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Abstract

In this thesis we are dealing with the operative planning of water supply networks. The task of an
operative planning is to create a pump and valve configuration such that the water requirement
from consumers is fulfilled with necessary quality. An optimal operation corresponds to a
configuration that minimizes the operation cost as well as potential water procurement cost.

There are different ways to handle this problem. We solve it as an optimization problem
using mathematical programming.

On the one hand, the network problem contains some discrete variables, for example, the pump
or valve status; on the other hand, nonlinearities and nonconvexities from physical behaviors
make the mathematical model extremely difficult. We model the optimization problem as a
mixed-integer nonlinear program (MINLP).

We choose MINLP solver SCIP, developed mainly at Zuse Insitute Berlin. We use two real-
world instances provided by industrial partner Siemens and a further real-world instance
obtained from the Department of Hydraulic Engineering of Tsinghua University.

In this thesis, we first show that our solver SCIP is able to solve the optimal operation problem
to global optimality in a fixed point of time. However, for a daily operation which contains
24 coupled time periods (hours), “good” solutions are usually found rapidly, but the dual gap
cannot verify the solution quality.

In a further chapter we show that a class of subnetworks which only contains pipes and
consumers, can be simplified and the original nonlinear constraints can be replaced by few (or
single) nonlinear constraints, without changing the feasible region. Computation shows that
this simplification makes the MINLP easier to solve.

The algorithm which solves our nonconvex MINLP generates at every iteration a convex
relaxation of the feasible region. A lot of theories and experiments showed that tighter convex
relaxation is quite relevant for the branch-and-bound approach.

In the objective of our model, we have bivariate polynomial term with degree 3. Based on
the default construction of convex relaxation, we want to find additional linear constrains
(“valid cuts”) to make the relaxation tighter. We investigate the graph of general polynomial
functions over a polytope in general dimension and develop theory to describe the convex hull
of the graph and to find halfspaces which contain the convex hull. After that we define “tight”
halfspaces which denote the “efficient” halfspaces when forming the convex hull. For bivariate
polynomial functions with degree 3, algorithms are designed to find such tight halfspaces.
After adding these halfspaces (linear constraints) into the MINLP, computation shows that both
primal and dual bound are definitively improved within the same time limit.



Zusammenfassung

In dieser Arbeit beschéftigen wir uns mit der operativen Planung von Wasserversorgungsnetzen.
Die Aufgabe einer operativen Planung ist eine Pump- und Ventilkonfiguration zu erstellen, so
dass der Wasserbedarf von Verbrauchern mit notwendiger Qualitat erfiillt wird.

Ein optimaler Betrieb entspricht einer Konfiguration, welche die Betriebskosten sowie
mogliche Wasserbeschaffungskosten minimiert. Es gibt verschiedene Méglichkeiten, dieses Prob-
lem zu l6sen. Wir 18sen es als ein Optimierungsproblem mit mathematischer Optimierung. Ein-
erseits enthalt das Netzwerkproblem einige diskrete Variablen, zum Beispiel der Pumpen- oder
Ventilstatus; andererseits, machen Nichtlinearititen und Nichtkonvexititen aus physikalischem
Verhalten das mathematische Modell extrem schwierig. Wir modellieren das Optimierungsprob-
lem als ein gemischt-ganzzahliges nichtlineares Programm (MINLP).

Wir haben uns fur den MINLP-Solver SCIP entschieden, der im Zuse Institut Berlin entwickelt
wird. Wir verwenden zwei reale Instanzen bereitgestellt von dem Industriepartner Siemens
und eine weitere reale Instanz versorgt von der Fakultiat Hydraulic Engineering der Tsinghua-
Universitét.

Wir zeigen zuerst, dass unser Solver SCIP in der Lage ist, das optimale Planungsproblem der
Wasserversorgungsnetzen in einem festen Zeitpunkt zu globaler Optimalitat zu 16sen. Allerd-
ings konnen zwar gute Losungen fiir den téglichen Betrieb, welcher 24 gekoppelte Zeitraume
(Stunden) enthilt, gefunden werden. Deren Qualitat kann allerdings wegen der schwachen
dualen Schranke nicht bestétigt werden.

In einem weiteren Kapitel zeigen wir, dass eine Klasse von Teilnetzen, welche nur Wasser-
rohren und Verbraucher enthalten, vereinfacht werden kann. Mathematisch zeigen wir, dass die
urspriinglichen nichtlinearen Nebenbedingungen durch wenige (oder einzelne) Nebenbedin-
gungen ersetzt werden konnen ohne den zuldssigen Bereich zu d&ndern. Numerische Ergebnisse
zeigen, dass diese Vereinfachung die MINLPs deutlich einfacher 16sbar macht.

Der Algorithmus, welcher unser nichtkonvexes MINLP 16st, erzeugt bei jeder Iteration eine
konvexe Relaxation des zuldssigen Bereichs. Viele Theorien und Experimente zeigten, dass eine
engere konvexe Relaxation fiir den Branch-and-Bound-Ansatz ziemlich relevant ist.

In der Zielfunktion unseres Modells haben wir nichtlineare Funktionen in Form von bivariaten
Polynomen mit Grad 3. Basierend auf der Standardkonstruktion der konvexen Relaxation wollen
wir noch zusatzliche lineare Nebenbedingungen (giiltige Schnitte) finden, um die Relaxation
enger zu machen. Wir untersuchen den Graphen von allgemeinen Polynomfunktionen, der auf
einem Polytop definiert ist, und entwickeln eine Theorie, um die konvexe Hiille des Graphen
zu beschreiben und um Halbridume zu finden, welche die konvexe Hulle enthalten. Danach
definieren wir enge Halbraume, die die effizienten Halbraume bei Darstellung der konvexen
Hille bezeichnen. Fiir bivariate Polynomfunktionen mit Grad 3 werden Algorithmen entwickelt,
um solche engen Halbrdume zu finden. Nach dem Hinzufiigen solcher engen Halbrdume (lineare
Nebenbedingungen) in das MINLP, zeigen unsere weiteren numerischen Berechnungen, dass
sowohl die primale als die duale Schranke innerhalb derselben Zeitlimite definitiv verbessert
werden.

vi
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Chapter 1
Introduction

Water is one of the most important substances in our life. Clean drinking water is essential to
human and other forms of life. Water also plays a significant role in economies, for it works as
a solvent for many chemical substances, e.g., 70% of freshwater is consumed by agriculture.

Water treatment has been critical for a long time. Each country or city has its own require-
ments which determine treatment needs. A few hundred years ago, a good water supply system
was even one of the marks of an advanced civilization.

We introduce in the definition of water supply and water supply networks,
while contains details on the objective for optimal operation of water supply networks
(OOWSN). A literature survey for related problems follows in Afterwards, we
give a short introduction to the mathematical method mixed integer nonlinear programming

in[Section 1.4} At the end there is an outline of the thesis. Parts of this chapter have been
published in [[Huall]].

1.1 Water supply networks

Water supply is a provision of public utilities, commercial organizations, communities etc. and
usually supplied by a system of pipes and pumps. One of the best-known examples is our
drinking water systems. In 2010, about 84% of the global population (6.74 billion people) had
access to a piped water supply through house connections or through an improved water source
other than in-house, including standpipes, “water kiosks”, protected springs and protected
welldl]

Water supply systems get water from a variety of locations, including groundwater, surface
water (lakes and rivers), and from the sea through desalination. These water sources cannot be
used directly in most cases. The water must be purified, e.g., disinfected through chlorination
or sometimes fluoridated. Treated water then either flows by gravity or is pumped to reservoirs.

Another key concept in water supply systems is the water pressure. Water pressure varies in
different locations of a distribution system. In poorly managed systems, water pressure can
be so low as to result in only a trickle of water or so high that it leads to damaged plumbing

!Progress on Sanitation and Drinking-water: 2010 Update, UNICEF, WHO/UNICEF Joint Monitoring Programme
for Water Supply and Sanitation
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fixtures and waste of water. Pressure in an urban water system is typically maintained either
by a tank serving an urban area, by pumping the water up into a tower and relying on gravity
to maintain a constant pressure, or by pumps at the water treatment plant and repeater pump
stations.

A water supply system is infrastructure for the collection, transmission, treatment,
storage, and distribution of water for homes, commercial establishments, industry,
and irrigation, as well as for such public needs as fire fighting and street flushing. Of
all municipal services, provision of potable water is perhaps the most vital. People
depend on water for drinking, cooking, washing, carrying away wastes, and other
domestic needs. Water supply systems must also meet requirements for public,
commercial, and industrial activities. In all cases, the water must fulfill both quality
and quantity requirementsﬂ

A water supply system is also a system of engineered hydraulic components which provide

water supply. A water supply system typically includes:

1.

2.

6.

7.

Sources of raw water, e.g., from a lake, a river, or groundwater.

Water treatment facilities, which purify raw water to clean water, e.g., drinking water or
industrial water.

Pipelines, which are used to transfer treated water.

Water storage facilities, such as reservoirs, water tanks, or water towers.

. Additional water pressurizing components, such as pumping stations.

A network for distribution of water to the consumers.

Valves, which can be active, partially active or inactive.

The water supply network that this thesis deals with is a part of the overall larger water
supply system. Firstly, we will assume that all water to be transferred is purified and treated.
For our intended purposes, we need not know where the raw water comes from and how it is
purified etc. The network can get water from reservoirs, some foreign water companies and
sometimes even protected springs and protected wells. However, if raw water is supplied, we
only add the purifying cost to its price.

Our water supply network contains the following six components:

1.

Reservoirs, water companies, or protected springs and wells. These all contain treated
water. Water from companies is usually more expensive, but nearer to some consumers
or tanks.

®Encyclopedia Britannica. 2010. Encyclopedia Britannica Online. 13 Oct. 2010



1.1 Water supply networks

2. Pump stations. A pump station contains at least one pump. Several pumps in the same
pump station can be connected in parallel or in series. Serially connected pumps increase
the pressure one after another, and pumps connected in parallel increase the total flow
rate.

3. Tanks. Tanks are intermediate storages of water with limited capacity.

4. Consumers. Consumers are given with demand (flow rate) which is estimated stochasti-
cally or empirically, usually given in a short time period, e.g., one hour.

5. Valves. An inactive (turned off) valve shuts off a subnetwork, i.e., controls the flow direc-
tion. A partially active valve reduces the pressure between two connected components.

6. Pipelines. Water is transferred through pipelines, which experience pressure loss ac-
cording to material, length, and diameter of pipes and according to the flow rate of

water.
Consumer 1 Consumer 2
D Tank

Pipe 2 Valve Pipe3 | Piped pipes  Consumer3

— {><_ — — 1

Reservoir A Reservoir B Water Factory

Figure 1.1: An example of a possible water supply network

In there is an example of a hypothetical water supply network. In this network,
pump B and pump By have been connected in parallel and if at least one of these is active,
water will be pumped from reservoir B. The price of water from our water factory may be
more expensive than water from reservoirs A and B. But sometimes, it could be beneficial to
pump more required water from the water factory rather than from reservoirs A or B. The
demands in our consumers 1,2, 3 could deviate from the estimated amount, this may cause
either oversupply or undersupply. Such cases can be handled with water tanks of flexible height.

The main task of operative planning of a water supply network is finding a pump configuration
for all pumps in all pump stations so that the quantity requirements will be fulfilled. This problem
can be treated as a multiobjective optimization problem. The next section gives more details for
the multiple objectives.
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1.2 Multiple objectives of optimal operation of water supply
networks

There are several objectives for optimal operation of water supply networks:

1. Safe operation. The entire system should be safe. Operating components according to the
manufacturer’s recommendations should lead to less problems and malfunctions.

2. Full supply of consumers (robust supply). For a complete configuration, we should
estimate the amount of demand for several short time periods in the future. But it is
impossible to estimate them exactly. Thus we want to avoid situations in which water
supply is scheduled from water tanks that are empty at the planned supply time. We also
want to avoid situations in which tanks are overfilled due to overestimated consumer
demand. In addition, we should also consider circumstances such as broken pumps and
damaged pipes, under which the system as a whole must still function.

3. Minimal costs for water and energy. Pump configurations are executed by companies or
public utilities. The more they pay for water and energy, the less the companies earn and
the more financial problems the public utilities and communities have.

4. Asfew as possible pump switches. For technical reasons the pumps should not be switched
too frequently. Switching too frequently reduces the life cycle and the efficiency of pumps.
The efficiency of energy transformation from electrical energy to kinetic energy (flow
rate) and potential energy (pressure) is extremely low during starting and ending.

1.3 Previous work

A systematic introduction to water supply and the distribution systems can be found in [WK07].
As described in Chapter 10 there, in the early days of water supply computer modeling, simula-
tions were primarily used to solve design problems. At that time, operators preferred measuring
pressures and flows in the field rather than working with complicated computer programs.
Recent advances in software technology have made models more powerful and easier to use.
As a result, operations personnel have accepted computer as a tool to help them in keeping the
supply networks running smoothly.

From the literature point of view, a very early work with computer programs can be found
in [WS73]]. In this work, a detailed convex NLP was formulated and the Jacobian Differential
Algorithm was developed to solve the NLP which is a generalized eliminating procedure and
computationally feasible. The team implemented the algorithm with 25 subroutines. However,
with the computational ability almost half of a century ago, very limited network size and
constraint type can be handled.

A little more recent work for large-scale water supply networks can be found in [DLMY95].
The results there indicated that the combination of using an LP procedure and a graph algorithm
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is a very versatile tool for solving operation of large-scale water supply networks. Note that this
work does not consider water pressure and pump scheduling. Meanwhile, a survey of research
on optimal operation of water supply networks can be found in [ZS89].

Including optimal operation of water supply networks, there are also works with additional
purposes, e.g., considering water quality as well as considering preemptive priori-
ties [BZBY08].

The most similar model to which we detail in can be found in Burgschweiger
etal. [BGSO05]]. In their work, the operative planning problem of water supply networks has
been modeled as a pure NLP without integer variables. After that, a NLP solver has been used
which usually ensures only locally optimal solutions. Very similar to this work, Blaszczyk et al.
have modeled the optimal operation problem using NLP as well and solved it with
the barrier method by extending solver Ipopt [[[pd].

Bragalli et al. [BDLLT06}[BDLLT08}[BDLLT12]] published several related work to water supply
networks. They have an MINLP model to make the choice of a diameter for each pipe, while other
design properties are considered to be fixed, e.g., the network topology and pipe lengths. This
kind of water network design problem is another big class of water supply network problems

to compare with optimal operation problem. Their model contains discrete variables selecting
from a set of commercially-available diameters. Water flows and pressures must respect the
hydraulic constraints, and the total cost which only depends on the selected diameters should be
minimized. In their work, they have tried several approaches to solve the MINLP, e.g., directly
with BONMIN or solving MIP approach using piecewise-linear approximations.

In addition, gas networks, which also contain pumps (or compressors) and valves and should
consider pressure, are very similar to the water supply networks. Martin etal.
developed an MINLP model to optimize the flow of the gas and to use the compressors cost-
efficiently such that all demands of the gas network are satisfied. But instead of solving the
MINLP directly, techniques for a piecewise-linear approximation (see e.g., [LWO1])) of
the nonlinearities have been used to the model resulting in a large MIP. The remaining work is
then to solve the MIP. The same approach has also be extended by to solve
operation of water supply networks. Morsi has compared the two problems in his PhD
thesis in 2013.

For the most recent works, Perriére et al. used an integer linear programming (ILP)
tool for the MINLP. Another work is where a second-order cone relaxation for the
original MINLP model was proposed and solved to demonstrate the effectiveness in computing
the optimal pump schedules and water flows.

Until now, we discussed mainly work with a focus on combinatorial aspects with a final
goal of global optimization. There is also research focusing on numerical mathematics and
continuous optimization by research group Martin and research group Lang [DGKLMM11}
[DKL15} [KLB10} [DKL10} [GKLLMMTI]. In these works differential equations for simulation
purpose were underlying and should to be solved. In addition, sensitivity information for
gradient-based optimization tools were provided. As a member of the research group Lang,
Kolb finished his PhD thesis in 2011.
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Indeed, MINLP is the most effective approach for water supply network problems recently.
Recalling all previous work mentioned in this section, on the one hand, some of them used
approximation already by modeling such that a subproblem, usually NLP. This reduces the solu-
tion quality due to the less precise model. ON the other hand, piecewise-linear approximations
reduced the MINLP to be a MIP. First of all, the MIP with much more binary variables is not
always easier solvable than the orgiginal MINLP. In addition, depending on the approximation
parameter, very similar approximated MIPs could have very different optimal solutions. Other
approaches such as sequential quadratic programming (SQP) which extended
a continuous treatment of binary control variables may handle the MINLP as well, but only
ensures local optima.

Due to the significant improvement to mixed integer nonlinear programming solvers in
recent years, larger and larger problems can be solved to optimality or near-optimality. We have
then a chance of trying to develop an MINLP model as precise as possible, i.e., fewer relaxation
and approximation comparing with the previous works. In this thesis, we try to solve it directly
with our available MINLP solver and to get a global optimum if possible. To compare with
previous work, we model in a more precise way and solve the modeled MINLP directly. This
will definitely increase the solution quality for final operation. In addition, the approach with
global optimality with gap information always verifies the solution quality numerically as well.

1.4 Introduction to mixed integer nonlinear programming

In this section we introduce definition, complexity, applications and solvers to mixed integer
nonlinear programming (MINLP).

1.4.1 Definition

Definition 1.1 (Mixed Integer Nonlinear Program)
An optimization problem of the form

min dlx

.t i <0 e 1

st gi(z) < ! (1.1)
Lj<z; <U; jeld
xp €7 kelJ

is a Mixed Integer Nonlinear Program (MINLP), where I is the index set of constraints with
|I| = m, J is the index set of all variables with |J| = n, J' C J is the index set of integer
variables,d € R", g; : R" — R, foralli € [,and L € (RU{—00})",U € (RU {oo})" are
lower and upper bounds on the variables.

We call this MINLP in standard form. Note that an MINLP can have a nonlinear objective func-
tion, but it can easily be transferred to the standard form by introducing additional constraint(s)
and variable(s).
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If all of the constraint functions g; are convex, the problem is known as a convex MINLP,
otherwise it is known as a nonconvex MINLP. When all of the g; are affine, we have a mixed
integer linear program (MIP). Since MIP-solving is A/’P-hard Volume A, Chapter 5] and
MIP is a special case of MINLP, solving MINLP is at least N'P-hard. When J’ = (), i.e., there
are no integer variables, the problem becomes a nonlinear program (NLP). And if all of the g;
are affine and J' = (), we have a linear program (LP), which has been shown to be solvable in
polynomial time by the ellipsoid method (see Khachian [Kha79]]) and by interior point methods
(see e.g., Karmarkar ) Thus, both the integrality as well as the nonconvexity of g;
increase the complexity of solving an MINLP.

However, MINLP can not be solved exactly in general. Since neither the input nor the
output of a Turing machine can be an irrational number, the solution of the simple constraint
2% = 2,z > 0, which is an irrational number v/2, cannot be computed or recognized by the
Turing machine. On the other hand, no decimal presentation of a value of x can be verified to
be an exact solution.

Plenty of optimization problems can be modeled as mixed integer programming (MIP) prob-
lems. However, for some applications, in particular in the field of some physical engineering
systems, e.g., for gas network problems and for the operative planning of water supply networks,
linear constraints cannot model the physical behavior accurately enough. In these cases we
should model them as mixed integer nonlinear programming problems. MINLP has a wide range
of applications, such as computational biology, computational chemistry, engineering design,
etc. A survey of applications of MINLP can be found in Grossmann and Kravanja [[GK97|].

1.4.2 Solvers and algorithms

This overview is based on the presentation given in Bussieck and Vigerske [BV10]. One of
the earliest commercial softwares package that could solve MINLP problems was SCICONIC
in the mid 1970’s (see also Forrest and Tomlin ) Instead of handling nonlinearities
directly, Special-Ordered-Set constraints were used to represent low dimensional non-
linear constraints by a piecewise linear approximation and thus allowed to use mixed integer
programming (MIP) to get solutions to an approximation of the MINLP. In the mid 1980’s
Grossmann and Kocis developed DICOPT, a general purpose algorithm for convex MINLP based
on the outer approximation method [[DG86]. After that, a number of academic and commercial
codes for convex MINLP were released. To solve nonconvex MINLPs to global optimality, the
first general purpose solvers were ALPHABB [[AM95], BARON [Sah9¢]|, and GLOP [[SP99],
all based on convexification techniques for nonconvex constraints.

As presented in [BV10]], algorithms for solving MINLPs are often built by combining algo-
rithms from Linear Programming, Integer Programming, and Nonlinear Programming, e.g.,
branch-and-bound, outer-approximation, local search, and global optimization. Most of the
solvers implement one (or several) of the following three algorithmic ideas [BV10]:

« Branch-and-bound solvers that use NLP relaxations. These solvers are e.g., BONMIN [[BBC/
CGLLLMSWO08]| (in B-BB mode), MINLP_BB [[Ley01]] and SBB [[Oail]. For all these solvers,
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the NLP relaxation is obtained by relaxing the integrality conditions, thus it may be a
nonconvex NLP. Since the NLP solver used to solve the NLP relaxation usually ensures
only locally optimal solutions, these solvers work only as heuristics in case of a nonconvex
MINLP.

« (Sequential) MIP-based solvers that replace the nonlinear functions by a linear relaxation.
In an outer-approximation algorithm [FL94]], a relaxation is obtained by using
(sub)gradient-based linearizations of g;(x) at solution points of NLP subproblems. The
resulting MIP relaxation is then solved by an MIP solver. Solvers in this class are e.g.,
BONMIN (in B-OA mode) and DICOPT . Since (sub)gradient-based
linearizations yield an outer-approximation only for convex MINLPs, these solvers are
only applicable for convex MINLPs. In contrast to outer-approximation based algorithms,
an extended cutting plane algorithm solves a sequence of MIP relaxations which encap-
sulate optimal solutions and are improved by using cutting planes. This algorithm is

implemented by the solver ALPHAECP [[WP95} WP02].

« Branch-and-cut solvers that integrate the linearization of g;(z) into a branch-and-cut
process. In this process, an LP relaxation is successively solved, new linearizations are
generated to improve the relaxation, and integrality constraints are enforced by branching
on integer variables. Solvers which use gradient-based linearizations are e.g., AOA [RB09],
BONMIN (in B-QG mode) and FILMINT [[ALL06]. Gradient-based linearizations ensure
global optimality only for convex MINLPs.

For nonconvex MINLPs, convexification techniques can be used to compute linear un-
derestimators of nonconvex functions. However, the additional convexification step
may require branching on continuous variables in nonconvex terms (also called spatial

branching). Such a branch-and-cut algorithm is implemented by e.g., BARON [[TS02a}
[TS04]], CouennE [BLLMWO09]] and SCIP [Ach07} BHV12}[Vig12} BG12}[Gle15]).

1.5 Qutline of the thesis

This thesis is structured as follows.

Chapter 2|gives a nonconvex MINLP model of the water supply network planning problem.
In[Chapter 3| we give a description of the static model which is the static version of the dynamic
model introduced in After that computational experiments show that the real-
world instances can be solved to global optimality. However, computational results at the end
of [Chapter 4|and [Chapter 5|show us that the instances with whole dynamic model are still very
hard to solve.

In[Chapter 4| we present theory and algorithms to simplify the derived MINLP after detecting
passive sub-network. The simplified MINLP is easier to solve.

After that, in[Chapter 5 we investigate first the characteristics of the convex hull of graphs of

polynomial functions over a polytope. Based on the theoretical proofs, we develop algorithms




1.5 Outline of the thesis

to find tighter convex relaxations for the nonconvex polynomial objective functions in the
MINLP model. The tighter convex relaxations improve the dual bound significantly and also
helps solver to find better solution.

Finally in we summarize our results and contributions and give a short outline of
possible future research.






Chapter 2

Modeling Optimal Operation of Water
Supply Networks by Mixed Integer
Nonlinear Programming

In this chapter we present an MINLP model of our water supply network planning problem in
[Section 2.1} In[Section 2.2| we introduce some simplification techniques as preprocessing steps
for the original model without changing the optimality.

2.1 Optimization model

The network abstraction of our model and the notation of variables are based on [BGS05]
and [Wal03]]. The basic notation used in the model is given inTable 2.1]

2.1.1 Optimization horizon and network topology

Since our model is a time-expanded network which covers physical and technical network
behavior, we consider a planning period of length T (typically one day, i.e., 24 hours) in discrete
time, t = 1,2, ..., 7T with start status t = 0. We refer to the subinterval (¢t — 1,¢) as period ¢
which has length At. In our model, typically we set At = 1 hour, so there are 24 periods.

Our network model is based on a digraph G = (N, A), where the nodes represent junctions
J, reservoirs R and tanks 7T, i.e.,

N=JURUT,

and the arcs represent pipe segments S, pump stations F (facilities including pumps and
equipment for pumping fluids) and gate valves V, i.e.,

A=SUFUV.

Furthermore, P is the set of all pumps where every p € P is contained in exactly one pump
station.

11
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Table 2.1: Notation for the optimization model.

Symbol  Explanation Value  Unit
Q Volumetric flow rate in arcs m3/s
Q" Volumetric flow rate out of reservoirs m3/s
h Pressure potential at nodes (head) m

R Water fill level in tanks m

Ah Pressure increase at pumps, decrease at valves, pipes m

x Pump status {0,1}

Yy Flow direction {0,1}

z Variables that denote if the head is real or imaginary  {0,1}

D Demand flow rate at junctions m3/s
H° Geodetic elevation at nodes m

|4 Daily capacity at reservoirs m3

L Pipe length m

d Pipe diameter (bore) m

k Pipe roughness m

A Pipe cross-sectional area m?

f Pipe friction coefficient —

A Pipe hydraulic loss coefficient 52 /m?®
AH™**  Maximal possible pressure increase of pumps m

c Constant for characteristic curve of pumps 52 /mb
n Efficiency of pumps

p Water density 1000  kg/m?3
g Gravity constant 9.81 m/s?
At Length of a time period 3600 s

C Total daily operating cost Euro
C. Total daily operating cost at pump a Euro
K, Cost of pump switch for pump p Euro
Ky Price for electric energy at pump during period ¢ Euro/J
wj Price of water in reservoir j Euro/m?

We denote arcs as a € A or as ij, where i, j are the tail and head with ¢, j € N For every
j € N, let 5% (j) be the set of arcs that have head j and 5~ () be the set of arcs that have tail j,

ie.,

and

§T(j) = {jic Alie N},

S ()={ije Alie N}.

For an arc 7, a flow from ¢ to j is positive and a flow from j to ¢ is negative. Some arcs (e.g.,
pumps) may not permit negative flow.

12



2.1 Optimization model

2.1.2 Pressure

Since water is approximately not compressible, pressure p in unit Pa can be expressed as

p = pgAh,

where p and g are constants and Ah is the height of water above the point of measurement
or the elevation difference between the two points within the water column. To simplify our
model, we can measure pressure only by the head h, which is the sum of the elevation difference
AR corresponding to the hydrostatic or hydraulic pressure and the geodetic elevation H:

h = Ah+ H°.

The geodetic elevation is the height above a fixed reference point; here, the mean sea level.

If some water flows from a reservoir without any external force, the head of this reservoir
corresponds to its geodetic elevation. Water can only flow through a junction if the head is
no less than the geodetic elevation of the junction. More details are given in[Section 2.1.3]and
Section 2.1.4

2.1.3 Constraints

Junction. There are two kinds of junctions: junctions with demand (type 1) and junctions
without demand (type 2). Recall J which is the set of all junctions, let J; be the set of all
junctions with demand and 75 be the set of all junctions without demand. Junctions with
demand are actually the consumers. Junctions without demand are included in the network to
connect two arcs, e.g. a junction between a pump and a pipe. For junctions, the consumption
demands Dj; is a nonnegative constant (has value 0 for type 2) and has to be balanced,

Z Qat - Z Qat - Djt = 07 (2-1)
a€d=(j) acdt(j)
forallje J,te{1,...,T}.
Moreover, the head at every junction j € J in every time period ¢ has a lower bound. There
are some complicated cases for junctions in the network, we discuss them in a separate section

intentionally, namely in[Section 2.1.4

Reservoir. Every reservoir j € R has a limited daily capacity V;, from where the pure water
flows out with flow rate QQ":

T
ALY Q5 <V, (2.2)
t=1
for all j € R. The outflow of every reservoir j € R at every time period ¢ should be balanced:
> Qut—Qj=0. (2.3)
a€dt ()

13
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We assume that reservoirs have a constant pressure value H 9,
hjt — H) =0, (2.4)
forallj e R,t € {1,...,T}.
Tank. In our model all tanks are cylinders whose cross sections are invariant with area A;.

Flow balance equations at tank j € 7 involve the tank inflow, which depends on h;;_1 and
hjt,

At ( Z Qat — Z Qat) — Aj(hjt —hji—1) =0, (2.5)

acd=(j) a€dt(j)

water volume difference

total volume of inflow or outflow
forall j € T,t € {1,...,T}. For every tank j € T intime t € {1,...,T} with actual water
fill level hé»t e[F jmin, F7%] and geodetic elevation H 9, the head h;; should fulfill:

hé-t + HJO = hj (2.6)

Pipe. Inevery pipe a = ¢j € S, the hydraulic friction causes a pressure loss,
h]’t — hit + Ahat = 0,
foralla e S,t € {1,...,T}.

The law of Darcy-Weisbach which has been expressed in [BGSO05] and in [[Wal03]], presents
the pressure loss in water pipes

Ahut = )\aQat ‘Qat’ = )\asgn(Qat)Qgta (2‘7)
where )\, is the hydraulic loss coefficient which depends on the length L, the diameter d,, and
the friction coefficient f, for every pipe a € S:

8L,
a = Wnggfa-

The friction coefficient f, which has highly nonlinear dependency on the flow rate @), is taken
into account by simulation software, see, e.g., EPANET , but appears to be too detailed for
an optimization model.

We use the law of Prandtl-Karman

fa= (210810 5oe)

which eliminates the dependency on (), by assuming large Reynolds number and is a good
approximation for hydraulically rough pipes. It tends to underestimate the induced flow for
small pressure differences, hence yielding conservative solutions. The roughness parameter ¢,
only depends on the inner pipe surface. Since f, is flow-independent, it follows ), is constant
for every pump a € S. For more details on mathematical modeling of the physics of pressure
loss, see, e.g., [BGS04].

14



2.1 Optimization model

\
(6.0

(a) Connected in parallel (b) Connected in series

Figure 2.1: Example of pump stations

Pump station. In our model pump stations may contain one single pump or several pumps.
Pumps in the same pump station can be connected in parallel or in series
[ure 2.1b). Serially connected pumps increase the pressure one after another, and parallelly
connected pumps increase the total flow rate and increase the pressure by an amount determined
by the weakest pump of the group.

In our model we only consider pump stations which connect pumps in parallel. If a pump
station has all pumps inactive, it functions as a completely closed valve: no flow through it and
no pressure restriction. A pump station a = ¢j € F that has more than one pump active in
time ¢ € {1,...,T} increases the pressure by some nonnegative amount Ah,

hjt — hiyt — Ahg = 0. (2.8)

For a given pump, the flow rate depends on the differential pressure or head developed by the
pump. Such pumps have a curve of pump flow rate versus pump head, called characteristic
curve, usually provided by the vendor. Let Ah,; be the head of pump p € P in time ¢ and @
be the flow rate. The characteristic curve for pumps with fixed speed can be approximated
by

Ahpy = AH™ — ¢,Q3 (2.9)

pt>

where AH '™ and ¢, are two positive constants derived from the characteristic curve. Note
that A H™?* is the maximal possible pressure increase the pump can produce.

Let Q;nin and Q'** be the lower and upper bound of the flow rate of pump p € P during
oper.ation. If Q" > 0, the variable () is semi-continuous, i.e., we have Qp € {0} U
[Qp™, Q'*]. The main task of our operative planning problem is to decide the activity status
and further the flow rate of all pumps p € F during time period ¢ € {1,...,T}. For every
pump we define a binary variable z;; € {0, 1}, where x,; = 1 if and only if pump p is active in
time period ¢. The flow rate )+ of pump p € P during time period ¢ € {1,...,T} fulfills

:cth;;ﬁ“ < Qpt < zp@Qp™. (2.10)
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The flow rate in pump station ¢ € F in time ¢ is the sum of the flow rate of every pump p € P,:

Qut = Y Qpt, (2.11)

pEFa
where P, C P is the set of all pumps contained in pump station a.

If pump p in pump station a is active, it should produce the same head Ah,; as the head
between the two sides of a, but if it is inactive, it works just like a valve and its pressure
differential Ah,,; does not have to be equal to Ah,. For this purpose and in order to model
them with linear constraints, we use a big-M formulation.

Remark 2.1

For clarity of presentation, we use the same constant M in all big-M constraints of our model. In
our computations we choose M for each constraint individually as small as possible, depending
on the bounds of the variables involved.

For every pump p in pump station a and every time ¢, we have
(.’L‘pt - 1)M S Ahpt - Ahat S (1 - iL‘pt)M. (212)

If z,; = 1,1ie., pump p is active in time ¢, then Ahy; = Ahy, ie., the pump generates the same
pressure increase as needed by the pump station. Otherwise if x); = 0, the constraint (2.12)
will be fulfilled by all means.
For technical reasons we should have as few pump switches as possible. Pump p in time ¢
has been switched if and only if
|Tpt — Tp—1]| = 1.

Fortunately, one part of our objective is to minimize the number of pump switches, hence we
can model the pump switch with two inequalities and an auxiliary variable Ax,;:

AZL‘pt > :|:(1L‘pt — IL‘pﬂg,l). (2.13)

Apparently, since Az, is not constrained by other constraints and has positive coefficient in
the objective of a minimizing problem, an optimal solution fulfills

Azp = |Tpt — Tpe—1].

For a given pump p, the efficiency 7,; in time ¢ depends on the flow rate (),,;. Similar to the
characteristic curve, every pump has an efficiency curve of efficiency versus flow rate provided
by the vendor. The efficiency curve can be approximated with three segments (see example in
Figure 2.2)):

aplth + bpl 0< th < Qpl?
Tpt = apZth + bp2 Qpl < th < QpZa
apSth + bp3 QpZ < th < QpS

where ap1, ap2, ap3, bp1, bp2, bpz, Qp1, Qp2, @p3 are given coeflicients for pump p.
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Figure 2.2: An example of how the pump efficiency depends on the flow rate

Valve. The pressure in valve a = ij € V is decreased by some controlled amount Ahg,

hji — hit + Ahg = 0, (2.14)
foralla =1ij € V,t € {1,...,T}, and the sign condition
AhgtQat > 0, (2.15)
foralla =1ij € V,t € {1,...,T} guarantees the consistency of the pressure decrease.

However, the algorithm in this thesis used to solve MINLP performs better if the given MINLP
has as few nonlinearities as possible. For this purpose, we replace the nonlinear constraints (2.15)
by including a binary variable y,; € {0,1} to determine the direction of the flow in valve a
and time ¢. The flow rate () is not negative if y,; = 1 and not positive if y,; = 0. Note that
in case of QQ4¢ = 0, the both values for y,; are allowed. Let [Ahglin, AhZ*] be the domain of
Ahg; and [Q™ Q™2X] be the domain of Q4 with Q™ < 0, Q™% > 0 (otherwise we need
no direction variable any more). Then can be replaced by

AR — yap) < hig — hjr < ARy, (2.16a)
QMM (1 —yar) < Qar < QP Yyt (2.16b)

In we have Ahat == hit - hjt Z 0, Qat Z 0 ifyat = land Ahat == hit - hjt S O, Qat S 0
if yor = 0. Hence (2.15) is equivalent to and . In addition, in case of Q4 = 0, the

valve is closed completely and the head difference h;; — h;; is not constrained any more.
In our model valves have two types of functionalities:
+ Gate valves.

For every valve the constraint (2.15) must be fulfilled. Assume in a solution we have
Qqt = 0 but Ahg # 0. In this case, we close the valve completely, and at the same time
the pressure difference is not controlled any more. It works like a gate to block the flow.

17
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« Pressure decrease valves.

Again, the consistency constraint must be fulfilled. Assume in a solution we have
Ahg and Q4 are both positive or both negative, i.e., water flows through the valve with
some pressure loss. In this case, we close the valve partially in order to decrease the
pressure with |[Ahg|.

Remark 2.2

For those constraints in the following discussion which present the network in a single time
period, we omit time horizon to simplify the discussion. Note that they have the same form and
are appropriate for every time period.

2.1.4 Real and imaginary flow

In[Section 2.1.2 we mentioned that we can measure pressure by head H on every node in the
network, and in there are head variables h;; defined for the head at node i and in
time ¢, where node i can be a junction with demand (consumer), a junction with no demand,
a reservoir, or a tank. Note that pressure really exists in a node only if there is water flowing
through it (if it is a junction) or if there is water stored in it (if it is a reservoir or a tank). Since in
our model tankﬂ and reservoirs are never empty, the pressure in tank and in reservoir always
exists.

As explained above, different pressure levels at the ends of a pipe induce nonzero flow
according to the law of Darcy-Weisbach as given by equation (2.7). However, this only holds
if water is indeed present at the high-pressure node. With active elements like closed valves
or inactive pumps, pipes have no water flow. In this case, strict enforcement of leads to a
physically unsound model.

As an example, consider the subnetwork shown in taken from the real-world
instance in introduced in An elevated tank ¢ is connected to the
network via valve k;. Pipe s3 leads downwards, i.e., HJQ2 > H]Ql. Suppose now valve k; is closed.
By flow balance, ()5, = 0, and for to hold we need hj, = hj,, i.e, the head at j; must lie
strictly above its geodetic height. In reality, however, the subnetwork functions as if s3, j2, k1,
and t; were not present, hence hj;, = H]Q1 might be a valid state.

We call head levels at nodes without flowing water and the flow that would be induced by
these head levels according to the law of Darcy-Weisbach imaginary as opposed to real. In the
above example, the incorrect assumption was to enforce equation although the head at jo
is imaginary in solutions with closed valve ;.

Remark 2.3

So far we have not seen this distinction being made in the literature. Although it may be that
depending on the structure of the network all head levels can be validly assumed to be real, we
believe this to be a potential source for harmful modeling gaps. Note that this distinction is

!Tanks could be empty in the reality, but in our model, we never let tanks be empty in order to safeguard against
the underestimation of consumers’ demands.
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S1 I S2

Figure 2.3: Subnetwork with imaginary flow for closed valve k;.

equally necessary for the full-scale operative planning problem and can be made by the same
constraints proposed here.

We introduce a binary variable z; at each node j € N to distinguish between real (z; = 1)
and imaginary (z; = 0) heads. The variable z; is forced to be 1 if the head is strictly greater
than its geodetic height,

h; < H + Mz, (2.17)

or if flow passes through j, i.e.,
—Mz; < Qq < Mz (2.18)

for all a € §(j). Water supply networks are usually operated such that water sources such as
reservoirs and tanks are never completely empty and may be assumed as real, so we set z; = 1
forallj e RUT.

Furthermore, we need to model how water is propagated along pipes. If a pipe ¢7 is horizontal
then water is present at ¢ if and only if it is present at j, i.e.,

Zi = 2j (2.19)

forallij € S with H? = H ]Q . For pipes with nonzero slope two implications hold. First, if the
geodetically higher node, node i, say, is real, so is the lower node j,

2 < Zj- (2.20)

Second, if the lower node j is real and contains water with higher pressure than HZ-D, then also ¢
must be real,
hj < HY + Mz;. (2.21)
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Finally, we enforce equation (2.7), the law of Darcy-Weisbach, between (and only between)
real nodes by

Ah, = )\asgn(Qa)Qz

and
M(zi—l—zj‘—?)ghi—hj_AhagM(z_Zi_Zj) (2'22)

for all pipes a = ij € S.

Remark 2.4

Note that both in reality and in our model a node may be real in spite of zero flow through the
node: z; = 1 and (), = 0 for all @ € §(j). As an example, imagine an additional, closed valve
at node j; in[Figure 2.3] while valve k; is open. Then pipe s3 would be completely filled with
water from the tank, hence nodes j; and jo would be real. At the same time, the water column
in the pipe yields pressure hj, = h;, and so the law of Darcy-Weisbach is satisfied by zero flow,

Qs = 0.

2.1.5 Objective

Because of constraints li Ahy in objective i can be replaced by AH " — chgt. The
energy cost per time unit (second) of pump p in time ¢ is presented [Epa] as

(2.23)

o KepgAhpQpe KLY (AH;}I&XQW - chf’,t)
;= =
P Tpt Tpt

Since £, p, g, AH,*** and ¢, are constant and the value of 7+ depends only on Qpt, Cpt is a
univariate function of Q).

The goal is to minimize the sum of the energy cost from pumps and the cost of water from
reservoirs as well as the “cost”, i.e., the number of pump switches. The objective is therefore

T T T
_ - KepgAhpQpt
K= At Z Z UJijt + At Z Z T + Z Z kpA.f(Ipt (2.24)
t=1jER t=1peP P t=1 pcP
cost of water cost of pumps “cost” of pump switches

Consider 7,; again, which is the denominator of C);. The efficiency curve of efficiency versus
flow rate can be approximated with three segments, see the example in[Figure 2.2 again. If the
flow rate is very small, e.g., < ()p1 or very big, e.g., > ()2, the efficiency is then very low which
implies that the energy cost Cpy; is very high. For this purpose, we restrict the flow rate further
into the interval [Qp1, Qp2]. After that, we need only one segment for the efficiency curve. Since
the segment is almost parallel to the x-axis, we can handle the efficiency as a constant. For that,
we should make slight change to Qgﬁn and @Q,"** which are the lower and upper bound of the
flow rate and used in . Note that the first part and the third are linear, which are convex
and concave, with the concave function AH;"™*Qp; — ch;’,t, we have a concave objective.
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Although the objective contains several parts, we need not to handle the optimization problem
as a multiobjective optimization problem, since there is real cost in every part of the objective.
More details about multiobjective optimization can be found in [Ehr05].

An equivalent objective to is

T T T
K=AtY> > wi@Qi+AtY > Cpt D> kpAwy (2.25)

t=1jeR t=1peP t=1peP

cost of water cost of pumps “cost” of pump switches

which is linear.

2.1.6 Summary of the model
Let TP = {1,...,T'} be the set of all time periods. The complete nonconvex MINLP now reads

T T T
min ALY Y wiQf + ALY Y Cpt Y Y kpAmy

t=1jER t=1 peF t=1 peF

st. (1) — @13)), (@16) — @-22)), @.23).
Tpr € {0, 1}, Qpe € [0, QM Ahyy € [0, AHP™] forallp € P,t € TP,

Yor € {0,1}, Qur € [Q™™, QU] forallv € V,t € TP, (2.26)
zjr € {0,1}, hjy € [HY), H] forall j € N,t € TP,
zjr =1 forallj e RUT,t € TP,
Qat € [QM™, Q™) foralla € SU F,t € TP,
hk, € [Fmm, Frmex] forall j € T,t € TP,
e QM QP forall j € R,t € TP.

The original objective is nonlinear, which is also nonconvex. The further nonlinear
constraints are quadratic constraints as well as constraints (2.9). Except for these, all other
constraints are linear. For integrality conditions there are binary variables x,; for pump status,
binary variables y,; for flow direction in valves as well as binary variables z;; which denote if
the head is real or imaginary.
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2.2 Reformulation and presolving

This section outlines a set of straightforward problem-specific presolving steps that help to
reduce both size and difficulty of given instances of type (2.26). The reductions explained in
the following are exact in the sense that a feasible solution is cut off only if another essentially
identical solution remains.

2.2.1 Contracting subsequent pipes

Suppose a zero demand junction j is incident with two pipes, one entering 77, and one leaving
Jk. Flow balance enforces Q;; = Q;jx =: @ and if nonzero flow passes through j the Darcy-
Weisbach equations read h; — h; = X\;jsgn(Q)Q? and hj — hy, = A jrsgn(Q)Q?. These two
constraints are equivalent to
hi — hi = (Aij + Ajr)sgn(Q)Q?

and

p, = Nkl Aijhy

J /\jk + Aij
We want to exploit this to replace pipes ¢j and jk by a new, aggregated pipe ¢k with friction
coefficient A;; + Aji; and consequently remove junction j from the network.
In case nonzero flow ) # 0 is guaranteed to pass through the pipe, we only need to ensure

satisfiability of h; > H jQ by

Ajrhi 4+ Aijhy

> HY. 2.27
)\jk + >\z‘j ( )

J
To account for Q = 0, however, we need to keep variable z; in the model, since it may be zero
even if z; = z; = 1. (As an example consider the case that junction j is located much higher
than 7 and k and can hence block flow even if water is available at 7 and £.)

Darcy-Weisbach holds if and only if all three nodes ¢, j, and k have real head, i.e., con-

straint becomes
M(Zi + 2j + 2k — 3) < h; — hp — Ahy, < M(3 —Zi—Zj — Zk). (2.22a)

Constraints ((2.17)—(2.21)) involving z; remain unchanged. To ensure (2.27) if j is real, we add

constraint
Awhi 1 Aijhti > HY — M(1— z). (2.28)
Ajk + Aij I
The cases of two pipes entering or leaving a zero demand junction work analogously. Pipe
sequences with several inner nodes ij1, j1j2, . . . , Jnk can be treated similarly — for each inner

node we only need to add its z variable to ((2.22)a) and include constraint (2.28).
Note that these presolving steps do not just yield a smaller problem, but most importantly
removes nonlinear equations of type (2.7).
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I 12 13 11 I3
——— —— —— ———— —e—
51 S2 512
(a) Before contracting (b) After contracting

Figure 2.4: Contracting pipe sequences

2.2.2 Breaking symmetry in pump stations

As we mentioned in[Section 2.1} in our model we have only pump stations whose pumps are
connected in parallel, see example in For pump p; and pump p; in the same pump
station, we say that p; can replace p; if p; and p; have the same characteristic curve and the
domain of the flow rate of p; is contained in the domain of the flow rate of p;. Further if p; and
pj have the same domain of flow rate, they can replace each other, in this case we say p; and
pj are equivalent. For an arbitrary pump configuration ¥; which sets p; inactive and sets p;
active in time ¢, we can easily find another pump configuration ¥y which makes small changes
to Wy: set p; active and set p; inactive in time ¢. These two pump configurations are apparently
equivalent except for the pump status of p; and p;. In this case, we call ¥; and W5 symmetric
pump configurations.

Let a € F be a pump station which contains pumps F, = {p1,p2,...,0n},n > 2,n € N.
Let {i1,42,...,is} € {1,2,...,n},2 < s < n be an index set of pumps (we call it also priority
set) in F, and for each j,1 < j < s — 1, pump p;; can replace pump p;, ,. In order to
avoid symmetric pump configurations, we set priority to these pumps: for every k € N with
1 <k < s— 1, pump p;,, can only be set to be active if at the same time all p;, have been set to
be active, ¢ € N, k < ¢ < 5. Letxy, 1 € {0, 1} be the pump status of pump p;, in time ¢ where
1 means active and 0 means inactive, after setting the priority of pump status we have

IL’pilt < $pi2t <...<Z Lp, t- (229)

In Model (2.26), one part of the objective (2.24) is to minimize the number of pump switches.
Since changing the pump status locally can change the number of pump switches, we are
concerned if the priority set of pumps can violate the optimality of Model (2.26).

Theorem 2.5
Let Uy be a pump configuration corresponding to an optimal solution s1 of Model (2.26). There
exists a pump configuration Vo which also corresponds to an optimal solution so and fulfills all

priority requirements of pumps.

Proof. We assume that U does not fulfill all priority requirements of pumps, otherwise we
need only to set Uy := V5.

Let t be time with ¢ € {1,...,T}. For every given priority set {i1, 2, ...,%s} of pumps to a
pump station, we count how many of them in ¥; have been set to be inactive in time ¢. Let r
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be the number of inactive pumps in this priority set in time ¢, we then set the first  pumps in
this priority set for W5 to be inactive and the rest of them to be active. For pumps which appear
in none of the priority sets, we copy the status of ¥; into Ws. Thus ¥y is a pump configuration
corresponding to a feasible solution sp which may contain different number of pump switches
to s7.

ri o |ri—rel

——
t: 00---011---111---1
t+1: 00---000---011---1
—_—

T2

Now we only need to prove that the number of pump switches in ¥ is not more than the
number of pump switches in ¥;. For every time ¢ and every priority set {i1,i2,...,is}, let |
be the number of inactive pumps in this priority set in time ¢ and 5 be the number of inactive
pumps in this priority set in time ¢ + 1. Then the number of pump switches of all pumps in
this priority set is at least |r; — 72|. Since W5 has set the first 7y pumps inactive in time ¢ and
set the first 7o pumps inactive in time ¢ + 1, the number of pump switches is exactly |r; — ro.
Hence s3 has not more pump switches than sj, the optimality of s; follows that s is optimal.O

As a result, solving Model with priority sets does not affect its optimality and the priority
set (2.29) reduces the search space for feasible choices of active pumps significantly from 2°
to s 4+ 1. Solving MINLP needs branching on integer variables in general, the priority sets can
decrease the number of branching.

2.2.3 Contracting pipe-valve-sequences

Suppose a pipe 15 € S and a valve jk € V are connected by a zero demand junction j. Flow
balance ~enforces Qij = Qjr =: Q. shows the feasible values of pressure loss hy, — h;
versus (). While the Darcy-Weisbach equation forces the pressure loss along the pipe onto the
dashed line, the valve allows for larger pressure loss in absolute value. The feasible region is
hence a union of two convex sets, the dotted area for backward flow and the shaded area for
forward flow.

This can be exploited replacing pipe ij and valve jk by a new arc a = ¢k and relaxing valve

constraints (2.16a) and (2.16b) and pipe constraints (2.7) and (2.22) to

M(ya — 1) < Qa < My, (2.16¢)

for flow direction as before,
Ahg = Q2 (2.72)

for the minimum pressure loss, and

M (2 + ya — 2) < hy — hyy — Ahq (2.22b)
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Figure 2.5: Feasible values of pressure loss versus flow through a pipe-valve-sequence ij € S, jk € V.

and
hi — hg + Ahg < M(1 — 2 + ya) (2.22¢)

for the relaxed Darcy-Weisbach equation.
This reduction replaces the nonconvex, nonconcave constraint (2.7) by a convex quadratic
constraint ((2.7)a). Again, other combinations of arc directions work analogously.

2.2.4 Fixing and propagating z variables

At junctions with nonzero demand, flow balance requires nonzero flow on at least one incident

arc. Trivially, implies that the head is real:
je€J,Dj>0= z; =1

Using these fixings and the water sources known to be real, some of the constraints ((2.19)—(2.21))
may then become redundant or can be used to fix further z variables to one.

2.2.5 Handling special cases for junctions without demand

In[Section 2.1.4 we mentioned that for a given zero demand junction ¢ we can only require that
its head H;; is no less than its geodetic height H, if the head is real, i.e., there is nonzero flow
through it. There is an example shown in that the constraint H;; > H;, may change
the optimal value if H;; is imaginary. For this, our solution is including a binary variable which
denotes if the head is real or imaginary and then using constraints ((2.17)-(2.22)). Now we want
to find some special cases for the given junction j and prove in these cases binary variable z;;

as well as constraints ((2.17)-(2.22) for junction j from Model (2.26) are redundant:
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+ Assume that we have a pipe a whose two connected nodes are j; and j». Node j; is a

zero demand junction and besides a, j; is only connected with another arc that is not a
pipe. In addition, the geodetic height of j; is not higher than the geodetic height of js,
namely H J01 < H joz. Otherwise, in case of H JO1 > H JQZ, li is applicable.

Consider the case zj, = 1, HJO1 < HJQ2 follows then flow has enough pressure to reach
node ji. Then we have z;, = 1. On the other hand, if z;, = 0, flow balance follows that
Qo = 0. In this case we have z;, = 0. Then we can add the valid constraint

Zj1 = Zja
to Model (2.26).

Very similar to the case above, assume that we have a pipe a whose two nodes are j; and j.
J2 is a zero demand junction and besides a j3 is only connected with another arc but not
a pipe. We assume further that the geodetic height of j; is much higher than the geodetic
height of ja, namely HJO1 > H]QQ. “Much higher” means here H]Q1 - H]O2 > (Qmax)?
Assume for some reason we know that the flow direction in ¢ must be from j; to jo. If
the head in j; is real with z;, = 1, then flow is reachable to jo which means z;, = 1. On
the other hand, if z;, = 0, flow balance follows that (), = 0. In this case we have z;, = 0.
Then we can add the valid constraint

Zj1 = Zjo

to Model .

The simplification techniques above either focus on the reduction of network size which

leads to an MINLP with fewer constraints and variables, or focus on changing the structure of
integrality and nonlinearity of the Model. Both do not change the feasibility and the optimality
of the original model and make the MINLP easier to solve.
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s

.

Figure 2.6: Special cases for junctions without demand
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Chapter 3

Solving Optimal Operation of Water Supply
Networks in a Fixed Point of Time

The full-scale optimal operation task typically covers the time span of one day with hourly
demand forecasts for each consumer and comprises the decision when and which pumps are
switched on and off, when and which tanks are filled for storage (typically at low demand),
when they are deflated again (typically at peak demand), and where water is obtained.

In this chapter, we focus on solving a stationary version of the planning problem to e-global
optimality: Given fixed starting levels of tanks and constant demands of consumers, compute a
pump configuration and a feasible flow through the network such as to minimize the variable
operational cost incurred by purchase of energy and water. Although this alone does not
address the full operative planning task, it arises naturally, e.g., as one-period subproblem in a
time-discretized formulation. In heuristic or decomposition-based solution approaches these
subproblems may have to be solved iteratively. Not least, the ability to compute proven optimal
solutions to these stationary models can help in evaluating and improving heuristic solution
techniques.

The content of has already be published in [GHHV12]. This chapter is organized as
follows. gives the static model of the optimal operation problem as a mixed-integer
nonlinear program (MINLP) which is the static version of the dynamic model introduced in
[Section 2.1] [Section 3.2|explains how this can be solved to globally proven optimality gaps.
[Section 3.3|presents results of computational experiments conducted on real-world instances
provided by our industry partner Siemens AG, Corporate Technology, Modeling, Simulation &

Optimization Finally, [Section 3.4| contains concluding remarks.

3.1 The model in a fixed point of time

The goal of this chapter is to optimize the operation of a water supply network at a fixed point in
time. Given filling levels of tanks and demands of consumers we wish to compute a feasible flow
through the network such as to minimize the variable operational cost incurred by purchase
of energy and water. In the following, we model this problem as a nonconvex mixed-integer
nonlinear program (MINLP).

http://www.ct.siemens.com/|
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Table 3.1: Variables of the optimization model.

variable interpretation

h; pressure potential (head) at node j € A [m]
Ahy pressure increase/decrease at pump or pipe a € P U S [m]
Qa volumetric flow rate in arc a € A [m3/s]
Quw volumetric outflow rate from water source w € W [m?/s]
Zp binary indicator whether pump p € P is switched on
Yo binary indicator for direction of valve v € V
Zj binary indicator whether head at node j € A is real

The main difference between the static model and the dynamic model introduced in[Section 2.1]
is the behavior of tanks. In the dynamic case we consider that the filling level of tanks changes
by time and flow. However, for the model in a fixed point of time, we assume that the filling
level will not change, then it works as a reservoir. For that we define then the set of water
sources W = T U R which contains all tanks and reservoirs. For every water source w € W,
(., denotes the outflow from w, then for the flow balance we have

Z Qo — Z Qo — Qu =0. (3-1)

a€dt(w) a€d— (w)

Without consideration of time ¢, summarizes the variables used in our static opti-
mization model. The complete nonconvex MINLP now reads

min Y w;Qi+ Y Cp

JER peEF

st. (21), 2.4), (2.6) — 2-13)), ((2:16) — (2:22)), (2-23), (3-1)),
zp € {0,1},Qp € [0,Q)™], Ahy € [0, AH™ ] forallp € P,

yo € {0,1},Q, € [Q™n, Qmax] forallv €V, (3-2)
zj € {0,1},h; € [H]Q,H;nax] forallj € NV,

Qq € [QM™ QMax] foralla € SUF,

ze = 1,Q" € [Qm™, Q5] forallw € W.

As we discussed before, it features two types of nonlinearities, the Darcy-Weisbach equation
along each pipe and the energy consumption of pumps in (2.23), both of which are nonconvex.
Together with the discrete states encoded in the binary variables this yields a highly nonconvex
solution space.
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3.2 Global solution approach

3.2 Global solution approach

The problem formulation given in the previous section is a nonconvex MINLP. Its combination
of discrete and continuous nonconvexities — binary decision variables for pump status, valve
direction, and imaginary flow plus nonconvex nonlinear terms and - results in a
challenging optimization problem. In the following we describe how well-known algorithmic
techniques can be applied to solve them to e-global optimality.

3.2.1 Branch-and-bound

A common methodology to handle nonconvex optimization problems is branch-and-bound [LD60],
where the problem is successively divided into smaller subproblems until the individual sub-
problems are sufficiently easy to solve. Additionally, bounding is used to detect early whether
improving solutions can be found in a subproblem and avoid enumerating suboptimal parts
of the feasible region. Thereby, bounds on the optimal objective function value are computed
from a computationally tractable relaxation of the current subproblem.

For nonconvex MINLPs, typically an efficiently solvable convex (linear or nonlinear) relaxation
is used for bounding, obtained by dropping integrality conditions and replacing nonconvex
nonlinear functions by convex estimators [[TS04]]. Branching (problem division) is done with
respect to either discrete variables that take a fractional value in the relaxation’s solution or
variables that appear in violated nonconvex constraints. The purpose of the latter is that a
reduction of a variable’s domain yields tighter convex estimators, which in turn may allow to
cut off the infeasible solution from the relaxation.

Solvers that implement branch-and-bound algorithms for general MINLPs are BARON [[TS04]],
Couenne [BLLMW09]|, LINDO API [LS09], and SCIP etc. By default, all of them
employ a linear relaxation.

We used the solver SCIP, a framework for solving constraint integer programs by a branch-and-
bound algorithm. Arguably, from the solvers listed above, it provides the strongest support for
solving mixed-integer programs (MIPs), which is necessary to address the combinatorial aspect
of our optimization problem. Its state-of-the-art MIP features include cutting plane separators,
primal heuristics, domain propagation algorithms, and support for conflict analysis
[Ach09]]. SCIP has been extended to handle also nonlinear constraints since a few years

3.2.2 Outer approximation

For the nonlinear functions Q, — Agsgn(Q,)Q? from constraint (2.7) and Q, — AH}Q, —
chg from constraint 1i SCIP generates a linear outer approximation along their convex and
concave envelopes. If the relaxation’s solution violates nonlinear constraints, the outer approxi-
mation is tightened by branching on the flow variables @), and @,. For @, — Aasgn(Qq) @2,

this is illustrated in For further details, we refer to [Vig12].
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Figure 3.1: Linear outer approximation of the nonlinear function Q, + A;sgn(Q,)Q? and the effect of
branching on Q,.

To improve performance, SCIP uses the constraints to propagate a reduction in one variable’s
domain to other variables. For example, if the bounds on variable Ah, in constraint Ah, =

Aasgn(Qq)Q? are reduced to [Ah,, Ahg], the bounds of @, can be tightened to

[sen(Aha)y/1Ahal/ Ao sgn(Bha)y/ [BRal /A

which allows for a tighter linear outer approximation. Similarly, tighter bounds for Ah, may
be deduced from domain reductions for Q).

3.2.3 Primal solutions

Although in theory, it suffices to collect feasible solutions of the relaxation at leaves of the branch-
and-bound tree, in practice, it is highly beneficial to apply heuristic procedures interleaved with
the global search. Finding good solutions early in the search allows the user to stop the solution
early if he is already satisfied with the achieved solution quality. Algorithmically, better primal
bounds allow the branch-and-bound tree to be pruned earlier and can hence improve solver
performance.

SCIP uses several primal heuristics to find feasible solutions early in the search. First, SCIPs
default MIP primal heuristics are applied to find a point that is feasible for
the linear relaxation plus the integrality requirements, but may violate some of the nonlinear
constraints. Subsequently, the binary variables (z, y, z) are fixed to their value in this solution
and the resulting nonlinear program (NLP) is solved to local optimality using Ipopt [WBO0]]. If
the NLP is feasible, any solution is also feasible for the original MINLP.

Second, SCIP employs various large neighbourhood search heuristics extended from MIP
to MINLP [Ber06} [BHPV11} [Ber14] or specifically designed for MINLP [BG12]. These
heuristics use the relaxation solution or previously found feasible solutions to construct a
hopefully easier sub-MINLP by restricting the search space, e.g., via variable fixings. The
reduced problem is then partially solved by a separate SCIP instance.
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Figure 3.2: Schematic diagram of water supply network n25p22a18 with 25 nodes (1 reservoir, 4 tanks,
20 junctions), 4 consumers, 22 pipes, 12 pumps, and 6 valves.

3.3 Computational experiments

3.3.1 Instances

This section presents the results of our computational experiments on two networks provided by
our industry partner Siemens AG. shows a small water supply network n25p22a18
on 25 nodes (1 reservoir, 4 tanks, 20 junctions), 4 consumers, 22 pipes, 12 pumps, and 6 valves. The
second network n88p64a64 on 88 nodes (15 reservoirs, 11 tanks, 62 junctions), 22 consumers,
64 pipes, 55 pumps, and 9 valves is depicted in[Figure 3.3] Each network comes with hourly

demand forecast for one day. Both are real-world water supply networks.

3.3.2 Experimental setup

The goal of our experiments was to investigate whether and how fast the stationary version
of the operative planning problem in form of the MINLP model can be solved to e-global
optimality and to evaluate the computational impact of the presolving reductions described in
[Section 2.2]

Exemplarily, we selected the demand forecasts for 0-1 am (low demand), 6-7 am (first peak
demand), 12-1 pm (medium demand), and 6-7 pm (second peak demand). The results for these
scenarios were representative for the other hours.

For the tank levels, we considered two scenarios. In the medium tank level scenario, we
assume all tanks to be half-full; in this case, a large portion of the demand may be satisfied
by emptying the tanks only, without significant pump activity. However, such a solution will
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? MMMM 11

Figure 3.3: Schematic diagram of water supply network instance n88p64a64 with 838 nodes (15 reser-
voirs, 11 tanks, 62 junctions), 22 consumers, 64 pipes, 55 pumps, and 9 valves.

be very greedy and also the difficulty of the MINLPs may be reduced. Therefore, for a second
test, we select the tanks that—if the first solution was implemented—would run empty first and
set them to their minimum filling level, hence only allowing for inflow into these tanks; for
network n25p22a18 we reset the first, for n88p64a64 we reset the first four tanks that
would run empty to their minimum filling levels. We refer to this as low tank level scenario.
For our experiments we solely used academic software that is available in source code. We
ran SCIP 2.1.1 with SoPlex 1.6.0 as LP solver, Ipopt 3.10.1 as NLP solver,
CppAD 20110101.5 as expression interpreter for evaluating nonlinear functions, and
Zimpl 3.2 as modeling language. SCIP was run with default settings and a time limit of one
hour. We conducted the experiments on an AMD Opteron 6174 with 2.2 GHz and 128 GB RAM.
Note that the computations were executed before the result has been published in [GHHVI2].
Since all MINLP instances have been solved within time limit, we do not repeat the computations
again. All other computations in this thesis have been finished with the recent version of SCIP.

3.3.3 Computational results

First, we evaluate the impact of the problem-specific presolving steps described in
After these steps new MINLP instances are prepared. shows how these help to
reduce the size of the problems in number of variables “vars”, binary variables “bin”, number of

34



3.3 Computational experiments

Table 3.2: Problem sizes without and with problem-specific presolving as described in|Section 2.2I

network without presolving with presolving

vars bin cons nlin vars bin cons nlin
n25p22al18 145 28 332 42 139 24 322 40
n88p64a64 561 99 1098 171 542 81 982 170

constraints “cons” and number of nonlinear constraints “nlin”. Note that the problem reductions
apply to the structure of the network and are independent of demand forecast or tank levels.
The numbers given are computed before applying SCIP’s presolving. Fixed variables and bound
constraints are not counted. The largest reduction occurs in the number of binary variables,
which are reduced by 14% and 18%, respectively. The number of nonlinear constraints is only
slightly reduced.

compares running times and number of branch-and-bound nodes explored by SCIP
when solving to optimality with a tolerance of 107%. It can be seen that the scenarios for
the smaller instance n25p22a18 can all be solved within one second and can only improve
minimally when using presolving. The most difficult instances are the low tank level scenarios
for the larger network n88p64a64. Here, both solution time and number of branch-and-
bound nodes decrease drastically when applying presolving. Due to smaller branch-and-bound
trees, the instances are solved faster by a factor between 3.8 and 89.5. The only slowdown
occurs on “0-1am med” and “6-7 am med” because SCIP’s primal heuristics do not find the
optimal solution at the root node anymore. Nevertheless, these are solved within less than two
seconds. All in all, the presolving steps presented in[Section 2.2 proved highly beneficial in our
experiments.

Finally, presents our computational results for the presolved instances in more
detail. From column “objval” listing the objective value of the optimal solution found, we can
confirm the expectation that the low tank level scenarios always require more pumps being
active, except for demand “6-7 pm” in n25p22a18, where the objective value remains at the
same level. In all cases, the “low” scenarios take at least as long as the “med” scenarios. In
particular for n88p64a64, this seems to explain why the “med” scenarios are computationally
much easier: a solution with no active pumps is feasible and can be found and proven to be
optimal very fast.

The last three columns analyze the solution progress in more detail, giving the time to find
a first feasible solution, the time to achieve a proven primal-dual gap of 5%, and the time
until an optimal solution is found. A gap of 5% is always reached within 2.4 seconds except
for n88p64a64 “12-1 pm low”, where it takes 16.7 seconds. In almost all cases, the optimal
solution is found at the very end of the solution process. For the instance n88p64a64 “6-7 pm
low” with longest running time of 104 seconds, however, the situation is reversed: the optimal
solution is found already after 1.5 seconds and SCIP spends the remaining time to prove its
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Table 3.3: Running times and number of branch-and-bound nodes to optimal solution without and with

presolving as described in[Section 2.2}

scenario without presolving with presolving

demands tanks time nodes time nodes

0-1am med 0.7s 247 0.4s 67

low 0.9s 663 0.8s 85

®  6-7am  med 0.6s 219 0.4s 60

3 low 1.0s 478 0.8s 77
N

S 12-1pm  med 0.5s 76 0.6s 76

C;:l low 1.0s 239 0.9s 172

6-7 pm med 0.5s 54 0.5s 80

low 0.4s 54 0.5s 80

0-1am med 0.4s 1 1.1s 75

low 11.2s 3518 1.1s 16

T  67am med 0.6s 1 1.6s 181

éﬁ low 595.4s 334128 12.8s 5495
©

S 12-1pm  med 3.6s 1044 2.4s 430

OCO: low 1941.4s 1195329 21.7s 6738

6-7 pm med 4.2s 1413 1.0s 85

low 399.8s 236966 104.0s 64940

optimality.

3.4 Concluding remarks

This chapter has presented a small contribution to the task of optimal, i.e., energy- and cost-
minimal, optimal operation of water supply networks. The research in this chapter has focused
on a stationary version of this challenging optimization problem and aimed at e-globally optimal
solution techniques. The MINLP model used is detailed in the sense that it incorporates the
nonlinear physical laws as well as the discrete decisions involved.

Through computational experiments on instances from industry, we demonstrated that the
stationary models presented can be solved to global optimality within small running times
using problem-specific presolving and a state-of-the-art MINLP solution algorithm. On one
hand, this verified the correctness of instance data and the modeling; one the other hand, the
research in this chapter shows us that we can also hope that we my reach the global optimality

to the dynamic model (2.26).
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Table 3.4: Detailed computational results for water supply networks n25p22a18 and n88p64a64
after presolving as described in[Section 2.2}

scenario optimality time

demands tanks objval  time nodes first sol 5% gap best sol

0-lam med 42.63 0.4s 67 0.2s 0.4s 0.4s

low 64.55 0.8s 85 0.5s 0.6s 0.8s

ﬁ 6-7 am med 42.51 0.4s 60 0.2s 0.2s 0.4s

f\]" low 62.82 0.8s 77 0.5s 0.7s 0.8s
N

L% 12-1pm  med 60.54 0.6s 76 0.3s 0.6s 0.6s

N low 72.78 0.9s 172 0.8s 0.8s 0.9s

6-7 pm med 60.54 0.5s 80 0.1s 0.2s 0.5s

low 60.54 0.5s 80 0.1s 0.2s 0.5s

0-1am med 0 1.1s 75 1.1s 1.1s 1.1s

low 4.45 1.1s 16 0.7s 1.1s 0.7s

g 6-7 am med 0 1.6s 181 1.6s 1.6s 1.6s

éﬁ low 118.76 12.8s 5495 0.6s 0.9s 12.8s
o)

OQO-« 12-1pm  med 0 2.4s 430 2.4s 2.4s 2.4s

Ogo low 86.58  21.7s 6738 12.2s 16.7s 21.7s

6-7 pm med 0 1.0s 85 1.0s 1.0s 1.0s

low 51.24 104.0s 64940 0.8s 1.0s 1.5s
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Chapter 4

Acceleration of Solving MINLPs by
Symbolic Computation

This chapter is concerned with solving a subNLP of the MINLP model which corresponds
to a subnetwork of the entire network for the optimal operation of pressurized water supply
networks. Subnetworks which contain only pipes and junctions yield a constrained nonlinear
system (CNS, a nonlinear program without objective). We show how the CNS can be replaced
by a single (or a few) nonlinear constraint(s) after variable elimination without changing the
feasible region and how faster the MINLPs can be solved after the replacement.

4.1 Introduction and motivation

Recall all components contained in a general water supply network. They are pumps in
pump stations, valves, pipes, junctions (some are related to customers), reservoirs and tanks.
Getting an operation which yields available and reliable water supply is the same as finding a
configuration for all pumps and values. From the point view of mathematical programming, a
configuration corresponds to fixing those configuration variables with reasonable values. We
call the other variables passive variables since we cannot set their values by configurations.
These are the variables for pipes, junctions, reservoirs and tanks. Furthermore, reservoirs are
usually connected to pumps directly, the outflow from them depends actually on the status of
pumps which corresponds to configuration variables. In addition, the fill level of tanks varies
with time. It follows that a subnetwork that contains only pipes and junctions can be regarded
as a passive and static network. An example of such a subnetwork is shown in [Figure 4.1] In this
subnetwork, only two junctions are connected with the rest of the network: we call them joint
Jjunctions. Variables and constraints which are related to this subnetwork form a constrained
nonlinear system (CNS) and a subset of the MINLP for the optimal operation problem.

During the survey of literature we found some research for the similar subnetworks, mainly
focuses on uniqueness of solutions as well as algorithms. Birkhoff et al. have already
started to observe the uniqueness property in the 1950s. After that, Collins et al.
presented a pair of different optimization models both of which are equivalent to the CNS. Hence
solving CNS is equivalent to solving convex optimization problems. Similarly, Maugis
gave a reduction for this particular CNS to a strictly convex problem which always contains a
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s(in) t(out)

Figure 4.1: A semi-passive subnetwork

unique solution. Thus the property of unique solvablity has been shown to have a reasonable
complexity. Similarly, Rios-Mercado et al. have proved the unique solvablity
property for gas networks. A most recent work about algorithmic results for general potential-
based flows can be seen in [[GPSSS17]|. To compare with the literature above, we prove the
unique solvablity property in a topological way.

Note that the variables in the CNS which also appear in the other constraints of the MINLP
are only the variables for the joint junctions. The variables for other junctions and for pipes are
passive variables, if these can be eliminated, i.e., there exists an equivalent CNS which contains
all variables for the joint junctions while the original and the equivalent CNS both have the same
feasible region for the variables of joint junctions. Thus the current CNS can then be replaced
by the new CNS in the MINLP. If the new CNS has less variables or even less nonlinearities, the
replacement reduces the dimension or the complexity of the original MINLP. In the following
we show that we can always reduce the original MINLP by replacing CNSs which are related to
such subnetworks by their equivalent CNSs that have some variables eliminated and contain
therefore less constraints (nonlinearities). We call the new MINLP reduced MINLP.

is organized as follows. describes a CNS model related to these sub-
networks which forms a subproblem of the model introduced in After that, we
prove that the CNS has exactly one unique solution by fixing the value of a selected variable. In
addition, for every variable of the CNS, there exists a function which maps the selected variable
to this variable. The proof is given in

employs symbolic computation to get these functions. In this section, we design
first an algorithm to split the original CNS in several similar polynomial equation systems
which are a precondition for symbolic computation. In the following, we eliminate all median
variables by computing the Grobner bases of the corresponding polynomial equation systems
and get the function in symbolic form by computing the roots of univariate polynomials.

Section 4.4 presents results of computational experiments. Unfortunately, the exact functions
found in are so complicated that the MINLP solver SCIP cannot use them directly.
However, polynomials with degree 2 can fit these exact univariate functions with quite accept-
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able errors. Instead of using totally exact CNSs to replace the original CNSs to get a reduced
MINLP, we use approximated CNSs to get an approximated MINLP. Our computations have
verified the correctness of approximated MINLPs and shown that the new MINLPs are much
easier to solve.

4.2 Model

4.2.1 Network description and classification

The network we are observing in this chapter is a connected subnetwork of a water supply
network. Let G = (N, .A) be a given water supply network defined in In
this chapter we work essentially with subnetworks G5 = (N5, As) C G with the following
properties:

« N5 C J C N contains only junctions j and A; C S C A contains only pipes a,
« Foralli,j € Ny, ifa=(i,j) € A, then ais a pipe and a € Aj,

« There are exactly two junctions, say inflow note s and outflow note ¢, which are connected
to the remaining graph,

. (G, is connected.

We call the graph G; a semi-passive subnetwork. Later we will give the reason for the name.

After that, we can define the remaining graph G’ = (N’, A") with N/ = (N '\ N;) U {s,t}
and A’ = A\ A,.

An example of such a subnetwork is shown in[Figure 4.1] In general, we regard the graph as an
undirected graph since the flow direction in pipes is not determined. However, for formulating
the constraints with mathematical programming we want to define a direction which does
not prescribe the direction of flow through this element, but only indicates the meaning of a
positive flow.

Recall the variables and constraints related to this subnetwork which have been introduced
in the full MINLP model in Each pipe a carries a signed flow @, and on each
junction j, the pressure is measured by head h;.

Remark 4.1
As a tradition for the discussion of the network flow problems, we use s to denote the source
node and ¢ for the sink node. As a result, we use ' to denote time in this chapter.

Our model is a time-expanded network. We consider a planning period of length T (typically
one day, i.e., 24 hours) in discrete time, t' = 1,2,...,T with start time ¢’ = 0. In general,
the variables (), and hy are time-dependent. In this chapter, we restrict attention only to
these subnetworks. All related constraints are only related to one time period. Note that all
constraints which are discussed in this chapter are time-independent. Thus we omit the time ¢’
for all variables to simplify our discussion.
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At each junction j € N except of the two special nodes s and ¢, the flow balance equation

Z Qa_ Z Qa_Dj:07 1'

a€d=(j) a€st ()

has already been defined in[Section 2.1} Junctions with positive demand D; > 0 correspond to
consumers, all others satisfy D; = 0.
In addition, the total inflow ()5 into s from the remaining graph can be defined as

Qs: Z Qa_ z Qa'

a=isc A’ a=sic A’

Similarly, the total inflow (); into ¢ from the remaining graph can be defined. With a slight
modification of (2.1), we get the flow balance equations for s and ¢

Z Qa - Z Qa + Qj = Dj (4'1)

a=(i,j)eA a=(j,i)e A

where j = s or j = t and D; a constant. Adding flow balance equations for all j €
N5\ {s,t} and for j € {s,t}, it follows then

Qs+Qi=)Y_ Dj=:D>0.

JEN

Since D is a nonnegative constant, either ()5 or J; should be nonnegative and one can decide
the value of the other. Usually, we regard a nonzero ()5 or (J; to be inflow if they are positive
or outflow if they are negative.

To simplify our discussion, we call s the inflow node and ¢ the outflow node without loss of
generality. Note that the signs of ()5 and @); are not restricted from the name of s and ¢.

The flow of water through a pipe a = (i, j) is a function of the pressure levels h; and h; at
its ends. The pressure loss along the pipe is described by the law of Darcy-Weisbach

hi - hj = AaQat |Qa‘ = Aasgn(Qa) 27 "

which has been defined in[Section 2.1]
In addition, the head at each node should be no less than its geodetic height H ]Q if the head is
real:

h; > Hj. (4.2)

Consider the constraints ((2.1), (2.7), (4.1)) related to a given semi-passive subnetwork Gy,

the head variables h; do not appear in ((2.1), (4.1)) and only appear pairwise in (2.7). For any
solution of constraints ((2.1), (2.7), (4.1), (4.2)), increasing the head at every node by i’ > 0 will

construct a new solution since all increased h; will fulfill the constraints ((2.7), (4.2)) as well.
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Remark 4.2

To model the full water network we need additional constraints for the operation of compo-
nents pumps, valves, reservoirs and tanks. In this chapter, we first restrict our attention to
subnetworks that do not contain these components. Therefore the constraints above suffice to
model the behavior of these subnetworks. For a full description of the overall subnetwork see

e.g., [GHHV12}[HualllBGS05].

In the following discussion we ignore the constraints (4.2) first and consider them again at
the end of this section.

4.2.2 Unique solvability

In the following, we are concerned with solving the constrained nonlinear system CNS(G).

Definition 4.3 (CNS(Gy))
Given a semi-passive network G, we define CNS(G) as a constrained nonlinear system

containing constraints ((2.1), (2.7), (4.1)) and set h; = 0. They are summarized as

Y Qu— Y Qu-D;j=0 foralljeN;\ {s¢}
a€d=(j) acdt(j)
Z Qa — Z Qo+Q;—Dj=0 forall j € {s,t},
a=(i,j)EA a=(ji)eA (CNS(G5))
hi — hi = M\aQat |Qal — Xasgn(Qu)Q2 =0 foralla = (i, 5) € As,
hs =0

As we discussed above, the head variables /; appear pairwise in CNS(G'). To eliminate solutions
which have the same value of (), we fix hs = 0. It follows then

hj —hs = h;

for every node j € N, which means that the value of h; is the head difference between node j
and node s.

Consider a semi-passive subnetwork in the entire water supply network again. To operate
the water supply network means to find a feasible configuration of pumps and valves. However,
the semi-passive subnetwork does not contain any pump and valve which we can control. From
the natural point of view, if the network operates with Q, = QY for a constant Q¥ € R, there
has to be a unique solution for CNS(G;). We verify this mathematically with the following
theorem.

Theorem 4.4 (Unique Solvability of CNS(Gs))
For a given semi-passive subnetwork G5 and any constant Q¥ € R, CNS(G's) has a unique solution
with Qs = Q. Furthermore, for every node j there exists a continuous, decreasing or constant
function

fj : R — R with h]’ = f](Qs)
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Figure 4.2: A semi-passive subnetwork in tree structure

which maps the inflow Qs into node s from the remaining graph to the head h; at node j; for every
arc a there exists a continuous function

ga : R = R withQ, = g4(Q5)

which maps the inflow Qs into node s from the remaining graph to the flow Q) through pipe a.
The function g, is either constant or monotonic. To be increasing or decreasing depends on the
definition of the direction for positive flow.

Proof. Let G, be the given semi-passive subnetwork with m := |Ag|,n := |Nj|. Since Gy is
connected we have m > n — 1 which is equivalenttom —n+1 > 0. Definex :=m —n+1
then we have z € Ny, z > 0. Note that for connected graph, x denotes the number of cycles.

Now we want to prove that all semi-passive subnetworks withm —n+1=x=0,1,2,...
possess the properties with mathematical induction over z.

The first step is to prove the theorem is true for the case x = 0. Consider the subnetworks with
m—n+1=x = 0,ie,m =n— 1. Inthis case the graph is a tree, see e.g., [Figure 4.2] For every
arc a € A,, removing a yields two disjoint connected graphs: the left graph G, = (V!, A!)
with s € N and the right graph G” = (N7, A"). For every arc a, we discuss first how the
value of (), depends on (). Since the graph has a tree structure, this is a unique path from s to
t. For every arc a in this graph there are two cases:

« Arc a is not on the path from s to ¢, see e.g., arc a = i'j’ in Due to flow balance,
the flow on arc a, i.e., from ¢’ to j' has to be equal to the total demand of all nodes of Gr.
It follows that

Qu= Y Dn=:Dj.

neNy

Flow (), is a constant since D], is a constant.

+ Arc a is an arc on the path from s to ¢, see e.g., arc @ = ¢j in The left graph G,
has inflow @, and total demand D!, := ", A2 Dn, the remaining flow from G, which

flows from ¢ to j is then

Qa :Qs_Dﬁr
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Note that we may define the flow direction from j to i to be the positive direction, then
we would have

Qa = _(Qs - Dé)

Obviously, for both cases there exists a function g, for every arc a which fulfills the correspond-
ing properties.

Now we discuss how the value of /; depends on Q. For every node j € )V, there is a unique
path from s to j since G is a tree. Let the path be ng,n1,...,n, withng = s, n, = j and
p € N. The arcs on the path are a, = (n,_1,n,) forallr € {1,...,p}. Moreover, we can split
the set S := {1,...,p} into two sets S; and S5 so that S U S2 = S and S; N'Se = () and for
every r € Sy itholds t € G!, and for every r € Sy it holds t € G, . The function f; can be
represented as

hj = hj = 0= —(hs — hy)
= — ((hs — hny) + (hny — hny) + ...+ (hny_, — hj))

p
= - Z Aarsgn(Qar) gr

r=1

= (> Aa,sgn(Dy ) (D5, )* + D Aa,sgn(Qs — D5, )(Qs — Dy, )%)
res: constant ress increasing function of Qs

=: f;(Qs).

Note that f; is a decreasing function if Sy # () or a constant function otherwise.

Setting Qs = QY yields the unique solution of CNS((s). Until now we proved that the
theorem is true for xt = m —n + 1 = 0, i.e, for all graphs with m = n — 1. Suppose that the
theorem is true for all graphs with x = k,i.e., m =n — 1+ k, k € Ny. We need only to prove
that the theorem is also true for all graphs withx =k + 1l,ie,m=(n—1+k)+1=n+k.

Let G5 be a semi-passive subnetwork of type m = n + k, then G5 contains at least one circle
since connected networks are circle-free if and only if m =n — 1.

In general, s does not have to be contained in a cycle, see e.g., All neighboring
arcs (s, s,) to s are not contained in a circle, for r = 1,...,n., n. is a constant with n. > 1.
Consider all possible paths from s to ¢. All of these contain exactly one of the arcs (s, s,.) for
r = 1,...,n.. Without loss of generality, (s, s1) is contained in path(s) from s to ¢. Since
every (s, s) is not contained in a cycle, the flow @, s, can be calculated to be a fixed value
as we have shown during proving the case of x = 0. For any r # 1, removing (s, s,.) leads to
two subgraphs. The subgraphs which contains node s, contains neither s nor ¢. All flow and
head variables can be solved trivially. After we remove all arcs (s, s,) with 7 # 1, node s is
connected only to (s, s1). Now we remove arc (s, s1) and set s1 to be the new inflow note with
Qs, = Qs — Q(s,s,) s0 that we generate an equivalent new CNS problem. Note that we moved
the inflow node from s to sj. After doing the procedure above recursively, we will move inflow
note to a note which is contained in a cycle.
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S S
q
(a) A network with circles (b) Remove an arc to reduce a circle

Figure 4.3: Semi-passive subnetworks

Now we need only to discuss the case that s is contained in a cycle. See an example in

Figure 4.3a from s there is an arc a = (s, 1) contained in a circle.
For any given network GG as shown in|Figure 4.3al we construct an auxiliary network G as

shown in by
« removing arc (s, s1),
+ setting the demand of (the original) ¢ for G5 in G¢ to be D — ()5 with total demand D,

« setting s for G as s for G¢ with inflow )5 — ¢ by introducing new variable ¢ with ¢ € R
and setting s1 as t for G with inflow g¢.

Note that G is still connected since (s, s1) is contained in a circle. For any given Qs € R
(inflow of s in G), G¢ is a semi-passive subnetwork of type m = n + k — 1 with inflow Q)5 — q.
With the induction hypothesis, for the head i3, at s1 in G there exists a function f7 with
hg, = f2 (Qs — q) which is a continuous, decreasing or constant function. With a = (s, s1) in
G, let p, be the pressure loss function of pipe a in G, then we have hy, = —po(Q,). For g € R
a given constant, let ()5 — ¢ be the inflow into s for G¢. The unique solution of CNS(G?) is
equivalent to a solution of CNS(G) if and only if

hgl = 501 (QS - Q) = —pa(q) = h81 and Qa =d.

For a given () the value of ¢ satisfies

F(Q) = fsol (Qs - Q) +pa(Q) = 0.

Since f¢, is a continuous, constant or decreasing function, then for a fixed given Qs, f¢ (Qs —q)
is then a continuous, constant or increasing function of q. Together with p, which is a continuous,
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Figure 4.4: No neighboring arcs of s contained in a circle

strictly increasing function, then F' is a continuous, strictly increasing function of ¢. Because of
limg 00 F'(q) = 00 and limy—,_~ F'(q¢) = —00, F(¢) = 0 has one and only one solution. Note
that F has an inverse function F'~! which is also a continuous and increasing function. We
now set ¢ := F~1(0), the unique solution of CNS(G?) with inflow Qs — ¢ and Q, = q is the
unique solution of CNS(G) with inflow Q).

Consider the function F' again. Since f;’l and p® both have inverse functions, there exists a
function f such that

Qs = (f2) " (~pala)) + a=: f(q),

where f is a continuous, increasing function that maps ¢ to @, and has the inverse function
f~L. For g with F(q) = 0 it follows

Qs —q=( 501)_1(_]%(]?_1(628))) = f(QS)

Function f is then a continuous, increasing function that maps Qs to Qs — gq.

From our induction hypothesis, for every node j in G there exists f7 that maps Qs — q to hy,
then f; := f7 o f maps Q to h; which is continuous, decreasing or constant. Analogously, for
every arc a in G there exists g7 that maps (s — ¢ to (), which is continuous, either constant
or monotonic. Then the function g, := g¢ o f has the same property as g2.

For the arc a = (s, s1) which is not contained in G2, the function f~! which maps Q; to Q,
is continuous, increasing. Again, setting Qs = Q" yields the unique solution. O

Until now we know that for a given semi-passive subnetwork G5 with Qs = Q% € R and
hs = Hs € R, where (5 and H are constants, we can solve CNS(G) first and then add H to
h; for all nodes j to get the unique potential solution. The potential solution is a solution for
the subnetwork if it fulfills all constraints (4.2). Otherwise there exists no solution. Note that
increasing H¢ may turn a violated potential solution into a solution, when @), is fixed. Only
with appropriate flow at the inflow node G5 we will have at most one solution, this is why we
called G5 a semi-passive network.
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Assume that all functions f; and g, in[Theorem 4.4 are known for a semi-passive network G.
All constraints ((2.1), (2.7), (4.1), (4.2)) related to G in the entire MINLP can be replaced by

hs + f5(Qs) > HY (4.3)
T

for all junctions j in G, the single constraint for the flow

Qs +Qt=D. (4.4)

and the single constraint for the head
hs — he + f1(Qs) = 0. (4.5)

Note that there are only three variables Q5, Q); and hg in ((4.3), (4.4), (4.5)) which also appear
in the constraints related to the remaining graph. To solve the MINLP, we do not have to know
the value of (), for all arcs a in G if there are no other constraints on these variables.

Detection of redundant constraints In the entire MINLP every variable is bounded. Let
[QMin Q2] be the domain of Q. For every node j, f; is a continuous, decreasing or constant
function. Hence it follows that

F(QE™) < £(Qs) < Q™).

Note that f;(Q™*) and f;(Q™") are constants which can be obtained by solving CNS(G)
with Qs = QU or Q, = Q™. The fulfillment of constraint implies a lower bound of A

by
hs = ht - ft(Qs)
> hy — Q™)
> HY — fi(QF™).
With hy > HY, the constant max{H?, HY — f;(Q™™)} is a lower bound of hs. With this, for
every node j € N'\{s, t}, alower bound of /; can be found by
By = o 5(Qu) 2+ £(@0) 2 max{H HP — HQE™) + £,(Q2).

1

As H; is a constant, we can compare it with HJQ. It is clear that for every node j € N\ {s, ¢},
the constraint

hs + [5(Qs) > H;
N—————’

of type is redundant if

‘ 0
> HY.

Sl
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4.3 Symbolic computation

As we discussed at the end of[Section 4.2.2] to replace constraints ((2.1), (2.7), (4.1), (4.2)) by
constraints ((4.3), (4.4), (4.5)), we need to know the function f; for every node j in a semi-passive

network G5. Consider CNS(G's) again. For every arc a there is a function g, with Q, = ¢4(Qs),
where g, is continuous, decreasing, increasing or constant. The flow direction through arc a,
which corresponds to the sign of g, is said to be decided with inflow Qs € T := [Q], Q?] if
Qa < 0orQ, > 0forall Qs € Z. Since one of g,(Q}) and g,(Q?) is the maximum and the
other is the minimum of (), the flow direction is decided if and only if

ga(Q;) : ga(Qz) > 0.
With this property we make the following definition.

Definition 4.5 (Flow direction decided domain)
A domain 7 := [Q}, Q?] with two constants Q!, Q2 € R is said to be a flow direction decided
domain if for every arc a € Aj it holds

ga(Q;) : ga(Qz) > 0.

Note that such a flow direction decided domain always exists. Because for any Q% € R
a given constant, there exists an ¢ > 0 so that for every arc a, either Q, = g,(Qs) < 0 or
Qu = 9a(Qs) > 0forall Qs € [Q%, Qs + €], i.e., the sign of Q, for every arc a is decided for
Qs € [QY, QY + ¢]. Since CNS(G) has a unique solution with fixed Q, every NLP solver may
find the solution. For a given flow direction decided domain [Q}, Q?], the sign of Q,, which is
Sa € {—1,1}, can be determined as

1 ifga(QY) 4+ 9a(Q%) > 0
S, — if a(Qs) + 9a(Q5) = 0, (46)
—1 otherwise.
With the sign assignment S, € {—1,1} for every a € Az, CNS(G5) becomes
> Qa— >, Qa—D;j=0 forjeN;\{st}
a=ijEAs a=ji€As
Z Qa — Z Qa+Qj_Dj:0 fOI‘jE{S,t}
a=ijEAs a=jic A, (SPEs(Gs5))
hi—hj — SaXaQ2 =0 fora=ij€ A,
he =0,

which is a system of polynomial equations SPEg(Gy). In this system, we regard s, A\, and S,
as constants or parameter and all @, h; as variables. Note that (; can be eliminated since it
depends only on value of ().

Before we solve SPEg(G), we look at the definitions and theorems concerning varieties and
ideals. These are taken from the book of Cox etal. [CLO92].
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Definition 4.6 (Ideal)
Let k be a field. A subset I C k[z1,x2,...,zy] of the polynomial ring k[z1,x2, ..., zy] isan
ideal if it satisfies:

- 0el;
«if ffgel then f+g€l;
« if feTandh € Rlzy,29,...,2,], then hf € I.

Definition 4.7 (Affine variety and polynomial ideal)
Let k be a field and f1, fa, ..., fs be polynomials in k[x1, x2, ..., x,]. Then we set

V(fi, fo, - fs) ={(a1,...,an) € k" : fi(a1,...,a,) =0forall 1 <i < s}.

We call V(f1, f2, ..., fs) the affine variety defined by fi, fa, ..., fs. Further we set
(fi,. . fs) = {thft thi,...,hs € k[azl,xg,...,:z:n]}.
t=1

Note that I := (f1,..., fs) is an ideal, a proof can be found in the book of Cox etal. [CLO92].
We denote also V(I) = V(f1, fo, ..., fs) as the affine variety defined by f1, fo,..., fs. From
that book we have also the following theorem.

Theorem 4.8 (Elimination and Extension Theory)

Let I be a polynomial ideal with I = (f1,..., fs) C Clx1,x2,...,x,] where V(I) is not an
empty set. Assume there exists p;(x;) € Clz;]| such that p;(x;) € I foronei € {1,...,n}. It
follows then

e ifz; € C withp;(Z;) = 0, then there exists (x1,z2,...,2,) € V(I) such that x; = T;;
e forany (x1,x2,...,x,) € V(I), it holds p;(z;) = 0.

Furthermore, V(1) is a finite set if and only if there exists p;(x;) € Clx;] with p;(x;) € I for any
ie{l,...,n}.

Note that may not be true if we replace C by R, since R is not algebraically
closed, e.g., the polynomial 22 + 1 € R[x] has no root in R but has a root in C. However, the
ideal I can be selected so that all f; € R[x1,zo,...,2,] C Clz1,z2, ..., 2y).

Consider the system of polynomial equations SPEg(G) with a given flow direction decided
domain 7 again. Let fi, fa,..., fs be all polynomials in SPEg(G,) which generate an ideal
I= <f1, cee f5> The set V'(I) is not an empty set since for parameter ()5 € Z the corresponding
CNS(G5) has a solution which is also of solution of SPEg(G). According to for
any fixed given ), the polynomial system SPEg(G) has a unique solution. We handle Q) as
symbolic parameter but not a parameter. Then [Theorem 4.8|implies that the corresponding set
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V (I) is finite while I is generated by all polynomials in SPEg(G) Then for every variable h;
or (g, polynomials of the form p;(h;) or p,(Q,) can be found by computing the Grébner bases
with appropriately chosen monomial orderings [Laz83]]. There are several software packages,
e.g., Maple [Map]] and Singular which can compute Grobner bases and can check
whether the affine variety of a given polynomial system is a finite set. Examples of applications
using Maple can be found in [MG94 [GDS94} [Zac96} [RIRmL14} [GKZ90].

On the one hand, all of p;(h;) and p,(Qq) can be regarded as univariate functions which
contain symbolic parameter (), every root of p;(h;) and p,(Q,) is a function that maps Qs
to h; or to Qq. On the other hand, for any fixed Qs € Z, the unique solution for CNS(G) in
[Theorem 4.4|is a solution for SPEs(G) as well. It implies that h; = f;(Qs) is a root for p;(h;)
for all Qs € 7 and for all nodes j. Similarly, Q, = g,(Q5) is a root for p,(Q,) forall Qs € 7
and for all arcs a. According to Abel-Ruffini theorem [SkoT1]], there is no algebraic solution to
the general univariate polynomial equations of degree five or higher with arbitrary coefficients.
It is clear that the roots for a general univariate polynomial can be found if and only if the
degree is no more than 4. Assume that the degree of p;(h;) is d; < 4 (in our instance we have
dj = 4), then all d; roots r1,73,...,74; can be found by using Maple or Singular. Note that
every r; can be regarded as a function that maps (), to h; if all other parameters are given as
constants. With any fixed Q) € Z, the unique solution of CNS(G) can be found by using any
NLP solver, e.g. SCIP.

Letry, ..., 7q; be the d; roots of polynomial p;(h;). Since any r; can be regarded as univariate
function of (), [Theorem 4.4| and [Theorem 4.8| imply together that there exists exactly one
j€{1,...,d;} such that f;(Q,) = r3(Qs) in domain Z.

Now we can to find r; with an algorithm. Let ¢ € R4 be the accuracy parameter of the NLP
solver and ﬁj be the value of /; in the solution. If there exists aje{1,2,..., d;} such that

‘Tj(@s) - Bj‘ < ¢ and ‘rj(Qs) - Bj‘ >eforallj € {1,2,...,d;}\{j},

then we can set
fi(Qs)g.ez == 15(Qs)

since r; is the unique candidate. We call the solution with Qs = Q, a distinction solution. Simi-
larly, all other functions f; and (), in domain Z can be found if the degree of the corresponding
polynomial is no more than 4 and a distinction solution can be found.

Let [QM Q™3] be the domain of Q. Recall that all constraints ((2.1), , , )
related to G in the entire MINLP can be replaced by constraints ({4.3), (4.4), (4.5)), where
only functions f; appear in these new constraints. We design algorithm to compute f;
symbolically for an arbitrarily selected node j. In this algorithm, in the first part, we split the
original domain [Q™™, Q™*] to a set of sub-domains such that in every sub-domain is a flow
direction decided domain. After that, we compute f; in every sub-domain separately. The
correctness of the theorem is proved.

Theorem ( Correctness of Alg¢rithm[4.1)

Algorithm|4.1 finds f; as defined in|Theorem 4.4 if the algorithm terminates with “success”.
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Algorithm 4.1: Symbolic computation to get f;

14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

Input: A semi-passive subnetwork G, domain [Q™", Q%] for Q5 and node j

Output: Function f; related to for Qs € [Q™n Qmax]
Initialize S := {[Q™", Q™ax]} ;
Get the solution of CNS(G) with Qs = Q™" and Q, = Q™ using an NLP solver. Let Qa
and Qa be the value of Q, for every arc a in the solution with Qs = Q™™ and Q, = Q™?%,
respectively.
fora € A do
if Qa . Qa < 0 then
Solve CNS(G) with additional constraint Q, = 0, let Q, be the value of Q, in the
unique solution;
Get the interval Z, € S which is [Q1, Q2) (or [Q1, Q2]) and contains Q,;
if Qs € (Q1,Q2) then_ ~ ~
| Replace T, by [Q1, Q) and [Qs, Qs) (or [Gs, Qs]) in S ;

end

end
end
for everyZ; € S do
Get sign assignment .S according to for Qs € Z;, construct the corresponding
SPEg (Gs) 5
Get p;(h;) by computing Grobner bases ;
if pj(h;) does not exist then
‘ Report “not a finite set” and stop
end
Let d; be the degree ;
if d; > 4 then
‘ Report “degree too high” and stop
end
Compute roots 71, ..., 7q,;
while true do
Choose a Q, € Z; (randomly) and compute the solution of CNS(G) with Q, = Q.;
if the solution is a distinction solution then
Get j and set f;(Qy) gz, = 7;(Qs):
break
end

end
end
Report “success” and return f;
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Proof. The algorithm initializes a set of domains which contains only the initial domain
[Qmin QmaxX] The domain [Q™", Q™3] may not be a flow direction decided domain. It is not,
the sign of some (), has been changed. Due to the monotonicity of g,, the sign can be changed
at most once, which is equivalent to Qa . Qa < 0, where Qa and Qa are defined and found
in Algorithm

The first for-loop splits [Q™™, Q™2%] into several domains which are disjoint, flow direction
decided and their union is exactly [Q™", QM2x],

Consider any arc a with Qa . Qa < 0. Note that g, has an inverse function which maps
Qg to Qs, CNS(G) has a unique solution if we fix ), = 0. The solution can be computed by
any NLP solver. Let Q) be the value of @, in the unique solution such that Q, = g,(Qs) = 0.
There will be only one interval Z, € S which contains Q s. After splitting 7, into two intervals
according to Q, the sign of @, is decided for all domains in S for Q.

The first for-loop terminates and S contains at most |.4s| domains.

The second for-loop computes the function f;. In every iteration, the function f; for Qs € Z;
is computed separately. The termination with “success” indicates that the univariate polynomial
pj(h;) exists, its degree d; is not more than 4 and a distinction solution can be found for
every iteration. By composition of all f;(Qs)|g,ez, We get the continuous function f; for

Qs € [anin7anax]‘ O

4.4 Computational results

This section presents results of our computational experiments. For our experiments we ran
SCIP 5.0.1 with SoPlex 3.1.0 as LP solver, CppAD 20160000.1 as expression inter-
preter for evaluating nonlinear functions for our nonconvex NLPs and MINLPs, Ipopt 3.12 [[Ipof
as NLP solver. We used Maple 16 for all symbolic computations. SCIP was run with default
settings and a time limit of one hour and a gap limit of 1075, We conducted the experiments on
an Intel(R) Xeon(R) CPU E5-1620 v4 with 3.5 GHz, 10240 KB cache, and 128 GB RAM.

Our computational experiments are based on the instance n25p22a18 which has been
introduced in [Section 3.3.1| while [Figure 3.2/ shows the network topology.

[Figure 4.5 shows a real-world semi-passive subnetwork which is contained in network
n25p22a18. For this subnetwork, without loss of generality, we define junction01 to be the
node s and then junction13 is the node ¢. In this subnetwork, there are only two junctions with
a nonzero demand D;. Let the demands be D and D>. For this subnetwork, as we discussed
before, we can replace constraints (, , , ) which are contained in the original
MINLP by constraints ((4.3), (4.4), (4.5)). First we can detect if some of the constraints of type
are redundant, using the strategy described at the end of In this subnetwork with
all given demand combinations (D1, Ds), for every node j € N \ {s,t}, the constraint (4.3)
is a redundant constraint. For the replacement we need only to get the function f;. For this
subnetwork with all demand combinations, f; can be found successfully by using Algorithm
while Maple 16 has been used for all symbolic computations and SCIP has been used as a global
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solver. A part of f; for a demand combination is shown in

pipe1d 3
i valve!
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pipe13

junctjon10

pipeo1s pipe1l
junctjon01 junct

pipe17

on18 junction19

Tzadid

—
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— S—
pipe1s
pipe12
junction15 junction11

Figure 4.5: A semi-passive subnetwork contained in water supply network n25p22a18
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Figure 4.6: A part of function f;

Unfortunately, these f; can not be used by our MINLP solver SCIP efficiently. However, we
can use polynomials of Qs to fit f; by using, e.g., the method of least squares. Since SCIP has
nice performance to handle quadratic constraints , we first try quadratic polynomials
in the form of f; = ¢o + c1Qs + c2Q? to fit f;. The computed result is shown in
Maple 16 needs less than 10 seconds to get all parameters (co, c1, ¢2).
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Table 4.1: Polynomial fitting of the function f; and the errors.

D1 Do Co cl Co max error (-) max error (+)
90 25.2 0.067 -4.466 123.711 -0.0006 0.0005
90 36 0.076 -4.745 123.711 -0.0005 0.0005
90 43.2 0.083 -4.931 123.711 -0.0005 0.0005
90 46.8 0.087 -5.024 123.712 -0.0005 0.0005
90 86.4 0.134 -6.047 123.713 -0.0009 0.0010
90 111.6 0.170 -6.698 123.715 -0.0014 0.0017
90 115.2 0.176 -6.791 123.715 -0.0015 0.0018
90 1224 0.188 -6.978 123.716 -0.0016 0.0020
90 126 0.193 -7.071 123.716 -0.0016 0.0020
90 133.2 0.206 -7.257 123.717 -0.0018 0.0022
90 147.6 0.232 -7.630 123.719 -0.0021 0.0029

After that, the maximal error of the polynomial fitting can be computed by solving the NLPs

min/max co + c1Qs + CQQ? — hy
st.  CNS(Gy)

Qs € (@™, Q™

The maximal errors are shown in[Table 4.1l The total maximal error is less than 0.003 meter
which can be ignored with comparison to the measurement errors. As a result, these polynomials
can replace f; in our further computations.

The test instance is given with a demand of 24 hours. Let P[i, j] denote the modeled operation
problem from hour ¢ to j with 0 < i < j < 24. We call [4, j| the planning period. In the
following, we want to compare the original MINLP model which we have introduced in
and the simplified MINLP obtained by replacing constraints ((2.1), (2.7), (4.1), (4.2))
by constraints (, , ) in the original MINLP. Since the new MINLP has less variables
and constraints, we call it reduced MINLP. shows how the replacement helps to reduce
the size of presolved MINLPs by SCIP in number of variables “vars”, binary variables “bin”,
number of constraints “cons” and number of nonlinear constraints “nlin” for selected planning
periods.

Finally, presents the computational results for the 24 original MINLPs and the
corresponding simplified and approximated MINLPs which model the operation problems for
the first ¢ hours with ¢ = 1, ..., 24. For every MINLP we set a time limit of an hour. In column
“gap (time)” the time has been displayed if the gap limit has been reached within an hour;
otherwise the time limit has been reached, only the current gap needs to be displayed. From the
table we see that there are more simplified MINLPs which can be solved to optimality within
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Table 4.2: Problem sizes for the original and reduced MINLPs for water supply network n25p22a18

MINLP without replacement with replacement
vars bin cons nlin vars bin cons nlin
P[0, 1] 101 14 135 39 80 13 113 32
P[0, 2] 222 29 304 79 180 27 260 65
P[0, 12] 1442 179 1994 479 1190 168 1730 395
P[0, 24] 2905 359 4021 958 2389 336 3481 790
MINLP without replacement with replacement
vars bin cons nlin vars bin cons nlin

one hour than original MINLPs. If both cannot be solved to optimality, the gap for the simplified
MINLP is much less than the gap for the original MINLP.
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Table 4.3: Detailed computational results with the original and reduced MINLPs for water supply
network n25p22a18, computed by SCIP 5.0.1

MINLP original with replacement

primal dual (time) gap primal dual (time) gap
P[0, 1] 50.77 5077 (0.44) 0 50.77  50.77 0.1)0
P[0, 2] 125.83 125.83 (1.42) 0 125.83 125.83 (0.96) 0
P[o, 3] 185.2 185.2 (5.61) 1.68e-08 185.2 185.2 (2.52) 1.23e-08
P[0, 4] 233.55 233.55  (350.97) 9.02e-08 233.55 233.55 (64.19) 2.35e-08
P[0,5] 28244 282.44 (20.23) 0 28244 28244  (547.32) 9.77e-08
P[0, 6] 341.15 341.15 (51.53) 0 341.15 341.15 (14.63) 7.24e-08
P[0, 7] 392.85 392.85 (26.57) 0 392.85 392.85 4.658e-07
P[0, 8] 448.79 44879  (376.7) 3.91e-08 448.79  448.79 2.575e-07
P[0,9]  534.48  534.48 (176.51) 0 534.48  534.48 (1056.9) 0
P[0,10] 671.47 67147 (465.89) 0 671.47 67147 (230.46) 0
P[0, 11] 768.8 768.8 (1396.85) 0 768.8 768.8 (78.44) 8.05e-08
P[0, 12] 870.98  870.96 2.37186e-05 870.98  870.98 (112) 0
P[0, 13] 935.85 898.91 0.0411002 935.85 935.85 (578.07) 0
P[0, 14] 991.83  960.96 0.0321309 991.83  991.83 (183.54) 0
P[0, 15] 1055.73 949.15 0.112285 1055.73  1055.73 (553.88) 0
P[0, 16] 1130.53 1013.99 0.114935 1130.53 1130.53 (2535.95) 9.76e-08
P[0,17] 1228.14 1128.73 0.0880757 1228.14 1228.14 (438.49) 0
P[0, 18] 1352.26 1158.17 0.167585 1352.09 1351.34 0.000553345
P[0,19] 1401.82 1222.86 0.146347 1401.82  1400.89 0.000662269
P[0,20] 1453.89 1280.42 0.135482 1453.89 1447.68 0.00428762
P[0,21] 1547.68 1339.51 0.155409 1533.84 1514.23 0.0129535
P[0, 22] 1982.49 1383.74 0.4327 1701.89 1663.46 0.0231068
P[0,23] 1909.44 1547.66 0.2338 1883.77 1818.38 0.0359563
P[0, 24] 2593.78 2227.87 0.16424 2590.18 2518 0.0286644
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Figure 4.7: Comparison of primal and dual bounds by solving the original and reduced MINLPs for
water supply network n25p22a18, computed by SCIP 5.0.1



Chapter 5

Convex Hull of Graphs of Polynomial
Functions

In we explained that the MINLP solver SCIP can handle nonlinear terms like 22
or x1 - x2. Based on that, SCIP may handle all types of polynomial functions since we may
substitute all the nonlinear terms into the form 2 or 1 - x5. However, the resulting outer
approximation could be very loose. We will show this by computations at the end of this chapter.
Vigerske gives a list of polynomial functions which can be directly handled by SCIP.
For a further instance which we will present later in this chapter, we use bivariate polynomial
functions to approximate energy cost of pumps. These polynomial functions do not fulfill the
conditions mentioned in [Vig12]. Thus, SCIP does not generate outer approximation for them
directly. These functions appear however directly in the objective and bad outer approximations
lead to bad dual bounds.

In our MINLP algorithm we only add linear constraints into the LP relaxation such that the
original feasible region is contained in the corresponding outer-approximation. For constraints
with polynomial functions the feasible region corresponds to the graph of them. The research
motivation is that linear constraints getting directly by observing the feasible region of bivariate
polynomial constraints will be tighter than those getting for substituted nonlinear constraints.

Note that variables appearing in nonlinear terms in MINLP applications are usually box-
constrained. In this chapter, we investigate first the convex hull of graphs of polynomial
functions over a polytope. This convex hull is usually formed by infinitely many halfspaces.
For these halfspaces we define and show which of them are “efficient” and which are not. This
study is for general polynomial functions of dimension n.

Based on the complete theory we go back to our application and design algorithms to compute
“efficient” halfspaces and add them into our MINLP. Computations show that these halfspaces
improve the dual bounds significantly.

5.1 Literature survey

Tawarmalani and Sahinidis [[TS04} [TS05]] have shown that for the usual global branch-and-bound
approach for nonconvex MINLP, a construction of sharp relaxations is essential. Recalling the
definition, the tightest convex outer-approximation of a nonconvex set is obtained by the convex
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hull relaxation. A detailed theoretical observation on such relaxations has been achieved in
the 1970s [Roc70], and more recently in the current century Ber09]]. Typically, these
convex relaxations are obtained by replacing each nonconvex term individually by convex
underestimators or concave overestimators. Plenty of computational results showed that the
tighter the convex relaxation is, the tighter the bound is. Consider a nonconvex feasible
region defined by a nonconvex function over a convex compact domain with a function type
that is frequently used for formulating MINLPs. By definition, finding the convex hull of the
nonconvex graph is equivalent to finding the convex and concave envelope of the function.
There is very limited availability of formulae for these envelopes due to the fact that the standard
representation of envelopes is equivalent to a nonconvex optimization problem that is intractable,
in general [JMWO8]. Despite of the strong requirement of the quality of outer-approximations,
very little literature can be found, even only for general polynomial functions.

However, instead of handling general functions directly, there are several works on the
construction of the convex hulls for problems with special structures. Jach etal. have
shown how to reduce the problems of determining a convex envelope to lower-dimensional
optimization problems when the underlying function is indefinite and (n — 1)-convex. This
allows to describe the convex envelope of a variety of two-dimensional functions. Boland et al.
have investigated the gap between the McCormick relaxation and convex hull
for bilinear functions. For bivariate functions with a fixed convexity behavior, Ballerstein et al.
have shown how to construct underestimators. Lundell etal. have given
strategies to find convex underestimation for signomial functions. For supermodular functions
and disjunctive functions, Tawarmalani et al. have derived explicit characterizations of
their corresponding envelopes. In addition, convex envelopes of

- multilinear functions over a unit hypercube and over special discrete sets [She97],
+ lower semi-continuous functions defined over compact convex sets [KS13],

« monomials of odd degree [[LP03],

« edge-concave functions [MF05]|,

« low-dimensional quadratic forms [ABI0],

« bilinear, fractional and other bivariate functions over general polytopes [Loc16],

« some quadratic functions over the n-dimensional unit simplex [[Loc15],

« bivariate functions over polytopes [LS14],

« lower semi-continuous functions [[TS02b],

« products of convex and component-wise concave functions [[KS12],

« trilinear monomials with mixed sign domains [MF04]]
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(a) The graph of a polynomial function and a piece of the boundary (b) A subgraph on the boundary

Figure 5.1: Investigating the boundary of the graph of a polynomial function

are presented, respectively. In this chapter, we focus on the characteristics of the convex hull of
graphs of general polynomial functions over a polytope.

5.2 Basic ideas of this chapter

Consider the following example in R3. Let f(z,y) = 22 — 5xy + 32 be a polynomial function
over the domain X = {(,y) € [-3,10] x [~3,10]}. For the constraint z = 22 — 5zy + y?,
the feasible region, denoted by S, is shown in[Figure 5.1a] which corresponds to the graph of f
over domain X. Recalling our MINLP algorithms, we add linear constraints to strengthen the
LP relaxation. For any hyperplane H in R? defined in the form {(z,y, 2) | z = ax + by + ¢}
with constants a, b, c € R, H is said to be a linear underestimator to f over X if

S={(z,y,2) | z= f(z,9), (x,y) € X} C{(z,y,2) | 2> ax + by + ¢} .

downward closed halfspace to H

Graphically, it means that the corresponding downward closed halfspace completely contains
the graph of f over X.

In contrast to general MINLP algorithms, we want to find such linear underestimators directly.
They are expected to strengthen the LP relaxation. The intuition is that we only want to consider
such hyperplanes H that support the graph, otherwise we can move it upwardly until the new
generated hyperplane intersects the graph.

In other words, we say a linear underestimators H is below (see [Definition 5.16) the graph S.
Thus H is said to be valid.
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(a) The view of the graph and a linear underestimator (b) The view from the other side

Figure 5.2: A linear underestimator which supports two boundary points of the graph of a polynomial
function

To find linear underestimators H, we study the intersection points H NS. After a series of pre-
liminary definitions in[Section 5.3.1] we define locally and globally convex points in[Section 5.3.2}
A point (2,9, 2°) on the graph is said to be locally convex if there exists H > (20, ¢, 2°)
and H is below the graph of f over a neighborhood of (2, 3", 2°). A point (z!, %!, 2!) on the
graph is said to be globally convex if there exists H > (z',y', z!) and H is below S.

The hyperplane H! = {(z,y,2) | 2 = 92 — 30y — 90}, shown as the yellow hyperplane
in can be verified to be a linear underestimator for f over X. The hyperplane
H! intersects S in two points (—3, —3, —27) and (10, 10, —300). Hence (-3, —3, —27) and
(10,10, —300) both are globally convex points. Note that they both are boundary points of S.

Consider further a point (2,4, 2%) such that the corresponding domain point (2°,¢") is an
interior point of X. As we will show in to check if (29, 0, 29) is globally convex,
we need only to check if the corresponding tangent plane is below S. However, in practice, it
is quite hard to find those globally convex points such that the corresponding domain points
are interior points of X. In addition, the property of global convexity usually depends on the
domain. On the one hand, any locally convex point may become globally convex if the domain
size is small enough. On the other hand, a globally convex point with respect to the current
domain could be only locally convex for a larger domain. Note that in the example above f is
neither convex nor concave over X.

Now we move our attention to those globally convex points for which the corresponding
domain points are on the boundary of X. Consider the subgraph with restriction y = —3,
which is presented as

{(l"yvz) | Z:f(x,y),—3§x < 10’y: _3}
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Z Label
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(a) Subtangent plane (b) Globally convex boundary point in R?

Figure 5.3: Example for a globally convex boundary point

This subgraph is shown as the red curve in[Figure 5.1a] Since y = —3 is satisfied for any point
in the red subgraph, after projecting the space {(z, —3,2)} C R? to the space {(z,2)} C R?,
we get an isomorphic two-dimensional curve in R?

{(z,2) | 2= f(z,—-3) =2® + 152+ 9 =: f(x),-3 <z < 10}.
In general, we show at the beginning of that certain subgraphs on the boundary

can be projected to an isomorphic graph in a space with lower dimension. The one-dimensional
curve is shown as the red curve in Note that the corresponding function f is a
univariate function. Fortunately, the study of the convexity of univariate functions is much
easier than that for bivariate functions. In the example f has domain [—3, 10] and is a convex
function over [—3, 10].

According to the definition of globally convex points, any point z* € [—3, 10] in [Figure 5.1b]
is globally convex in the projected space R?. implies that for any such z*, because
x* is globally convex in the projected space, the boundary point (z*, —3) in X is also globally
convex in the original space. This means there exists a hyperplane H > (z*, —3, f(z*, —3)) and
H is below S. Consider the case * = 0. Then (0, —3,9) is a globally convex point.
shows that in the projected space R?, the tangent plane, shown as the green line, is the unique
underestimator. The corresponding line in R3, shown as the green line inlEiéure 5.3aL is then

{(z,—3,152+9) | z € R} which is defined as subtangent plane in[Section 5.3.3] [Corollary 5.13]
implies that every linear underestimator H with H > (0, —3,9) satisfies

H > {(xz,-3,152 +9) | z € R},

which means any valid hyperplane which contains (0, —3,9) always contains the green line.

63



Chapter 5 Convex Hull of Graphs of Polynomial Functions

The blue line {(z, —3,9z) | = € R} in[Figure 5.2ais a subtangent plane on (—3, —3, —27),
as defined in[Section 5.3.3] We can verify that the yellow hyperplane is the affine hull of the
blue line and the point (10, 10, —300), i.e.,

H' = {(z,y,2) | 2= 92 — 30y — 90} = aff {{(x, —3,92) | z € R}, {(10,10, —300)}}.
For any point (10, 10, z!) with z* < —300, we can also verify that
H' = aff {{(z,-3,92) | = € R}, {(10,10,2")} |
is also a linear underestimator. By comparing H* and H' we have
H'NS = {(~3,—-3,-27), (10,10, -300)} 2 {(~3,-3,—27)} = H' N S.

From the intuition, we prefer H' since the resulting relaxation is tighter. For this purpose

we define tight and loose hyperplanes in In general, a valid hyperplane H' is

definitely loose if there exists another valid hyperplane H® which preserves all intersection
points and intersects in additional point(s) with S, which means

(H'NS) D (H'NS).

This is a sufficient but not necessary condition for loose hyperplanes. Using [Lemma 5.26

inSection 5.3.4| we verify that the yellow hyperplane in is a tight hyperplane.
After that, in [Section 5.3.5 we prove for every loose hyperplane H' that there exists a tight

hyperplane H' that preserves intersection points with

(H'NS) D (H'NS).

We call the corresponding halfspaces tight or loose halfspaces. Note that in the example above
we have H! N H' = {(z,—3,9z) | x € R} which is the blue line in Graphically,
we can rotate H' around the blue line as axis to generate H*. The rotation approach is the basic
idea of a few proofs in this section.

Finally, in[Section 5.3.6| we prove that to form the convex hull of S using halfspaces, we only
need tight hyperplanes. In other words, any loose hyperplane is proved to be redundant.

In we only include theoretical results. We cannot use them to solve MINLP
directly. In we develop algorithms to compute tight hyperplanes for the graph
of bivariate polynomial functions with degree up to 3 over a polygon in R2. Note that the
domain does not have to be box-constrained. In the algorithms, we first find all globally convex
domain points on the boundary. This is very tractable since we only need to find globally
convex points in the graph of univariate polynomial functions with degree 3 over a closed
interval in R. Based on those globally convex domain points, the algorithms find a series of
tight halfspaces. Computations inSection 5.5 show that these tight halfspaces improve the dual
bounds significantly.
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5.3 Convex hull of graphs of polynomial functions over a
polytope
5.3.1 Preliminary definitions

Let m,n € Nand X C R” be a polytope defined by the intersection of finitely many halfspaces,
ie, X == {x = (z1,...,7,)7 € R" | a]Tx < bj,j =1,...,m}, where a; € R",b; € R
for j = 1,...,m. Then, for a given polynomial function f : X — R with f € R[x], the
image of the function F' : X — R"!, x s (x, f(x)) defines the graph of f. Note that some
of definitions and properties are also suitable for general differentiable functions. But in this
chapter we focus on polynomial functions.

In this section, we study the convex hull of the set

S:={(x,2)| z= f(x), x € X} c R,

Define projection functions 7« : R” x R — R™, (x,2) = xand 7, : R"" X R = R, (x,2) — z.
For every point (x, f(x)) € S, x = mx((x, f(x))) is the corresponding domain point.

Theorem 5.1
Let S C R™*! be a compact set. Then the convex hull of S is a compact set which is the intersection
of all closed halfspaces containing S.

Proof. This can be directly derived from Corollary 5.33 and 5.83 of the book [[ABO06]. a

Without loss of generality, we assume X be to full-dimensional, otherwise we can reduce the
dimension by eliminating variables until the new equivalent X is full-dimensional in R? for
d < n. Furthermore, with suitable preprocessing, every hyperplane a?x = bj in X corresponds
to a facet of X.

Let 0X = {x € X | 37, aJTX = b;} denote the boundary of X and let int X := X \ 0X
denote the interior of X. For € R, denote the closed ball of radius r centered at the point x0
by B.(x%) = {x € R" | ||x — x°||2 < r}. A hyperplane in R"*! through point (x°, 2°) with
20 = f(x%) and normal vector n® € R” n° # 0 can be defined as

H(x%n’%) ={(x,2) | z=2"+n"- (x —x"}.

The tangent plane to f at (x°, f(x%)) is T'(x°) := H(x%, Vf(x°)). The downward closed
halfspace associated with hyperplane H (x°,n?) is then

H(x"n%) ={(x,2) | 2> 2" +n"- (x —x"}.

The upward closed halfspace H(x°,1n°) is defined similarly.

Hyperplanes H(x", n°) are called nonvertical (to space R"), since my(H (x°,n°)) = R™.
Analogously, a vertical hyperplane in R**! through point (x°, 2°) with 2° = f(x°) and normal
vector n’ € R” can be defined as

H(x% n% = {(x,2) | n®- (x — x°) = 0}.

65



Chapter 5 Convex Hull of Graphs of Polynomial Functions

Then the left closed halfspace associated to H+(x°, n°) is defined by
AH(x%n%) = {(x,2) | n° - (x —x") < 0}

and the right closed halfspace Ht+ (x°,nY) is defined similarly. For any halfspace H in R"*1,
let g denote a map which maps a halfspace to its corresponding hyperplane.

Lemma 5.2
Let f € R[x] be a polynomial function over X and let S be the graph of f as defined above. Let
conv(S) be the convex hull of S, then it holds

conv(S) = | ) ﬁ)ﬁ(ﬂ ﬁ)ﬁ( N HL)Q( N HL) =9
H>S A>S AL>S HL>S

= N Hfn N { ﬁ( N {(x,z)|afx§bj}) =: 5"

HDS HDS 1<j<m
9" (F)NS£D gH (NS0

Proof. [Theorem 5.1]implies that conv(S) = 5.

We discuss first halfspaces in S’ with corresponding hyperplanes which are nonvertical. For
every H'! there exists an affine function g; : R” — R such that H' = {(x,2) | z > ¢1(x)}.
Consider any H! with H* 5 S, H' = ¢"(H') = {(x,2) | z = g1(x)} and H' NS = 0), ie,,
the corresponding hyperplane does not support S. It implies that f(x) > ¢;1(x) forall x € X.
The function f(x) — g1(x) attains a minimal value d; € Ry over X since X is compact. It
implies that H? denoted by {(x,2) | g1(x) — d; > 0} fulfills H%> > S but H2N S # § for
H? = {(x,2) | g1(x) — d; = 0}. Note that H? C H', which means to form S, every H is
redundant if the corresponding H = g/ (I:[ ) satisfies H N'S = (). This implies that

Ne= N &

HoS H>S
g (H)NS#D

This is also true for every upward closed halfspaces.
Now we discuss halfspaces in S” with corresponding hyperplanes which are vertical. Note
that for every j € {1,...,m}, {(x,2) | a;[x < b;} has the form of H+ with H+ O S. For any

other H+ with H+ O S or H+ with HL S S we have either

g5 ( N {(x,z)|afxgbj})

1<j<m

or

I:IJ-D( N {(x,z)|a?x§bj}).

1<j<m
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Together with the result for all halfspaces in S” with corresponding hyperplanes which are
nonvertical, it implies that S’ = §”. O

In this section, we want to find a set of halfspaces that all contain S and the intersection of
them is the convex hull of S. [Lemma 5.2 shows that we can restrict attention to nonvertical
halfspaces whose corresponding hyperplane intersects the graph.

Remark 5.3
Obviously, S is bounded because of [Theorem 5.1} Due to symmetry, we only need to consider
the downward closed part of the convex hull since the upward closed part is equivalent to the
downward closed part of function — f.

5.3.2 Locally and globally convex points

Definition 5.4 (Locally convex points)
A point (x°, f(x°)) € S is a locally convex point if there exists ¢ > 0, n” € R" such that

{(x,2) | x € XN B.(x"), 2z = f(x)} ¢ Hx" n"). (5.1)

local graph

In this case, the domain point x° is the corresponding locally convex domain point.
Let S! € S denote the set of all locally convex points and X! = 7, (S) the corresponding
domain points.

Lemma 5.5
Letx° € int X. Ifx" is a locally convex domain point, then the gradient vector V f(x°) is the
unique normal vector n® tox? fulfilling .

Proof. Consider the function g,0(x) = f(x) — (n? - (x — x%) + f(x°)) for n® € R™ and
defined on X. The point (x°, f(x”)) is locally convex if and only if there exists ¢ > 0 such that
gno(x) > 0 over X N B.(x). Using “Taylor’s Formula in Several Variables” for g0 (x) at x°
(see the book ), gno (X) may attain a local minimum 0 at x° if and only if n® = V f(x°).
This implies the result. a

Definition 5.6 (Globally convex points and valid halfspaces)
A point (x°, f(x°)) € S is a globally convex point if there exist an n® € R” such that

S={(x,2)|xeX,z=f(x)} c Hx’n"). (5.2)

total graph

Furthermore, we call H(x°, n%) a valid halfspace, H(x°,n°) and n° the corresponding valid
hyperplane and valid normal vector, respectively. The point x° is the corresponding globally
convex domain point.

Further we define SY as the set of all globally convex points and X9 = Wx(gg ) the set of
corresponding domain points.
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Remark 5.7

The definition of globally convex points is actually equivalent to the definition of generating
sets, which can be found in Chapter 4 of the book [LS13]. Due to the different point of view, we
keep on using the name defined above in this thesis.

Theorem 5.8

Letx° € int X. Then x° is a globally convex domain point if and only if the tangent hyperplane
T(x%) is valid.

Proof. It is clear that a globally convex domain point x° must also be a locally convex domain
point. The result is then followed from [Lemma 5.5} since n" is the unique candidate normal

vector to satisfy (5.2). O

For any x” € X we seek a way to determine if it is a globally convex domain point. For
x € int X, we need only to check if 7'(x") is valid due to On the other hand,
for a boundary domain point x° € 9X, the situation is more complex. We require several
additional concepts in this case.

5.3.3 Globally convex boundary points

Remark 5.9
For polytope X, every face F possesses a maximal subset I C {1,...,m} such that

F:{XGX\a]Tx:bj,jEIF}.

In this section, we assume that the vertices of X are nondegenerate which means there is no
point x € R™ which satisfies n + 1 of the given m inequalities with equality. This implies two
properties:

« For any face F' it holds that dim F' = n — |Ip|

« For any face F with |Ip| = d > 2 and Ir = {1,...,d} without loss of generality, it
implies that
Foi={xeX|afx=b;jelr\{i}}

is also a face of X with F' C F_; and dim F' = dim F_; — 1 forany ¢ € Ip.

Note that the assumption that X is vertex-nondegenerate is not a necessary condition for this
section. However, this assumption makes the notation and description easier. For a vertex-
degenerate X, the dimension of any face can be determined by calculating the rank of an
auxiliary matrix. Since there are finitely many faces, for any given face ' with dim F' < n — 2,
all faces that contain F' of dimension (dim F" 4 1) can be determined as well.

Based on this remark, we have the following lemma. following after its proof

illustrates the lemma in a graphical way.
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Lemma 5.10 (Complete Projection based on the smallest face containing x°)
Letx° € 0X and define the index set

T = {j e{l,...,m}| a]TXO = bj}
which is nonempty. Let d' = |Io| be the cardinality with 1 < d' < n. Then, the set
Po = {x €R" | ajx =b; forall j € Lo}

defines an affine set in R™ of dimension d := n — d'. Further, the set Fyo := Pyo N X is the
smallest face of X which contains x° and has dimension d.
By permuting variables in x if necessary, there exists a bijective linear map

gq: Poo — R x — x4
whereXg = (x1,...,24)7 such that

e The set
Sa = {(xa,2) | xa = ga(x),z = f(x),x € Fyo} C R*"!

is the graph of some polynomial function over a polytope.

e Either (gq(x°), f(x)) is an interior point of Sy or Sy = {(9a(x?), f(x°))}.

Proof. Without loss of generality, we assume I,0 = {1,...,d'}. It is clear that Fyo is a face
of X with x° € F,0. Assume that there exists another face F of X with x° € F' C F,0. Then
there exists j € {d’ + 1,...,m} such that ajTXO = b;. This is a contradiction to the definition
of I 0. Hence F,o is the smallest face of X containing x°. Similar to the preprocessing of half
spaces which form X, which shows that F,0 has dimension d.

Furthermore, we define

!/
Axo = . S Rd Xn,

ad/

and byo = (b1, ba,...,by)T. Then we have
Po ={x e R" | Ajox = byo}

and d’ = rank(A,o) = n — d. Via permuting variables, we may assume that the last d’ columns
of Ao are linearly independent and form an invertible matrix Ap. At the same time the first d
columns of Ao form the matrix A,. By setting xg = (2441, .-, 2n)’, we have

AXOX = (AdAB)(Xg X%)T = AdXd + Apxp = bxo,
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and so
XB = Al_gl(bxo — Agxg) = Aélbxo — ABIAdXd =b - A'xy

for all x € P,o with

d
Tari = b — Ajxg = b+ Y Cayijz; (5.3)
j=1
foralli =1,...,n —d where )/ = Az'bw, A’ = Az'A; and A; is the i-th row of A’, ¢ ;
are constants fori = 1,...,n —dand j = 1,...,d. Note that the d-dimensional affine set Pyo

and R? are isomorphic. Consider the linear map
gd : Pxo — Rd,x — X4,

which is bijective since the inverse exists:

=1 . mpd Xd
94 'R —>PX0,XdI—><b,A,Xd>.

In the following we investigate the graph of function f under the restriction x € Fyo. The
set Fyo, function f and point x° can be completely projected to F; = g4(Fyo), X = gq(x°)
and fg = f(xq,b) — A1xq,...,0._, — A _xg4) respectively. It is clear that f; € R[x,]
is a polynomial function and Fy is a polytope of dimension d. By comparing coefficients,
for every x € Fyo it implies that f(x) = f4(gq4(x)) and for every x4 € Fj it implies that

fa(xa) = f(g;"(x4)). The graph of f; is thus
{(Xd7z) ‘ = fd(Xd)7 Xq € Fd} = {(dez) | Xd = gd<X),Z = f(X),X € Fxo} - 8d7

which is the graph of the polynomial function f; over polytope Fy.

The domain point x° is an extreme point of X if d’ = |I 0| = n. In this case d = 0 and
F; = {xY%} which contains a single point. It implies that x)) is also an extreme point of F}.
Otherwise, we are in case of d’ < n. Note that every F} is isomorphic to a face of X. Assume
xJ is not an interior point of F;. Then there exists a face of F; which contains x. It implies
there exists a face of X which contains x". This is a contradiction to the definition of I 0. Thus

xg is an interior point in Fj. O

Example 5.11
We look at an example with n = 2, i.e., x = (x, y). Consider the polynomial function

f(x,y) = —a* 4+ 32% +102%y — 52% + 32 — 2y* — 4y? : [~4,4] x [-4,4] — R.

For boundary point x° = (1,4) we get Fyo = {(z,y) | 4 <z <4,y =4}, g9q: (z,y) — =
and g; ' — (2,4) and fy(z) = —2* + 323 + 3522 + 3z — 576 as defined in
Point (x°, f(x")), set S and a valid hyperplane {(x, 3, z) | z = 7824134y —1150} are shown
as the red point, the blue surface and the yellow plane in[Figure 5.4a] and the corresponding
(x, f4(x3)) and S; are shown as the red point and the blue curve in|Figure 5.4b] respectively.{
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Figure 5.4: Graph and hyperplane restricted on a face in and the complete projections

Theorem 5.12 (Globally convex boundary points )
Letx° € 0X. Then X" is a globally convex domain point of S if and only if x = ga(x°) is also a
globally convex domain point of Sy with

Si={(x4,2) | x4 = ga(x), 2 = f(x),x € Fro} C R*™.

We go back to Point xJ = 1 is a globally convex domain point of S  since the
tangent plane {(z, z) | z = fq(x) = 78z — 614} (shown as green line in [Figure 5.4b) can be
verified to be valid. Using the theorem above it implies that (1, 4) is also globally convex. This
is verified by the valid hyperplane {(z,y, z) | z = 78z + 134y — 1150}.

We prove first the direction “=” and postpone the direction “<” after introducing a few
further definitions and auxiliary lemmas.

Proof (of “=-”). Consider the case that Xg and x are both an extreme point in F; and X,
respectively. Then the single point x) € F}; is surely a globally convex domain point since the
single point is a valid hyperplane in that space.

Otherwise x) is an interior point in Fyy. Let v = (v1,...,v,)T € R" be an arbitrary vector.
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Define a function g, : R® — R¢,

V1
() n
V1 + D g Civi
V2 + Y it gyt Ci2Vi
Vd = . )
Vd+1 ’
n
. Vd + D i gy Ci,dVi
Un

where all ¢;; are defined as in . We first give and prove the following claim.

Claim Let n € R". The following two sets are affinely isomorphic

{(x,2) |2 =2"+mn- (x —x°),x € Pao} Z {(x4,2) | 2 = 2° + ge(m) - (xa — x9), x4 € R} (54)
This implies

{(x,2) 222 +n- (x =x°),x € Po} = {(x4,2) [ 22 2° + ge(n) - (xa — x7),xa € R}, (5.5)

Moreover, the tangent plane on x) defined as

Ty(x%) = {(x4,2) | 2= V[ a(x9) - (x4 —x9) + 2%, x4 € ]Rd}

satisfies

To(x)) = Tip, (") = {(x,2) € T(x") | x € Poo}. (56)
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5.3 Convex hull of graphs of polynomial functions over a polytope

We prove the above claim first. For any n = (nj,no, ..., nn)T € R",

n-(x—x%+ 2" Zni(:vi—m?)—l—zo

=1
d n
= Z:n,(:z:Z — x?) + Z n;(z; — x?) + 20
i=1 i=d+1
d d
5.3
63) Z —x )+ Z n; d+Zc,Jx] i,d—Zcm—x? + 20
i=1 i=d+1 j=1
d n d
:Zni(xi—x?)+ Z n; Zc +2°
i=1 i=d+1 =1

change 7 and j

:zd: i —af) + Z n]<Zc“ xi— >+z°

i=1 j=d+1 i=1
d d n
:Z (z; — ) B cjin(w; — a)) + 2°
i=1 i=1 j=d+1
d
=> |mi+ Z cjimny | (z; —a?) 4 2°
i=1 j=d+1
= ge(n) - (x4 —x9) + 2°

forall x € Pxo x4 € R? with x4 = g4(x). This implies and holds analogously.
To prove (5.6), it suffices to show

9:(Vf(x%) = V fa(x3),

which is true if for every x; with j = 1...,d we have
dfa
( d) + ij X (5.7)
Ox; (93:] ; Zd;rl 8371
Since
d d
fa(xq) = f(z1, @2, . a0 + D Cay1,jTj, - by g+ Y Cnjaj),
j=1 =

we get (5.7) by usmg the chain rule when computing 3 af 4 ( 9.

Equatlon 4) says that for a given hyperplane H (x°, n) the graph with restriction x € Pyo
in R+ Which is {(x,2) | z = n(x—x")—2% x € Py} is affinely isomorphic to the hyperplane
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H(xY, go(n)) in R4, Equation translates to halfspaces, and similarly for tangent
hyperplanes.

Now we are ready to prove the remaining part of “=". Let H = {(x,2) | z = 2 +n" - (x —
x°)} be the hypothesized hyperplane for showing globally convexity. Similar to the proof of
the claim above, it implies that

{x € Fo | f(x) >n- (x—x") +2°} = {xq € Fu| fa(xa) > ge(n) - (xa — xg) +2°} .
=1 =Ry

Note that if H is valid, then we have L; = Fo0, which is equivalent to the case that T o (XO)
is below S over Fyo and is isomorphic to Ry = Fj. This implies that xJ is a globally convex
domain point in R, O

Corollary 5.13
Letx° € 0X with corresponding L. Define 11, (x%) =T N{(x,2) | alx = b;,i € I}

(3

Every valid hyperplane H through (x°, f(x°)) contains the affine set 17, (x), ie,
T ,(x") C H.

Proof. We use all definitions and results from the proof of “=” of

If x and x are both an extreme point in F; and X respectively, then we have

Tt (XO) = {(Xo,f(xo))} C H.

Otherwise x) is an interior point in F};. Similar to the proof of Equation (5.4) in the proof of

“=” of [Theorem 5.12} it implies for H = H(x", n) that

{(x,2)]z=n-(x=x%) + 20, x € P} 2 {(x4,2) | 2= ge(n) - (x4 — x3) + 2°, x4 € RY}.
=:Lo =:R>

Note that Ly = H N {(x,z) | x € Pyo} and

Hisvalid = L = Fyo
S Ry = Fd

& g.(n) = VF(x9)

= R2 = Td(xg)
& Ly =Tp,(x%)
and thus
T ,(x") C H,

where (x) is followed from O
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Recall again. We have 17 , (x°) = {(z,y,2) | z = 78z — 614,y = 4} for the

globally convex point x” = (1, 4), see the green line in[Figure 5.4} [Corollary 5.13|shows that
every valid hyperplane through (x°, f(x")) contains 17 (x°). Note that 11, (x") is an affine

set contained in the tangent plane 7'(x°), we call it a subtangent plane. We give a general
definition of subtangent planes that are contained in a valid hyperplane.

Definition 5.14 (Subtangent planes)
Let x € 0X with corresponding I, 0. For every I C Lo, a corresponding subtangent plane
Tr(xY) is defined as

Tr(x°) = T(x°) N {(x,2) | al x = b;,i € I}.

A subtangent plane T7(x") is valid if there exists a valid hyperplane H with T;(x") C H.
Note that T(x°) may not be valid and yet T7(x°) is valid by choosing H # T'(x°). A valid
subtangent plane through (x°, f(x)) is said to be maximally valid if there does not exist any
other valid subtangent plane T (x") such that 77 (x%) € Ty (x?).

We also extend the definition to x° € int X since I,o = () and Ty(x?) = T'(x?).

Note that since |I,0| = d’ there are 29" such subtangent planes and all of them are affine sets.
For every Iy, Iy with I1, Iy C I,o it implies that

aff{TIl (Xo)v 11, (XO>} =Thnm, (XO)

and it is clear that
TII (XO) 2 TI2 (XU)

for ) C Iy C Iyo.
shows that every valid hyperplane H through a boundary point (x°, f(x°))

satisfies
HO Ty, (x°) = (T(XO) N{(x,2)|xe Pxo}) S (T(XO) N{(x,2)|xe FXO}) .

Face Fyo of dimension less than n — 1 is contained in a face of X of higher dimension.
below shows that there could exist another face Fio of X such that Fio 2 Fyo and
there exists also a valid hyperplane H' with H! > (T'(x%) N {(x,2) | x € Flo}).

Example 5.15

Consider the following example in R3. Let f(x,y) = 22 — 52y + y? be the polynomial function
over domain X = {(z,y) € [-3,10] x [—3,10]}, shown in[Figure 5.6 The inequalities for
the halfspaces of X withx > —3,y > —3, x < 10 and y < 10 have corresponding index
1,2,3 and 4, respectively. The graph of f in R3 is illustrated in The domain point
x? = (-3, -3) € X is a boundary point with I,0o = {1,2}. Let [} = {(z,y) |z = —3,-3 <
y < 10} and Fy = {(=,y) | =3 < 2 < 10,y = —3} be two faces of X containing x°. The
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(¢) T(23(x°) and H? () Ty1,23(x°) and H?

Figure 5.5: for valid subtangent planes and corresponding valid hyperplanes

graph of f with restriction x € F} is the red curve in and the graph of f with
restriction x € Fy is the blue curve in In addition, the 22 = 4 subtangent planes are

Tp(x%) = {(x,y,2) | z =92 + 9y + 27} = T(x"),

Ty (x°) = T() N {(2,9,2) | w = =3} = {(w,y,2) | » = 9y, 2 = =3},
Ty (x°) = T(x") N{(2,y,2) |y = =3} = {(2,9,2) | 2 = 9=,y = -3},
Thoy(x°) = T(x°) N {(z.y,2) |z = —3,y = —3} = {(~3,-3,-27)}.
(

Consider the point x! = (10, 10) with f(x!) = —300. In the following, we investigate whether
Ty(x") is valid. It is clear that the point (10,10,9- 10+ 9 - 10 + 27) = (10, 10,207) € Ty(x").
Note that the point P! = (x!, f(x!)) = (10, 10, —300) is below Ty(x") because P! is below
the point (10, 10,207). Hence Ty(x") is not valid. The subtangent plane T{l}(xo) (red line
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10 =

|
-4 -2 0 2 4 6 8 10

Figure 5.6: Domain X = {(z,y) € [-3,10] x [-3,10]}

in and in is valid since the hyperplane H! (green plane in
with

H' = aff{Tpyy, {P'}} = {(2,y,2) | z = =30z + 9y — 90}
can be verified to be valid and T}, (xY) ¢ H'. Similarly, T2y (xY) (blue line in [Figure 5.5¢|and
in [Figure 5.5d) is valid since the hyperplane H? (green plane in Figure 5.5c) with

H? = aff{T(5y, {P'}} = {(2,9,2) | 2 = 9z — 30y — 90}

can be verified to be valid and T}, (x%) € H?. Let

H? = {(2,y,2) | = —10.52 — 10.5y — 90}

with {(—3,—3,-27)} € H® and {P'} C H3. The affine set H> (green plane in[Figure 5.5d)
can also be verified to be valid. The subtangent plane T} o3 (x") (black point in Figure 5.5d) is
valid since T} oy (x%) C H?.

Note that 71} (x") and T2y (x”), both through (x°, f(x”)), are maximally valid subtangent
planes. Hence a maximally valid subtangent plane does not have to be unique. &

Definition 5.16

Let S1, 92 C R™"! be two sets. For a given domain D C R", S is said to be (strictly) below S
over D if mx(S1) N mx(S2) N D # () and for every x° € my(S1) N 7x(S2) N D and 2%, 22 € R
with (x°,2!) € S; and (xY, 22) € S5, we have

2 <2 < 2P,
In this case we also call Sy is (strictly) above S1 over D. We omit “over D” if

D D (mx(S1) N7x(S2)) .
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Figure 5.7: Example of half hyperplanes for[Lemma 5.18and [Lemma 5.19|

Remark 5.17

In the definition above, the comparison below or above allows the compared sets to have
intersection points. Note that for the special case S = Sy, we also have .S is above 57 as well
as Sp is below Ss.

Note that a hyperplane H is valid if and only if it is below S. In the example shown in
Figure 5.11a, H' is below H’ over [l,u] for all 4, j with 1 <4 < j < 4 and H" is below S for all
i € {1,2,3,4}. Note that for any S7, S2, S3 C R"™! with S; is below S5 over D! C R™ and
S5 is below S5 over D? C R™, S is below S5 over D! N D2.

Lemma 5.18 (Half hyperplanes)
Let

H' = Hx"n')={(x,2) | z=2"+n! - (x - x"}
with the normal vectorn' € R™ and
H?>=Hx"n?) ={(x,2) | z=2"4+n?- (x — x°)}

with the normal vectorn® € R™ be two nonvertical and nonparallel hyperplanes with an intersection
point (x°,20) € H* N H?. Let

mx(H'NH?) = {x € R"2%4n! (x—x°) = 2%4n? (x—x")} = {x € R"|(n'—n?)-(x—x") = 0}.
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Then H'! is below H? over L := {x € R"|(n' — n?) - (x — x") < 0}.
In addition, for any set S with S C L or S C R := {x € R"|(n! —n?) - (x —x") > 0}, either
H' is below H? over S or H? is below H' over S.

Proof. For any x € L we compare (x,z') € H! and (x, 2?) € H? with
A2 =" +nt (x—x%) - " +n? (x—x%) =(n! —n?)  (x-x") <0,

which means H' is below H? over L.
After that, the second part is trivial to prove. O

Note that if we write 7x(H* N H?) = {x € R"|(n? —n!) - (x —x") = 0}, then H" is above
H? over {x € R"|(n? —n!). (x —x%) <0} = {x e R*|(n! —n?) - (x—x") >0} =R. An
example is shown in[Figure 5.7

Lemma 5.19

Consider the set P"™! = {(x,2) | z = 2° + n! - (x — x%),(n! — n?) - (x — x¥) = 0}
forn',n? € R", n! # n? andx® € X,20 € R. Then P"~! is an affine set of dimension
(n — 1). For any compact set S € R"" with m(S) C {x | (n! —n?) - (x — x") < 0} or
7x(S) C {x | (n' —n?) - (x —x%) > 0}, there exists a hyperplane H > P"~! which is below S.

Proof. The set P"~! can be equivalently written as
P = {(x,2) |2 =20 4 n' - (x—x)} N {(x,2) | 2= 22+ 0 (x - X)),

which is an intersection of two nonparallel hyperplanes. Hence it is an affine set of dimension
(n—1).

Note that for any (x, z) € S, we have x & my(P""1). The affine set aff{ P"1 {(x, 2)}}
is then a nonvertical hyperplane. We take an arbitrary fixed point x” € 7« (.S) as a reference
point, with an affine set {(x", z) | z € R}. For any (x,2) € S, aff{P"! {(x, 2)}} has exactly
one intersecting point with the affine set {(x", z) | z € R}, see examples in [Figure 5.7 with
(x,2) = (x!,2") or (x,2) = (x%, 22) . Denoting the intersection point by (x", fX (x)) with

{7, (%)} = aff{P" {(x,2) € S} N{(x",2) | €R}

and fX : 1 (S) — R. Function f* is continuous since the affine function above is continuous.
Let (x!,2!) € S and (x2,22) € S. Then the hyperplane aff{ P"~1 {(x!,2!)}} is below
aff{ P"~1 {(x2,22)}} over S if and only if f*"(x!) < f*"(x2), see an example in
Due to the Weierstrass Theorem, we can find (x*, 2*) € S such that f* attains a minimum
at x*. Then we have aff { P"~1 {(x*, 2*)}} is below aff{ P" 1, {(x, 2%)}} for any (x!, z%) € S.
This implies that aff{P"~1 {(x*,2*)}} is below any (x%,z!) € S. Hence the hyperplane
H = aff{P"~! {(x*,2*)}} is below S. O
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Figure 5.8: A point sequence in the neighborhood of x°

With the following lemma we prove that a hyperplane H is valid if and only if H is below S
over X9.

Lemma 5.20
The hyperplane H(x°,n") is below S over X if and only if H(x°,n?) is below S over X9, which

means for every x € X9 it satisfies
f(x) > f(x%) +n% (x —xY). (5.8)

Proof. Direction "= simply follows since X D X9.
For the proof of ”<=", first consider the optimization problem

min  f(x) = f(x*) = 0" (x = x7), (5.9)

which has a continuous objective function over a compact feasible region. Since X is compact,
an optimum always exists due to the Weierstrass Theorem. Due to x" € X, we have

min  f(x) - f(x") =0’ (x =x) < f(x) - f(x°) =n”- (x* = x") = 0.

xeX

The hyperplane H(x°,n") is valid if and only if the optimization problem ( . 5.9) has optimal
value 0. Note that by assumption, every x € X9 satisfies (5.8) . The hyperplane H (x°, nO)
valid if the inequality holds also for every x € X\ X9. We assume there existsanx~ € X \ X9
with

f(x7) < f(x%) +n’ (x —xY).

Then the optimization problem (5.9) possesses an optimal solution (x*, z*) with value < 0, i.e.,

Fx*) < f(x%) + 0% (x" = x").

Note that x* is a globally convex domain point since / (x*,nY) is Valid This is a contradiction
to (5.8) for every x € X9 It 1mphes then x™ does not exist and (5.8) is also satisfied for every
X € X \ X9. Hence H(x",n°) is a valid hyperplane. O

80



5.3 Convex hull of graphs of polynomial functions over a polytope

Proof idea of direction “<=” of Recall[Example 5.11] As shown in[Figure 5.4b)]

for Sy, (%, fa(x3)) = (1, —536) is globally convex. To show [Theorem 5.12} we need to prove
that there exists a valid hyperplane through (x°, f(x°)) = (1,4, —536), which is the red point

in According to [Corollary 5.13[, every such hyperplane should contain 77 , (x%)
which is the green line in [Figure 5.4a} Note that in this example 77 (x°) is an affine set of
dimension 1. According to by setting P"~! = T1, (x9), for any subset X’ C X
with X’ N Fyo = 0, there exists a hyperplane H D T7, (x%) such that H is below S over X'.
The proof idea is as follows. After finding a set P"~! as described in we split X
into two compact sets X and X2 such that 7 (P"™!) ¢ X™ and X2 N7y (P" 1) =P as
well as X = XM U X2, After that we first find H* D P"~! such that H* is below S over X
In addition, we find H** > P"~! such that H** is below S over X2, According to
H* is below H** over X or H** is below H* over X. If H* is below H** over X, then H* is
below S over X 2. Together with H* is below S over XM H* is then below S over XM U X2,

hence it is valid. Otherwise if H** is below H™* over X, H** is then valid.
The following lemma helps us to find X and H* as mentioned in the proof idea.

Lemma 5.21
For every x* € X9, there exists an ¢ > 0 such that T'(x°) is below S over X9 N B.(x").

Furthermore, every valid hyperplane H through (x°, f(x°)) is below T'(x°) over X.

Proof. Note that for any x° € int X this lemma is clear due to[Lemma 5.5/and [Theorem 5.8}

We need only to consider the case x” € 9X. For a given globally convex domain point

xY € X N XY, we want to capture the globally convex domain points in its neighborhood.
Let A, B C R*"! be two subsets, then

Tx(ANB) = mx(A) N 7x(B) (5.10)
ifm,(A) =Rorm,(B)=R.
For a given x" € X, every subtangent plane T;(x"), J C I fulfills
mx(T7(x%)) = (ﬂ {x|ajx= bj}) Nax(T(x")) = ({x | ajx = b;}

jed R jed

by using iteratively.
It implies that 7y (7(x")) N X is a face of X for J # (), denoting by

Fr(x°) := m(T7(x°)) N X.

We define additionally Fy(x°) := my(T(x%)) N X = X.
For every I C I o we have

T](XO) = T(XO) N{(x,z2) | a;frx =b,icl}= T(XO) N{(x,2)|x € ﬂ'x(T[(XO)}
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which follows directly from the definition of subtangent planes.
For any T7(x") which is below S, T'(x") is then below S over X9 N B (x°) N 7y (T (x))
for any € > 0. It implies that T'(x") is below S over

U X0B.(x) N (Tr(x?)).
ICIXO
Tr(x9) is below S

Note that
XN B.(x") = |J X7nB.(x%) N (Tr(x7)).
ICIXO

In the following we need only to prove that for a sufficiently small € > 0 it holds

U XnB)nm (Tix%) = | X0 B.x) nme (T(x") - (5.11)
ICI o ICI o
T7(x°) is below S

which implies the first consequence that 7'(x°) is below S over X9 N B.(x°).

Before proving we first prove that for every x? € X9 there exists an €5 > 0 such that
any subtangent plane 7;(x"), J C Io that does not fulfill the condition T;;(x") is below S
satisfies

X9n B, (x") Nrelint (FJ(XO)) = 0. (5.12)

Assume that there does not exist an € for which holds. Then there exists J C I o
such that T';(x°) does not fulfill 7';(x°) is below S and for every c; > 0

X9 B, (x") Nrelint (FJ(XO)) # 0.

Recall that F';(x°) is a compact set. There exists then a point sequence (x');eny C XY, as

shown in[Figure 5.8} such that

lim x" = x% and {((x");en)} C (ng N B.,(x%) N relint (FJ(XO)))

1— 00

for £; > 0. The point x’ for any i € N is a globally convex domain point and a relative interior
point in F;(x"). Denoting x’ by y, the function

Gy(x) = f(x) = (Vf(y)- (x—y) + f(y))
y)

evaluates the validity of the tangent plane T'(y) through (y, f(y)): Tangent plane T'(y) is
valid if and only if Gy (x) > 0 for all x € X; subtangent plane 7;(y) is below S if and only if
Gy(x) > 0 for all x € Fj;(y). Consider the function

h:F;x°) >R,y —» min Gy(x).
7(x7) Yy <Py (y) y(x)

82



5.3 Convex hull of graphs of polynomial functions over a polytope

With “=” of [Theorem 5.12| y € X9 implies that T (y) is below S which is equivalent to
T(y) is below S over F;(y). Thus, h(x") > 0 for every i € N. For any y function Gy (x) is
a continuous function, it implies A is also continuous since it maps from a compact set to the
minimum of Gy (x). Together with lim; . x* = x° it implies that h(x?) > 0. This implies
that 77 (x?) is below S. This is a contradiction to our assumption. Hence there exists an ¢ > 0
such that

X9 N B, (x") Nrelint (FJ(XO)) = 0.

Since we have finitely many subtangent planes through (x°, f(x")), there exists an ¢ > 0
which is the minimum of all ¢ ; such that (5.12) holds for every such subtangent plane through

(x, f(x%)).
Recall that we are now ready to prove. For any J C I 0 with J # I,0, we study now
the point set F7(x%) N B (x"). For any x € F;(x") N B.(x") we have two cases, either

x € relint (FJ(XO) N Be(XO))

or

x € 9 (Fs(x°) N B.(x")).
Since J C I with J # I, we have Io \ J # (). For any x € 9 (F;(x°) N B.(x")), there
exists i € I \ J such that x € (mx(Ty(x%)) N X N B.(x")) with J' = J U {i}. Together
with 7y (Ty(x°)) C 7x(Ty(x")) for any J C J’ and the definition
S5(x%) = F;(x°) N B:(x),
it implies then
S5(x°) =relint (S5(x)) U | U ($5:(x") | (5.13)

iEIxo\J
J'=Ju{i}

=055 (x0)

Note that for any sets A, B, C' it holds
CN(AuB)=(CNnA)U(CNB).

For any Ty which does not fulfill 7; is below S, we have then

S5(x°) N X7 = (relint (S5")) nX)u| | (S5 nX?) (5.14)
i€l o\J
0 J'=Ju{i}
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Using (5.14) iteratively and together with (5.12), it implies that

X9n85(x%) = U X9 S5(x%)
JCICIXO
Ty (xY) is below S

for every J C I o. This implies 7'(x") is below S over

U XnSi(x") = (J X9nSi(x") = X9n B.(x").
ICIo ICI,o
T7(x°) is below S

Now it remains only to prove that every valid hyperplane H through (x, f(x")) is below
T(x") over X. Assume that H # T(x"), otherwise we are done. An example for n = 1 is
shown in [Figure 5.9 Let X = [/, u] and [, 2™ and u be globally convex points. Tangent plane
T'(1), shown as the green line, is not valid. However, the example in shows that every
valid hyperplane through (I, f(1)) is below T'(1) over X it also shows that every hyperplane
through (I, (1)) which is above T'(I) over X cannot be valid. For interior domain point 2™,
there does not exist another hyperplane through (™, f(2™)) which is below T'(x™), thus there
exists at most one valid hyperplane through (2™, f(2™)) which is also implied by [Theorem 5.8]
For domain point u, 7'(u) is valid. In addition, every hyperplane through (u, f(u)) which is
below T'(u) over X is also valid; every hyperplane through (u, f(u)) which is not T'(u) and
above T'(u) over X is not valid.

We go back to the proof for general n. Under the assumption H # T'(x°), hyperplanes H
and T'(x") are not parallel due to the intersection point (x", f(x")). Similar to the notation in

denote
m(HNT(x%) = {x e R"n" - (x — x°) = 0},

and
Li={xeR"n’ (x-—x") <0},R:={xcR"n’- (x —x") >0}

with n® € R™. Note that since x” is a boundary point of X, we have either 7y (H N T(x%)) N
int X # 0 or me(HNT(")) Nint X = 0. If 7 (H N T(x")) Nint X # (), then we have
LNint X # 0 and RNint X # 0.[Lemma 5.18implies H is above 7'(x") over L or R. Without
loss of generality, H is above T'(x”) over L. Consider the graph of f over LN B.(x°)Nint X # ()
for any ¢ > 0. There always exists a point x! € L N B-(x%) Nint X such that (x!, f(x!)) is
below H. Thus H cannot be valid if 7x (H N T'(x%)) Nint X # 0.

Now we consider the case 7y (H NT(x%)) Nint X = (). There are two cases, either X C L or
X C R. Without loss of generality, let X C L. implies that H is either below 7'(x")
or above T'(x°) over X. If H is above T'(x") over X, as we discussed above, using Taylor’s
formula, there always exists a point x! € B.(x) Nint X such that (x!, f(x!)) is below H.
Thus H cannot be valid if H is above T'(x") over X. O
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Figure 5.9: Examples to compare hyperplanes and the tangent plane both through a common point

Now we are ready to prove the direction “<” of [Theorem 5.12

Proof (of “<=” of [Theorem 5.12). For x0 € 9X, as we discussed before, there exists a small-
est face Fio C X with x? € Fyo. At the end of the proof of “=” we showed that x = g4(x")
is a globally convex domain point of Sy if and only if 77 (x°) is below S over Fio. We want to

show that there exists a valid hyperplane H D 17 (x%). An example can be seen in [Figure 5.10
Since Fyo is a face of X, there exists vector C' € R™ \ {0} such that

Fyo = argmin {C’Tx | x € X} ,
see [Sch86]]. We define the affine set
X ={x|C0"x-C"x"=0,x e R"} CR"
with Fio C X" ! and dimension n — 1 and the set
X ={x]0Tx - CTx" > 0,x e R"}
which satisfies X* > X.

Besides (x", f(x")), the subtangent plane Ty, (x”) may have other intersection points with
S, we denote the set of all intersection points by

S1:=8NTp, (x%) = {(x,2) | z = f(x),x € Fpo} NT(x")

85



Chapter 5 Convex Hull of Graphs of Polynomial Functions

with the corresponding domain set X7, = 7x(Sr,,). For any x! e X7, x! # xY with
(x!, f(x!)) € T(x), we want to prove T'(x") is below T'(x!) over Fyo. Let go : R" — R and
g1 : R™ — R be two affine functions such that

T(x") = {(x,90(x)) | x € R"} and T(x") = {(x,01(x)) | x € R"}.

Assume that the statement 7'(x°) is below T'(x!) over Fyo is not true, then for any £1 > 0
there exists
x? € B, (x') N Fyo

with go(x?) < g1(x?). Using “Taylor’s Formula in Several Variables”(see the book ),
there exists x> which is a linear combination of x! and x? such that go(x?®) > f(x?). This is a
contradiction to the condition that T'(x") is below S over Fyo. Hence T'(x") is below T'(x!)
over Flo.

Consider the affine set

Pt =T Nn{(x,2) | x € X:(]_l,z € R}.

For any point (x/, 2%) with x/ € X \ Fo, aff{ Pp~ !, {(x7, 2f)}} is a nonvertical hyperplane.
Consider the linear convex set {(x, z) € T(x') | x € X,z € R}. Forany x' € X7, \ {x"},

there exists a z{ such that aff { P!, {(x7, Z{)}} is below T'(x') over X. As a consequence,
there exists z/ such that H* = aff{ Py~ {(x7,2/)}} is below T(x*) over X for any x* €

XT.,- Due to[Lemma 5.21 there exists a sufficiently small el such that H* is below S over
X9 B.i(x*) for any x* € X7, Asaresult, H* is below S over

U X9nBaxY).

X*EXTXO

For the set
XM= ) Bax),

x* EXTXO

the point (x2, f(x2)) is below 17 (x%) for any x? € Fyo \ X1, Then there exists an £2 such
that H* is below S over B.2(x?) for any x? € Fyo \ XM!. By defining a new set

XM — U Bax"|uU U B2 (x%) |,
x*eXTxo X2€Fxo\XMl

as well as
XM — xMen x|

it implies that H* is below S over X N X9
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Consider now X = X \ int X™2 Then we have X = X2 U XM, Using X2 as S

in[Lemma 5.19| there exists a hyperplane H** which is below S over X2,

Finally, since we have H* D PI’}_l and H** D P}}_l, together with , we have
two cases by comparing H* and H**. If H* is below H** over X, then H* is below S over

((XM N X9) UXA) > XY,

Due to we have then H* is a valid hyperplane through (x°, f(x°)). Otherwise
H** is below H* over X. With the same reason H** is a valid hyperplane through (x°, f(x?)).

Until now we finish the proof. O

min CTx

Figure 5.10: Example for the proof of

Note that for every extreme point x® € X© C 0.X, the corresponding x§ satisfies Sy = {x}.
As the single point in that set, x§ is globally convex which implies the following corollary.
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Corollary 5.22
Every extreme domain point x® € X¢ is globally convex.

5.3.4 Tight and loose hyperplanes

Until now, we observed valid subtangent planes through a fixed given point (x°, f
now on we restrict our attention to valid subtangent planes through (x°, f(x))
contained in a fixed given valid hyperplane H.

(x)). From
0)) that are

Definition 5.23 (H -contained subtangent planes through (x°, £(x?)))

Let x" € 0X and H be a valid hyperplane containing (x°, f(x")). A valid subtangent plane
T7(x%) C H is said to be an H -contained subtangent plane through (x°, f(x°)). Such a T7(x°)
is said to be maximally valid if there does not exist any other H-contained subtangent plane
T (x°) through (x°, f(x°)) such that T7(x") € Ty (x°).

In [Example 5.15L Ty13(x°) is an H'-contained subtangent plane, T2} (x°) is an H?-contained
subtangent plane and 77 9} (x°) is an H'-contained, H?-contained and H?>-contained subtan-
gent plane.

We may wonder for which faces ' 3 x” of X there exists a valid hyperplane H such that
H D (T(x) N {(x,2) | x € F}). We start to answer the question with the following lemma.

Lemma 5.24 (Unique maximally valid H -contained subtangent plane)
For anyx? € 0X with a valid hyperplane H through (x°, f(x°)), there always exists a unique
maximally valid H -contained subtangent plane through (x°, f(x")), denoted by T52<(x?).

Proof. We begin the proof with a few definitions. We define first a set of index sets
Tl = {1 C Lo | Ti(x°) C H}.

The set Ig) is not empty since we have I,0 € Ig). In addition, we define

Now we want to prove that Tmax (x°) is the unique maximally valid H-contained subtangent
plane. On the one hand, as we proved before, for any I1 C I 0, I2 C I 0, it holds

Tnnr, (XO) = aﬁ{Th (X0)7 11, (XO)}'

Since T}, (x) C H and T7,(x”) C H, then we have also 77,1, (x") C H. Using this iteratively,
it implies that 7ymax (x%) c H.

One the other hand, for any I; C Iy C I we have T}, (x°) D T, (x°). It implies then for
any I C I with Ty (x") C H, we have also T;(x") C Tpmax (x°) since IHax C I.

As a result Tymax (x°) is a maximally valid H-contained subtangent plane.
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Assume there exists another maximally valid H-contained subtangent plane 7';(x°). Then
there exists j € I}**\ J. Recall the definition of Z/}, for every I C Lo with T;(x°) C H we
must have j € I. It is a contradiction that Ty (x") C H. Hence T, max (x0) =: Tmax(x0) is the
unique maximally valid H-contained subtangent plane.

O

In [Example 5.15 T}y (x°) is the maximally valid H!-contained subtangent plane, 7’ (2} (x%)

is the maximally valid H2-contained subtangent plane and Ti12) (x°) is the maximally valid
H3-contained subtangent plane. 11,2y (x%) is an H!-contained and H?2-contained subtangent
plane, but neither is maximally valid.

In H', H? and H? are three different valid hyperplanes with corresponding
halfspaces H', H? and H?. Recall that the convex hull of S is the intersection of all halfspaces
containing S. Observe that

H? > (H'nH?) = (H' nH?) = (H' n H*n 7).

It implies that to form the convex hull of S, we do not have to use 3. Hence H3 can be
regarded as an “inefficient” halfspace. To discuss which halfspaces are efficient and which are
not, we make the following definition.

Definition 5.25 (Tight and loose hyperplanes)
Let H be a valid hyperplane and X := 7, (H N S) be its associated set of domain points with
XH £ (). Let

SH .= aff {T}}lax(xo) . forall x° € XH} CH

be the affine hull of the corresponding maximally valid subtangent planes for every x € X,
Note that S¥ C H with dim S¥ < n since TH**(x?) C H for any x € X*. The hyperplane
H is said to be a tight hyperplane if dim S¥ = n. Otherwise, in case of dim S < n, H is said
to be a loose hyperplane. The corresponding valid halfspace is also said to be tight or loose,
respectively.

For every tight hyperplane H we have S? = H; for every loose hyperplane H we have
SH C H.Then we can also compute the dimension of S by using the following lemma.

Lemma 5.26
Let H be a valid hyperplane, define

Xp= U m(T&)nH)nX",
x0em (HNS)

=X o)
where X € is the set of all extreme points of X. Then we have

dim S# = dim aff{ X§}.
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Consider again before we start the proof. Define four points x° = (-3, —3),
x! = (10,10), x? = (—3,10) and x® = (10, —3). Then we have X¢ = {x° x! x2 x3}. Note
that mx(H' N S) = {x",x'} for i = 1,2, 3. However, the computations

X;p = XIe_Il(xO) U X]e_ll(xl) = {XO,X2} @) {Xl} = {XO,XI,X2},
%2 = X%Z(XO) U Xleqz(x1) = {XO,XS} U {Xl} = {XO,Xl,Xg},
XES = XIe_IS(xO) U X1613(x1) = {XO} U {Xl} = {XO,Xl}.
show that H' and H? are tight but H3 is loose.
Proof. It is clear that S¥ C H and H are nonvertical. It implies that
dim ST = dim 7 (S7) = aff {WX(TEIaX(X())) . forall x° € XH} .

We prove
T (T (x)) N X = n (T(x°) N H) N X.

From the definition of T%%(x%) we know that there exists ™ C I,0 with
TE™(x°) = Tpmax (x°) = 7<) N | () {(x,2) [ x =1} |
]e[max
Using recursively, we have
e TE0) = [ ) e lalx =} | @) = () fx | alx = b},
jelmax :]RV n je]max
which implies that 7 (TH2%(x")) N X is a face of X. Note that we have
T(TH™>(x")) N X C me (T(x°) N H) N X,

since TH*(x%) C (T(x%) N H). Assume that there exists x! € m(T(x") N H) N X but
x! & mu(TH(xY)). It implies that there exists another face

F! :aff{ ﬂ {(x,z) | a?xzbj},{xl}} NnX
jermax

of X with 7y (TH*(x%)) C F' and F! C mx(T(x°) N H). Then there exists a subtangent
plane T7(x%) with my (T7(x%)) = F*! and TH2*(x%) C T7(x”) C H. This is a contradiction to
Tax(x0) is the maximally valid H-contained subtangent plane. Hence we have

T (TR (XN N X = m(T(x°) N H) N X.
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As we discussed, Tx (T'(x°) N H) N X is a face of X, which implies
Tx(T(x°) N H) N X = conv{my(T(x") N H) N X N X¢} = conv{my(T(x") N H) N X¢}.
We then have
AT e (TR (<))} = aff {mx (T (%)) 1 X} = aff e (T(x°) 1 H) 1 X}
for every x € X = 1, (H N S). It implies

dim S# = dim aff {WX(T}}I&X(XO)) . for all x° € 7w (H N S)}

:dimaff{ U Tx (T(XO)OH> ﬂXe} = dim aff{ X§; }.

x0eny (HNS)

5.3.5 Extendability

Recall again. Halfspaces H' and H? are tight and H? is loose. We can check that
H? C (H' U H?) which implies that H? is redundant to form the convex hull of S. We may
have the intuition that to form the convex hull of S by intersecting halfspaces containing S, we
need only to choose the tight ones. We will verify this hypothesis later.

The following theorem provides a relation between loose and tight hyperplanes.

Theorem 5.27 (Extendability)
Let H' be a loose hyperplane. Then there exists a tight hyperplane H* such that

X" c x™,
where X' .= m (H'NS) and XH' = n(H' N S).

Before we prove the theorem, consider first the simplest case of dimensionn = 1. Let X = [[, u].
Note that X has only two boundary domain points. A valid hyperplane can only be loose if it

intersects the graph of f either at ({, (1)) or at (u, f(u)). An example is shown in[Figure 5.11a]
H', H? and H? are loose hyperplanes through (I, f(1)) while H* is their corresponding tight

hyperplane fulfilling since
1> dim 57" > dimaff{l,z*} =1

implies dim S = 1. Actually there are infinitely many loose hyperplanes through @, £ ().

Before we give the details for the proof of [Theorem 5.27for the general case in space R"*?,
we prove first the special case of n = 1. With this proof we illustrate the proof idea for the

general case. We give the proof at the end after a few preliminaries.
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(a) Infinitely many loose hyperplanes through (I, f(1)) (b) Case 1
l 20 T U
(c) Case 2a (d) Case 2b

Figure 5.11: Example for the proof of for n = 1: loose hyperplanes through (I, f(1)) in

dimension n = 1 and the corresponding tight hyperplanes

Proof (of for n = 1). For any interior domain point = € (I, u), if a hyper-

plane H > (z, f(z)) is valid then[Lemma 5.5|implies that H = T'(z). It is clear that T'(x) is
tight if it is valid, thus we only need to consider the boundary domain points. Without loss

of generality we consider only loose hyperplanes through (I, f()). Actually we need only to
prove that there always exists a tight hyperplane through (I, f(1)). Consider the three different
examples shown in|Figure 5.11b} [Figure 5.11c|and[Figure 5.11d! The three red hyperplanes (lines)
H' are all loose hyperplanes since dim S =0 < 1.

For any x € (I,u] we define H(x) := aftf{(z, f(z)), ({, f(I))} which is a nonvertical hy-
perplane. Consider any point (z°, f(z%)) # (I, f(I)) on the graph. The hyperplane H(z°) is
below the point set {(z", f(z"))}. For a fixed given Z € (I,u), H(2") has exactly one inter-
section point with the vertical line {(z, y) | x = Z}. Thus, there exists a continuous function
g : (I,u] — R such that for any 2° € (I, u], (z, g(2")) is the intersection point of H(z") and
{(z,y)|r = z} (black points). Then for any z!, 2% € (I,u], g(x!) < g(2?) implies that H ()
is below { (22, f(22))}. For any I’ € (I, u], there exists

z* € arg min g(x).
z€[l u]
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5.3 Convex hull of graphs of polynomial functions over a polytope

It implies then H (z*) is below the graph of f over [I/, u].

Recall that f is a polynomial function. Since the second derivative f(?) is a continuous
function, there exists an ¢ > 0 such that 2 < 0or f® > 0forallz € [l,1 + ¢]. It implies f
is either a concave or a convex function over [I,[ + ¢]. After finding

* c . ,
o <ors, g 900
H (z*) is then below the graph of f over [[+¢, u] as discussed above. We then have the following
cases all based on H (z*):

« Case 1, f is concave over [l,l + €]. An example is shown in Note that the
nonvertical hyperplane aff{(l, f(1)), (({ + ), f(l + €))} is below the graph of f over
[1,1+¢] and H (z*) is below aff{(, f(1)), (I +¢), f(L+¢))} over [, | +¢&] by[Lemma 5.18|
It implies that H (z*) is below the graph of f over [I,] 4 €] U [l + €, u], thus H(z*) is
valid. The hyperplane H (z*) is tight since

1> dim 7@ > dimaff{l,2*} = 1 = dim S7") = 1,

« Case 2a, f is convex over [[,] + €] and the tangent plane T'(1) is below H(z*) over
[l,+00). An example is in The tangent plane 7'(1) is below the graph of
f over [I,1 + £] due to convexity. The tangent plane 7'(!) is below the graph of f over
[l + ¢, u] since T'(1) is below H(x*) over [l,+00) and H(z*) is below the graph of f
over [l + ¢, u]. It implies then 7'() is valid and T'(l) is tight since 7}***(l) = T'(l) has
dimension 1.

« Case 2b, f is convex over [I,] + €] and H (z*) is below T'(I) over [, +00). An example is
in Similar to the analysis in Case 2a, H (z*) is valid. As discussed in Case 1,
H (x*) is tight if it is valid.

We have only the three cases above since T'() is either below H(x*) or above H (z*) over

[, +00) due to[Lemma 5.18 O
Proof idea of [Theorem 5.27] Now we go back to with an arbitrary n € N.

For any loose hyperplane H', we only need to prove that there always exists another valid
hyperplane H™ with dim $™ > dim $*' and x(H' NS) = XH c xH" = mx(H™NS).
The corresponding tight hyperplane H! can then be found iteratively.

To find such an H™ with (H™ N'S) D (H! N S) we first construct an affine set P of
dimension n — 1 with S#' ¢ P c H'. Note that for every valid hyperplane H O P we have
dim S¥ > dim S*'. We can conclude the proof if we can find a valid hyperplane H™ > P
with dim S > dim 7",

Similar to the proof for the special case n = 1, we split the domain X into two compact sets
X'and X2 with X = X' U X2, 7y (P) N X! = () and 7, (P) C X2. Note that in the proof of
the special case n = 1 above we have P = {(I, f(I))}, X' = [l + &,u] and X2 = [I,] +¢].
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For every point x* € X!, H(x") = aff{P, {(x", f(x°))}} is a nonvertical hyperplane. By
solving an optimization problem we get x* € X! such that H (x*) is below the graph of f over
X1

On the other hand, we want to find a hyperplane which is below the graph of f over X?2.
[Cemma 5.20]yields that a hyperplane is valid if and only if it is below the graph over all globally
convex domain points. It is enough to find a hyperplane which is below the graph of f over
X2 X9. For that we find a hyperplane H? > P such that H is below S over X2 N X9,

At the end, we prove that one of H(x*) and H? is valid. Taking the valid one as H™, we

prove that it satisfies dim S > dim SH' and XH' ¢ XH™.

Figure 5.12: Example for Extendability

We are now ready to prove

Proof (of [Theorem 5.27). We only need to prove that for any loose hyperplane H ! there
always exists a valid hyperplane H™ with dim S#™ > dim S7' and myc(H™NS) D me(H'NS).

As we discussed in proof idea of above, we first find a corresponding affine set P
of dimension n — 1 and split the domain X into X' and X2.
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Since SH' C H'isan affine set but not a hyperplane in R"*1, there exists an affine set Pﬁﬂ_l of
dimension n— 1 with ¥’ P;Lﬂ_l C H'as well as (wx(PZl_l) NX¢) C mx(H'NS). For every
point (x, 20) € R"* withx? ¢ FX(PZl_l) and 2° € R, H(x?, 20) = aff{PZl_l, (x0,29)}}is
a nonvertical hyperplane in R™*!, Note that there are infinitely many such Pg;l if dim SA' <
n — 1. The set X¢ \ 7y (H' N S) contains finitely many extreme points of X. The property
(WX(PZfl) NX¢) C mx(H'NS) implies that WX(PZfl) N(X¢\ 7mx(H'NS)) = (). This makes
sure that for any point (x¢, z) with x® € X¢\ m(H'NS) and z € R, H(x®, z) is a nonvertical
hyperplane.

Now we want to split X into two compact sets X! and X? with ﬂx(le_l) nxt =49,
FX(PZl_l) C X?and X = X' U X?. For that we first consider the following claim that we will
prove later.

Claima There exists a compact set XM with X ﬂﬂ'x(szl) C int XM such that a nonvertical
hyperplane H D Pfﬂ_l is below S over XM N X9 if H is below T'(x°) over X for every
x? € T (H' N S).

Let (x, f(xP)) € Pfﬂ_l. Then there exists a normal vector n’” € R" such that WX(PEZ_I) =
{x|n? (x —x) = 0}. We define
XE={x|n" (x—xP)<0}and X% = {x | n” - (x—xI) >0}
as well as

X'={x|n” (x—xP)<0}and X" = {x | nf - (x —xI") > 0}.

An example for n = 2 is shown in
Recall the definition of X7, in We have either X¢ \ (X U X¢) # 0 or
X\ (X®UX¢,) # 0. Due to symmetry, it suffices to consider the case X\ (X* U X¢,) # 0

. After that we set X! = XL \ int XM and X2 = X2 U XM, We have then X = X! U X2,
Wx(Pflfl) NX!'=(and WX(PZfl) C X?2. Note that X! and X? are both compact.

Claim b There exists a hyperplane H* D Pfll_l that is valid over X . In addition, if H* is
valid over X then we have dim S#” > dim S

Claim ¢ There exists a hyperplane H** D P};fl that is valid over X!, In addition, if H** is
valid over X then we have dim $¥™* > dim §#'.

Claim d Either H* or H** is valid. The valid one is the hyperplane H"* we are looking for.
Now we prove these claims in a sequence, starting with Claim a. According to
every valid hyperplane H through (x°, f(x)) is below T'(x%) over X. Let gz denote the affine
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function such that H = {(x,2) | z = gg(x),x € R"}. Consider my(H' N S) which is a
compact set since H' NS = {(x,2) | z = g;(x),x € X} NS is a compact set. It it clear that
mx(H'NS) C X9. According to there exists a function g. : mx(H'NS) — R such
that for any x° € m(H' N S), T(x°) is below S over X9 N B, (x%), where we abbreviate
£x0 = ge(x"). The function g. possesses a minimum over 7 (H'NS). Let €™ be the minimum.
It implies that that for any x° € 7 (H' N S), T(x°) is below S over X9 N Bomin (x°). Define
the set
Benn(nx(H'NS)) = |J  Bon(x?)
x0emx (HINS)

which is a compact set with 7, (H' N'S) C relint B.min (7x(H' N S)). Further consider the

compact set
(X N (Pt ) \ velint B (o (H' 0 S)).

Let gp be the affine function such that Pf]l_l ={(x,2) | z = gp(x),x € WX(PEl_l)}. The
validity of H' implies that gp(x) < f(x) forallx € X N ﬂx(ngl), gp(x) = f(x) for
all x € m(H!' N'S) and gp(x) < f(x) for all x € (X N FX(PZl_l)) \ mx(H' N S). Thus,
gr(x) < f(x) forall x € (X N ﬂx(P;‘Il_l)) \ relint Bomin (7x(H! N S)). For every valid
—1
1 )

hyperplane H D PJ}; ", there exists a function

H

g™ (X N (P ) \ reling Buwsn (mx(H' 1. 8)) — R

x0 ™

such that gi(x) < f(x) forall x € B (x9), where e = g™ (x0). Note that g™ possesses a

minimum 4" over (X N FX(PZZ_1)> \ relint Bmin (5 (H! N S)). After that we define

€

x0¢ (mex(P;;I)) \relint B_min (1x (H!NS))

Analyzing all points in X shows Claim a.

Now we prove Claim b, ¢ and d successively. We first construct a hyperplane H* D Pflfl with
the property that if H* is valid over X then there exists x®  such that x¢* € (XenXxhH\ X i
and x¢° € X§.. This implies dim S~ > dim S ' If H* is valid we are done. Otherwise we
finally prove that we are always able to find a hyperplane H** D P};l—l which is valid and there
exists x** € X! such that (x**, f(x**)) € H**. This implies also dim S" > dim SH'.

In the following, we first find an H* D PI’}Z_l which is below S over XM N X9. According
to above, we only need to find an H* which is below T'(x") over X for every
x? € n (H' N S). Hyperplane H is below T'(x") over X for every x* € m(H' N S) if
and only if H is below T(x") over X¢ for every x’ € ny(H' N'S). This is equivalent to
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i

the statement that for every x¢ € X¢ it holds gy (x¢) < Vf(x") - (x¢ — x%) + f(x?) for
all x° € m(H' N S). Recall the definition of X¢ defined in with dim S =
dim aff{ X§; } for a valid hyperplane H. Any x° € X° satisfies x° € X if and only if there
exists XU € mx(H! N S) such that gy (x¢) = Vf(x°) - (x° — x°) + f(x"). We only need to
find an H* such that for every x°¢ € X¢ gy« (x°) < Vf(x°) - (x¢ — x%) + f(x°) holds for all
x? € mx(H' N S) and there exists x* € X\ X, such that there exists x’ € mx(H' N S)
such that g«(x¢) = Vf(x°) - (x¢ — x°) + f(x°). Due to if H* is valid, we have
then dim S*" = dimaff{X§.} > dimaff{X¢,} = dim S¥" since X§.. D X%, U {x*}.

Note that X\ ({X¢,}) U Wx(Pgﬂ_l)) # 0. Thus we assume (X' N X¢)\ X¢, # () without
loss of generality. For every x® € X! N X¢ and every x° € X, (x, 2¢) is a point on T'(x")
with 2¢° = V(x°) - (x* —x%) 4 f(x). The affine set H} = aff{ P!, {(x', 2°')}} is then a
hyperplane denoted by H} = {(x,2) | z = 9mi (x)} that depends on x¢ € (X'NX¢)\ {X¢,}
andx" € X. For a fixed given y* € X' and x® € (X'NX*)\ {X¢,}, there exists a continuous
function _ _

gjcZ x(Pp ) N X — R with 9ni (y") = gjcl (x9).

Since mx (H! N S) C mx (P 1) N X is a compact set, the extreme value theorem of Weierstrass
yields that gff possesses a minimum over mx(H N S). We set

2 = min ¢ (x).
! x€mx(HNS) gf( )

Since we have finitely many x¢' € (X' N X¢)\ X¢,, we further set

Hb
; . @ @
Z¢M = min 25 (x9)
x e(XINX)\{X¢ }
and _ _
i . i %
Xpi, €arg  min 25 (x)

xeze(lexe)\{X;l}

as well as H* = aﬂ'{P}}fl, (xC. z}mn)}}. We then have that H* is above H' over X’
and below H' over X . Furthermore, for every x* € nx(H NS), H* is below T'(x°) over
X since H* is below (xel,gT(XO)(xel)) for every x¢ € X¢ If H* is valid, then we have
X D X7 U {x¢. } with x=. ¢ X¢, which implies dim S#" > dim SH' and we are done.

Otherwise H* is not valid. Then there exists x/ € X! such that gy (xf) > f(x/). Note
that for every y € X!, H(y) = aﬂ"{PfIl_l, (y, f(y))}} is a hyperplane in R"*! written as
{(x,2) | 9r(y)(x)}, where gg(y) is an affine function depending on y. Function g(y) :=
9H(y) (xf) is then a continuous function of y. Since X! is a compact set, g(y) possesses a
minimum g(y**) over X*. The corresponding hyperplane H** = aff{PI’}l_l, (v, f(y*))}}

is then below S over X! since for every other y € X!, H** is below aff{ngl, (v, f(y)}}
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over X! which implies (y, f(y)) € aff{PZl_l, (v, f(y))}} is above H**. Second, note that
g+ (x7) > f(x1) > g (x7) implies H** is below H* over X*. Since H* is valid over
XM N X9, H** is valid over XX N XM N X9. Finally, With H** is above H' over
XL since
g (y"™) = f(y™) > gm (y™).

Thus H** is below H' over X . Since H' is valid, H** is valid over X*. As a consequence,
H** is valid since H** is valid over X' U (X! N XM n X9) U X% > X7,

We discussed above that if H* is valid then dim S¥* > dim SH'. Otherwise H** is valid,
(y*, f(y™)) € H* NS and (y**, f(y™)) & S’ together imply that dim S7 > dim SH'.

In both cases we set H™ as the valid hyperplane and we have dim S#" > dim S " and
x(H™NS) D mxe(H! N S). O

This theorem means that every loose hyperplane can be extended to be a tight hyperplane
with the intersecting points preserved. Recall that due to the convex hull of S is
the intersection of all closed halfspaces containing S. In the following section we show that we
need only those halfspaces whose corresponding hyperplanes are tight.

5.3.6 Convex hull that only consists of tight halfspaces

Theorem 5.28 (Convex hull of the graph of polynomial functions)

Let f € R[x] be a polynomial function and S the graph of f over X defined as
S:={(x,2) | z= f(x), x € X} C R"",

The downward closed part conv(S) = conv({(x,z2) | z > f(x),x € X}) of the convex hull
conv(S) of S can be represented as

conv(S) = ﬂ H|n({(x,2)|xeX}). (5.15)

H is downward valid
and tight

Analogously, we define the upward closed part conv(S) = conv({(x,2) | z < f(x),x € X}).
Then
conv(S) = conv(S) N conv(S). (5.16)

Before we prove we need the following lemma.

Lemma 5.29
For every point x° € X, there exists a downward valid hyperplane H such that

x" € conv(mx(HNS)).
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Proof. First we introduce a few definitions and notes from Jach et al. [[MWO08|. The convex
envelope of f over X can be defined as

vexx[f](x) =sup { n(x) | n: X — R with
n(x) < f(x) for all x € X, and 7 convex }.

For any x € X, the value vex x [f] (xo) can be represented by
vexx[f](x") = min {u | (x% p) € conv(S)}.

The value p° = vex x[f](x") can be obtained by solving the nonlinear optimization problem
(OPXO)

vexx [f](x%) = min p

n+1
s.t. Z AexF = %0,
k=1
n+1
k=1
n+1

ZAk:17

k=1
M >0 k=1,....,.n+1,
XkEX,k?:1,...,TL—|—]_.

Without loss of generality, this optimization problem has an optimal solution with Ay > 0 for
=1,...,t'and \y =0fork=t'+1,...,n+ 1, where ¢ is an integer with 1 < ¢’ <n + 1.
Then
x" € conv ({xl, . ,xt,}) =: X 0.

Consider the affine set
P =aff{(x", f(x"),...,(x", f(x"))}.

If P is a hyperplane, we prove that P is valid. If P is not valid, then there exists (x°, f(x?))
which is below P. Consider first the case x? € X0, then there exist A, >0fork=1,...,¢
such that

t/
x? = Z )\;ﬁxk
k=1
with

t/
1=> "X\,
k=1
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and

t/
FP) < DTN,
k=1

since (x°, f(x?)) is below P. We set further

Ak

= min - -

B N A0 AL
ke{l,..t'}

Since the ), are all positive and at least one of )} is nonzero, we have 5 > 0. Without loss of
generality, we have § = A\ /\], then it holds S\] = A; and S\, < A, forany k € {2,...,¢'}.
Note that

tl
x0 = Z )\kxk
k=1
t/

= )\1X1 + Z )\kxk
k=2

t/
= BNx" + Y (M — BN + B )x"
k=2

t/ t!
= NexF 4 A — BA)xF
BN, > (k= BA)

k=1 k=2 >0

t/
= Bx"+ > (A, — BA)xF.

—.\/
=\

. . ! . .
Hence (OP,0) has a new solution using x°,x?,...,x" with coefficients 3, \},...,\/ and
objective

u' = B+ 3 (A — BAL) F(xP).

k=2

100



5.3 Convex hull of graphs of polynomial functions over a polytope

We compare now ' and u by computing

W —u=Bf(x +Z Ak — BN f Z)\kf A= BN f(x')

=0

) + Z (A — BA)S Z Aef(x
- Z N f ("
k=1

< 0.

It means that there exists a new solution that decreases the current optimal value strictly which
is a contradiction. Hence P is valid. Analogously, for the case x? & X, 0 we can also prove that
P is valid. With the same proof approach it implies that every x' is a globally convex domain
point.

Consider the case P is not a hyperplane with dim(P) < n— 1. Now we prove that there exists
a valid H satisfying P C H. Due to fori € {1,...,t'}, any valid hyperplane
H which contains (x;, f(x;)), satisfies also 77 (x') C H. We only need to consider the case
that the points x',...,x" are all boundary domain points. Otherwise for any x’ € int X,
H = T( %) is the hyperplane we are looking for. In this case we only have two sub-cases to
prove, x’ € 0X or x" € int X. Both cases imply that X0 is a face of X.

First consider the case x” € 9X. Due tom by setting Fyo = X0 there, we find
a valid hyperplane H with Fyo C H. This implies the result.

Second, the case x” € int X remains to be proved. This implies that x° € relint(Xyo).

The definition of valid hyperplanes can be easily extended to “valid affine spaces”. An affine
space P € R""! of dimension n/ < n is said to be valid if P is below S over X N mx(P).

It is clear that P’ is a valid affine set. Otherwise we can improve the found optimum. Now
we only need to prove that there exists a valid plane P” with P’ C P and dim(PN) =n'+1
since then we can find the valid hyperplane H with required conditions recursively.

Consider the set X, = mx(P') with dim(X_,) = n’ — 1. There exists n — n’ affine sets

n—n Such that it can be represented as

Xy = i{}/ N---NH,.

={x€eR"[g1(x)=0}

where there exists a function ¢; such that H; = {x € R" | g;(x) = 0}.
Similarly, we define

0_{X€Rn|gl <0}ﬂHlm ﬂ n—n'
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and
XB ={xeR" | gi(x) >0} (H (- Hoow

as well as
X, =X Xk and Xp = X (N XE.

Note that x° is now a boundary point for X; and for X }3. Due to|Theorem 5.12 there exist
hyperplanes H” and H” such that

« P'c (H-nHR)

« HL isbelow S over X,L, ie., HE is valid over X/L,

« any HL' 5 P’ which is above HZ over X/L is not valid over X}J,
« H% isbelow S over X;%,

« any H > P’ which is above H* over X}% is not valid over X}%.

Let xI € relint X/L and x® € relint X;R be two arbitrary points with (x”, 2%) € H' and
(xR, 2R) € H points on the hyperplanes, respectively. We further denote

P, = aff{Pl, {(XL,ZL)}} and Py = aff {PI, {(XR,ZR)}} .

A graphic example is shown in[Figure 5.13]
According to|Lemma 5.18L by comparing Pg and P;é we have only two cases:

1. The affine set Pg is below PE over X ;R. This is equivalent to P}/é is below P}J/ over X }J
2. The affine set P} is above PE over X ;2. This is equivalent to leé is above P, over X7.

In case 1, both Pg and Pé are valid affine sets and we are finished.

To conclude the proof we show that case 2 is not possible. In case 2, Pll,é is above Pg over
X;:. Take any af}/ine set Py, with ,(,iim(P]/\}l) =n'+ 1;,Pl C Py, and Py, beirllg above Py, over
X as well as P}, being above P; over X;. Since P, is neither valid in X; nor valid in X,
there exist intersection points x' € relint X; with (x', f(x")) € Py, and x"" € relint Xp,
with (x”, f(x"")) € Py;.

Let g)s be a function denoting Py, = {x | gar(x) = 0}. There exist x' € relint X; N B, (x")
and x” € relint X N Be,,(x"), where B,, (x') and B, (x"") are neighborhoods of x' and
x" for e 1 > 0and ep > 0, respectively, such that

e f(x) < gu(xh), ie, point (x!, f(x)) is below P},

. f(x") < gu(x"), e, point (x7, f(x7)) is below Py,.
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5.3 Convex hull of graphs of polynomial functions over a polytope

See the graphic example in[Figure 5.13again.
Recall that ;" is the optimal value of OP,o0, then we have f(x?) > u°. Consider the new
polytope defined by

80 = conv ({(x, F(x%)), (x", F(x1)), .., (x", F(x), (<, F1), (7, F(x))}) -
It is clear that S° C conv(S) and (x°, u°) € relint S°. Consider the LP
min {y1 | (x, 1) € 8% x = x},

the optimal objective function value ' fulfills ! < p° which is a contradiction to the optimum
of OP,0 since S° C convS. Thus either Pg or P}é is valid. O

Figure 5.13: Example for the proof of
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Proof (of [Theorem 5.28). We show that the following sets are equivalent:
conv(S) = conv({(x,2) | z > f(x),x € X})

( H) N{(x,z2) |xeX}) =5
H is downward valid

N

- N Bn({xz2)|xex)) =5

H is downward valid
and HNS#)

= N H|n({(x2)|xeX}) ="

H is downward valid
and tight

[Theorem 5.1{and [Lemma 5.2/ then imply conv(S) = S’ = 5”.
Note that every tight hyperplane H fulfills H NS # (). For every loose hyperplane H with
H NS # 0, there exists a tight hyperplane which we proved in Thus,

() # {H | H is downward valid and tight} C {H | H is downward valid and H N S # 0}

and
S/I C S///
For any x° consider the optimization problem
min{z | (x°, 2) € S"}. (oPy")

By there exists H” which is downward valid with
x’ € conv (ﬂX(HO N S)) .

Let (xY,2°) € H?. Then 1) has the minimum 2z° since every downward valid hyperplane
H is below H NS and (x°, 2°) € conv(H’ N S).
Consider the optimization problem

min{z | (x°, 2) € §"'}. (OP%")

If HY is tight, lb also has the minimum 2". Otherwise [Theorem 5.27| implies that there

exists a tight and valid hyperplane H' such that
H'NS c H'.

This implies that (x°,2°) € conv(H' N S) and 2° is the minimum of (OPX ) since every
downward valid hyperplane H is below H' N S.

Now we proved for every fixed x’ € X that dOP’be and dOP’Q‘Ub both have the same minimum.
S” and S”" are both formed by downward closed halfspaces, S” = S holds.

Equation (5.15) implies then (5.16) due to the symmetry. O
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5.4 Bivariate polynomial functions: a case study

Let 7™ be the set of all downward valid and tight hyperplanes and H™ be the set of all
upward valid and tight hyperplanes. Let H® C H™> and H® C H™ be two finite sets.

Corollary 5.30 (Polyhedral relaxation)

The set
S(H®, H°) = ( N H) m( N H)
HeHe HeHe

is a polyhedral set which fulfills
conv(S) € S(H®, H°).

So far, we gave a description of the convex hull of the graph of polynomial functions. Recalling
the definitions and theorems, our work focused mainly on theoretical point of view. Instead of
obtaining algorithms to compute valid hyperplanes, we dealt with proof of existence. Indeed,
algorithmically, it is very hard to verify if a given hyperplane is valid in a general dimension
and for a general degree of polynomial functions.

In the next section, we concentrate on bivariate polynomial functions with a limited degree.
Algorithms are developed to find tight hyperplanes. Computations show that these tight
hyperplanes accelerate MINLP solving processes.

5.4 Bivariate polynomial functions: a case study

In this section we design algorithms to find finitely many tight valid hyperplanes for the graph of
bivariate polynomial functions with degree up to 3. Every given bivariate polynomial function
with degree up to 3 has the form

flay)= > aga'y, (5.17)
0<14,5<3
0<i+5<3

where all a;; € R are constants and X C R? is the domain which is a polytope. Then X is a
convex polygon with m > 3 edges and vertices. Every edge is a line segment as well as a facet
of X and every vertex is an extreme point of X.

Again, we only consider the downward closed part. Recall that X9 is the set of all globally
convex domain points and X' is the set of all locally convex domain points. Theoretically, for
any x” € int X we need only to check if T'(x") is valid. However, in practice, this is not easy
even for f given as in (5.17). Instead of getting valid hyperplanes starting from interior domain
points, we pay more attention to those boundary domain points.

Using the result from the graph of the bivariate polynomial function f on a
facet of X is isomorphic to the graph of a univariate polynomial function on a corresponding
projected domain. We show later that finding X9 for univariate polynomial functions with
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degree < 3 is tractable. Thus we can easily find the set X9 N X for bivariate polynomial
functions with degree < 3. In the following we design algorithms which first compute a few
hyperplanes that are below S over X9 N &X. For each of the hyperplanes which are below the
boundary of S, we solve a NLP globally either to verify if the hyperplane is valid or to find a
valid hyperplane which is parallel to this hyperplane. These NLPs contain only two variables
and can be globally solved by SCIP in less than one second.

Going back to our applications, all of these hyperplanes can be found in an offline way,
i.e., before we start to solve the MINLPs. For every instance we need only to calculate these
hyperplanes once. Every globally solved NLP above yields a tight valid hyperplane.

Remark 5.31
In this section we discuss hyperplanes and graphs of polynomial functions in R3. As before, we

use (7, z) to denote a point in R3. Similar to[Section 5.3} we use x = (x,%) € R? to denote
domain points and use e.g., X° = (20, y0) € R? to denote a certain domain point.

For a boundary point (z,y) € 0X there exists at least one facet F; of X with (z,y) € F;.
Since F; is a line segment, it must be contained in a line denoted by

{(z,y) | @iz + biy + ¢; = 0} =: aff{F}},

where a;, b;, c; € R are constants and at least one of a; and b; is nonzero. Without loss of
generality we assume b; # 0 (otherwise permute x and y) and set b; = 1 (otherwise scale a;, b;
and c¢;). Facet F; can be then be represented as

min

F; = {(‘Tuy) ’ Y=—ax — ¢, T € [:L'Z ,x;nax]}’

where ™", z1"%% € R are constants with 2" < 2#*, Recalling the definitions in|Section 5.3
and using the same notations, we have the projection map

gq: aff{F;} - R (z,y) —» x

and its inverse map

g; R = aff{F}, x> ( . )

—a;r — C;

as well as

filx) = f(z, —aix — ¢;) = E aijr’ (—a;x — ;) = ax® + ba® + cx + d,
0<i,j<3
0<i+5<3

where a, b, ¢, d are constants depending on a;, ¢; and all a;;. An example has been shown in

and discussed in
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5.4 Bivariate polynomial functions: a case study

Corollary 5.32
A boundary domain point (xg, yo) on facet F; of X is globally convex for S if and only if x is
globally convex for the graph of f;(z) over [z gmax],

Proof. The result is a special case of[Theorem 5.12 O

Let X’f C [zn) x12%] denote the set of all locally convex domain points for the graph of
fi(x) and XJ C X! the set of the globally convex domain points. Note that XINF; = g; ' (X?).
Thus, finding X? for every i € {1,...,m} will find X9 N 9X.

Lemma 5.33
The set of globally convex domain points X7 C |

min ,.max

| has one of the four following forms

min ,.max
1 {am, gmexy

2 a2

5 a2 U ),

4 PO e, )

In the two latter cases, " is a constant with xi"" < pMd < pmax,
Proof. If a = 0, then f;(x) is a convex function (if b > 0) or a concave function (if b < 0). For
this reason, we only need to consider the case a # 0. We first seek the locally convex points z

)

since every globally convex point is also locally convex. Let fi(n denote the nth derivative of

fi- We have
£V (z) = 3a2? + 2z + ¢,
fi(Q)(iﬁ) = 6ax + 2b,
I (@) = 6a £ 0,
fi(n) () =0foralln > 4.

Similar to the proof of [Lemma 5.5| using Taylor’s Formula, we can easily prove that for any
x € (it pax) g s locally convex if fi(z) (x) = 6ax + 2b > 0. Note that the extreme points

2 and 711X are globally convex and thus locally convex which is implied by |Corollary 5.22
Since fi(Q) (x) = 6ax + 2b is a monotonic function and has at most one root, depending on the

value of @, b ™™ and 2%, the set of locally convex domain X! has one of the following four
forms:

min ,.max
1. {z™™ ) ,

2. [ain, 2],

3. [, —b/3a) U {z}"*},
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4. {zMn} U (—b/3a, xx).

We now discuss the set X 9 with the four cases above.

108

1. Ttis clear that X7 = {zin gmax} if X} — [gmin gmax

? ’L

2. If X! = [z 21X then f ( ) > 0 forall z € [z, 212%] which implies that f;(z)

min ,.max
xT;

is a convex functlon with domain [z}, "®*]. Since f;(z) is differentiable, the tangent

plane {(z,y) | y = (3az§ + 2bzo + c)(z — o) + Ji(wo)} at point (o, fi(xo)) for every
xo € F; is below the graph of f; over F;. Hence X g = [pinin gmax],

. Examples of this case can be seen in|Figure 5. 14l Note that X¢ C [z, —b/3a) U {z>¥}

and {z"™ M2} C X7, [Theorem 5.8/implies that zo € (! mm —b/3a) is globally convex
if and only if the corresponding tangent plane

Tu(zo) = {(z,y) | y = (3azg + 2baxo + ¢) (& — x0) + fi(wo)}
is valid. Note that Ty(zo) is below the graph of f; in [z?™ —b/3a]. With X¢ C

Z

[z —b/3a) U {22}, [Lemma 5.20) M1mphes that 79 € (2™, —b/3a) is globally convex
if and only if Td(:vo) is below the point (z[*®*, f;(zi"?X)). Deﬁne

Gmax () = (3az® 4 2bx + ¢)(z* — z) + fi(x)

such that point (z1%%, gyax(2)) € Ty(z) for any z € [, —b/3a]. The tangent
plane Ty(wg) for zo € [x™®, —b/3a] is below the point (2", f;(z®¥)) if and only
if gmax(x0) < fi(z"®¥). Thus we only need to compare gmax (o) and f;(z***). Con-

sider the first derivative of gmax ()

ghi(@) = (@7 — ) (6az + 2bw) — (302’ + 2 +¢) + /) (x)
= (2] — z)(6ax + 2bx).

—b/3a) since we have gggx(x) > (O forany x €

Thus, gmax is strictly increasing on [z} min_

[z —p/3a); similarly gmax is strictly decreasing on (—b/3a, z}***) since gr(ﬁgx(x) <0
for any x € [z, —b/3a). It is then clear that

Gmax(—=b/30) > gmax (") = fi(z"*).

Now we compare gmax (T") and fi(x%%). If gyax (27) > fi(278%), see an example

1n | we have gmax () > f;(27%) for all z € (2™, —b/3a). Hence no point

in (zmin) b/ 3a) is globally convex, which implies X? = {xmm Tax

Otherwise we have gmax (z1) < f;(218%), see an example in|Figure 5.14b| Consider the

strictly increasing function gmax (% ) fi(zIax) over (x™") —b/3a), with gmax (22) —
fi(zi"**) < 0 and gmax(—b/3a) — fi(zi"**) > 0. This functlon has exactly one real root
over [a:mm —b/3a), say ™9, Then we have X? = [z g0id]  {g2xX] jf g0 < gmid
and X7 = {gPin| pax} jf pinin — gmid,
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4. Similar to case 3, we need only to know whether the polynomial function of

(3ax? + 2bx + ) (™ — z) + fi(x) — fi(zm)

i

=:gmin ()

has a real root over x € (—b/3a,z®¥). If the root exists, say x™, then we have
X7 = {gin} y [zl p02x]; otherwise, we have X! = {20 z1ax} a5 well. O

. (amax

s gmax(20))

) i (‘,E:_n(\x‘ fd (Iinax»
(.’I'i””x_ Gimax (',,;l’vlllll)) ;

(m:uax . j(l (Ilne\x) )

2 (@™, gmax(w0))

Zmin o b/'3a i g @y g I)/ga gmax

(a) Case 1 (b) Case 2

Figure 5.14: Examples for globally and locally convex domain points

Considering the four cases, the set of globally convex points X 9 C [xmin gMaX] has either
two points, or is an interval plus a point, or an interval. Since the projection function g;l is
bijective, the set of globally convex points on F}, denoted by X9NF; = ggl(f(f ), also consists
of either two extreme points, or is a line segment in R? plus an extreme point, or a line segment
in R?. Note that every extreme point of X is globally convex. We call an extreme point an
isolated extreme point if it is not contained in a line segment that consists of globally convex

boundary domain points only. We then get the following lemma easily.

Lemma 5.34
The set X9 N 0X of globally convex boundary domain points for the graph of f(z,y) over

the polytope X € R? is a union of my line segments and mo isolated extreme points with
mi,mo € Ng,m1 < m andmsy < m.

Let L1, La, ..., L, be the m; line segments and x{, x5, ..., X7, be the my isolated extreme
points. With this notation we have

X9NOX =L1U - ULp, U{x{,..., x5, }.
Furthermore, let Sy, be the graph of f(z,y) on L; with

SLi = {(l‘,y,Z) | = f(x,y), (:an) € Ll}
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—

(z2,92)

(z1,91)

Figure 5.15: Hyperplane that intersects Sy, Sr.; and below them

forevery i € {1,...,m} and let

Sxe = {(xvyvz) | z = f(:z,y), (.Cl?,y) € Xe}'

In the following, for any (z¢, yo) € L;, we show that there exists a hyperplane H through
(0, Y0, f(z0, yo)) such that H is below Sr,, over X9N0X. In we have more details
included. We show later in[Theorem 5.37|that either H is a tight valid hyperplane or a tight
valid hyperplane H* can be found very easily which is parallel to H.

To find the hyperplane H with the properties described above, we first prove
which implies that for any L; there exists a hyperplane H; which is below S over L; U L;
with 7,7 € {1,...,m1},7 # j. Using this result, we show that a hyperplane H through
(70, Y0, f(20,y0)) exists such that H is below Sp,; for any j € {1,...,m1},i # j. In addition,
a hyperplane H can be found that it is below (x§, f(x{)) forany k € {1,...,m1}.

Lemma 5.35

For any L; and Lj withi,j € {1,...,m1},i # j and for any (xo,y0) € L;, there exists a

hyperplane H through (o, yo, f(z0,y0)) with H N Sr; # 0 and H is below S, and Sg ;.
Moreover, such a hyperplane H is unique for any (z¢,yo) € L; \ X°©.
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5.4 Bivariate polynomial functions: a case study

Proof. An example is shown in The two blue curves are Sy, and S L;- We need
to find a hyperplane H through (o, 3o, f(Z0,%0)) that intersects both Sz, and Sy, and at the
same time H is below them.

For the special case (z9,%0) € L;, we can easily check that H = T'(z0, ), i.e., the tangent
plane at (zg, yo) fulfills all the conditions. In this case H is not unique.

Assume that (zo,yo) & L;. We discuss the case (xo,%0) € L; \ X¢, e.g., (x0,y0) = (1,¥1)
in[Figure 5.15| |Corollary 5.13|implies that a hyperplane H through (z¢, yo, f(x0,y0)) which is
below &7, contains the subtangent plane

L(zo,y0) = T(z0,y0) N {(z,y,2) | (z,y) € aff{L;}} (5.18)

which is the lower left green line in[Figure 5.15 Denote Py = (z0, Yo, f (20, y0)). For every
point P; = (x;,y;,2j) € Sr,, we define H (¥.(wo, yo), Pj) = aff{L.(z0,%0), {P;}} which is a
hyperplane below P;. Similar to the proof of there exists a point P* € Sy, such
that H* = H (L(z0,v0), P*) is below Sy .. Note that H* is unique since it is associated to the
objective value of an optimization problem introduced in [Theorem 5.27| which always has an
optimum.

Finally, we discuss the case (zo,y0) € L; N X¢, e.g., (z0,y0) = (x2,¥2) in
Consider a line £/ (g, y0) C {(x, ¥, 2) | (z,y) € aff{L;}} through (0, vo, f (20, y0)) which is
below L(x0, yo) defined by such that (x,y) € L;. In the example in L (o, yo)
is the red line and ¥.(xq, yo) is the upper right green line. Every hyperplane H which contains
Y4 (z0,yo) is through (20, Yo, f (70, yo)) and below Sy,. Similar to the discussion above, there
exists a point P* € Sp,; such that H* = aff {£! (20, v0), {P;}} is below 8L, Note that for every
fixed chosen ! (g, 30) there exists a unique H*. However, we have infinitely many L. (z0, yo)
to choose. O

Now we discuss how to algorithmically find H which fulfills Note that for
(w0, y0) € L;NX® wemay choose L./ (0, yo) = L(x0, yo) which can be computed easily. For any
(20, y0) € L; we compute a hyperplane H that fulfills[Lemma 5.35|and satisfies H O L (o, yo)
which is a line defined in . This is equivalent to finding a point (z*, y*) € L; such that
H = aff{¥.(x0,y0), {((z*,y"), f(z*,y"))} } is below Sy ;. Consider the two lines aff{ L; } and
aff{L;}. They are either not parallel or parallel. Examples for both cases are in

As mentioned before, for the case (zg,v0) € Lj, we set H = T'(x0, o) and we are done.
Otherwise, let

Li = {(wvy) ’ Y = a; T + b, x € [wlr,ninjw’linaX]}
and
Lj = {($7y) | Yy = a;T + bj7$ c [x;ninjx;nax]}.

Define f1,(x) = f(z,a;z + b;) for z € [z, z"**] and define fr,(z) = f(z,a;z + b))

K3 )

for z € [x;mn, 27|, fr,(z) and fr,(z) are univariate functions with degree up to 3. The
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(%‘p Yijs Zij)

(l“ij,yij) —

(a) aff{L;} and aff{ L;} are not parallel (b) aff{L;} and aff{L;} are parallel

Figure 5.16: Two lines aff{L;} and aff{L;} can be parallel or not parallel

line ¥.;(xo,y0) = T(z0,v0) N {(x,y,2) | (z,y) € aff{L;}} for xp € [z, 23] with yo =
a;To + b; can also be represented as

Li(wo,0) = {(2,9,2) | € Ry = asz + by, 2 = f1,(z0)(x — w0) + fr,(x0)}.  (5.19)

Analogously, for every z1 € [1:;.“1“, 27| and y1 = a;x1 + bj, we get

Li(z1,1) ={(z,y,2) |z e R,y = ajo + bj, 2z = f/L](xl)(x —x1) + fr,;(71)}

First we discuss the case that aff{L;} and aff{L;} are not parallel, see an example in [Fig]
Since a; # aj, the intersection of aff{L;} and aff{L;} is (z;;, y;;) with

bj - bl B bjai — biaj

CLZ‘—CLJ' ai—aj

xij =

Consider the point P;; = (x5, ¥ij, zij) With z;; = f’LZ (x0)(zij — x0) + fr,(x0). We can check
that P;; € L;i(xo,yo) which implies that P;; € H for every H that fulfills[Lemma 5.35| Since H
also intersects Sp;, finding H fulfilling[Lemma 5.35)is equivalent to finding a point P* € S,
such that aff {L;(zo,y0), { P*}} is below Sy .. Consider the function

9;(x) = f1,(@)(zij — 2) + fr,(x)

for x € [@?i“,x?a"]. Note that the point (z1,a;x1 + b;, gj(x1)) lies in line ¥.;(z1,y,) for
r1 € [z, 27%¥]. As we analyzed before by considering the sign of the first derivative,
gj(x) is a strictly decreasing function if z;; < :c;nin and is a strictly increasing function if
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g (?[;mx) Zij ,/

.(]j(w_ll“i“) gj(zxjnin)
. ;1;’,.““”" L
Z” -(]J( J )
i;n‘m m;xmx xij xij :Eljni“ Ixjm\x
(a) For case zi; < g;(x"™) < g;(a*) (b) For case g; (z**) < g;(@"™) < 2y
- Fij
/ ;
/ ) g](x;lldx)
9 (.’I?‘-"i") o — (.Umiu)
o / ’ 9i\%5
g](I;nfo) - i /
/
Zij —
xz] .’L‘;-nm mljnax l,ljnin ];;““x .'E»L]
(c) For case zi; < g;(*) < g; (™) (d) For case g; (#7"") < g;(27"™) < zi

Figure 5.17: Example for the 4 cases in the proof of|Lemma 5.35

x5 > w7, There are no other cases since z;; ¢ [z ;nin, :UEnaX] In both cases we have g; (= mm) #
gj(x max) We compare z;j, gj(x mm) and g;('*). If 2;; is between g;(x mm) and g;(z max) ie.,
gi(z mm) < 25 < gj(x*) or g]( maX) < zij < gj(z mm) then the increasing or decreasing
functlon gj(x) — 25 has a unique root z* € [z x;nax] with g;(2*) — z;; = 0. Note that since
gj(z)isa polynomlal function of degree up to 3 x* can be computed very easily. It implies that

the line £.;(2*, y*) with y* = a;a* + b; contains also P;; and
H = aH{Li($0> 1/0)7 LJ('T*7 y*)}

is a hyperplane which fulfills L

Otherwise, if z;; is not between g;(z mm) and g;(z

z%%), we have the following four cases

1 Z'LJ <g]( mln) <g]( max>,

2. g;(x*) < g; (@) < 25,
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3. 2y < gj(™) < gj(@3™),

4. gj(x?“in) < gj(:c}“ax) < zjj.
Examples for the four cases are shown in[Figure 5.17} In the first two cases we set

pP* = (a:?lm,ajfv;mn + by, fL (x;nln))

In the last two cases we set

P* = (2™, ajzi™ + by, fr, (x7)).
For all four cases, the line aff { P*, P¥/}, shown as the red line in the corresponding subgraphs,
is below Sy, (the corresponding blue curve). We then have H = aff{L;(z0,y0), {P*}} D
aff{ P*, Pi} which fulfills and is the hyperplane we are looking for.

Now it only remains to discuss the case that aff {L;} and aff{L;} are parallel, see an example
in Note that a; = a; and for any z; € [:U?lin,:v;nax] with y1 = ajz1 + bj,
L.j(z1,91) is contained in the hyperplane {(z,y, 2) | y = a;jx + b;}. The other hyperplane
{(z,y, 2z) | y = a;x+0b;} which contains ¥.;(x0, yo ) is parallel to the hyperplane {(x,y, 2) | y =
ajx + b;}. It implies that aff {¥.;(xo,y0), £ (21, 1)} is a hyperplane if and only if £;(x0, yo)
and Lj(x1, ;) are parallel. This is equivalent to f}ﬁ (z1) = fr,(w0). Note that f7 (z) is a
convex function for z € [a:;nin, w?‘ax] and is a polynomial function with degree up to 3. Th_en
f/Lj (x) is an increasing function with f/L] () < fij (z%X). Compare f7 (z0), f/L] ()

J J J
and f’L] (z7). If f]’-JJ (x;mn) < fr,(wo) < f’L] (z7**), then the function f/LJ (z) — fr,(w0)
has a unique root z* for z € [2!"™, z["**]. The function fij (x) is a polynomial function

with degree up to 2, for which we can easily compute the root z*. In this case we set P* =
(z*,a;z" + bj, fr,(27)). See the example in again. Otherwise if f7 (z9) <
f/Lj (z7") we set P* = (2", ajzi™ + by, fr,(zj™")) and if f] (z0) > fr (27) we set
P* = (2™, a;z™ + by, fr;(27**)). Examples for both cases are shown in We
can easily prove that the line aff {L;(xo, yo), {P*}} N {(z,v, 2) | (x,y) € aff{L;}}, shown as
the red line in the corresponding subgraphs, is below Sy ; (the corresponding blue curve). Thus
H = aff{L;(zo, yo), { P*}} fulfills the requirements of and is the hyperplane we
are looking for.

Consequently, for all cases above, we can always find a unique point P* € Sy, such that H =
aff{L;(xo0,v0), {P*}} fulfills Note that P/l = (it g, it 4 p, f (p0in)
and PPaX = (plax q,pmax 4 p, f; (x18%)) are two different points on Sy,. Since Pin, pmax
and P* do not lie on the same line, we set H = aff { P/t Pmax P*} We can compute H by
solving a system of linear equations. The algorithm is summarized in Algorithm [5.1]

Define 0S8 = {(z,y,2) | (z,y) € 0X,z = f(z,y)} and for each i € {1,...,m} and the

corresponding facet F; we further define Sp, = {(z,y, 2) | (z,y) € Fj,z = f(z,y)} .

Lemma 5.36
Forany L; C X9NO0X withi € {1,...,m1} and for any (zo,yo) € L; C F;, there exists a
hyperplane H
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Algorithm 5.1: Algorithm that computes a hyperplane that intersects S, Sr.; and is below
them
Input: Line segments L; and L; withi,5 € {1,...,m1}, apoint x° = (zg, o) € L;
Output: The unique hyperplane H (x", L;, L;) with H D Y(x0,0), H NS, # 0 and H
is below Sz, and S L;

1 if aff{L;} and aft{L;} are not parallel then

2 if x* ¢ L; then

3 | return T'(xq)

4 end

5 Compute the intersection point (z;;, y;;), value gj(x}m“) and g; (z"*);
6 | Compute 2;; = f1 (w0)(zij — o) + fL,(x0) and set Pij = (zij, yij, 2ij);
P | () < 21y < gp(a) org(a7) < 2 < gy(a) then

8 Compute the unique root z* of g;(z) — 2;; = 0 for x € [, 2*];
9 Set P* = (x*, a;x™ + bj, fr,(z"))

10 end

u | if 2y < gi(afh) < gi(2P) or gj () < gj(2™) < zj; then

12 ‘ Set P* = (2™, ajzi™ + by, fr,(z""))

13 end

1| if 2 < gi(2P%) < gj () or gj(2™) < g;(2) < 25 then

15 ‘ Set P* = (2™, a;a™ + bj, fr,(x]*))

16 end

17 end

18 else

19 Compute fi]- (a:;nin), fi]- (z}**) and f’Ll (x0);
w | A £ (@) < f) (w0) < ff (27%) then |
21 Compute the unique root x* of f’Lj (z) — fr,(wo) for x € e, max);
22 Set P* = (x*, a;x* + by, fr;(x")).
23 end
24 if f7.(z0) < f’LJ_ (m;nm) then '
25 ‘ Set P* = (2™, a;zi™ + by, fr,(z""))
26 end
27 if f’LJ_ (z7%) < f1,(20) then
28 ‘ Set P* = (2™, a;a™ + bj, fr,(x]))
29 end
30 end

31 Compute ¥; (o, 30)
32 Compute H ((zo,y0), Li, L;) = aff{L;(x0, yo), { P*}} and return H ((xo, yo), Ls, L;)
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Figure 5.18: Two cases by 7, (z0) & [f7, (z3m), fr, (@) in Algorithm

1. either with H = T'(x0,yo)
2. orwith(HNOS)\ Sp, # 0

such that H D L(xo, yo). In addition, H is below S over (z,y) € X9 N 0X.

Proof. We develop an algorithm to find the hyperplane H.

Denote aff{F;} = {(z,y) | aix + bjx = ¢;} with three constants a;,b;,¢; € R. Since
F; is a facet of X, we have X C {(z,y) | aiz + bix > ¢;} or X C {(z,y) | aix + bz <
i} implies that for any two nonvertical Hy, Hy with H; D ¥;(xo,yo) and
Hy D Li(zo,y0), either H; is below Hsz over X or Hj is below H; over X. Recall that
X9NoX = Ly U-- ULy, U{x],...,x},, }. Forevery L; with j #dand j € {1,...,m1},
compute H ]L = H((z0,Y0), Li, L;) as output of Algorithm For every x§ with x ¢ F;
and j € {1,...,ma}, compute Hf = aff{L;(x0, v0),{(x, f(x5))}} which is a nonvertical
hyperplane since (x5, f(x5)) € ¥.i(zo,y0) and x§ ¢ F;. Consider the set

H(xo,yo) = {H) | j# 4,5 € {1,...,m}} U{HS | x§ & Fi,j € {1,...,ma}}

of finitely many hyperplanes that all contain ¥;(x, y0). There exists H* € H(xo,yo) such
that H* is below H over X for every H € H(x0,yo). The hyperplane H* is below Sp, since
Li(w0,y0) C H* which is below Sg,. The hyperplane H* is below every Sr; with j # i since
H* is below HJL over F; C X and H]L is below Sp;. Similarly, H* is below every (x5, f(x5))

J
since H* is below HY over X > x§. Thus H* is below S over (z,y) € X9 N JX.
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If H* = HE for some k € {1,...,m1}, Algorithmimplies that either H* = T'(z¢, o)
or there exists a point x;, € Ly with x;, € F; and (x, f(xx)) € H*. Otherwise if H* = Hf,
there exists a point x;, € X with x, € F; and (xy, f(xx)) € H*.

In all cases either H = T'(x¢, yo) or (xg, f(xx)) € (HNIS) \ Sg, # 0. O

Theorem 5.37

Forany L; ¢ X9NOX withi € {1,...,m1} and for any (o, y0) € L; C Fj, a hyperplane H*
which fulfills[Lemma 5.34 is either a tight valid hyperplane or there exists a tight valid hyperplane
H** which is parallel to H*. Furthermore, H* is always a tight valid hyperplane if the Hessian
matrix is negative semidefinite, i.e., it satisfies

9?2 0?2
H(f)(z,y) = (a@xff %ny) =<0 (5.20)

ooyl By

forall (z,y) € int X.

Proof. Denote H* = {(z,y,2) | z = a;jz + bjy + ¢;} with a;,b;,¢; € R. Consider the
optimization problem

min_ f(z,y) — (a;x + by + ¢;) (OPH™)

(z,y)eX
that has a minimum z*, since X is a compact set and f(x,y) — (a;z + b;y + ¢;) is a continuous
function. Note that 2* < 0 since S N H* # (). The hyperplane H* is valid if and only if z* = 0.
The maximally valid subtangent plane T77** (o, yo) is L;(x0, yo) and there exists another point
(x1,y1,21) € SN H* with (z1,y1, 21) & aff {L;(z0, yo) }. Recalling the definition of tight valid

hyperplanes in[Section 5.3 we have
aff{¥;(x0,v0), {(z1,y1,21)}} C aff {Tmf‘x(xo) . forall x° € XH*} = i
which implies
2 = dim aff{E;(xo, v0), { (z1, y1, 21)}} < dim S~ < 2.

Hence S is a hyperplane which implies H* is a tight valid hyperplane. Otherwise we have
z* < 0 with solution (z*, y*). Note that (z*, y*) must be an interior point of X since H* is
below S over X9 N &X. We have then T(z*,y*) = ajxz + bjy + ¢; + 2" which is a tight valid
hyperplane and is parallel to H*.

Every globally convex interior point is also a locally convex interior point. According
to [Edw94] and [Lemma 5.5 (xo,yo) satisfies H(f)(xo,y0) = 0. If is satisfied for all
(z,y) € int X then we have X9 Nint X = 0 which implies that H* is below S over X9.
implies that H* is valid. As we discussed above, H* is tight if it is valid. O
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The hyperplanes fulfilling[Lemma 5.36|are potentially tight valid hyperplanes since we only
need to check if the corresponding optimization problem (OP%%) has the minimum z* = 0.

Until now we have only considered potentially tight valid hyperplanes that contain ¥;(zg, yo) for
an (g, y0) in an L;. In order to show that there exists other potentially tight valid hyperplanes
H which are below f(x,y) over X9 N 0X we give the following definition.

Definition 5.38 (Potentially tight valid hyperplanes of type A and type B)
A hyperplane which fulfills [Lemma 5.36|is a potentially tight valid hyperplanes of type A. A
hyperplane H is a potentially tight valid hyperplane of type B if

« H is below f(z,y) over X9 N X,
« it satisfies 7 (H N0S) C X®and |[H N 0S| > 3 and

« there does not exist L; with x¢ € L; and x° € 7x(H N dS) such that H D L,;(x°).

Due to the last condition in the definition of potentially tight valid hyperplanes of type B,
the set of potentially tight valid hyperplanes of type A and the set of type B are disjoint.

Corollary 5.39
Let H™ be a potentially tight valid hyperplane of type B. Then H* is either a tight valid hyperplane
or there exists a tight valid hyperplane H** which is parallel to H*. Furthermore, H* is always a

tight valid hyperplane if every (x,y) € int X satisfies .

Proof. The proof is the same as the proof of[Theorem 5.37 O

Now we discuss how to compute potentially tight valid hyperplanes H** of type B algo-
rithmically. Note that every such H satisfies mx(H N 0S) C X€ and |H N JS| > 3. As every
three points x’,x/, x* € X¢with 1 <4 < j < k < m do not lie on a same line, it implies
that HF = aff{(x", f(x"), (x7, f(x7), (x*, f(x*)} is a hyperplane. There are (') such hyper-
planes H/* We can easily prove that a given H* is a potentially tight valid hyperplane H**
of type B if and only if

. for every x' € X¢, H¥ is below (x', f(x));

« for every L;, H ijk is below S 1., for this we need only to compare the curve Sy, defined
by a polynomial of degree up to 3 and the line segment H* N {(x,2) | x € L;};

. for any Lj, containing x°, s € {4, j, k}, check if it fulfills ¥.;(x!) ¢ HY*

All the three conditions above can be checked easily. Thus we design Algorithm [5.3|to compute
potentially tight valid hyperplanes of type B.

The proof of [Lemma 5.36|describes an algorithm to compute the unique potentially tight
valid hyperplane H* of type A that contains ¥;(xg), denoted by H*(xg, L;). Note that we
cannot omit L; in the notation since there may exist x;, € X° withx;, € L;, x;, € Lj, i # j
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and H*(xy, L;) # H"(xy, L;). For any x; € L; with x1 # xo, H*(x0, L;) = H*(x1, L;)
if and only if H*(xo, L;) D L;(x1). On the other hand, for every three points x*,x/, x* ¢
X¢, we use the algorithm above to check if H7* = aff{(x?, f(x?), (x/, f(x7), (xk, f(xk)}
is a potentlally tight valid hyperplane H** of type B. If yes denote it by H**(i, j, k). Let
x' x7' xF e X ¢ be three points such that H'7'* is a potentially tlght valid hyperplane of
type B W1th {x¥ x7' x¥} # {x' x7,x¥}. Then H** (i, j, k) = H**(i',j, k') if and only if all
the points {(x!, f(x')) | I € {i, 4, k,7,5',k'}} are on a same hyperplane.

Definition 5.40 (Tight valid hyperplanes of type A and type B)

A tight valid hyperplane H* is a tight valid hyperplane of type A if H* is also a potentially
tight valid hyperplane of type A or H* is parallel to a potentially tight valid hyperplanes of
type A. Similarly, a tight valid hyperplane H** is a tight valid hyperplane of type B if H** is
also a potentially tight valid hyperplane of type B or H** is parallel to a potentially tight valid
hyperplane of type B.

Foranyi € {1,...,m},let X; C L; be a set of finitely many points. Algorithm|5.2]computes
a set of tight valid hyperplanes of type A. Let N» € N be the upper bound of the number of
tight valid hyperplanes of type B we want to have. Algorithm[5.3]computes a set of tight valid
hyperplanes of type B.

5.5 Computational results

Recall the complete MINLP model introduced in All nonlinearities and
integrality conditions can be handled by the solver SCIP directly. Note that in that model,
we just consider pumps with fixed speed because of the two real-world instances introduced
in[Section 3.3

In many water supply networks, there are variable speed pumps. For them the character-
istic diagrams often involve the relative speed w. In [KolI11]], the pressure increase is
approximated by

Ahpt = W%tOZOp - Wptapopt - OZZpQ;Z)ta (5-21)

where agp, a1, and g, are constants derived from the characteristic curve for pump p.
shows the characteristic curves for pump p with variable speed, in cases of w; = 1,
w1 = 0.8 and wy = 0.6.
Similar to (2.23), the power consumption of pump p can be approximated as

KipgAhpQpe HtﬁQ( ptaOprt Wpto‘pozz;t - O‘QPQ}K;) B
Tipt npt(tha Wpt)

Cpt = 9(Qpt,wpt)  (5.22)

Note that the efficiency 7,; also depends on @)),; and wy; and there exists a function to present
it, hence there exists a function g(Qpt, wyt) to approximate Cy.
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Algorithm 5.2: Algorithm that computes a set of tight valid hyperplanes of type A

O 00 N QAU W -

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34

Input: A polynomial function in form (5.17), polytope X C R? as the domain set, the
corresponding L1, Lo, ..., Ly, and {x{,..., X7, }, point sets X1, Xo, ...

Output: Set H* of tight valid hyperplanes for S
Initialize H* = H* = ()

for every L; € {L1,Lo,..., Ly, } do
Compute H* := H(x", L;, Ly) for an Ly # L; using Algorithm
for everyx’ € L; do
for every Lj € {L1,..., Ly, } with L; # L; and L; # L;» do
Compute H(x°, L;, L;) using Algorithm
if H(x%, L;, L;) is below H* over X then
| Set H* = H(x", L;, L;)
end
end
Compute ,;(x?) defined by ;
for everyx§ € {x{,...,x;,,} withx§ ¢ F; do
Compute H' = aft {L;(x), {(x¢, /(x0)
if H' is below H* over X then
Set H* = H'
end
end
Set H* = H*U{H"}
end
end
if every xint X satisfies 4 then
‘ Set HA = H*
end
else
for every H* = {(x,y,2) | z = a;jx + bjy + ¢} € H* do
Solve (OP%) and get optimum 2*;
if z* = (0 then
‘ Set HA = HAU{H*}
end
else
| Set HA =HAU{{(z,y,2) | 2 = ax + biy + c+ 2*}}
end
end
end
Return H4
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Algorithm 5.3: Algorithm that computes a set of tight valid hyperplanes of type B

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39

Input: A polynomial function in form (5.17), domain set X C R? and Ny € N
Output: A set H of up to N, tight (downward closed) valid hyperplanes for S
Initialize HP = H** = ()

for every x’,x7 x* € X¢ with1 <i < j <k < m and |H**| < Ny do
Compute HV* = aff{(x’, f(x?), (x7, f(x7), (x*, f(x*)} and set H' = {HV*};
for everyx! € X¢ do
if “H* is below (x', f(x!))” is false then
l Set H' = () and Goto line
end
end
for every L; € {L1, Lo, ..., Ly, } do
if “H* is below Sy, ” is false then
| Set#’ =0 and Goto line
end
if (H*NSy,) C Sxe then
Compute the potential unique point (x*, f(x*)) € HY* NSy ;
if (x*, f(x*)) exists and H'* > ¥,;(x*) then
| SetH' =0 and Goto line
end
end
else
l Set H' = () and Goto line
end
end
Set H** = H™* UH'
end
if everyx € int X satisfies 1 then
l Set HP = H**
end
else
for every H* = {(z,y,2) | z = a;x + bijy + ¢} € H** do
Solve and get optimum z*;
if 2* = 0 then
l Set HP = HPB U {H*}
end
else
l Set HB = HB U {{(x,y,2) | z = a;z + by + c + 2*}}
end
end
end
Return H?
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Figure 5.19: Example of characteristic curve for a pump with variable speed

Our solver SCIP can solve general nonconvex MIQCP BHV12]]. As a consequence,
constraints consisting of any polynomial function can be handled by SCIP, e.g., by substituting
them recursively until they contain only nonlinear terms in form of x - y or :UQ.

To enable that SCIP can handle the constraints like (5.22), we try to approximate function g
with a polynomial function. Note that characteristic diagrams are usually given by the vendor
with a set of measured points.

For polynomial fitting, on the one hand, we want to keep the degree of polynomials as low
as possible. This is very helpful for the outer-approximation algorithms. On the other hand, the
degree of polynomials should be high enough so that the approximation error is acceptable.
For the computation we got a third real-world instance from Tsinghua University, Department
of Hydraulic Engineering. shows a small water supply network n9p3a11 in the
suburbs of Beijing that contains 9 nodes (1 reservoir, 3 tanks, 5 junctions), 2 consumers, 3 pipes,
9 pumps, and 2 valves. Similar to the other 2 instances showed in [Section 3.3.1] the network
contains hourly demand forecast for one day.

All pumps in n9p3al1l are variable speed pumps. With given data for the characteristic
diagrams, we get approximated polynomials for energy consumption in form

Cpt = fp(tha Wpt) = COpW;’t + Clpwthpt + Cprthzz;t + C3pQ?;t (5.23)

with very acceptable approximation errors. Constants Cp,, C1p, Cop and C3,, are found by
solving an NLP for every pump p.

For every constraint of the form Cpy > f;,(Qpt, wpt), variables Q) and wy are box-constrained.
The polynomial function f,(Qpt, wpt) is exactly in the form of . Thus, Algorithm and
Algorithm 5.3 are applicable. For every of the four facets forming the box-constrained domain,
we first compute the globally convex domain boundary points on that facet according to the

'Note that SCIP is already able to handle more complex nonlinear constraints directly, as explained in the
latest user manual under http://scip.zib.de
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Pipe03
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pipe02
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Figure 5.20: Schematic diagram of water network instance n9p3a11 with 9 nodes (1 reservoir, 3 tanks,
5 junctions), 2 consumers, 3 pipes, 9 pumps, and 2 valves.

algorithm introduced in the proof of By case 2 of we compute tight
valid hyperplanes of type A based on point x1% z8X and (70 4 %) /2. By case 3 we
compute tight valid hyperplanes of type A based on points z!" and xl‘-“id. By case 4 we compute
tight valid hyperplanes of type A based on points 4 and z#*. In addition, since we have
fixed four extreme points, two tight valid hyperplanes of type B are also computed. Finally,
depending on the structure of the globally convex domain boundary points, six to eight linear
constraints corresponding to tight valid hyperplanes are added for every constraint in the form

of Cpt > fp(Qpt, wpt). In the following we show a numerical example for n9p3a11.

Example 5.41
In n9p3a1l1 there is a pump p with energy consumption constraint in the form of (5.23

Cpt = [o(Qpt,wpt) = 25.9267wp, + 18.1348 w?, Qpe + 22.1276 wy Q2 — 42.6895 Q3

with domain X, := {(wpt, Qpt) € [0.85,1.0] x [0.4,0.7]}. The graph of f,(Qpt, wpt) over X,

denoted by S, is shown as the white surface in Algorithms in found six
tight hyperplanes in the form of

H = {(wpta Qpb Cpt) ‘ Cpt = awpt + prt + C},

where a, b, c are coefficients. The coefficients for the six tight hyperplanes are shown in[Table 5.1]
Note that the validity of each hyperplane has been verified by solving the corresponding NLP

(OP'2'7) at the end of Algorithm [5.2]and Algorithm respectively. In addition, each tight
hyperplane to S, found above is shown as the yellow hyperplane in respectively.<>
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Figure 5.21: Original feasible region and linear underestimators in[Example 5.41
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Table 5.1: Tight hyperplanes to S, and the corresponding coefficients in

Tight hyperplane « b c

H; 72.068325 -5.909471 -37.453828
Hg 95.828520 -0.365311 -61.693424
HS 84.30486 -4.255828  -49.012439
H? 88.619212 -2.912092  -53.620247
HZI% 114.01154 2.774008  -81.132173
HS 101.726218  1.355564  -68.27948

The experimental setup is the same as introduced in [Section 4.4] [Table 5.2] presents the
computational results for the 24 original MINLPs and the corresponding MINLPs with extended
pump cost relaxation constraints.

MINLP P[0, i| denotes the operation problems for the first ¢ hours with i =1, ..., 24. For
every MINLP we set a time limit of one hour and gap limit with 1075, In column “(time) gap”
the time is displayed if the gap limit has been reached within an hour. Otherwise the time
limit has been reached, only the current gap needs to be displayed. Note that we only need to
calculate the linear constraints one time before we start solving MINLP. This preprocessing only
takes a few seconds in total. From the table we see that not only the dual bounds are improved
significantly, most primal bounds are also improved for unsolved MINLP for operation of more
than 14 hours.

Recall pump energy consumption constraint Cp; > fp,(Qpt, wpt), variable Cpy is contained in
the objective. Better outer-approximation as well as tighter relaxation will improve the dual
bound directly. Our computational results have verified it. A graphic comparison of the primal

and dual bounds is shown in [Figure 5.22
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Table 5.2: Detailed computational results for MINLPs with extended pump cost relaxation constraints
and the original MINLPs for n9p3a11, computed by SCIP 5.0.1

MINLP original with ext. pump cost rel. cons.
primal dual (time) gap primal dual (time) gap
P[0, 1] 19.46  19.46 (0.48) 0 19.38  19.38 (0.42) 0
P[0, 2] 39.57  39.57 (1.38) 0 39.5 39.5 (1.22) 0
P[0, 3] 215 215 (1857.85) 0 215 215 (260.7) 0
P[0, 4] 247.63 247.63 (2797.98) 0 247.63 247.63 (1366.6) 0
P[0, 5] 324.33 214.13 0.514659 314.94 314.8 0.000470589
P[0, 6] 456  163.65 1.78649 404.81 343.41 0.178792
P[0, 7] 586.42 237.08 1.47354 586.28 407.72 0.437932
P[0, 8] 822.62 253.84 2.24071 782.35 558.13 0.401734
P[0, 9] 1113.14 238.28 3.67158 1115 727.98 0.531645
P[0, 10] 149442 42374 2.52677 1518.81 940.26 0.615304
P[0, 11] 1914.45 379.87 4.03972 1934.06 1146.68 0.686657
P[0, 12] 2603.85 461.55 4.64152 2669.16 1451.5 0.838896
P[0, 13] 3174.84 546.05 4.81419 3197.05 1690.12 0.891608
P[0, 14] 4127.24 442.67 8.3235 3674.65 1882.28 0.952236
P[0, 15] 4373.83 526.89 7.30122 4056.38 2073.05 0.956725
P[0, 16] 4806.56 643.72 6.46681 4757.25 2354.57 1.02043
P[0, 17] 5190.04 736.59 6.04607 5023.09 2616.48 0.919789
P[0, 18] 5909.72 504.07 10.724 5636.12 2970.92 0.897098
P[0, 19] 6731.29 575.39 10.6987 6393.88 3071.39 1.08175
P[0,20] 7491.98 642.96 10.6524 7014.98 3543.4 0.979729
P[0, 21] 7831.22 476.56 15.4329 7439.11 3636.75 1.04554
P[0,22] 8785.58 523.11 15.7948 7998.55 3823.91 1.09172
P[0, 23] 8147.78 571.52 13.2562 8124.75 3791.95 1.14263
P[0, 24] 8380.79 454.64 17.434 8271.19 4070.3 1.03208
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5.5 Computational results
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Figure 5.22: Comparison of primal and dual bounds by solving MINLPs with extended pump cost
relaxation constraints and the original MINLPs for n9p3a11
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Chapter 6
Conclusion and Outlook

This thesis deals with planning problems for the optimal operation of water supply networks.
At the beginning, accompanying a literature survey we argue why we use the MINLP approach
to model and to solve the problem.

Our contribution starts from[Chapter 2| In the first part we present a detailed MINLP model.
During the verification of computed solutions by our solver we detect modeling errors that
cannot be found in any other literature. For that we add additional variables and constraints to
correct the model. In the first part we present several reformulation and presolving techniques.
These techniques can be utilized once the corresponding network properties are detected.

For such a nonconvex MINLP problem, there are plenty of works for solutions to local
optimality. Our final goal is to reach e-global optimality since the solution quality is expected to
be verified. In [Chapter 3| we reduce the dynamic version of the operation problem for 24 hours
to a version of a fixed point of time. This helps us to verify the model and the data of instances.

The first major academic contributions of the thesis appear in There we work on
subnetworks that only contain pipes and junctions. These subnetworks appear very commonly
since nowadays network design pipes that are contained in cycles are used as backups. This is
necessary if a part of the subnetworks have technical interruptions. For a general subnetwork
defined there, we prove that the corresponding nonlinear constraints which consist of a nonlinear
feasibility problem can always be uniquely solved. Based on the derived theorem, we show that
the unique solvability is reached by symbolic computation for our instance using Maple [Mapl].
However, the exact symbolic solution cannot be used by SCIP directly. Instead, we approximate
the functions for the solution above with polynomial fitting. The approximated polynomial
function can be handled by SCIP and has very little approximative error. The simplified MINLPs
are easier to solve, proved by computational results.

Although the exact symbolic solution cannot help SCIP directly, it can be very useful e.g., for
developing simulation tools. The property of unique solvability may also contribute to develop
algorithms to check feasibility of the entire network.

The second major scientific contribution of the thesis can be found in The idea
comes from the very early computational results for instance n9p3a11, presented in[Section 5.5
Even the instance is much smaller and structurally easier than n88p64a64 andn25p22a18,
primal solutions cannot always be found rapidly and the dual bounds are also very “bad”. The
only difference is that the pumps in this instance can be operated with a variable speed. Due
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Chapter 6 Conclusion and Outlook

to one more dimension in the characteristic curve, nonconvexities are increased both in the
constraints and especially in the objective. Hence the low quality of dual bounds is expectable.
During seeking a method to generate better outer-approximation for the nonlinear terms, we
found very little literature which can help us. As a consequence, we decide to investigate the
description of the convex hull of graphs of polynomial functions over a polytope in the thesis,
in particular for dimension n.

An additional remark is that we only generate additional linear constraints (we call “valid
3D cuts”) before we start solving MINLP. Note that during the branch-and-bound approach
the new subproblem contains changed and tighter variable bounds, new valid 3D cuts can be
generated adaptively and integrated into the MINLP solving process. We prefer to leave the
implementation to be done for real industrial requirement rather than in this research thesis.

At the end, in addition to the promising results presented in this thesis, we think there are
still a lot of topics we can continue the research. First of all, we need better primal solutions.
Instead of using general MINLP heuristics, we can try to find special heuristics for our certain
problem. Furthermore, according to our computational results, there is still much room for the
improvement of dual bounds to verify the quality of solutions. Besides the idea of adaptive
refinement of out-approximation of polynomial constraints, decomposition techniques based
on Lagrangian relaxation should also help us to improve the dual bounds.
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