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A Mathematical formulation

A.1 Notation

Following this, a summary of sets, indices, parameters, and decision variables is enlisted for quick

reference.

Sets and indices of the power system:

BR  Set of electric tie-lines; br € BR

D Set of loads; d € D

DE  Set of elastic loads; d € DF

g Set of all generators in the system; g € G = GTF U GHl U GRE
GHL  Set of hydroelectric generators; g € GH!

Set of renewable generators in the system; g € GRE

Set of thermal generators; g € G'F

N Set for electric nodes in the system; n € N

R Set of reserve zones; r € R

RO  Set of operative ranges of generators with prohibit operative zone (POZ); ro € RO, only for
the GTE and gH!

T Set of time periods in the planning horizon; t,t' € T

Sets and indices of the hydraulic system:

E Set of reservoirs; e € £

HZ. Set of hydro generators located in reservoir e € £; g € HZ,

HI, Set of hydro generators that discharge water over a river v € V¢; g € HZ,
VS Set of rivers converging to reservoir e € £; v € VS

V4 Set of rivers diverging from reservoir e € £; v € V4

Sets and indices the cost-related aspects:

BZ'p'b' Set of segments of the energy purchase bid for an elastic load d € D¥; b € ByP b
B Set of segments of the energy sale offer for a generator g € G; b € By

B'T Set of segments of regulation reserve requirement; b € B""

B0 Set of segments of 10 minutes reserve requirement; b € 510

B30 Set of segments of 10 minutes spinning reserve requirement; b € 35710
B30 Set of segments of 30 minutes reserve requirement; b € B30

Bor-dc The ORDC is comprised by B uBsoyB-oYB-; b e Bor-dc

Sy Set of start-up cost curve segments for a generator g € G'F; s € Sy

Parameters:

ai,g,02,9,03,4 Coefficients that are part of the constant term of the HPF (S40) for a generator
g € 1 in MW
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Linear coefficients that are part of the constant term of the HPF for a
generator g € G, in MW /m

Quadratic coefficient that is part of the constant term of the HPF for a
generator g € GHL: in MW s/m?

Price of energy purchase bid in a segment b € BZ'p'b' for load d € D¥ in a period
t € T;in $/MWh

Price of energy sale offers in a segment b € B for a generator g € G™ in a
period ¢t € T; in $/MWh

Minimum operating cost of a thermal generator ¢ € G that works at least at
minimum power P ; in $

Price of 10 and 30 minutes non-spinning reserve offer of a generator g € GTFUGH!
in a period ¢t € T; in $/MWh

Opportunity cost of a hydroelectric generator ¢ € GH! in a period t € T in
$/MWh.

Revenue or profit gained by operating reserve demand curve on b €
period t € T; in $/MWh

Price of regulation reserve offer of a generator g € GT¥ U GH! in a period t € T;
in $/MWh

Start-up offer in a generator g €

Bo.r.d.c in a

GTE with a set of segment time s € Sg; it

determines the starting cost by locating a cost in a segment time s in the intervals
[Tgs,T s);in $/h

Price of 10 and 30 minutes spinning reserve offer of a generator g € G'¥ U GH! in
a period t € T; in $/MWh

Price-sensitive demand bid in a segment b € By
teT;in$/MW

Fixed demand in a segment d € D in a period t € T; in MW

b for a load d € DF in a period

Maximum value for the power counterflow and flow on tie-line br € BR in a period
t € T, respectively; in MW.

Sensitivity transmission losses in node n € N with regard to changes in power
injections in node n € N in a period ¢t € T; dimensionless

Maximum number of stoppages allowed for a generator g € GTF UGH! during the
planning horizon; dimensionless

Operating reserve demand curve bid on b € B°"4 in a period t € T; in $/MWh
Power generation of a generator g € G injects into the system immediately after
connecting it; in MW

Offer quantity of power b € Bf,‘p'b' for g € GTP U GRE in a period t € T; in MW
Maximum and minimum generation value of a generator g € G in a period t € T,

respectively; in MW
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Maximum and minimum regulation limit for a operative zone ro € RO of a
generator ¢ € GTP UGH! in a period t € T, respectively; in MW

Maximum and minimum operation limit for an operative zone ro € RO of a
generator g € GTF U GHI respectively; in MW

Power transfer distribution factors are the incremental changes or sensitivity
power flow in tie-lines br € BR concerning power injection at any node n € N in
a period t

Maximum and minimum water flow passing through the turbines of a generator
g € GMin a period t € T, respectively; in m?/s

Maximum and minimum water discharge limits over a river v € V¢ in a reservoir
e € £ in a period t € T, respectively; in m?/s

Electric resistance of a tie-line br € BR; dimensionless

G U GM to decrease power

Ramp-down rate is the capacity of a generator g €
between two consecutive periods; in MW /h
Emergency ramp rate for 10 and 30 minutes spinning reserve of a generator g €
GT™ UGHl in a period t € T; in MW

Regulation ramp rate of a generator g € GT* U GHl in a period t € T in MW
Ramp-up rate of a generator g € G'* U GH! to increase power between two con-
secutive periods; in MW /h

Ramp-up rate of a generator g € G™ to increase power when the generator is
starting; in MW /h

10 and 30 minutes spinning reserve bid of a generator g € GT¥ U GHl in a period
teT;in $/MWh

10 and 30 minutes non-spinning reserve bid of an offline generator g € GTE U GH!
in a period ¢t € T; in $/MWh

Regulation reserve bid of a generator g € GT® UGH! in a period t € T in $/MWh
Maximum capacity limit for 10 and 30 minutes non-spinning reserve of a generator
g€ GT™ UGl in a period t € T; in MW

Maximum capacity limit for 10 and 30 minutes spinning reserve of a generator
g€ G™ UGHl in a period t € T; in MW

Maximum capacity limit for regulation reserve of an generator g € GT'* U GH! in
a operative zone ro in a period t € 7; in MW

Start-up time for a generator g € G™F; in h

Start and end of start-up cost segment s € S, respectively; in h

minimum up/down time for a generator g € G'* UG in h

The amount of water by natural inflows in a reservoir e € £€ in a period t € T in

m3

Discharge spillage over a river v € V¢ in a period t € T in m3



pei

Ty

we? Qe

Water outflow of a reservoir e € £ in a period t € T used for different purposes

unrelated to energy generation; in m3

Water travel time delay of a river v € V5;in h

Maximum and minimum water storage limits on a reservoir e € £; in m3

Binary variables:

Ug,t
S
g,t

RO
ugmoJ

u

RE
ugmo¢

rnrl0

Ug,t

rnr30

Ug t

Vg,t
Wy,

Og,t,s

Equal to 1 if generator g € GT¥ U GH! is online in a period ¢t € T, and 0 otherwise

Equal to 1 if generator g € GT¥ is starting-up in a period t € T, and 0 otherwise

Equal to 1 if generator ¢ € GTF U GH! is in operating range ro € RO in a period t € T,
and 0 otherwise

Equal to 1 if generator g € GT* U GH! is in regulation reserve re in a period ¢t € T, and 0
otherwise

Equal to 1 if generator g € GTPUGH! is committed to supplying 10 minutes of non-spinning
reserve in a period t € 7, and 0 otherwise

Equal to 1 if generator g € GTPUGH! is committed to supplying 30 minutes of non-spinning
reserve in a period ¢t € T, and 0 otherwise

Equal to 1 if generator g € GTF U GH! starts up at the beginning of period ¢t € T, and 0
otherwise

Equal to 1 if generator g € GTF U GH! is shut-down at the beginning of period ¢ € T, and
0 otherwise

Equal to 1 if generator ¢ € GTF have a start-up type s € S in period t € T, and 0

otherwise

Real variables:

DBy g4

j%nt
hv¢
inyn¢

LossyT

LossMP

DPg,t
pbth

PSg,t

QQ¢
rCOop ¢

Amount of demand price-response of segment b for demand d € DF in a period t € T, in
MW

Power flow on br in 4, in a period t € T; in MW.

Net hydraulic head of a river v in a period t € 7 ; in m

Amount of power input at node n € N in a period t € T, in MW

Amount of exact transmission losses in a period ¢ € T, in MW

Amount of approximate transmission losses in a period t € T, in MW

Amount of power a generator g € G produces in a period t € T, in MW

Amount of power a generator g € GT* U GHI produces in segment b of period ¢t € T, in
MW

Amount of power a generator g € G produces during the start-up time in a period ¢t € T,
in MW

Water discharge of generator g € G in a period t € T; in m?/s

Committed amount of reserve commitment of the OCDR on segment b in a period t € T;
in MW



TTngﬂg

30

rn’rw

rreg,t

rTeg

Committed amount of 10 minutes non-spinning reserve of a generator g € G in a period
teT,in MW

Committed amount of 30 minutes non-spinning reserve of a generator g € G in a period
teT,in MW

Committed amount of regulation reserve of generator g € G in a period t € T; in MW
Minimum regulation reserve that can be committed to a generator g € GT® U GHl in a
period t € T; in MW

Committed amount of 10 minutes spinning reserve of a generator g € G in a period t € T,
in MW

Committed amount of 30 minutes spinning reserve of a generator g € G in a period t € T,
in MW

Water volume in the reservoir e in a period t € 7 in m?

A.2 Assumptions

Key assumptions to bear in mind: The limits of generator output power, reserves, offers, and bids

may change during the planning horizon. Also, the purchase bids and the energy generation in

each period represent the average power demand between the beginning and the end of a period.

A.3 Objective function

The objective function is cast in the form of maximizing the net profit obtained by the difference

between the revenue obtained from the selling of energy from the elastic loads and selling of reserve

requirements minus all operation costs including start-up costs, minimum generation cost, and cost

of the power and reserves supplied by generators.

maximize E E CoT%Creoy

teT pepor.d.c

SHDS

S .g. .8.
Cg,8697t75 + ugth;n g + Z C;;,gs,fpbb7g7t]

teT geGTE beBg-S-0
o.c e.8.0 e.p.b
+ > Cipeat D D, Chgipboge— 3 { 2 Cb,d,tdbb,d,t}
geQHI gegRE beBg-S-0 deDE bEBg'p'b

DY

gGQTE U gHI

s.10 10 n.s.10 10 s.30 30
Cg,t TT0g1 + Cg,t nrg; + Cg,t TTOg 4

}. s

+ C'gf'Sornr;g + Cg;:rrem

The constraints of the problem are detailed below.



A.4 Constraints

A.4.1 Power balance

The balance equation per node is outlined in (S2)), where the power injections in a node n in a

period t are unpacked in (S3|):

Z inynt — Lossy =0, teT,
neN

iNYn,t = Z Pyt — Z (DFy + Z dbpar), neEN,teT.

9€Gn deDy, bEBe'p'b
d

A.4.2 Loads

The lower and upper limits of the elastic loads are shown as follows:
0<L dbb,d,t < DBb,d,ta be Bg'p'b, de DE, teT.

A.4.3 Offers reserve and requirements reserve

(52)

(S3)

RRE, RRR, RRS, and RRS requirements are met by the generators’ committed reserves (regulation,
spinning, and non-spinning of 10 and 30 minutes) by constraints f. Also, the limits of

reserve requirements are expressed in ([S9)):

Z rTegt > Z TCOp ¢, teT, (S5)
gegTEUgHI bepBr-I-

Y (rregitrrog)= Y reop, teT, (S6)
gegTEUgHI pepr-r-yps-r.10

Do (regutrrog by > Y ooy, teT, (s7)
gEQTEUQHI beBr-r.UBs.rJOLJBr.lO

Z (rrege + rro;?t + rnr;g + 7“7“0325 + ang’g) > Z TCOp ¢, teT, (S8)
gegTEUgHI pepo-r.d.c
0 < rcopy < ORDCyy, be B>t teT. (S9)

A.4.4 Generation limits

Constraints (S10|) establish that, for thermal generators, the power level of a generator is expressed

as the sum of the power produced during the start-up process, the minimal operative limit of gen-

erator, and the sum of the segment power values associated with each offer segment. For renewable

generators, the power level of a generator amounts to the sum of the segment powers associated with

each offer segment, as indicated in constraints (S11)). For both renewable and thermal generators,



the power level amounts of the individual segments offered is limited by constraints ([S12]).

Dgt = PSg,t + ug,tﬂg,t + Z pbb,g,tv g€ gTE> teT, (SlO)
beBEAS.O
Pgt = Z pbb,g,b g e gRE’ te T: (Sll)
bEBSS©
0 < pbygs < ugiPbygys, be B, ge G ught, teT. (S12)

A.4.5 Generation limits and reserves

For renewable generators, the power limits (maximum and minimum) are modeled in . Con-
cerning the thermal generator in operation, the sum should not exceed its minimal operative power
if it is in the start-up process, constraints (S14). Regarding hydro generators, the maximum power
level should be greater or equal than its output power, plus the regulation committed, constraints

(ST5).

ug,tgg,t < Dyt < Ug,tﬁg,ty g c QRE, teT, (813)
Dt +TTeg s + 7“7"0;?,5 + ?"7“03% < ug7tﬁg7t + “itﬁgﬂf’ g€ G teT, (S14)
Pyt +Tregs + o) + rrosy < ug Py, geGM teT. (S15)

For both, hydro and thermal generators, their power level should not exceed the maximum level
of the operating range selected ro. If the generator does not sell regulation reserve, its power level
should not exceed the operating range selected. In case of selling regulation reserve (utf = 1) its
power level plus its reserve regulation should not exceed the maximum limit of reserve regulation
for the operating range selected, constraints .

RO O RE (phE H10o TE | | oHI
Dg,t + TTEg,t < Z {ugﬂ’o,tpg,ro + ug,roﬂf(Pg,ro,t - Pg,ro)}7 g€ g U g ) te T (816)

r0€RO,

Concerning hydro generators, their power level should be gretaer or equal to the minimum level
of the operating range selected ro. If the generator does not sell regulation reserve, its power level
should be greater or equal to the minimum level of the operating range selected. In case of selling
regulation reserve (u®¥ = 1) its power level minus its reserve regulation should be greater or equal

to the minimum limit of reserve regulation for the operating range selected, constraints (S17)).

RO RO RE RE RO HI
pg,t - rreg,t Z Z {ugﬂ‘o,tﬂg,ro + ug,ro,t(ﬂg,ro,t - Bg,ro)}v g € g ) le T (817)
ro€RO,

With regard to thermal generators, their power level should be greater or equal to the minimum

level of the operating range selected ro. If the generator does not sell regulation reserve, its power



level should be greater or equal to the minimum level of the operating range selected plus the
synchronous power (start-up power of a generator). In the case of commitment of selling regulation

(uft¥ = 1), its power level minus its reserve regulation should be greater or equal to

reserve
the minimum limit of reserve regulation for the operating range selected plus the synchronizing
power. Synchronizing power is the generator’s power level once connected and has the same system
frequency. The generator is not considered for selling regulation reserve during its start-up time.

This is accomplished by these constraints:

RE RE RO TE
Pgt —TTeg, > Z {ugﬂ“ot—g ro T grot(Eg ro,t Pgro)}+ugtpsyncv gE g teT. (818)
ro€ROy

To commit a generator for supplying regulation reserve, a generation operative range RO should
be selected with constraints (S17)), avoiding the POZ:

ull <l roeROigeg™ugh teT. (S19)

A.4.6 Reserve limits and ramps
The following constraints establish that the 10- and 30-minute spinning reserves committed should

be within the operative limits, respectively:

0< rroé?t < uthRRO;?t, geG™®ugh teT. (S20)
0< rrog?t < ug7tRR03?t, g€ GgTE U QHI, teT. (S21)

The constraintys below indicate that the regulation reserve committed should be within the

operative limits:

Z uﬁfovtweg’t <rregy < Z uﬁfatRReg,m,t, geG™ugh teT. (S22)
ro€RO, ro€RO,

The following constraints establish that the 10- and 30-minute non-spinning reserves committed

should be within the limits:

0< rnrﬁ < (1 — gy — ug, t)RNRgt, geG™ teT. (S23)
0< rnrﬁ (1-— ugt)RNRgt, gegt teT. (S24)
0< rnrg?t < (1 —wugy — ugt)RNRgt, geG™E teT. (525)
0< angg <(1- Ug7t)RNR325, gedt teT. (S26)



A.4.7 Ramp up/down

The power increase in generators between two consecutive time intervals or ramp-up rate in thermal

and hydro generators is limited by the following constraints:
Pg,t — Pg,t—1 < RSg; g e gTE U gHI, teT. (827)

The power reduction in generators between two consecutive time intervals or ramp-down rate

in thermal and hydro generators is limited by the following constraints:

Pat—1 — Pt < RBy+wyi(Pys—1 — RBy)  geG™ugh teT. (S28)

The power increase in generators in start-up processes between two consecutive time intervals

or starting-up ramp in hydro generators are modeled as follows:

DSgit — PSgit—1 < P;ync(ugt - uit_l) + RS;y”Cuit_l, geG™® teT. (S29)
PSgt — DSgi—1 = RS‘;yncu*;t_l — P g, geG™® teT. (S30)

A.4.8 Minimum up and down time

Once a generator is turned on, it is kept on at least a minimum number of time intervals before
turning it off. This is modeled in constraints (S31). Likewise, once a generator is turned off,

it is kept off at least a minimum number of time intervals before turning it on, as indicated by

constraints ([S32)):

t+SUP+UT,
>y —UTwg >0, geG™ 1 eT. (S31)
' =t+SUP
t+DTy—1
> u,y+DTwe <DI,, geG™ tt eT. (S32)
t'=t

A.4.9 Variable startup costs

The following constraints are based on the work by Morales-Espana et al. [2]. The relationship
between the start-up segments and the start-up variables is modeled by constraints . Con-
straints establish the relationship between the number of hours that the generator has been
disconnected and its corresponding segment in the startup costs function for the current interval.

These constraints assure that the number of hours that the generator will be disconnected are



within the interval of the startup segment delimited between [T, ., Ty ).

Vgt <D Ogts, ged™ teT, (533)
seS
Sgus < Y wgp, geGTE teT, seS—{|S]}, (S34)
veT!
where
T ={tt-Tys+1<t' <t-T,,0<t <t} (S35)

A.4.10 Hydraulic balance

The water balance in a reservoir is modeled by constraints . The water inputs to the reservoir
are represented by the natural inflow minus other uses, plus the water comes from the reservoir
upstream. The water output from the reservoir to the river is the sum of the discharge of water
that passes through the turbines plus the spillage. The spillage in the reservoir is a parameter that
takes into account the water travel times. The volume of reservoir water should be kept within the

minimum and maximum storage operative limits as indicated by (S37).

We,t = We,t—1 + Z Z gt—7y — Z Z dg,t

veVe geHI, vevd geHT,
+ ee,t - ,Oe,t - Z K:l/,t + Z Hl/,t—ﬂ,a e e (C/" t € T (836)
VEVg VeV
We < We,t < We, e c g, teT. (837)

For each hydro generator, the water discharge that passes through the turbine in the reservoirs
should meet minimum and maximum limits, as indicated by constraints (S38|). In addition, the
sum of the water discharge that passes through turbine generators connected to a reservoir should

meet the minimum and maximum limits in the divergent river channel, as set in constraints (S39)).

Q.S D 4ui<Q veVdeef, (S38)
QEHIV

A.4.11 Hydraulic generation

Hydro generation power depends on the turbine water discharge rate and the reservoir head, both
quadratically. The function used here is known as Glimn-Kirchmayer [I]. The equation below is

known as the hydropower function (HPF). Its parameters {aig,...,c34} depend on the reservoir

10



design, turbine and generator features.

Pgt = g ((arg + bighu + c1ghl ) + (ang + baghue + cagh? )ag.e
+ (as,g + b3 ghy s + 037gh37t)q§7t), geHL,, ve VS, ec& teT. (S40)

The non-linear feature of the HPF constraint requires an approximation method to be suc-
cessfully integrated into a MILP. The method used in our work is the approximation to Taylor

polynomial. This method generates an alternative constraint to replace ([S40)).

A.4.12 Power flow limits

The power flow in a transmission tie-line is modeled in constraints , where fj,.; represents the
power flow in a transmission tie-line br which depends on parameters PT'DFy,,,; and the power
injection iny, ¢ for each bus n for each period t. A detailed description of the PTDF’s calculation
is explained by Tejada-Arango et al. [4]. Also, constraints fixes the maximum limits of flow

and counterflow power in tie-line br.

fori =Y PTDFy pyinyns,  br €BR, teT, (S41)
neN
Ty < forae < [Dorss teT. (S42)

A.4.13 Transmission losses

The losses in the system are calculated using the constraints below. The non-linear feature of these
constraints requires an approximation method to be successfully integrated into a MILP solver.
The method used in our work is tangent planes and provides a set of alternative constraints to

replace these constraints.

Loss; = Y Rer(fory)®, teT. (S43)
breBR

A.4.14 Logical constraints

A generator cannot start-up and shut-down at the same time, as indicated by constraints (S44}). A
hydro generator cannot start-up and shut-down and operate (to provide energy in stable fashion

within its operative limits) at the same time, as set by constraints (S45)).

Vgt +wgp <1, geG™ugh teT, (S44)

Ugt — Ugt—1 — Vgt T Wy = 0, gedgM teT. (S45)

11



A thermal generator cannot synchronize, start-up, shut-down, and operate (to provide energy

in stable fashion within its operative limits) at the same time, as indicated below:
Ugt — Ugt—1 — Vgt + Wqt + uit — u;t,l =0, geG™ teT. (546)
To activate a generator operating range, the unit should be committed for operation [3]:
summeRogug%J = Ugt, geGPugh teT. (S47)
A generator can start-up only if it was off in the previous time interval, as expressed below:
ugr-1 +us; <1, gegG™® teT. (S48)

A generator is not committed for operation during the starting-up time intervals, as indicated

below:
t+SUP -1

Z ug,t/ + SUgDvgi S SUgD’ g S gTE’ t e T (849)
t'=t
A generator is committed for the starting-up process during the starting-up time intervals, as

established below:
t+SUP -1

> uit, — SUPvgs >0, geG™ teT. (S50)
t' =t
Generator power during the starting-up process should be kept within a minimum limit given by
its synchronizing power and a maximum limit given by its minimum operative power, as indicated
below:

uitPg“"Wc <psgr < uitﬂg’t, geG™ teT. (S51)

The number of shutdowns for a generator during the day cannot exceed an established limit, as
set below:

Z wgt < NPy, geg™®ughh (S52)
teT
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