude faster for
instances with at least 15 nodes. The complexity of the
two-stage methods is linear, turning instances that were
previously intractable due to their size into easily approx-
imately solvable in a reasonable time.

As for the limitations of the employed machine learning
methods for this problem, it is clear that they are not simple
to use, as they need to be properly trained, which is not
easy to do. Although using the two-stage method poten-
tially improves considerably the performance in relation to
the basic heuristics, as happened with the GNN+Greedy-
Paths method, it also introduces several new hyperpa-
rameters which need to be adequately set in order for the
method to work. Applying supervised learning turned out
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to be unfeasible because of the need for the exact solution
to be used as edge labels. Regarding the UnsupervisedGNN
method, our results suggest that imposing the constraints
through adding terms in a loss function is actually really
hard; hence, the method never learns to output valid
solutions, rendering it useless.

8.2 Main contributions

In the following list, a summary of each of the main con-
tributions that this work provided is presented.

Learnable heuristics for KEP Although the two-stage
approach was already used by past work [17, 18, 24], this
was the first work to adapt it and apply it to KEP. Two
variations of the approach were implemented:
GNN+GreedyPaths and GNN+GreedyCycles, the first one
having achieved satisfactory performance.

Non-learnable heuristics for KEP Two new deterministic
heuristic methods for approximately solving the Kidney
Exchange Problem were introduced: GreedyPaths and
GreedyCycles. They were also evaluated in the test dataset,
giving insight on their effectiveness.

Node-wise softmax A variation of the softmax activation
function designed to be applied to edge scores in graph
problems was created and implemented. It showed to be
useful for the GNN, empirically improving its perfor-
mance. The author plans to contribute to the PyTorch
library with the implementation of this technique, thus
making it available and easily usable by its future users.

KEP unsupervised loss A novel loss function (described at
Sect. 4.3.2) designed for KEP was introduced. It optimizes
the weighted sum of the edges in the predicted solution
without the need for supervision. It was validated in the
training of the GNN+GreedyPaths method, as seen in
Fig. 3 in Sect. 6.2, where it lead the GNN to learn to
effectively help the heuristic method construct better
approximate solutions.

8.3 Future directions

Using real data Use data collected by countries’ or hos-
pital’s healthcare system to evaluate how the presented
methods would perform in real life situations. This would
also allow us to compare our proposed methods with others
that were already evaluated in the same data.

Using better artificial data There more sophisticated
methods for generating artificial KEP instances, such as the
ones presented at [3, 32]. They are still far from sufficiently
similar to real data so as to substitute evaluating it. How-
ever, it would still probably give an evaluation of KEP
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solving methods that is closer to that of real life situations.
Furthermore, training the model with these instances could
also potentially lead to better results. Another possibility of
generating better artificial data would be to use a graph
generator model that learns to create instances similar to
the real data; the Graph Variational Auto-Encoder pre-
sented at [33] and the MolGAN presented at [34] are good
examples of candidate methods to be adapted for that goal.

Training the models with supervised learning Another
direction is to develop a method that learns with supervi-
sion, evaluate it, and compare it to the other methods. For
that, we would first have to obtain the optimal solutions,
which would then be used as labels for the supervised
training. This could be done either by improving a lot the
integer programming method’s speed and/or by training on
much smaller instances (i.e., instances with less than 15
nodes). Another promising variation of this idea is to use
the N best solutions, and create soft labels where each edge
would have a value between 0 and 1 that would indicate
how often it appears in the best solutions, weighted by the
quality of these solutions.

Running a GNN before every step of the greedy heuris-
tic Instead of running the GNN once and then passing the
edge scores to the greedy heuristic method, new node
embeddings could be generated before each step of the
heuristic. Although significantly costlier in terms of infer-
ence, as the GNN is executed many times per instance, this
has shown good results for other graph route optimization
problems [22]. This approach is called autoregressive
decoding and explored for solving the TSP by [18].
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