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Integrated Electrical and Natural-Gas Systems
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Abstract—The deep interdependence between electrical and gas
systems entails a potential threat to the security (or reliability) of
both systems. It is imperative to investigate the impacts of massive
uncertainties on the overall secure and economical operation of
both systems. In this paper, a probabilistic energy flow framework
of integrated electrical and gas systems is initially proposed consid-
ering correlated varying energy demands and wind power. Three
aspects of couplings between electrical and gas systems are con-
sidered: gas-fired generators, electric-driven compressors, and en-
ergy hubs integrated with power to gas (P2G) units. Furthermore,
a multilinear method is specially designed to produce a determinis-
tic energy flow solution for each sample generated by Monte Carlo
simulation (MCS). Finally, test results have verified that the pro-
posed multilinear MCS method prevails over the nonlinear MCS.
In addition, P2G effectively benefits the operation of both electrical
and gas networks.

Index Terms—Integrated electrical and gas systems, Monte
Carlo simulation (MCS), multi-linear method, power to gas (P2G),
probabilistic energy flow analysis.

NOMENCLATURE

Variables

Vi Voltage magnitude of node i
θi Voltage angle of node i
Pij , Qij Active and reactive power flow through branch i-j
PG , QG Active and reactive power outputs of generators.
PL , QL Active and reactive power loads.
Δf Frequency deviation.
πm Gas pressure of node m
Fw Gas flow through pipeline w
Fc Gas flow through compressor c
Hc Horsepower of compressor c
τc Gas consumed by compressor c
FS Gas injections of gas sources
FD Gas withdraws of gas demands
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FG Gas consumption of gas-fired generators
Pe , Pg Input electric power and gas of energy hub
Le , Lh Electricity and heat demands of energy hub
X Vector of energy flow state variables
Y Vector of energy flow injections
J Jacobian matrix
FD,tot Total equivalent gas demand

Parameters and Constants

gij , bij Series conductance and susceptance of
branch ij

gsh,i , bsh,i Shunt values of bus i
KG Change rate in active power outputs with

respect to Δf
PG set , QG set Specified active and reactive power out-

puts of generators
aQ , bQ Coefficients of the generators’ reactive

power outputs
KP , KQ Change rate in active and reactive power

loads with respect to frequency deviation
PL set , QL set Specified active and reactive power

demands
VLB Nominal voltage magnitude of the load

bus
kw Weymouth constant of gas pipeline k
α, β, γ Gas consuming parameters of gas-fired

compressors
TS Node-gas source incidence matrix
TD Node-gas demand incidence matrix
Tc Node-gas turbine incidence matrix
Aw Node-pipeline incidence matrix
Ac Node-compressor incidence matrix
αg , βg , γg Energy conversion parameters of gas-fired

generators
v1 Percentage of electricity fed into P2G
v2 Percentage of gas fed into CHP
ηee Transformer efficiency
ηCHP ,e , ηCHP ,h Gas-electric and gas-thermal efficiency of

CHP
ηeg P2G efficiency
ηgh Gas furnace efficiency
C Coupling matrix of energy hub
Tg Gas node-energy hub incidence matrix
Tgg Gas node-generator incidence matrix
rij , xij Resistance and reactance of branch ij
ρ1 Electricity-gas demand correlation
ρ2 Electricity-heat demand correlation
ρ3 Heat-gas demand correlation
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I. INTRODUCTION

W ITH an increasing penetration of natural-gas fired gen-
erators and the promising usage of power to gas (P2G)

technology [1], [2], the interdependence between electrical
and gas systems is strong and accelerating [3], [4]. Based on
this background, it is imperative to model the electrical and
gas networks as an integrated energy system [5], [6].

Renewable energy sources are projected to play an impor-
tant role in the sustainable transformation of the energy sys-
tem by producing environmentally friendly power. However,
the variable and uncertain generation profiles of renewable
energy sources entail growing challenges in terms of power
imbalances. The first step to solve this problem is the de-
ployment of flexible gas-fired generators with faster response
ability. More importantly, large-scale energy storage tech-
nologies should be adopted to store the surplus renewable
energy. The P2G units that convert electricity into hydro-
gen and synthetic natural gas (SNG) represent a promising
energy storage option [1]. The combination of gas-fired gen-
erators and P2G units greatly contributes to the penetration
and flexible dispatchability of renewable energy sources. In
other words, integrated electrical and gas energy systems of-
fer a complement to intermittent renewable energy sources
and therefore benefit the reduction of carbon dioxide (CO2)
emissions.

Other advantages of employing such an integrated energy
system lie in the economic benefits, such as the integrated
planning and operation of electrical and gas networks that
yield an overall optimal result [7]–[10]. Nevertheless, the
deep interdependence between the two energy vectors also
represents tremendous security (or reliability) challenges. A
direct example of this challenge is the U.S. large-scale loss of
electric and gas service that occurred in February 2011 with
unusually cold weather [3]. This event stemmed from unex-
pected gas failures which contributed to the loss of gas-fired
generators, and the loss of reliable electric service further
led to gas curtailments. Because both electrical and gas sys-
tems heavily rely on the energy supply service from the other
system, any uncertainties occurring in one system would di-
rectly impact the overall economic and secure operation of the
integrated energy system. To control and minimize the risks
caused by massive random behaviors, there is an evident need
of using analytical tools able to account for uncertainties.

Energy flow analysis for integrated electrical and gas sys-
tems is considered as the cornerstone for further studies [11],
[12]. Deterministic energy flow analysis is executed under
given energy suppliers, energy demands and network param-
eters. However, the variation of the energy flow input in-
formation is so high that deterministic analysis is no longer
applicable. As such, it is desirable to view the energy flow
analysis as a probabilistic problem. In the background of the
deep interdependence between electrical and gas networks,
the necessity of jointly analyzing the probabilistic nature of
both systems is mainly due to the following issues:

1) For both electrical and gas networks, the nodal security,
which determines the energy delivery ability, must be
carefully monitored. Therefore, the risk that the nodal
voltage (or pressure) falls outside its respective permis-
sible limit should be quantitatively analyzed.

2) The power system security is affected by the gas sys-
tem in such a way that the unavailability of adequate
and timely gas delivery could result in forced offline

of gas-fired generators. On the other hand, the loss of
reliable electric service would also lead to the outages
of electric-driven compressors. Hence, the system oper-
ators should obtain a thorough knowledge of the poten-
tial risk caused by the uncertainties in the other coupled
system.

More specifically, the probabilistic energy flow analysis of
integrated electrical and gas energy systems, which is an ex-
tension of the well-known power system probabilistic power
flow analysis [13], should be performed to assess system vari-
ables (e.g., bus voltages, nodal pressures and branch energy
flows) in the presence of varying energy flow injections.

A substantial amount of work has been performed in the
area of probabilistic power flow. The methods to tackle the
probabilistic power flow problem can be summarized, broadly
speaking, into three categories: 1) Monte Carlo simulation
(MCS) [13], 2) analytical methods [14]–[18] and 3) approxi-
mate methods [19]. MCS generates random samples for vari-
able inputs and uses the deterministic power flow for each
sample. However, a considerable computational effort is re-
quired for MCS. In contrast, analytical and approximate meth-
ods are computationally efficient. Mathematical assumptions
are made for analytical methods to simplify the nonlinear
relationship between input and output variables. Based on
linearized power flow equations, the cumulant method com-
bined with Gram-Charlier or Cornish-Fisher expansion was
studied in [14], [15]. A multi-linear model with multiple lin-
earization points was proposed in [16]–[18] to address the
extremely high uncertainties. As for the approximate meth-
ods, point estimate methods have been most useful [19].

The primary goal of this paper is to propose a probabilis-
tic energy flow framework of integrated electrical and gas
systems. First, the energy flow formulations of electrical and
gas systems are presented. Then, three aspects of couplings
between both systems are considered: 1) gas-fired generators,
2) electric-driven compressors and 3) energy hubs integrated
with P2G. After that, the multi-linear method proposed in
[16]–[18] is designed for strongly nonlinear energy flow equa-
tions especially gas flow equations. The proposal is therefore
a combination of the multi-linear method and MCS. For each
sample generated from MCS, the multi-linear method is used
to produce a fast and accurate energy flow solution.

The remainder of this paper is organized as follows. The
steady-state energy flow formulations of integrated electri-
cal and gas systems are described in Section II. Section III
elaborates on the multi-linear MCS scheme for probabilistic
energy flow analysis. Section IV illustrates the performance
of the proposed multi-linear MCS method and investigates
the benefits of P2G. Finally, Section V draws the conclusion.

II. MODELING OF INTEGRATED ELECTRICAL AND

NATURAL-GAS SYSTEMS

A. Power Flow Formulation of Electrical Networks

For the branch l connecting buses i and j, its active and
reactive power can be formulated as follows:

{
Pij =(gij +gsh,i)V 2

i −gijViVj cos θij−bijViVj sin θij

Qij =−(bij +bsh,i)V 2
i +bijViVj cos θij−gijViVj sin θij

(1)
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The total power flowing into and out of each bus is equal:

PG,i − PL,i =
∑
j∈i

Pij (2)

QG,i − QL,i =
∑
j∈i

Qij (3)

Meanwhile, with the significant penetration of wind power,
it is more desirable to operate electric power systems under
the automatic generation control (AGC) [20]. Under this con-
dition, the power imbalances between generations and loads
are balanced by multiple generators (i.e., distributed slack
buses) and the system frequency deviation should be added
into the state variables. Equations (4)–(6) represent the ad-
justment of the generators’ active and reactive power outputs
related to the frequency deviation Δf :

PG = PG set + ΔPG (4)

ΔPG = −KGΔf (5)

QG = QG set + aQΔPG + bQΔP 2
G (6)

Power loads are voltage and frequency dependent. As sug-
gested in [20], steady-state active and reactive power charac-
teristics can be modeled by including the frequency effect in
ZIP load model:

PL = PL set(1 + KP Δf)
(
pP + pI (V/VLB) + pZ (V/VLB)

2
)

(7)

QL = QL set(1 + KQΔf)
(
qP + qI (V/VLB) + qZ (V/VLB)

2
)

(8)

where pP (qP ), pI (qI ) and pZ (qZ ) are the percentage of con-
stant power, constant current and constant impedance in the
total active (reactive) load, respectively.

B. Gas Flow Formulation of Natural-Gas Networks

In this research, the steady-state model of the gas network
is adopted with an acceptable accuracy [21]. Two key features
of steady-state gas flow models are as follows: 1) the pipeline
gas flow is nonlinearly related to the pressure drop along
transmission pipelines, and 2) the nodal gas flow balance
should be strictly observed. In this regard, the energy flow
formulation of gas networks is quite analogous to that of
electrical networks.

For the gas pipeline w extending from node m to node n,
the gas flow is calculated as follows [12]:

Fw = kw smn

√
smn(π2

m − π2
n ) (9)

smn =
{

+1 πm ≥ πn

−1 πm < πn
(10)

To reduce the nonlinearity of gas flow (9), the nodal pres-
sure is replaced by its squared formulation, which turns (9)
into:

Fw = kw smn
√

smn(Πm − Πn ) (11)

where Π = π2 .

To compensate the pressure loss for the gas transmission,
compressors are installed along the gas pipelines. The amount
of power consumed by the compressor c is determined by the
gas flow through the compressor and the compression ratio
[11], [22]:

Hc =BcFc

((
πm

πn

)Zc

−1

)
=BcFc

((
Πm

Πn

)Zc /2

− 1

)

(12)
where Bc is the constant corresponding to the design of com-
pressor c, and Zc = 0.236 [22]. πm /πn represents the com-
pression ratio, which can be obtained from the compressor’s
total cost minimization model under a nonconvex feasible
operating domain [23].

If the compressors are driven by gas turbines, then addi-
tional gas would be extracted from gas networks:

τc = α + βHc + γH2
c (13)

The nodal gas flow balance can be described as follows:

TS FS − TD FD − Tcτc = Aw Fw + AcFc (14)

C . Linkage Between Electrical and Gas Networks

Three aspects of linkage between elec-
trical and gas networks are considered in
this work: 1) natural-gas fired generators,
2) electric-driven compressors and 3) energy hubs inte-
grated with P2G.

1) Gas-Fired Generators: Gas-fired generators are power
suppliers in electrical networks and gas demands in gas net-
works simultaneously. The relationship between gas-fired
generators’ gas consumption FG and active power outputs
PG are expressed as follows:

FG = αg + βgPG + γgP
2
G (15)

Note that the generator value point effect [24] is not con-
sidered here.

2) Electric-Driven Compressors: If compressors are driven
by electricity, the energy consumed by compressors is sup-
plied from electrical networks. Hence, electric-driven com-
pressors can be treated as power loads in electrical networks.

3) Energy Hubs Integrated With P2G: P2G technology that
converts electricity into hydrogen and SNG has been con-
sidered a promising solution to avoid the curtailment of
renewable energy [1]. P2G contains two main processes:
1) the electrolysis process, which splits water into hydrogen
and oxygen by using electric energy, and 2) the methanization
process (CO2 + 4H2 → CH4 + 2H2O), which converts the
hydrogen along with CO2 into SNG. The share of hydrogen
is technically and legislatively restricted [2]. In comparison,
SNG can be stored in large amounts and transported in gas
networks, enabling a bi-directional energy flow between elec-
trical and gas networks. Thus, in this paper, P2G technology
means converting the electricity into SNG.

The framework of an energy hub represents the conver-
sion and possible storage of multiple energy carriers (e.g.,
electricity, gas, heat, etc) [25], [26]. In Fig. 1, the energy
hub containing P2G, CHP and wind power is schematically
illustrated. In this energy hub, the input energy sources are
electricity and gas, and the output ports are electricity and
heat demands. Meanwhile, several energy conversion tech-
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Fig. 1. The energy hub containing P2G, CHP, and wind power.

nologies are present: the transformer, P2G, CHP and the gas
furnace.

The energy conversion between multiple energy inputs and
outputs can be modeled as follows:

Le = (Pe + Pwind)(1 − v1)ηee + P ′
g v2ηCHP ,e (16)

Lh = P ′
g (v2ηCHP ,h + (1 − v2)ηgh) (17)

P ′
g = Pg + (Pe + Pwind)v1ηeg (18)

The single-period probabilistic energy flow focuses on vari-
able energy flow injections which do not include storages.
Thereby, the electrical, gas or thermal storages of energy
hubs are not considered in this research. Also, the dispatch
factors v1 and v2 represent the flexibility of energy hubs,
in which demands can be supplied from alternative sources
and economic benefits can be gained; but in the frame-
work of (probabilistic) energy flow analysis, v1 and v2 are
specified.

Note that the input electric power Pe can be either
positive or negative. If the wind power is not suffi-
cient to meet the energy demands, additional power
should be supplied from the electrical network (i.e.,
Pe > 0). Otherwise, surplus wind power is injected into
the electrical network (i.e., Pe < 0). Similarly, the input
gas flow Pg , which is determined by the P2G output
and the energy demands, can also be either positive or
negative.

The energy hub model ((16)–(18)) can be expressed in
matrix form as follows[

Le

Lh

]

=
[

(1 − v1 )ηee + v1ηeg v2ηCHP ,e v2ηCHP ,e

v1ηeg (v2ηCHP ,h + (1 − v2 )ηgh ) v2ηCHP ,h + (1 − v2 )ηgh

]
C︸ ︷︷ ︸

·
([

Pe

Pg

]
+

[
Pwind

0

])
(19)

It should be clarified that we need to inverse the matrix C
(assumed to square here) to calculate the input electricity/gas
vector [Pe Pg ]T of energy hubs. When C is a non-square
matrix, virtual converters could be added into energy hubs so
as to create a square matrix C [27].

D. Combined Energy Flow Formulation

Considering the coupling between electrical and gas net-
works, the nodal active power flow balance (2) and the nodal
gas flow balance (14) are transformed into:

PG,i − PL,i − Hc,i − Pe,i =
∑
j∈ i

Pij (20)

TS FS − TD FD − Tcτc − TggFG − TgPg = Aw Fw + AcFc

(21)

On the basis of the energy flow formulation of the inte-
grated electrical and gas networks ((3), (20) and (21)), the
following iterative equations can be obtained using Newton’s
method:

⎛
⎜⎝

ΔP (u)

ΔQ(u)

ΔF (u)

⎞
⎟⎠

︸ ︷︷ ︸
ΔY

=−

⎛
⎜⎜⎜⎝

∂ΔP
∂Δf

∂ΔP
∂θ

∂ΔP
∂V

∂ΔP
∂Π

∂ΔQ
∂Δf

∂ΔQ
∂θ

∂ΔQ
∂V

0

∂ΔF
∂Δf

0 0 ∂ΔF
∂Π

⎞
⎟⎟⎟⎠

(u)

︸ ︷︷ ︸
J

⎛
⎜⎜⎜⎜⎝

Δ
(
Δf (u)

)
Δθ(u)

ΔV (u)

ΔΠ(u)

⎞
⎟⎟⎟⎟⎠

︸ ︷︷ ︸
ΔX

(22)

X(u+1) = X(u) + ΔX(u) (23)

where u is the iteration index.
After the iteration of (22)–(23) converges, the nodal pres-

sure vector π is obtained by calculating the square root of
Π.

III. MULTI-LINEAR MCS

In this section, the linearization errors of electrical and gas
energy flow equations are investigated. Then, for each sam-
ple generated by MCS, a multi-linear method is specially de-
signed for the deterministic energy flow calculation, in which
an accurate and fast result can be achieved.

A. Probabilistic Energy Flow Analysis of Integrated Electrical
and Gas Networks

The probabilistic energy flow analysis proposed here is
used as an analytical tool to investigate how the uncertainties
of both systems can affect the overall operating states of the
integrated energy systems and further provide a reference for
the security and reliability evaluation of both systems.

This work takes the uncertainties of electricity, gas and
heat demands and the wind power into consideration. The
variations in the energy demands are modeled as correlated
normal distributions, and the uncertainties of wind speeds
are represented via Weibull probability distribution functions
with known correlation matrix.

Meanwhile, a multi-linear MCS scheme is specially de-
signed for the probabilistic energy flow analysis, and its de-
tailed procedure will be illustrated in the next section.

B. Linearization Error of Power and Gas Flow Equations

1) Linearized Gas Flow: For a pipeline connecting nodes
m and n, assume that the gas pipeline flow and the pressure
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Fig. 2. The linear approximation for nonlinear gas flow equations.

of the upstream node m are known; the pressure of the down-
stream node n is to be determined. The diagram of linear
approximation for nonlinear gas flow equations is depicted in
Fig. 2.

In Fig. 2, Πmn = Πm − Πn is the squared pres-
sure drop (assume Πmn > 0). A(Π0

mn , f 0
mn) denotes the

base point of the linear method, around which the
gas flow equations are linearized. B(Πmn , fmn) is the
current operating point, and C(ΠL

mn , fmn) is the lin-
ear prediction of point B. The value of Πmn is cal-
culated from the original nonlinear gas flow equations
as follows:

Πmn =

(
fmn

kmn

)2

=
(

f 0
mn + Δfmn

kmn

)2

=
(

f 0
mn

kmn

)2

+
(

Δfmn

kmn

)2

+ 2
f 0

mnΔfmn

k2
mn

(24)

While the value of ΠL
mn is based on the linearized gas flow

equations around point A as shown in (25) at the bottom of
this page.

In comparing (25) with (24), the linearization error of Πmn
can be obtained:

Πmn − ΠL
mn =

(
Δfmn

kmn

)2

(26)

On the basis of (26), the linearization error of the pressure
of node n is given as follows:(

(πm )2 − (πn )2
)
−

(
(πm )2 −

(
πL

n

)2
)

=
(

Δfmn

kmn

)2

⇒
(
πL

n

)2 − (πn )2 =
(

Δfmn

kmn

)2

(27)

Eπn
=

(
πL

n − πn

)
/πn =

√
1 +

(
Δfmn

kmnπn

)2

− 1 (28)

where πn is the pressure of node n at the current operating
point B, and πL

n is the linear prediction value of πn . Eπn
is

the relative linearization error of πn .
It can be seen from (28) that the linearization error of gas

flow equations might be high in any or all of the following
cases:

1) There is a major fluctuation in gas consumptions, lead-
ing to a large value of Δfmn .

2) Some pipelines are with long distances or high friction
factor (i.e., kmn is small).

3) The nodal pressures are low at the gas terminals during
periods of peak demand (i.e., πn is small).

2) Linearized Power Flow: In accordance with the branch
power flow (1), the relationship between the voltage drop and
the branch power flow is described as follows:

Re
( •

ΔVij

)
=

Pijrij + Qijxij

Vi
(29)

Im
( •

ΔVij

)
=

Pijxij − Qijrij

Vi
(30)

where
•

ΔVij = Vi − Vj∠(θj − θi)
If the voltage magnitude of node i is constant, the voltage

drop
•

ΔVij is strictly linear with the branch power flow. How-

ever, if the value of Vi is variable,
•

ΔVij can still be approx-
imately seen as linear with Pij (or Qij) since the fluctuation
range of Vi is relatively small (e.g., 0.9 p.u. ≤ Vi ≤ 1.1 p.u.).
Thereby, the approximate linear relationship between the volt-
age drop and branch power flow renders a relatively high
accuracy of the linearized power flow equations.

3) Linearization Error Comparison: In comparing the en-
ergy flow characteristics of gas networks with that of electrical
networks, two main aspects of differences can be observed:

1) There is a quadratic nonlinear correlation between the
pipeline gas flow fmn and the squared pressure drop

Πmn (described by (24)) while the voltage drop
•

ΔVij
is approximately linear with the branch power flow Pij
and Qij (described by (29) and (30)). Accordingly, the
nonlinearity of fmn − Πmn curves is much stronger than

that of Pij(Qij) −
•

ΔVij curves.
2) Due to the wide ranges of nodal pressures (e.g., ranging

from 300 Psia to 1500 Psia), the current operating point
may be far away from the initial base point; but for the
electrical networks, the distance between the current
operating point and the initial base point is much closer.

We can conclude from the above two points that the lin-
earization accuracy of the power flow equations is higher than
that of the gas flow equations. Hence, in the combined power
and gas flow analysis, special attentions should be paid to the
performance of linearized gas flow models.

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ΠL
mn = Π0

mn + Δfmn/
∂fmn

∂Πmn

∣∣∣∣
0

∂fmn

∂Πmn

∣∣∣∣
0

=
kmn

2
√

Πmn
=

k2
mn

2fmn

⇒ ΠL
mn =

(
f 0

mn

kmn

)2

+ 2
f 0

mnΔfmn

k2
mn

(25)
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Fig. 3. The definition of different linearization regions.

C. Multi-Linear Method

For electrical networks, the linear method is applicable if
the uncertainty is within a normal range [14], [15]; however,
when electrical networks are faced with an extremely high
level of uncertainty, the multi-linear method would be a better
choice as suggested in [16]–[18]. As for gas networks, even
if the uncertainty level is not high, it is still more desirable
to employ the multi-linear method considering the strong
nonlinearity of gas flow equations.

Multiple linearization points are designed in the multi-
linear method. For a specific network injection, the lineariza-
tion point closest to the current operating point would be
selected. As long as the selected linearization point is close
enough to the current operating point, the nonlinear energy
flow equations can be locally treated as linear equations. In
this way, the multi-linear method with multiple linearization
points is more accurate than the linear method.

The fundamental procedure of the multi-linear method is
the determination of different linearization points. As the lin-
earization accuracy of the gas flow equations is of greater
concern than power flow equations, the determination of mul-
tiple linearization points should give priority to the operating
conditions of gas networks rather than electrical networks.
In this way, the total equivalent gas demand is used as the
criterion to determine the linearization point. In accordance
with the gas flow (21), the total equivalent gas demand FD,tot
is given as:

FD,tot =
∑

(TD FD + Tcτc + TggFG + TgPg ) (31)

Multiple linearization points (or regions) corresponding to
different gas demand levels are defined based on the probabil-
ity density function (PDF) of the random variable FD,tot , as
shown in Fig. 3. The determination of multiple linearization
points and regions consists of the following steps:

1) For a specified number of linearization points, F 0
D,tot

and FN
D,tot can be determined according to the PDF of

FD,tot as follows:

Pro(F ≤ F 0
D,tot) =

1
2

(32)

Pro(F ≤ FN
D,tot) =

1
2

+
N

2(N + 1)
(33)

2) Calculate the half of the linearization region width
LD,tot as given in (34)

LD,tot= (FN
D,tot − F 0

D,tot)/(2N). (34)

3) On the basis of F 0
D,tot , FN

D,tot and LD,tot , 2N + 1
linearization points {F−N

D,tot , . . . , F
−1
D,tot , F

0
D,tot , F

1
D,tot ,

. . . , FN
D,tot} are defined as given in (35). Further, by

specifying the ratio of electricity/gas/heat demands and
wind power outputs to the total equivalent gas demand,
energy flow injection of all linearization points can be
finally determined

F −N
D ,tot= F 0

D ,tot−2N ·LD ,tot , F N
D ,tot = F 0

D ,tot +2N ·LD ,tot

...
...

F −1
D ,tot = F 0

D ,tot−2LD ,tot , F 1
D ,tot = F 0

D ,tot +2LD ,tot (35)

4) Finally, the PDF of FD,tot is divided into 2N + 1
linearization regions {R1 , R2 , R3 , . . . R2N , R2N +1} as
follows:

R1 → {FD,tot |F 0
D,tot − LD,tot ≤ FD,tot ≤ F 0

D,tot

+ LD,tot}
R2 → {FD,tot |F 1

D,tot − LD,tot ≤ FD,tot ≤ F 1
D,tot

+ LD,tot}
R3 → {FD,tot |F−1

D,tot − LD,tot ≤ FD,tot ≤ F−1
D,tot

+ LD,tot}
· · · · · ·
R2N → {FD,tot |FD,tot ≥ FN

D,tot − LD,tot}
R2N +1 → {FD,tot |FD,tot ≤ F−N

D,tot + LD,tot} (36)

Once the linearization points are determined, the nonlinear
energy flow calculation for each linearization point will be
performed, and the results of state variables and the inverse
of the Jacobian matrices should be retained. Then, the state
variables of the current operating point can be calculated
around the nearest linearization point in reference to (22):

XL − Xk = −(Jk )−1(Y − Yk ) FD,tot ∈ Rk (37)

where FD,tot and Y are the total equivalent gas demand and
energy flow injection of the current operating point, respec-
tively. XL denotes the state variable vector of the current
operating point obtained from the multi-linear method. Xk ,
Yk and Jk represent the state variable, energy flow injection
and Jacobian matrix of Rk , respectively.

As we can observe from (37), the multi-linear algorithm,
without any iterative processes, is substantially more compu-
tationally efficient than the calculation of nonlinear energy
flow equations by using Newton’s method. Moreover, the
multi-linear algorithm’s accuracy is guaranteed as different
gas demand levels of linearization points are designed.

It is important to clarify that the equivalent gas demands
corresponding to gas-fired generators and gas-driven com-
pressors are unknown before the solution to the energy flow
equations is obtained. To minimize this problem, the amount
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Fig. 4. Schematic of the NGS48-node system.

TABLE I
INTERDEPENDENCE BETWEEN IEEE39-NODE AND NGS48-NODE SYSTEMS

Unit Electrical bus Gas node

Gas-fired generator 1 31 23
Gas-fired generator 2 32 46
Gas-fired generator 3 39 25
Electric-driven compressor 1 7 (20, 21)
Electric-driven compressor 2 6 (21, 22)
Electric-driven compressor 3 7 (20, 48)
Electric-driven compressor 4 9 (48, 25)
Energy hub 1 16 34
Energy hub 2 17 35
Energy hub 3 25 26
Energy hub 4 26 43
Energy hub 5 24 30
Energy hub 6 23 31

of gas extracted by gas-fired generators (or gas-driven com-
pressors) is assumed as a pre-specified percentage of the sum
of the active power demand PL (or the sum of the gas demand
FD ). After the multi-linear algorithm is firstly performed, the
value of FD,tot is updated, followed by a second execution of
the multi-linear procedure.

IV. CASE STUDIES

A. Test System Description

An integrated energy system composed of the IEEE39-
node system [28] and the NGS48-node system (as shown in
Fig. 4) [23] is analyzed to illustrate the performance of the
proposed method. The interdependence between the electri-
cal and gas networks is presented in Table I (the structure
of energy hubs is as shown in Fig. 1). The standard devia-
tions (SDs) of electricity/gas/heat demands are equal to 7%
of their expected values (EVs). The correlation coefficients
of electricity demands, gas demands, heat demands and wind
speeds are set as 0.7, 0.7, 0.7 and 0.8, respectively. Detailed
parameters of the test system can be found in Appendix.

It can be inferred from the test system that the installed ca-
pacities of the wind power and gas-fired generators are 16.9%
and 27.8% of the total installed power generation capacities,
respectively.

B. The Performance of Multi-Linear MCS

1) Linearization Error of Energy Flow Equations: The base
point of the linear method corresponds to the operating condi-

Fig. 5. The comparison of nodal pressures obtained from the linear and multi-
linear schemes.

TABLE II
MCS RESULTS OF GAS NETWORKS

επ
u and επ

σ represent the average relative errors of the EV and SD of nodal pressures,
respectively.

TABLE III
MCS RESULTS OF ELECTRICAL NETWORKS

εV
u and εV

σ denote the average relative errors of the EV and SD of nodal voltage
magnitude, respectively.

tion with all random variables at their expected values. As for
the multi-linear method, it contains 15 linearization points.

An increase in the energy demands is assumed as follows:
1) electricity and heat demands are increased by 15% for
all nodes, and 2) non-power-generator gas demands are in-
creased by 7% for nodes 9, 11 and 16, 17% for nodes 23, 25
and 27, 10% for nodes 30–36 and 5% for nodes 38–47. The
comparison of nodal pressures obtained from the linear and
multi-linear schemes is depicted in Fig. 5. As shown in Fig. 5,
the multi-linear method outweighs the linear method regard-
ing the linearization accuracy. The low accuracy of the linear
method is owing to two factors: 1) the base point is far away
from the true operating point, and 2) the high gas demands
render a low nodal pressure. As for the linearization error of
power flow equations, the maximum and mean voltage mag-
nitude errors of the linear method are, respectively, 0.12% and
0.06%, indicating a much lower linearization error of power
flow equations in comparison with gas flow equations.

2 ) MCS Results: MCS is performed with a sample size of
10 000. EV, SD and the values with probabilities less than
0.05 and 0.95 are taken as the probabilistic indices. Tables
II–IV summarize the probabilistic indices of the linear and
multi-linear MCS schemes using the nonlinear MCS results
as a reference.
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TABLE IV
MCS RESULTS OF SOME ELECTRICAL AND GAS NODES

Probability Probability
Indices Methods <0.05 <0.95

Pressure of node Nonlinear MCS 541.7 1304.6
35/Psia Linear MCS 581.3 1330.2

Multi-linear MCS 541.2 1305.5
Voltage magnitude Nonlinear MCS 1.0210 1.0382
of node 17/pu Linear MCS 1.0215 1.0385

Multi-linear MCS 1.0216 1.0386
Voltage angle of Nonlinear MCS –0.1348 –0.0409
node 17/rad Linear MCS –0.1345 –0.0414

Multi-linear MCS –0.1346 –0.0412

Fig. 6. The impact of P2G on the voltage magnitude of bus 25.

It can be observed from Tables II–IV that the multi-linear
method provides accurate estimates for different combina-
tions of stochastic electricity/gas/heat demands and wind
power. However, the linear MCS method cannot effectively
evaluate the impact of varying energy flow injections to gas
networks.

3) Computational Efficiency: The simulation is performed
on a 32-bit PC with 1.9-GHz CPU and 4.0-GB RAM in MAT-
LAB environment. The computation times of MCS obtained
from the nonlinear energy flow calculation, the linear method,
and the multi-linear method are 486, 15 and 19 s, respec-
tively. Since both electrical and gas transmission systems
are large-scale networks, the computational cost of the inte-
grated energy system would be challenging. Fortunately, the
high computational efficiency of the multilinear MCS method
could greatly alleviate this problem.

To summarize, regarding the linearization error and com-
putational efficiency, the test results corroborate that the pro-
posed multi-linear MCS method can produce a fast and accu-
rate probabilistic result.

C. Positive Effects of P2G on Electrical Networks1

Under the variability of wind power and electricity loads,
the security constraints of electricity networks cannot always
be satisfied especially when high wind power outputs and
low electricity loads occur simultaneously. Fig. 6 shows the
variation of the cumulative distribution function (CDF) of the
voltage magnitude of bus 25 with respect to the increase of v1 .
When v1 = 0 (i.e., P2G is not employed), the likelihood that

1In Section IV, the P2G units are only considered in Parts C and D.

Fig. 7. The impact of P2G on the pressures of nodes 30–47.

the voltage magnitude of bus 25 exceeds its upper limit is up
to 40%. Traditionally, large amounts of wind power should be
curtailed to accommodate the security constraints. However,
with an increased value of v1 , the otherwise curtailed wind
power can be fed into P2G and further converted into natural
gas. Consequently, the insecurity risk is decreased from 40%
to 29% for v1 = 0.5 and to 4% for v1 = 0.8.

Accordingly, the P2G technology positively contributes to
the reduction of wind power curtailment and the congestion
relief in the electrical network.

D. Positive Effects of P2G on Gas Networks

For the gas network, P2G can be taken as an additional gas
reserve. When gas sources and gas storages are struggling
with the difficulties to meet the gas demands during peak
periods, additional gas could be extracted from P2G. When
gas demands are increased by 12%, the impact of P2G on
gas node pressures of gas networks is presented in Fig. 7.
As shown in Fig. 7, by injecting more gas into the gas net-
work extremities, the pressures of nodes 30–47 are increased
accordingly.

In this way, P2G is an alternative to gas network reinforce-
ment. Meanwhile, the use of renewable natural gas (originally
produced from wind power) could reduce overall CO2 emis-
sions from the gas sector.

As verified in Figs. 6 and 7, P2G positively contributes to
the secure operation of integrated electrical and gas systems.
The variation of nodal voltages or pressures under different
values of v1 could be regarded as the sensitivities of network
security constraints with respect to v1 . In this sense, P2G units
are potentially corrective control actions to avoid insecure
operating conditions. That is to say, the network security
enhancement could be achieved by adjusting the value of
v1 . On the other hand, in the framework of optimal energy
flow, v1 is an important decision variable so as to obtain an
economical and secure operating manner.

E. Electricity-Gas, Electricity-Heat and Gas-Heat Demand
Correlations

The test results illustrated above only considers the correla-
tion of electricity, gas or heat demand itself, but the correlation
between different types of demands has not been taken into
account.2 Four cases are thereby defined with different val-
ues of electricity-gas, electricity-heat and gas-heat demand
correlation coefficients as follows:
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Fig. 8. SDs of some gas node pressures for Cases 1–4.

1) Case 1: ρ1 = ρ2 = ρ3 = 0 (i.e., base case);
2) Case 2: ρ1 = ρ2 = 0.3, ρ3 = 0.5;
3) Case 3: ρ1 = ρ2 = 0 .5, ρ3 = 0.7;
4) Case 4: ρ1 = ρ2 = 0.7, ρ3 = 0.8.
Fig. 8 depicts the SDs of the pressures of gas nodes 23,

25 and 46. Fig. 8 indicates that, from Case 1 to Case 4, the
fluctuation level of gas node pressures gradually increases.
This is because a larger correlation coefficient results in a
higher probability that peak electricity, gas and heat demands
occur simultaneously.

In reality, the circumstance that peak electricity loads co-
incide with peak gas/heat demands poses a non-negligible
threat to the integrated energy system because of the low re-
dundancy in the gas supply infrastructure feeding gas-fired
generators and the limited gas reserves provided by P2G.
This potential risk underscores the necessity that the corre-
lation between electricity, gas and heat demands should be
adequately analyzed based on historical load data.

V. CONCLUSION

A probabilistic energy flow analysis framework for inte-
grated electrical and gas systems has been proposed in this
paper. The energy hub integrated with P2G is considered.
Moreover, a multi-linear scheme is specially designed to ad-
dress the concern regarding the linearization error of gas en-
ergy flow equations. Based on the test results, benefits of the
proposed methodology can be summarized as:

1) The linearization error of power and gas flow equations
is quantitatively investigated; it is found that the ac-
curacy of linearized gas flow equations is of concern,
whereas linearized power flow equations are applicable.

2) With multiple linearization points, the multi-linear
method can rapidly yield accurate results for different
combinations of energy flow injections. This leads to a
precise and fast probabilistic result obtained from the
proposed multi-linear MCS scheme.

3) The P2G units positively contribute to supporting the
variability of wind power and providing an additional
gas supply to gas terminals during peak demands. Thus,
the P2G units are suggested to be located at the con-
gested electrical buses or vulnerable gas nodes.

2In Section IV, only Part E considers the correlation between different types
of demands.

4) The proposed method would enable the system oper-
ators to be aware of the integrated energy system in a
broader sense and further provide valuable information
for the security and reliability assessment of integrated
energy systems.

APPENDIX

Parameters of gas-fired generators: βg = 0.16MMCFD/
MW, αg = γg = 0.

Parameters of energy hubs: Le = 50 MW, Lh = 80 MW,
v1 = 0, v2 = 0.5, ηee = 0.99, ηgh = 0.9, ηeg = 0.6, ηCHP ,e

= 0.3, ηCHP ,h = 0.4.
The installed capacity of the wind farm is 250 MW. The

Weibull distribution is with a scale parameter of 10.7 and a
shape parameter of 3.97. The cut in, rated, and cut out speeds
for the wind turbine are 3, 15 and 25 m/s, respectively.

The power generators and loads are dependent on frequency
and voltage with the following parameters: K∗

G = 25, KQ = 0,
K∗

L = 2, aQ = bQ = 1, Pp = Qp = 0.2, PI = QI = 0.3, and
PZ = QZ = 0.5.

Network parameters of the NGS-48 node system can be found
in [29].
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