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RESUMEN

Ernesto Andrés Ortiz Lopez.
Candidato para obtener el grado de Ingeniero en Tecnologia de Software.
Universidad Auténoma de Nuevo Leoén.
Facultad de Ingenieria Mecanica y Eléctrica.
Titulo del estudio: A HEURISTIC FOR THE a-NEIGHBOR p-CENTER PROBLEM.

Numero de paginas: 68.

OBJETIVOS Y METODO DE ESTUDIO: El problema del p-centro de a-vecinos, del
inglés a-neighbor p-center problem (ANPCP), es un problema de localizacién cuyo
objetivo es seleccionar p centros que minimicen la distancia méaxima entre cualquier
usuario y su a-ésimo centro mas cercano. El proposito de esta tesis es disenar
heuristicas para resolver el ANPCP eficientemente.

CONTRIBUCIONES Y CONLUSIONES: En esta tesis se propone una adaptacion de la
busqueda local de sustitucién de vértices para el ANPCP, llamada Alpha Fast Vertex
Substitution (A-FVS), la cual es significativamente més rapida debido al uso de
estructuras de datos que almacenan las asignaciones entre usuarios y centros después
de un intercambio de instalaciones, permitiendo reusar computaciones costosas sin
tener que recalcularlas. Esta forma inteligente de explotar la estructura de la funcién
objetivo del problema se traduce en mejoras significativas en tiempo de computo para
todos los casos. Integramos el A-FVS en un Procedimiento de Busqueda Adaptativa
Avida Aleatorizada (GRASP, siglas del inglés Greedy Randomized Adaptive Search
Procedure) y se muestra como ésta supera al A-FVS.

Firma del director: Qz—//_
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ABSTRACT

Ernesto Andrés Ortiz Lopez.
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Title of the study: A HEURISTIC FOR THE a-NEIGHBOR p-CENTER PROBLEM.

Number of pages: 68.

OBJECTIVES AND STUDY METHODS: The a-neighbor p-center problem (ANPCP)
is a location problem in which the goal is to select p centers such that the maximum
distance of a user to its ath closest open facility is minimized. The main goal of

this thesis is to design efficient heuristic and metaheuristic procedures to solve the
ANPCP.

CONTRIBUTIONS AND CONCLUSIONS: We present an enhanced implementation of
the vertex substitution local search procedure for the ANPCP. The heuristic, called
Alpha Fast Vertex Substitution (A-FVS), is significantly faster due to the use of data
structures that store how the assignments between users and centers behave after a
swap of facilities, allowing to reuse these expensive computations by accessing them
instead of recalculating them. This intelligent way of exploiting the structure of the
objective function led to significant computational speed-up times for all cases. The
A-FVS is integrated as a local search phase into a Greedy Randomized Adaptive
Search Procedure (GRASP). Empirical evidence shows that GRASP outperforms

A-FVS.
O

Dr. Roger Z. Riox\Mercado
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CHAPTER 1

INTRODUCTION

The a-neighbor p-center problem (ANPCP) is a generalization of the classical p-
center problem (PCP), in which the goal is to select p centers such that the maximum
distance of a customer or demand point to its ath closest open facility (its center)
is minimized (Krumke, 1995). This problem arises in the modeling of the placement
of emergency facilities, such as fire stations or hospitals, where the aim is to have
a minimum guaranteed response time between a customer or demand point and
its center by considering a notion of fault tolerance, i.e., providing backup centers
in case one of them fails to respond to an emergency (Khuller et al., 2000). This
ensures that even if up to o — 1 facilities fail, every customer has an open facility

close to it.

1.1 MOTIVATION

As explained in Chapter 2, the ANPCP has not received much attention in the lit-
erature, despite its closeness to the PCP. Furthermore, there was not any approach
that considered a heuristic algorithm or a metaheuristic framework, until very re-
cently. This led the existing literature to include some optimal and approximation
algorithms. However, as technology grows in complexity and data grows in size by

orders of magnitude, it becomes more and more common to find large instances in
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classical problems. For example, a graph of thousands of nodes that requires some
solution within a few minutes, even if it is not the best possible solution: time is es-
sential. A problem such as the ANPCP, which can be used for delicate models such
as placing vulnerable emergency facilities, needs to get up to date with the newest
requests of the fast-evolving technology. As a consequence, it becomes essential to
have appropriate algorithms to solve large instances of this problem quickly. Our
hypothesis is that a metaheuristic designed to solve the ANPCP will be able to yield
solutions of high quality in a relatively short amount of time. To achieve this, we
will follow and show in detail the process of implementing a metaheuristic, from de-
signing its individual components to adapting the quirks of the problem, providing

empirical evidence of the efficiency of both the complete algorithm and its parts.

1.2 OBJECTIVES

o To design efficient heuristic algorithms for the ANPCP.
o To implement a robust metaheuristic framework for the ANPCP.

» To demonstrate the effectiveness of solving such a problem with a metaheuris-

tic.

o To compare the results of solving the ANPCP using enhanced and special

heuristic algorithms versus solving it with generic ones.

1.3 CONTRIBUTION

In this work, a Greedy Randomized Adaptive Search Procedure (GRASP) is pro-
posed to solve the ANPCP. The key component of this metaheuristic is a fast local
search algorithm, which provides reasonable quality solutions in less time than a

greedy interchange due to the use of data structures that store how the assignments
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between users and centers behave after a swap of facilities, allowing to reuse these
expensive computations by accessing them instead of recalculating them. This al-
gorithm is referred to as the alpha fast vertexr substitution (A-FVS) method, which
is an adaptation from an algorithm with the same name designed for the PCP, as
explained in Chapter 3. In Chapter 4, we experimentally show that the A-FVS is
significantly faster than a generic greedy interchange for all the tested cases (750
times faster for the largest instance), as well as the results of using our proposed

GRASP to solve instances from the well-known TSPLIB library.



CHAPTER 2

BACKGROUND

There are some real-world situations in which a set of facilities, such as hospitals,
malls, or emergency centers, requires to be located for servicing a set of demand
points or users, such as patients, customers, or people at risk. This types of prob-
lems are commonly known as location problems. In Operations Research, location
problems are discrete optimization problems that consist of determining the best
location for one or several centers or facilities to serve a set of demand points (La-
porte et al.; 2019). The solution to a location problem is the set of those centers.
A location problem is characterized by a specific objective function, which defines

how a solution is better than another.

2.1 LITERATURE REVIEW

The first known mention of a location problem with unreliable facilities comes from
Drezner (1987), where two continuous problems are solved by heuristic methods.
The unreliable p-median problem (UPMP) is defined by introducing the probability
that a facility becomes inactive, and the (p, ¢q)-center problem (PQCP) is defined
when p facilities need to be located but up to ¢ of them may become unavailable
at the same time. However, the ANPCP is formally introduced in Krumke (1995),

where the problem is studied as a generalization of the PCP. The author showed

4
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that the problem is N"P-hard and provided a 4-approximation algorithm for oo > 2.
A better approximation algorithm was later proposed in Khuller et al. (2000), where

an approximation factor of 2 was obtained for a < 4, and a factor of 3 for any a.

Two optimal algorithms and one relaxation algorithm were proposed in Chen
and Chen (2013) for both the continuous and the discrete versions of the ANPCP,
although only the continuous version was tested. Here, the authors treated the
problem as one of locating p circles so that each demand point is covered « times,
where the centers of the p circles are the locations of the p service facilities, and
the goal is to minimize the radius of the maximal circle. The problem is referred to
as the r-all-neighbor p-center problem (RANPCP) in Medal et al. (2014), in which
all nodes are demand nodes, rather than defining a demand node as a node that
does not have a facility located on it. The authors provide an empirical bi-objective

analysis of the problem.

Recently, a metaheuristic framework that combines a GRASP with strategic
oscillation was presented in Sanchez-Oro et al. (2022) to solve the discrete version
of the ANPCP, where the local search is a greedy interchange algorithm that only
swaps the critical center, i.e., one of the centers whose distance to their users is the
maximum, to break the objective function value. The heuristic was enhanced by
Tabu Search, and the overall metaheuristic yielded better results than those of Chen
and Chen (2013). One observation is that the authors consider the set of potential
facility locations and the set of users as the same set. In our work, we treat both
sets separately, so in a sense, our approach is more general as it can be applied to

their version but not the other way around.

2.2 PROBLEM DESCRIPTION

The a-neighbor p-center problem (ANPCP) is defined as follows: given a set F' of

m facilities, a set U of n users or customers, a distance function d(u, f) between any
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user u and any facility f, an integer p < m, and an integer @ < p, find a subset
S C F of size p that minimizes the maximum distance z between any user and its
ath closest open facility. The problem is known to be NP-hard (Krumke, 1995).
The ANPCP is a generalization of the p-center problem (PCP). Note that setting
a = 1 corresponds to the PCP, making it identical to the INPCP.

2.3 MATHEMATICAL MODEL

Let A be any subset of « facilities from a given solution S. The distance D

between any user u € U and the solution set S is defined as:
(@) — mi
D (u, ) ‘glég {max d(u, f)} (2.1)
Al=a

The objective function for the ANPCP is then defined as:

29 (8) = max DY (u, S) (2.2)

uelU

Let TP be the collection of subsets of F' of cardinality p, that is, II? = {S C

F'||S| = p}. Hence, the combinatorial optimization problem can be cast as:

in (@
mmin (9) (2.3)

2.4 ILLUSTRATIVE EXAMPLE

Figure 2.1a shows a visualization of the optimal solution S; for a random instance

of the PCP, whose value is 268. The dotted lines represent the corresponding as-
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signments, and the orange line is the largest distance between any user and its
center, that is, the objective function value z(*(S). One way to visually differenti-
ate between PCP and ANPCP solutions is that in the former, the assignment lines
never cross each other: the centers and their assigned users look like clusters. In
Figure 2.1b, note that if this same solution S} is used for the 2NPCP, i.e., setting
a = 2 and reassigning the users to their second nearest open facility from S; with-
out modifying the solution, the objective function results in a greater value (607).
On the other hand, if the 2NPCP is solved instead, i.e., running an algorithm to
modify S; and obtain a better quality solution, the objective function value of this
new solution S is smaller (483), as shown in Figure 2.1c, which is actually the
optimal solution for this particular example. This visual comparison justifies the
relevance of solving the ANPCP rather than solving the PCP and just using that
solution for different values of «, since that would yield poor quality solutions for the
ANPCP. In general, as « increases, the objective function value is likely to decrease:
zW(S) <2@(S) < ... <2(9) < ... < 2?)(9) for any S C F (Krumke, 1995). In
the three figures figures, the same instance is used, with parameters n = 20 (users),

m = 10 (total facilities), and p = 5 (size of solution ).

) m °
() o © B @ =
)
e )
] )
o @
&)
© . @
® (] ) [
)
m e m Closed facilities
® = @ Users
m m Centers (S)

(a) Optimal solution for the INPCP (PCP), z(1)(S;) = 268.

F1GURE 2.1: Comparison between ANPCP and PCP solutions.
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(b) Same solution from 2.1a applied to the 2NPCP, x(2)(S1) = 607.

(] ] °
J ® o.m® a
°
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(c) Optimal solution for the 2NPCP, 2(?)(S;) = 483.

FI1GURE 2.1: Comparison between ANPCP and PCP solutions.



CHAPTER 3

PROPOSED SOLUTION METHOD

The Greedy Randomized Adaptive Search Procedure (GRASP) (Feo and Resende,
1995) is a procedure that combines element of greedy construction, randomization,
and local search to generate good quality solutions. It is a multi-start metaheuristic
that has been successfully employed for many combinatorial optimization problems,
including location problems (Delmaire et al., 1999; Klincewicz, 1992), and more
specifically, center-based location problems (Quevedo-Orozco and Rios-Mercado,

2015; Lopez-Sanchez et al., 2019).

We propose a GRASP metaheuristic to solve the a-neighbor p-center problem
(ANPCP), as introduced in Section 3.1. Each iteration of the metaheuristic is com-
posed of two main phases, a construction and an improvement, which are discussed
in Section 3.2 and Section 3.3, respectively. The first phase evaluates the objec-
tive function of the p-dispersion problem (PDP) to construct a feasible solution for
the ANPCP. This algorithm, referred to in this paper as Greedy Dispersion (GD),
was introduced by Erkut et al. (1994) and we explain it in Section 3.2.2. We also
adapted it to use as a value-based restricted candidate list (RCL) within GRASP.
We have called this variant, the Randomized Greedy Dispersion (RGD), and it is
explained in Section 3.2.3. The constructed solution is then improved, in the second
phase, by a local search heuristic whose move is a vertex substitution or interchange.

We designed this algorithm specifically for the ANPCP by adapting the concept of
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fast interchange, introduced in Whitaker (1983) and later adapted for the p-center
problem (PCP) in Mladenovi¢ et al. (2003). This algorithm has not been studied
for the ANPCP before, to the best of our knowledge, and we explain our adapta-
tion in detail in Section 3.3.3. We named this local search the Alpha Fast Vertex
Substitution (A-FVS) and it is significantly faster due to the use of data structures
that store how the assignments between users and centers behave after a swap of
facilities, allowing to reuse these expensive computations by accessing them instead

of recalculating them.

The proposed GRASP combines the RGD constructive heuristic and the A-FVS
local search heuristic, and accepts as input two parameters: a number of consecu-
tive iterations without improvement before stopping the procedure, and a threshold

value /5 to adjust the randomness of the GRASP restricted candidate list (RCL).

3.1 GRASP

A Greedy Randomized Adaptive Search Procedure (GRASP) is a metaheuristic for
finding approximate (i.e. good sub-optimal, but not necessarily optimal) solutions
to combinatorial optimization problems. It is based on the premise that diverse,

good-quality starting solutions play an important role in the success of local search

methods (Resende and Gonzélez Velarde, 2003).

A GRASP is a multi-start, iterative randomized sampling technique in which
each iteration provides a solution to the problem at hand. The incumbent solu-
tion over all GRASP iterations is kept as the final result. There are two phases
within each GRASP iteration: the first intelligently constructs an initial solution
via an adaptive randomized greedy function, and the second applies a local search
procedure to the constructed solution attempting to find an improvement (Feo and

Resende, 1995).

In this paper, we designed a GRASP framework to solve the ANPCP. The
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construction phase is discussed in Section 3.2 and the heuristic used, called the
Randomized Greedy Dispersion (RGD), is explained in Section 3.2.3. The local
search phase is discussed in Section 3.3 and the proposed heuristic, the Alpha Fast
Vertex Substitution (A-FVS), is explained in Section 3.3.3. The pseudocode of the
GRASP is described in Algorithm 1.

Algorithm 1 GRASP(U, F,p,«, D, (3, imax)

Input: U := set of users; F' := set of facilities; p := number of open facilities; o :=
closeness position of centers; D := distance matrix U x F'; § := RCL threshold
parameter; iy, ;= maximum number of iterations without improvement.

Output: S* := solution set of p centers

1: S* « @

2: ¥+ o0

3: 1+ 0

4: while 7 < i, do

5 S < RGD(F, D, p, B)
6: S’ « A-FVS(U, F, S, p,a, D)
7 if z(S") < 2* then
8: ¥ z(9")

9: S* 5

10: 140

11: else

12: 1+ 1+1

13: end if

14: end while
15: return S*

3.2 (CONSTRUCTIVE HEURISTIC

A solution to the ANPCP consists of a set of p selected facilities out of the m original
candidates. A constructive heuristic obtains an initial feasible solution by adding
one facility to the partial solution at each iteration until reaching a size of p open

facilities.

We designed two constructive heuristics. One evaluates the objective function
of the ANPCP, called the Greedy Center (GC) heuristic, and it is explained in

Section 3.2.1. However, this objective function is rather computationally expensive,
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so as an alternative, we implemented an algorithm that was originally designed for
another problem, the p-dispersion problem (PDP). In this process, we managed
to reduce the time complexity of the original algorithm by introducing an array
that stores, for each facility not belonging to the the solution, its distance to the
closest center (a facility in the solution). This allows accessing any of the distances in
constant time, rather than iterating on the set of closed facilities over and over again.
We have named this implementation the Greedy Dispersion (GD) heuristic and it
is explained in Section 3.2.2. Furthermore, to adapt the GD as the construction
phase of the GRASP metaheuristic, we modified it to use a value-based restricted
candidate list (RCL). This variant is named the Randomized Greedy Dispersion
(RGD) heuristic, which is explained in Section 3.2.3.

3.2.1 GREEDY CENTER (GC)

We first designed a greedy heuristic that evaluates the objective function of the
ANPCP (2.2) when deciding which facility to add to the solution at each iteration.

The pseudocode of the Greedy Center heuristic is shown in Algorithm 2.

Algorithm 2 GC(U, F, D, p, )
Input: U, F,D,p,
Output: S := solution set of p centers
1: S < select a random facilities from F
while |S| < p do
fi « argminz® (S U{f;})
fieF\S
S+ Su{f}

end while
return S

The algorithm starts by initializing the solution set S with o random facilities.
This is because, to evaluate the objective function of the ANPCP, S must have a
size of at least a. Then, it enters to an iterative phase to select the remaining p — «
facilities. At each iteration, the objective function is evaluated for each candidate

facility in F'\ S, denoted as f;, and the one that minimizes the objective function
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value is inserted to S. The objective function of the ANPCP is computationally
expensive. Therefore, we proposed an enhanced constructive heuristic, which was

originally designed for another problem.

3.2.2 GREEDY DISPERSION (GD)

The p-dispersion problem (PDP) consists of selecting p facilities from a given set of
m candidates in such a way that the minimum distance between selected facilities is
maximized (Erkut et al., 1994). This problem is of interest because the dispersion
pattern of the chosen facilities is comparable to that of the ANPCP. It was decided
to implement a constructive heuristic based on the objective function of the PDP,
and see if it can yield starting solutions of good quality for the ANPCP, even if it
ignores its actual objective function. This algorithm evaluates the set F' as the set
of facilities for the PDP. We identify this algorithm as the Greedy Dispersion (GD),
and the idea is based on the algorithm originally proposed by Erkut et al. (1994)
for the PDP. Its pseudocode can be seen in Algorithm 3.

Algorithm 3 GD(F, D, p)

Input: F := set of facilities; D := |F| x |F| distance matrix; p := number of centers
Output: S := solution set of p centers
. fi < random facility from F

: S {fi}

1

2

3: while |S| < p do

) _
)

6(fi) < min{o(f;),d(fi, fi)}, Vi€ F\S
[« argmax d(f;)
fi€F\S
S+ SuU{f}
fi 1
end while
return S

The procedure receives F', d;;, and p as input, and it returns a solution set
S. S is initialized with a random facility selected from F' (line 2). Then, it iterates

until exactly p facilities have been selected. For the following p — 1 iterations of
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this loop, a facility from F'\ S, denoted as f;, must be inserted to S. The facility
whose distance to the current S is the greatest among all the candidates in F'\ S
is denoted as f;, which maximizes the objective function of the PDP and, as a
result, will be inserted to S. Because S is a set, the distance between a candidate
facility f; and S is defined as the minimum distance from f; to any of the centers,
ie, 0(f;,S) = E{lgsl{d(f“ fs)}. This function performs O(p) operations in the worst
case just by itself, and the worst-case time complexity of the complete algorithm
would be O(mp?). As a contribution to this work, we reduce this overall complexity
to O(mp) by making use of an array that stores §(f;, S) for every f;. This array
is denoted as §(-). Because S gets updated during the algorithm, the array §(-) is
updated at the same time as f; is selected by comparing its current value with the

last inserted facility, denoted as f;, and choosing the minimum of both distances

(line 4).

The GD heuristic is better than GC in terms of computational time complexity,
and thus we use it as the construction phase of the metaheuristic proposed in this

work, which is explained next.

3.2.3 RANDOMIZED GREEDY DISPERSION (RGD)

We adapted the GD algorithm from the previous section for the construction phase
of the GRASP. We have called this adaptation the Randomized Greedy Dispersion
(RGD) (see Algorithm 4) and was modified to accept a parameter to determine the
size of the restricted candidate list (RCL). The RCL contains a set of candidate
facilities with high greedy function values or costs. The next facility to be inserted
into the solution is selected at random from this list (Resende and Gonzalez Velarde,
2003). We identify this parameter with 5 and we use a value-based RCL. Let 3 be
a real number such that 0 < g < 1, and let d,,;, and .., denote, respectively,
the minimum and the maximum costs for the candidate facilities. Then, the RCL

consists of the facilities whose cost 0(f;) is such that 6(f;) > t, where ¢ is the
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threshold that restricts the facilities that can enter the candidate list, formulated
as t = Omax — B(Omax — Omin). Note that setting 5 = 0 leads to t = Jyax, making
this selection scheme almost purely greedy (the only exception is the first random
facility in the solution), whereas § = 1 makes t = 0y, resulting in a totally random
selection. Hence, it becomes important to find an appropriate value for  since it

balances the grade of intensification and diversification of the constructed solution.

The RGD uses the same data structure §(-) and the same evaluation function
that was described in Section 3.2.2the GD. It is also very similar to the constructive
procedure used in Sdnchez-Oro et al. (2022), where it is implemented without the

array o(-).

Algorithm 4 RGD(F, D, p, 3)
Input: F :=set of facilities; D := | F'| x | F| distance matrix; p := number of centers;
[ := RCL threshold parameter.

Output: S := solution set of p centers
1: f; < random facility from F

2: S« {fl}
3: while |S| < p do B
4: 6(fi) < min{o(f;),d(fi, fi)}, Vi€ F\S

5: Oumin firgg\lsﬂfi)

6: Omax < max 5(fi)

7: t <+ 5max - 6(6max - 6min)
9: fi < random(L)

10: S+ SU{fi}
11: end while
12: return S

3.3 LOCAL SEARCH

A solution to the ANPCP can be improved by applying a local search procedure,
i.e., modifying one or more components of the solution based on some rule, looking
for a better objective function value among the space of candidate solutions or

neighborhoods, until a local optimum is reached. A well-known neighborhood used
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in local search for this type of location problems is based in the vertex swap move,
which consists of replacing one of the facilities in the solution, denoted as f,., by a
closed facility, denoted as f;. This move is repeated until no more improvements are

found (local optimum reached).

A straightforward local search algorithm was first implemented for the ANPCP,
identified as Naive Interchange (NI). This algorithm simply iterates over the set
of open facilities and, for each of them, iterates the set of closed facilities. At
each iteration, it temporarily removes the current open facility, adds the closed
facility, and recalculates the objective function value. This procedure does O(p*mn)
operations, resulting in inefficient performance, based on preliminary experiments.
For this reason, we propose a faster vertex substitution local search algorithm to
obtain solutions faster. We first introduce the concept of the fast interchange and
its background in Section 3.3.1, then we analyze its application for the PCP in
Section 3.3.2, and finally, we explain in detail how we adapted it and produced a fast
local search heuristic that can solve the ANPCP, which we call the Alpha Fast Vertex
Substitution (A-FVS) heuristic, in Section 3.3.3. To the best of our knowledge, this

local search algorithm has not been proposed for this problem before.

3.3.1 FAST ALGORITHM FOR THE GREEDY INTERCHANGE

(FAGI)

The fast algorithm for the greedy interchange (FAGI) was first proposed for the p-
median problem (PMP) by Whitaker (1983). The key aspect of this implementation
is its ability to find the most profitable candidate facility for removal (f,), given a
certain candidate facility for insertion (f;), while partially evaluating the objective
function. What makes this procedure fast is the observation that the profit that
would result from applying a swap can be decomposed into two components. The

first one, called gain, identifies the users who would benefit from the insertion of f;
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into the solution because each user is closer to it than its current closest facility. The
second component, netloss, accounts for all other users that would not benefit from
the insertion of f;. If f,. is the current closest facility of a user, then it would have
to be reassigned either to its second closest one or to f;, whichever is the closest.
In both cases, the cost of serving that user will either increase or remain constant.
These two components are useful as they work as auxiliary data structures that

make the algorithm fast, which has a worst-case time complexity of O(mn).

The FAGI was implemented and tested for the ANPCP. Even though this
algorithm uses the objective function of the PMP, no solutions were obtained suc-
cessfully (the algorithm was getting stuck when o > 2, even with small instances).
After analyzing how the algorithm was taking decisions and updating the auxiliary
data structures, we observed some key differences between the PMP and the AN-
PCP which were later crucial to propose an improved adaptation that can obtain

solutions for any value of o (where o < p).

In the PMP, as well as in the PCP, users are assigned to their closest open
facility. Although their objective functions are evaluated differently, in both prob-
lems the centers have the same definition. Nonetheless, the definition of a center
changes for the ANPCP, because users are assigned not to their closest open facility
but their ath closest open facility, meaning that there are a — 1 open facilities that
are closer to any user u than its center. More formally, let ¢y (u) be the kth closest

open facility of any user u,

¢o(u) is determined by all {¢x(u) |1 < k < a} (3.1)

If for u, one of the open facilities closer than its current center is considered
to be f,, then this center would no longer be the ath closest open facility. Hence,
the new center of u denoted as ¢/, (u) would, by definition, be moved to the next
farther open facility, which is the current ¢, 1(u). A visual representation is shown

in Figure 3.1, where f, is the gray facility (the one that will be removed from the
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solution), the black straight line is the assignment of u to its center, and the red

line and outline indicate which node will be the new center of u after removing f,.

fr

FIGURE 3.1: After removing ¢,_1(u), a facility closer to u than its current center,
the new center becomes ¢, 11 (u).

Similarly, the fact that u is attracted to f; does not necessarily mean that
fi is going to be its new center: it depends on how close f; is from u. This is
represented visually in Figure 3.2. The light red nodes are open facilities, and the
dotted lines represent the distances from u to the open facilities that are closer than
its center. Mathematically, let dy.(u) = d(u, ¢ (u)) and d;(u) = d(u, f;). Then, ¢, (u)
is determined by Equation (3.2).

i if da—l u S dz u da u
o) f (u) < di(u) < do(u) (32)
Ga—1(u), if d;j(u) < dy—1(u)
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(b) ¢ () = Pa—1(u)

FIGURE 3.2: The two options for the new center when w is attracted to f; (Equa-
tion (3.2)).

These observations resulted in modifying FAGI to update the data structures
gain and netloss accordingly. However, after applying such modifications, the algo-
rithm did not produce any solutions either. As a consequence, we decided to modify
the greedy evaluation step by evaluating the ANPCP’s objective function instead
of the PMP’s, focusing on how to calculate the objective function of our problem

faster.
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3.3.2 FAST VERTEX SUBSTITUTION (FVS)

We found that FAGI was later adapted to solve the PCP, named the fast vertex
substitution (FVS), proposed by Mladenovi¢ et al. (2003). This algorithm also has a
worst-case time complexity of O(mn). Now, as mentioned earlier, the ANPCP is a
variant of the PCP in which the difference is how the centers are defined. However,
the observation that both problems aim to minimize a maximum allowed us to use
FVS as a better basis algorithm to adapt for the ANPCP. The key to this adaptation

is the use of three data structures that accelerate the search of f,.

In the implementation for the PCP, the new objective function value or radius
2', that would result after the interchange, is kept only for users who are attracted
by f;, i.e., f; is closer to them than their center. Besides these new assignments
to f;, a new maximum distance x* could be found among existing assignments. To
determine which of these existing connections would remain after a swap, it becomes
necessary to store how the radiuses of old centers change when they are considered

to be removed or not. The following conditions apply for users who are not attracted

by fi:

1. If a center will be removed (f,), then its users must be reallocated. For each
user u, its new center would be either its second-closest facility or f;, whichever
is the closest to u, but incurring a penalty because both options are farther
than its old center. The overall penalty is stored in the array z(-), for each

center.

2. Otherwise, the radius of that center would not change. This unchanged radius

is stored in the array r(-), for each center.

These data structures have size |S| because any open facility can become a
center. They get updated by users who are not attracted by f; and are crucial for

the algorithm to decide the most profitable swap, i.e., the best facility to remove
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given a candidate facility to insert. The pseudocode of this method is described in

Algorithm 5.

Algorithm 5 PCP - move(f;, U, S, D, ¢1(-), ¢2(+))

Input: f; := facility to insert; U := set of users; S := solution set of centers; D
= |U]| x |F| distance matrix; ¢;(-) := 1st closest facility of a user; ¢o(+) := 2nd
closest facility of a user

Output: (f,.,z*) := pair of best facility to remove and the resulting objective func-

tion of swapping f; and f,

'+ 0

r(f) <0, forall feS

2(f) « 0, forall feS

for v € U do
if d;(u) < di(u) then

2« max{z’, d;(u)}
else
261 ()  max{=(er (u)), min{d; (u), da ()} }
r(¢r(u)) <= max{r(¢:(u)), di(u)}
end if
: end for
(@, fr) < p(S)

: return (f,, ")

e e
P> el e

Let o(S) be a function that returns the minimum possible objective function
value that can result after applying the FVS to solution S. The formula can be
accelerated by keeping track of the two greatest values from r(-) while updating the

arrays.

7(8) = mindmax{a’, 2(f;), max{r(f)}}} (33

Then let p(S) be another function that returns a pair containing the result of

calling o(S) and the corresponding facility that produced it, f,.

p(S) = (a(5), fr) (3.4)

The data structures altogether speed up the local search by partially eval-
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uating the objective function, using the relations between f;, U, and S for every
possible swap, stored in r(-), z(), and 2’. This stored information allows the al-
gorithm to keep track of multiple maximum distances, without repeating expensive

computations, such as a complete revaluation of the objective function.

We observed that applying a modified FVS that considers Equation (3.2) solv-
ing the ANPCP, did not directly result in a good performance when a > 2. This was
mainly caused by the resulting objective function value after an interchange (a com-
plete modification of the original solution) being unrelated to the information stored
in the data structures, meaning that they were not enough to accurately evaluate
the ANPCP. This was probably due to the need of keeping track of more relations
for this problem than for the PCP. For this reason, we propose an adaptation of the
FVS to obtain solutions for any value of & < p. In the next subsection, we describe

in more detail how we adapted the algorithm to solve the ANPCP.

3.3.3 ALPHA FAST VERTEX SUBSTITUTION (A-FVS)

According to the observations explained above, we adapted the FVS for the ANPCP,
which from now on we will identify as the Alpha Fast Vertex Substitution (A-FVS),

considering first the following modifications:

1. The group of users that is attracted to f; was divided into two groups and,
consequently, into two data structures as well. These two different groups came
from the two possible cases for the new center in Equation (3.2). Therefore, a
new variable was introduced for the objective function of the second case: z”.

The variable for the first case remained as 2.

2. The data structure z(-) was adapted to update all of the a-neighbors of every
user, and not only its center. The reasoning for this is due to Equation (3.1).

Let A, be, for any user u, the set of open facilities closer than or equal to its
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center, representing the a-neighbors of u. Note that in Figure 3.3, ¢, is not

part of A,, which is shown over a purple background.

Ay —{or(u) |1 <k <a} (3.5)
A, CS uelU
dot .
dq

Pa

Each one of the a-neighbors is an open facility, therefore they can be removed

FIGURE 3.3: a-neighbors of u (A,).

from the solution. In other words, any of them can be selected to be f,.

After evaluating the A-FVS in detail, we observed that the arrays did not
accurately store the data between connections of users and centers, and the resulting
objective function value was unrelated to them. During this evaluation, the following

was noted:

1. The variables for the possible new objective function 2’ and x” could be merged
back, just as they were before. It is important to mention that the users still
belong to two different groups; however, there is no need to use two different

variables, because in any case, the equation applies a max function on both.
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2. The data structure z(-) should be updated for all users, including those who are
attracted by f; because their a-neighbors were being considered when finding
fr, but these same users were not contributing to the array, so there was no
stored information about what would happen to the centers that had any of
their a-neighbors as f,.. This is why the objective function value after a swap

and the data in the arrays were mismatched in previous evaluations.

3. As a consequence of the modification to z(-), data structure r(-) should be

updated in the same way: for every user and all a-neighbors.

With these three observations, all users update and contribute to both arrays
z(+) and r(-). This crucial difference from the original FVS is necessary for the
ANPCP because both Equation (3.1) and Equation (3.2) are not properties of the

PCP, and produced the following additional modifications:

1. If an a-neighbor will be removed (f,), then its users must be reallocated unless
they are attracted to f;. In that case, their centers would not change, so the
distances to them would remain constant (no penalty), independently of how

close f; is. Two examples of this case can be visualized in Figure 3.4,
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(b) dl < da71 < da

FiGure 3.4: If an a-neighbor is f, and u is attracted to f;, its center remains
unchanged (no penalty). In both of the above cases, ¢/, remains as the same facility

as ¢q, even when the attraction of u to f; varies.

However, in the worst case, if they were not attracted to f;, then their new

center would be either the oo+ 1 closest facility or f;, whichever is the closest,

but still farther than their old center. Both possibilities are shown in Fig-

ure 3.5, where the red line is the new assignment of u as well as the penalty of

interchanging f, (the gray a-neighbor) with f;. This penalty is stored in the

array z(+), for each a-neighbor.
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(b) da < di < da+1

FIGURE 3.5: If an a-neighbor is f,. and u is not attracted to f;, its new center will
be farther (penalty). In both of the above cases, ¢/, is farther than ¢,, regardless of
how far f; is.

2. Otherwise, the radius of that a-neighbor would only change if its users are
attracted to f;. In that case, their new center would be either the oo — 1
closest facility or f;, whichever is the farthest, as stated in Equation (3.2)and
visualized in Figure 3.2, resulting in an improved assignment because this new

distance would be shorter.

In the worst case, if they were not attracted to f;, then their center would not
change, remaining its radius unchanged. This possible gain is stored in array

r(-), for each a-neighbor.
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These two final modifications constitute the core step of the A-FVS, which
we identify as the move procedure. The objective of this procedure is, in summary,
given a candidate facility to insert, f;, to store the greatest improvement of the
objective function in 2/, and for each a-neighbor of every user, to store the greatest
penalty of removing it in z(-), and the greatest gain of keeping it in r(-). Then, it
finds the facility that minimizes the maximum of all the distances from the three

data structures and returns it as f, together with that minimum distance as x*.

The formula used in the move procedure to evaluate the objective function
that results after a swap is the same used in the FVS (3.3). This is because the
data structures of both algorithms do the same thing: they are just adapted to
be updated differently. The pseudocode of this procedure is shown in Algorithm 6.
This algorithm was the first local search modification that yielded an accurate result

after evaluating it step by step.

The pseudocode of the complete local search procedure, including the move

that uses the data structures, is shown in Algorithm 7.

NEIGHBORHOOD REDUCTION

The A-FVS uses an additional acceleration that increasingly reduces the size of the
neighborhood N(S) to explore during the iterations, by considering only facilities
that would decrease the maximum distance between any user and its center, or
“break" the objective function, to be inserted into the solution. More formally, let the
current objective function value z(S) be determined by the distance between a user
u* and its center f* = ¢, (u*), that is, x(S) = d(u*, f*). We call critical allocation
to the assignment of the user-center that determines the objective function, critical
user the u*, and critical center the f*. Note that there will be no improvement of
x in N(S) if f; is farther from u* than its center (f*) because the critical allocation

would not change. Therefore, selecting facilities closer to u* than f* as candidates
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Algorithm 6 move(f;,U, S, D, ¢x(+))

Input: f; := facility to insert; U := set of users; S := solution set of centers; D :=
|U| x |F| distance matrix; ¢x(-) := kth closest facility of a user

Output: (f,.,x*) := pair of best facility to remove and the resulting objective func-
tion of swapping f; and f.

1: '+ 0

2: 7(f) <0, forall feS

3: z(f) <0, forall feS

4: for u € U do

5: if d;(u) < do(u) then

6: m, < do(u)

7 m, < max{d;(u),ds_1(u)}
8: x + max{z’,m,}

9: Al —A{dp(u) |1 <k < a}
10: else

11: m, < min{d;(u), dy.1(u)}
12: My <— do(u)

13: Al A{dp(u) |1 <k <a}
14: end if

15: for f € A/ do

16: 2(f) + max{z(f),m,}

17: r(f) < max{r(f),m.}

18: end for

19: end for

20: (z*, f) « p(S)

21: return (f,,x*)
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Algorithm 7 A-FVS(U, F,S,p,a, D, ¢(+))

Input: U := set of users; F' := set of facilities; S := set of open facilities; p :=
number of open facilities; a := closeness position of centers; D := distance

matrix U x F'; ¢x(-) := kth closest facility of a user

Output: S := best solution set found

1: u* <= argmin{z(5)}
uelU
2: improved < true

3: while improved do
4: T

5 for f, € '\ S do

6: df « d(u*, f;)

7: if df <z then

8: (fr,l’/) — move(fi7U7 S7Da¢k()>
9: if 2’ < z* then
10: x*

L1 fi i

12: f: — Ir

13: end if

14: end if

15: end for

16: if * < x then

17: T x*

15 S S\ {fHULf)
19: improved < true
20: else
21: improved < false
22: end if

23: end while
24: return S
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to insert into S avoids considering options that wouldn’t improve the current S.
This technique is used in Mladenovi¢ et al. (2003) for the PCP, and in Sdnchez-Oro
et al. (2022) for the ANPCP.

UPDATES

The concept of the a-neighbors is mathematically defined in Equation (3.5) using
¢r(u), which represents the kth closest open facility of a user u. This means that the
algorithm needs to store what facilities are close to every user and to what degree,
which is represented by k. We achieve this by implementing a matrix M of n rows
and m columns, where each cell indicates the degree of closeness between a user u
and a facility f. For each user, the assigned value in M for the open facilities in
{or(u)|l <k <a+1}is k. For the rest of the facilities, including the closed ones,
the value is 0. Since every cell in M is updated, the time complexity to fill it is

O(mn).

This matrix serves as a memory that allows to calculate of the objective func-
tion value in O(pn) time. For each user, its center can be found by iterating its
row and looking for the column that has « as a value. To avoid visiting the closed
facilities, we filter the search by using only the indexes of the open facilities (the

solution).

Table 3.1 shows how an M matrix would look like for a small instance of n = 6
and m = 5 with a solution S = { fo, f3, f1, f5} where o« = 2, from which the following

can be observed:

e fy is the nearest open facility of u; and uy (k =1).
* [5 is the second nearest open facility of u; and uy (k = 2, their ath center).

e fo is the third nearest open facility of u; and uy (k = 3).
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o The degree of closeness between f3 and uy or uy is unknown (k = 0) because

it is greater than o + 1 and therefore unnecessary to store (k > 3).

« The degree of closeness between f; and any user is unknown (k = 0) because

it is a closed facility and therefore unnecessary to store.

TABLE 3.1: Example of an M memory matrix where a = 2.

hlf | fs|falls
u | 0310112
u | 0113 (12]0
us | 0113 (12]0
u | 0310112
ug | 0|1 |3 [121]0

This updating step is used in both the NI and the A-FVS algorithms. However,
while in the former the matrix is updated every time a swap is even considered, in the
latter it is only updated after a swap is applied to the solution (line 18), drastically
reducing the number of times that M needs to be filled.
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COMPUTATIONAL RESULTS

In this section, we present the results of the computational experiments of the pro-
posed algorithm. In particular, we highlight the advantages of using the A-FVS
described in Section 3.3.3 to solve the ANPCP. Additionally, the best configuration

for the GRASP metaheuristic is tested and the results are analyzed.

We have generated several instances with random coordinates between 1 and
1000 on both axes, which were used to compare two local search algorithms in
Section 4.1. We have also used instances of the TSPLIB library! to measure the
efficiency of GRASP and calibrate its parameters. These instances use the same set
of nodes to represent both the set of potential facilities and the set of user nodes. In
this thesis, we define the ANPCP using two different sets of nodes: one representing
the potential facilities (F'), and another one the demand points or users (U), in which
both can differ on distribution and cardinality. Thus, to use the TSPLIB to solve the
ANPCP according to our definition, we have split some of the instances into 2 sets,
by randomly choosing a fraction of the total nodes to be F', and the rest of them to be
U. The variations of each instance are named as follows: <name> <n> <m>_ <index>.
For example, we split the instance r11323 by randomly setting a third of the nodes
to be potential facilities. Then, the name of this variation is r11323_882_441 0

(1323/3 = 441). We can split the same instance again with the same fraction and

http://comopt.ifi.uni-heidelberg.de/software/TSPLIBI5/
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it would yield a different variation because the nodes for I’ are selected at random.
The name of this other variation is r11323_882_441 1, notice the increase in the

index at the end of the name.

For the experiments in this chapter, we have only considered o = 2, 3 because
a = 1 represents the PCP, which is out of the scope of this work, and larger values
would represent unrealistic situations. All algorithms were implemented in CPython
3.9 and executed over an Intel i7-4790K (4 GHz) with 32 GB RAM. The computer
runs Windows 10 Pro 21H1. The open source code is released under the MIT license,

publicly available at GitHub?.

4.1 PERFORMANCE OF A-FVS

To compare the A-FVS against a simple interchange algorithm, identified as NI in
this section, we performed multiple experiments using randomly generated instances.
For these experiments, we considered two different strategies. Ome is the First
Improvement (FI), which applies the first interchange that improves the current
solution. The other is the Best Improvement (BI), which evaluates all possible
interchanges within the current neighborhood and then applies the one that would
yield the best solution. We also considered two types of initial solutions for the
local search algorithms: on one hand, random starting solutions; and on the other,
solutions greedily constructed with the GD heuristic from Section 3.2.2. The former

is equivalent to RGD(8 = 1), and the latter to RGD( = 0).

The results, for each tested instance and strategy, are shown in Tables 4.1
to 4.4, and the averaged values among all instances and strategies, in Table 4.5.
We tested five different instances for each configuration of the smallest size (n =
50,m = 50), four for the medium (n = 100, m = 100), and three for the biggest

(n = 500, m = 500). The configurations are combinations of each size with p =

Zhttps://github.com/netotz/alpha-neighbor-p-center-problem
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0.1m,0.25m,0.5m and a = 2,3. The contents of the tables are the average values
of grouping the results of all the experiments, where x(.S) is the objective function
value of the final solution, Imp. (%) is the relative improvement in z(5), Time (s)
is the computing time required by the algorithm to finish in seconds, and Moves is
the number of times that a vertex interchange was applied and resulted in a better
quality solution, i.e., the number of improvements before the local search reached a
local optimum. The first four columns from left to right are the parameters of the
instances and the configurations. The fifth column is the objective function value of
the initial solution, either constructed by the GD or randomly generated. The next
four columns are the results of the solution improved by NI, and the last four are
those improved by the A-FVS. Then, the results of these four tables are grouped
by strategy and constructive heuristic, showing and comparing their mean values in

Table 4.5.

TABLE 4.1: GD solution improved with FI strategy.

GD NI A-FVS

n m p a x(S) | z(S) Imp. (%) Time (s) Moves | z(S) Imp. (%) Time (s) Moves
5 2 | 682.40 | 524.60 22.15 0.73 6.20 | 502.60 25.49 0.03 8.20

3 | 870.40 | 636.20 26.34 0.87 8.20 | 636.40 26.30 0.04 8.40

500 50 12 2 | 409.00 | 316.40 22.89 0.58 6.00 | 309.20 24.70 0.02 7.20
3 | 510.60 | 396.40 21.72 0.29 5.60 | 401.80 20.77 0.01 4.40

925 2| 324.20 | 281.40 12.80 0.05 1.20 | 276.00 14.87 0.00 1.80

3 | 373.60 | 325.60 12.58 0.05 2.80 | 325.60 12.58 0.01 2.40

10 2 | 439.50 | 376.75 14.11 4.42 6.25 | 366.00 16.47 0.08 8.00

3 | 590.00 | 499.25 14.48 7.27 4.50 | 485.75 16.87 0.10 6.25

100 100 25 2| 277.25 | 222.50 18.75 2.63 8.00 | 205.00 25.30 0.11 13.50
3| 324.25 | 268.75 17.02 5.92 8.75 | 254.25 21.45 0.13 13.00

50 2| 211.50 | 180.75 14.53 0.38 4.00 | 180.75 14.53 0.02 3.50

3 | 251.25 | 214.00 14.12 1.02 4.50 | 206.75 17.08 0.04 6.00

50 2| 191.00 | 161.33 15.36 623.47 6.67 | 142.67 25.11 341 28.00

3 | 231.00 | 198.00 13.91 559.60 4.33 | 184.00 19.91 1.61 13.00

500 500 125 2 1 135.00 | 108.00 19.48 294.20 3.33 | 100.67 25.30 1.35 12.00
3| 159.67 | 121.67 22.12 327.13 8.33 | 119.00 23.73 1.10 10.00

250 2| 9233 | 89.33 3.30 15.06 1.33 | 89.33 3.30 0.20 1.67

3 | 115.33 | 102.67 10.37 16.09 2.00 | 102.67 10.37 0.21 2.33

The time difference is noticeable even in small instances, but increases in larger
instances, especially when using the BI strategy. The differences in the improvement

of solution quality are also relevant and show that A-FVS is not only a much faster
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TABLE 4.2: GD solution improved with BI strategy.

GD NI A-FVS

n m p ol x(S) | x(S) Imp. (%) Time (s) Moves | x(S) Imp. (%) Time (s) Moves
5 2 | 682.40 | 516.20 23.36 2.26 4.40 | 506.60 24.83 0.05 4.80

3 | 870.40 | 643.00 25.50 3.11 4.00 | 643.00 25.50 0.07 4.00

500 50 12 2| 409.00 | 315.80 23.05 1.32 3.40 | 312.20 23.93 0.02 4.20
3 | 510.60 | 406.20 19.88 2.01 3.00 | 405.80 19.97 0.03 3.20

25 2| 324.20 | 281.40 12.80 0.22 1.20 | 276.00 14.87 0.01 1.60

3 | 373.60 | 325.60 12.58 0.66 2.20 | 320.60 14.18 0.01 3.00

10 2 | 439.50 | 375.50 14.35 19.39 3.75 | 339.50 22.70 0.25 9.00

3| 590.00 | 504.50 13.70 23.88 2.75 | 484.75 17.03 0.27 5.75

100 100 25 2| 277.25 | 225.50 17.83 12.14 3.75 | 206.25 24.66 0.15 9.00
3| 324.25 | 263.50 18.61 25.70 6.00 | 255.50 21.08 0.18 8.50

50 2| 211.50 | 180.75 14.53 5.06 3.00 | 180.75 14.53 0.02 2.50

3| 251.25 | 214.00 14.12 7.32 3.50 | 205.00 17.71 0.05 5.50

50 2| 191.00 | 158.00 17.03 3834.00  6.67 | 142.33 25.32 5.10 17.67

3 | 231.00 | 198.00 13.91 3134.87  4.00 | 183.00 20.28 5.11 13.00

500 500 125 2| 135.00 | 108.00 19.48 1459.31  3.33 | 100.33 25.60 2.39 13.67
3 | 159.67 | 122.00 21.94 1529.05  4.67 | 119.00 23.73 1.83 9.67

9250 2| 9233 | 89.33 3.30 159.19 1.33 89.33 3.30 0.14 1.33

3| 115.33 | 102.67 10.37 197.16 2.00 | 102.67 10.37 0.28 2.33

algorithm than NI but also more efficient by yielding better objective function values.
Furthermore, it can be observed that A-FVS applies much more moves as the size
of the instance increases, which indicates that it explores more neighborhoods and
therefore increases the diversification of the local search, without incurring a penalty
in time. For these reasons, we decided to use A-FVS as the local search step in the

GRASP framework.

In Table 4.5, by averaging out the results of all sizes, it can observed that A-
FVS outperforms NI in both solution quality and computing time. Note that using
GD to greedily construct an initial solution allows A-FVS to yield slightly better
quality in the objective function than starting from a random solution, while taking
less time. This shows that GD is useful to get upper bounds for the ANPCP, despite
not evaluating its objective function. A-FVS coupled with the BI strategy improves
the initial solution by 0.3% more than the FI; however, it takes around double the
time. As a consequence, the GD heuristic is worth using in the construction phase
for GRASP as the RGD, and the FI strategy not only improves the solution quality
produced by A-FVS, but it also takes less time.
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TABLE 4.3: Random solution improved with FI strategy.
Random NI A-FVS
n m p al z5) z(S) Imp. (%) Time (s) Moves | x(S) Imp. (%) Time (s) Moves
5 2| 847.80 | 514.20 38.10 0.50 10.60 | 512.80 38.28 0.02 10.20
3| 888.40 | 636.00 28.14 0.58 6.40 | 633.60 28.43 0.02 6.40
50050 12 2 | 522.80 | 323.20 37.23 0.19 9.20 | 314.00 39.00 0.01 9.40
3| 687.00 | 397.20 42.08 0.20 9.80 | 380.20 44.15 0.02 10.80
25 2| 355.60 | 282.00 19.77 0.04 2.80 | 276.00 21.69 0.01 4.20
3| 435.80 | 323.00 26.24 0.06 6.20 | 322.00 26.49 0.01 6.40
10 2| 574.00 | 357.00 35.19 3.42 9.75 | 349.50 36.37 0.04 11.00
3| 644.50 | 475.75 25.38 4.98 9.50 | 481.75 24.17 0.06 9.25
100 100 25 2| 387.75 | 220.00 40.19 2.82 13.25 | 217.25 42.15 0.06 13.50
3| 415.25 | 258.00 37.62 4.04 14.50 | 257.00 37.79 0.06 13.25
50 2| 235.75 | 189.50 19.98 1.04 5.75 | 182.50 23.05 0.03 8.25
3| 288.25 | 230.50 19.88 0.76 4.25 | 210.50 26.71 0.04 10.75
50 2| 298.67 | 188.33 36.87 428.03 7.00 | 163.33 45.43 1.90 24.33
31 339.67 | 230.67 31.44 605.43 8.67 | 182.67 45.11 2.34 29.67
500 500 125 2| 182.33 | 120.00 34.09 406.94 9.00 | 103.67 43.06 1.88 25.67
3] 229.67 | 144.67 36.16 364.20 10.67 | 130.67 42.60 2.18 29.33
250 2| 119.33 94.33 20.50 42.83 8.00 89.33 25.13 1.07 14.33
3| 144.67 | 108.00 24.74 78.57 7.33 | 108.00 24.74 0.61 7.33
TABLE 4.4: Random solution improved with BI strategy.
Random NI A-FVS
n m p al z(9) x(S)  Imp. (%) Time (s) Moves | z(S) Imp. (%) Time (s) Moves
5 2| 847.80 | 524.00 36.70 1.50 4.20 | 515.60 37.99 0.03 4.40
3| 888.40 | 633.60 28.43 1.53 3.80 | 633.60 28.43 0.04 3.20
50 50 12 2| 522.80 | 326.00 36.78 2.03 6.60 | 314.00 39.00 0.02 7.80
3| 687.00 | 387.20 43.21 2.25 8.00 | 377.60 44.53 0.05 10.20
25 2 | 355.60 | 282.00 19.77 0.34 2.20 | 276.00 21.69 0.01 3.20
3] 435.80 | 325.40 25.62 0.71 4.80 | 322.00 26.49 0.01 6.00
10 2| 574.00 | 353.75 35.77 19.75 9.25 | 322.25 42.17 0.15 10.00
3| 644.50 | 486.00 23.73 20.09 5.50 | 479.00 25.00 0.15 6.00
100 100 25 2| 387.75 | 226.50 39.22 25.29 10.25 | 210.50 43.17 0.12 13.50
3| 415.25 | 268.50 35.00 28.73 8.75 | 255.25 38.24 0.18 14.25
50 2| 235.75 | 186.75 21.19 9.24 6.00 | 182.50 23.05 0.04 7.25
3| 288.25 | 230.50 19.88 7.29 3.75 | 210.50 26.71 0.07 8.75
50 2| 298.67 | 182.00 39.03 3642.07 6.67 | 147.67 50.48 4.85 24.67
3| 339.67 | 233.33 30.55 4706.46 7.00 | 179.67 46.05 7.40 28.00
500 500 125 2| 182.33 | 120.00 34.09 3420.12  8.33 99.00 45.82 4.40 31.00
3] 229.67 | 142.33 37.23 5668.66  11.00 | 146.00 37.13 4.25 22.67
250 2| 119.33 98.33 17.19 762.28 4.67 93.33 21.82 1.17 9.67
3| 144.67 | 108.00 24.74 1212.94  6.33 | 108.00 24.74 0.90 6.67
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TABLE 4.5: Average results of the local search comparison.

NI A-FVS
Initial ~ Strategy | Imp. (%) Time (s) Moves | Imp. (%) Time (s) Moves
D FI 16.45 103.32 5.11 19.12 0.47 8.31
BI 16.46 578.70 3.50 19.42 0.89 6.60
Random FI 30.75 108.03 8.48 34.13 0.58 13.56
BI 30.45 1085.07  6.51 34.58 1.32 12.07
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4.2 PERFORMANCE OF GRASP

In this section, we show and analyze the experiments and their results to measure
our proposed GRASP method. We first conduct two experiments to calibrate the
input parameters of GRASP, i,,.« and 3, on a subset of selected instances. With the
insight obtained from these calibrations, we select the most adequate values for the

parameters, and then we proceed to run the GRASP on the whole set of instances.

4.2.1 CALIBRATING %yax

This experiment was designed to calibrate the best value to use for the maximum
number of iterations, i,... Here, we try to expose the algorithm to challenging
instances with challenging parameters, such as setting p to be less than 10% of the
total facilities (p < 0.1m), since the smaller the value for p, the more possible com-
binations of distinct solutions, and therefore the greater the size of neighborhoods.
This implies a greater effort for the local search to find the best move, because
there are more candidate moves to explore. Because the goal of this experiment is
to calibrate iy, we fixed v and p, and for 8 we chose a random value between 0
and 1 in every construction, to minimize their influence as factors. We also fixed
Tmax = 9000 and we ran GRASP once for two large instances from the TSPLIB and
for one large instance randomly generated. The reasons why we selected these three

instances are explained in the following experiments and their results.

The first instance we tried is r11323_882_441 0, which is one of the largest
sizes from the subset of the TSPLIB, using p = 44 as (almost) the 10% of m = 441,
and both a = 2,3. Since is likely to find more diversity in the space of solutions
as p gets smaller, we hypothesized that these two configurations would allow for
more improvements. Nevertheless, in this test, there were no improvements during

the 5000 iterations. In every iteration, the local search phase resulted in the same
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objective function value, despite of the construction heuristic yielding varying values.
We tried the second largest instance, pr1002_668_334_4, using the same values for
p and « as before, yet without any single improvement. The reason why the two
greatest instances did not report any improvement at all was found out to be the
coordinates of the nodes, as we explain and show later on. As a workaround, we
retried the experiment with r11323_882_441 0 but lowering p to 20, now being the
4.53% of m = 441, and o = 2,3. As mentioned earlier, a smaller p implies that
the space of possible solutions is greater, and thus for this experiment, it would be

expected to see more improvements.

Table 4.6 includes more details about the iterations in which a new best objec-
tive function value was found (the improvements) for r11323_882_441 0. i is the
iteration number in which the improvement occurred, where ¢ = 0 is the first one;
B is the value that was used for each construction; x.(S) is the objective function
value of the constructed solution by RGD, while x(S) is that of the improved solu-
tion by A-FVS and the value that is taken into account for the improvements; Imp.
(%) is the increase in the percentage of the previous best solution quality, taking the
solution of the first iteration as the starting value; Time (s) is the total running time
in seconds that GRASP had been using so far; and i.w.i. is the number of iterations
without improvement from the previous best solution. Figure 4.1 shows how the
solution evolved through the iterations of GRASP, up to the last improvement. In
this case, the solution for a = 2 stopped improving very early in the test, and there

were 2 more improvements for o = 3.
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TABLE 4.6: Improvements in r11323_882_441 0, p = 20.

i B | @(S) x(S) Imp. (%) Time (s) | iw.i. |
0 0.49 | 5676 3566 - 2.31 -
3 0.51 | 4800 3547 0.53 10.58 3
4 0.25 | 5392 3472 2.11 15.47 1
6 0.69 | 6249 3434 1.09 23.87 2
(a) a =2
i B | 2(S) «(S) Imp. (%) Time (s) | iw.i. |
0 0.22 | 5624 4180 - 6.56 -
9 094 | 8196 4157 0.55 40.00 9
66 0.85 | 7517 4128 0.70 239.76 57
76 0.38 | 5727 4031 2.35 275.02 10
180  0.22 | 5932 4015 0.40 621.83 104
3490 0.41 | 6261 3948 1.67 11237.42 | 3310
(b) a=3
(a) o =2
(b)a=3

FIGURE 4.1: Visualization of z(S) from Table 4.6.
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The next experiment was run with a smaller instance, rat783_522_261 0,
using p = 20 and o = 2,3. For this instance, p = 20 represents the 7.66% of
m = 261. Despite this percentage being larger than the one used in Table 4.6
(4.53%), and hence a potential reduction of the solutions space, there were actually
more improvements (9) than in the other (6). These results are detailed in Table 4.7
and visualized in Figure 4.2. For both values of «, the solutions were improved
almost the same number of times, being again a = 2 the one that stopped improving

earlier.

TABLE 4.7: Improvements in rat783_522_ 261 0, p = 20.

B | (S) «(S) Imp. (%) Time (s) |iwi. |

~.

0 076| 130 128 - 0.24 -
1 022 127 111 13.28 0.53 1
4 051] 150 110 0.90 3.49 3
8§ 0.14 | 130 100 9.09 6.08 4
11 0.31 ] 157 98 2.00 8.68 3
19 0.12 ] 160 95 3.06 17.51 8
51  0.19 | 121 93 2.11 42,77 32
213 0.53 | 140 92 1.08 152.64 162
947 0.62 | 131 91 1.09 633.43 734
(a) =2

i o] ‘ z(S) x(S) Imp. (%) Time (s) ‘ iw.i. ‘

0 043 163 142 - 0.36 -
2 045] 165 130 8.45 2.13 2
3 038 165 128 1.54 2.96 1
8§ 031 174 126 1.56 7.60 )
77 010 ] 164 125 0.79 44.87 69
9 0.59 | 161 122 2.40 57.60 19
2227 045 172 120 1.64 1472.83 | 2131
2342 032 | 172 118 1.67 1542.07 | 115

(b) a=3
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Improvements in S during GRASP
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FIGURE 4.2: Visualizations of x(.S) from Table 4.7.

After plotting both instances, we realized that the nodes in r11323_882_441
are placed in several horizontal lines, while those in rat783_522_261 are placed
more randomly. This can be observed in Figure 4.3a and Figure 4.3b, respectively.
The arrangement of the nodes in the larger instance makes it difficult to escape
a local optimum as p increases. For this reason, we generated a random instance
with a very similar shape (space of coordinates) as r11323_882_441 and with the
same number of users and facilities, named as anpcp_882_441 0, to run the same
experiment and compare how the coordinates of the nodes affect the convergence
of the objective function. The nodes of this new instance now have a very similar
distribution to those of rat783 522 261, which can be seen in Figure 4.3c. Table 4.8
and Figure 4.4 display the results of this test, for both a = 2, 3. Note that there were
multiple improvements despite p being 10% of the total facilities, which confirms the
hypothesis that the disposition of the nodes is a relevant factor in how the objective

function converges to a local optimum. The solution stopped improving earlier for
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a = 3, but the total number of improvements is greater (11) than for o = 2 (7).

TABLE 4.8: Improvements in anpcp_882_441 0, p = 44.

I B | x(S) «(S) Imp. (%) Time (s) | iwi. |

0 041 3130 2275 - 4.45 -
3 090 | 3948 2224 2.24 22.32 3
5 0.75 | 4278 2209 0.67 33.35 2
7 042 3038 2206 0.14 41.99 2
10 0.30 | 3154 2185 0.95 57.05 3

110  0.30 | 3154 2166 0.87 452.61 100
1541 0.13 | 3140 2165 0.05 6040.19 | 1431
3710 0.69 | 3779 2161 0.18 14531.35 | 2169

(a) =2

| B | x(S) x(S) Imp. (%) Time (s) | iwdi. |

0 0.67 | 3952 2887 - 5.88 -
1 035 3714 2807 2.77 11.64 1
5 0.62] 4315 2803 0.14 29.70 4
15 0.16 | 3894 2793 0.36 71.69 10
20 0.30 | 3763 2726 2.40 95.30 )

82 0.08 | 3763 2714 0.44 373.13 62
83 0.72 | 4471 2702 0.44 380.92 1
173 0.46 | 4001 2686 0.59 798.96 90
312 0.17 | 3686 2679 0.26 1438.55 | 139
647 0.42 | 4119 2642 1.38 2929.06 | 335
1131 0.43 | 4465 2637 0.19 4956.00 | 484
2050 0.45 | 4281 2629 0.30 8793.84 | 919

(b)a=3

With these three experiments, we know that a solution may improve even after
5000 iterations, especially with large instances and with nodes whose coordinates
follow a random-like distribution. As a consequence, we have decided to modify
the stopping criteria for GRASP. Instead of setting a fixed number of maximum
iterations for the whole procedure, it now sets a maximum number of consecutive
iterations without improvements to stop the procedure. According to the results of
this subsection (which are biased by the subset of the 3 tested instances), we can es-

timate that most of the best improvements would take place before 100 consecutive
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iterations without an improvement. However, in cases where a small improvement
in the quality of the solution of 1% or even less could drastically impact the conse-
quences of a decision to a problem, and where the application of a solution could
wait a couple of hours, or even days depending on the size of the problem instance,
then setting this parameter to numbers as large as 5000 or more could certainly
yield better results. Note that, in general, the larger the instance, the more itera-
tions it could take to reach a local optimum that is difficult to overtake. Therefore,
we can say that a reactive or adaptable way to set i,.x based on both the size and
the distribution of an instance would be ideal for this parameter. Even so, for the
experiments in the next sections, we will fix i,,., = 100 in an attempt to reduce the

overall execution time and continue with the experimentation.
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Improvements in S during GRASP
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FIGURE 4.4: Visualizations of x(S) from Table 4.8.
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4.2.2 CALIBRATING (3

In this experiment, we calibrate (3, the parameter that determines the randomness of
the RCL. We tested 7 values: = {0,0.2,0.4,0.6,0.8,1, R}, where R means that a
random number between 0 and 1 is used as (§ in each construction. This is different
from 3 = 1, which means that every construction yields a random solution. Values
0 and 1 are included to see how a completely greedy and a completely random
(respectively) construction influences the quality of the results. We fixed i,,x = 100
for each call to GRASP. We used a subset of 3 instances from the TSPLIB and split
them by setting a third of the total nodes to be considered as potential facilities:
rd400 267 133, rat783_522 261, and nrw1379_920_459; identified with the letters
S (small), M (medium), and L (large), respectively. These instances were split 10
times, giving 10 different variations for each one. We set p = {0.05m,0.1m,0.2m}
and a = {2,3} for every test, which provided 180 distinct configurations. Each
configuration was then tested for the 7 values of 3, resulting in a total of 1260

conducted tests.

Table 4.9 groups all the tests and shows the average results of the 10 variants
for every unique configuration of parameters, while the means of these results are in
Table 4.10. Table 4.9 includes 3 groups of columns: from left to right, the first group
is just the identifier of the TSPLIB instance (sub-column I) and the parameters of
the solver (sub-columns p and «); the second one, Deviation (%), is the average
deviation with respect to the best solution found in the experiment; and the third
group, Time (s), is the average computing time in seconds required by GRASP. Each
of these 2 last groups are divided in 7 sub-columns, which are the tested values of 5.
A deviation of 0% would mean that a particular value of 3 yielded the best solution
in all of the tests. Therefore, the smaller the deviation a  has, the better quality
it produces. These minimum values are shown in bold, for each row. Note that we
refer to the best solution found in this experiment, and not to the optimal solution

of a particular instance. The minimum time taken in each row is also shown in bold.
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TABLE 4.9: Average results of the experiment, grouped by instance and parameters.

Deviation (%) Time (s)

I p af O 02 04 06 08 1 R 0 0.2 0.4 0.6 0.8 1 R
6 2109 073 0.60 0.58 0.21 033 0.29 | 26.16 28.77  26.10 2821 29.51 27.98  26.11
31052 014 0.14 0.00 0.00 0.09 0.09 | 41.38 39.53 3822 37.69 3858 39.59 38091

S 13 21233 103 116 133 0.68 131 1.34 | 27.54 37.18 32.61 30.14 3817 4120 37.02
31174 023 044 112 032 065 0.62 | 32.35 4297  40.15 41.56  43.37 3827  34.93

% 21119 057 1.03 098 0.41 057 088 | 29.57 28.82  27.53 29.83 32.09 36.74  29.92
31158 087 075 033 0.89 0.29 1.00 | 24.24 31.62 3486 36.65 36.60 4548  38.04

13 21623 278 216 1.90 278 295 3.38 | 10549 90.91 11873 93.29 11599 135.81 105.73
31163 129 157 0.92 1.70 286 2.09 | 108.18 105.57 123.30 14348 135.61 12279 104.90

M 2% 21188 238 200 225 1.13 337 163 | 7837 76.09 81.07 93.06 90.99 12444 85.66
311.61 252 242 311 343 334 324 | 8389 74.79 96.51 98.93 9275 106.80 91.62

52 21128 129 0.92 147 238 440 1.29 | 7529 67.05 7397 81.31 99.15 9236  86.00
31161 146 265 250 351 3.09 1.03| 67.00 80.66  69.56  70.89 101.51 101.11  76.05

29 2128 163 146 1.00 242 156 2.17 | 435.81 412.44 535.88 535.93 426.15 519.43 496.27
31151 086 1.07 192 158 125 1.65|410.03 552.72 538.26 509.24 641.91 781.19 578.80

L 45 2| 157 1.15 1.18 227 188 3.17 1.25 | 42441 414.26 448.11 530.66 547.57 551.31 526.36
31107 181 1.05 0.68 197 3.056 144 | 41298 384.18 539.40 521.55 521.66 530.16 482.52

91 21026 0.00 015 031 0.10 0.51 0.36 | 266.55 259.36 298.87 344.16 470.86 525.01 306.01
31025 0.25 087 112 1.00 1.83 0.88 | 34595 340.45 361.07 385.74 444.35 591.48 439.43

Table 4.10 shows the overall average results of Table 4.9. This table provides

an insight on the behaviour of the algorithm when it is subjected to diverse cases

of varying sizes and parameters. The columns represent a value of 5 and the rows

represent the following metrics: #Bests is the number of times (out of 18) that the

average deviation was the minimum of a unique configuration; Avg. Dev. (%) is the

mean of the average deviations; and Avg. Time (s) is the mean of the average times

in seconds. Bold values in the #Bests row are the maximum, while bold values in

the other 2 rows are the minimum.

TABLE 4.10: Means of Table 4.9.

Avg. Time (s)

166.40 170.41

193.57 200.68 217.05 245.06 199.13

B
0 0.2 0.4 0.6 0.8 1 R
#Bests 1.00 5.00 1.00 5.00 5.00 1.00 1.00
Avg. Dev. (%) 1.67 1.17 1.20 1.32 1.47 1.92 1.37

It can be derived from these results that the best value for the § parameter

is # = 0.2 in terms of both the number of best solutions found and the average

deviation. There are two other values that match the number of best solutions
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found (5), 8 = 0.6 and 8 = 0.8, but their deviations indicate a 13.29% and 25.6%
decrease in the quality of the solutions, respectively. Also, § = 0.2 is the second
best option in computing time, only 2.4% slower than the fastest option, § = 0.
The reason why the completely greedy constructions (5 = 0) resulted, in average,
in the fastest GRASP executions, is probably due to a decrease in the number of
possible better solutions, and thus the local search performs less moves and finishes
in less time. At the same time, this full intensification leaves little or no room to
improve the constructed solutions, and therefore results in worse quality: 5 = 0 is
the second worst option in terms of the average deviation, followed by 8 = 1, which
is in fact the one that took the longest average time. As a consequence of the showed
evidence, we have decided that the best value is § = 0.2, and it is the one used in

the next section.
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4.2.3 FINAL RESULTS

The main objective of this section is to observe and analyze the performance of the
proposed GRASP. To the best of our knowledge, this is the first attempt to solve
with a heuristic approach the discrete version of the ANPCP that uses two different

sets of nodes for the potential facilities and the users.

For this experiment, we considered using p = {0.05m,0.1m,0.15m} and a =
{2,3} on a subset of 6 instances from the TSPLIB. As in previous experimentation,
each of these instances was randomly split 10 times to set a third of the total nodes
to be considered as potential facilities. Therefore, we used 60 different configurations

for each instance, giving a total of 360 tests.

Table 4.11 is a summary of the results grouped by instance of running GRASP (5 =
0.2, imax = 100) once for each of the instances in the selected subset, showing the
following metrics: Instance, the name of the split TSPLIB instance that was solved;
x(S) Differences, the minimum, maximum, and average (sub-columns Min. (%),
Max. (%), and Avg. (%), respectively) relative differences in the quality between
the best improved solution by the local search heuristic and the best constructed
one (regardless of the iterations), and the number of times (out of 60) that the
local search provided a better solution than the best constructed one (sub-column
# > 0); Avg. Time (s), the average of the 60 computing times in seconds required
to run GRASP on each configuration with a limit of 1800 seconds; and # ¢ > 0,
the number of times (out of 60) that the last iteration in which a new best solu-
tion was found occurred after the first iteration (0), i.e., the number of times that
GRASP found at least one better solution than the initial one. The details of these
summarized results can be found in Appendix A, where a table is reported for each

TSPLIB instance.

An z(S) Difference of 0% means that the A-FVS algorithm could not yield a

better solution than the best constructed solution, which would make it useless as
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TABLE 4.11: Summarized results of GRASP experiments.

x(.S) Differences
Instance Min. (%) Max. (%) Avg. (%) # >0 | Avg. Time (s) | # 4, >0
pra39 293 146 0 36.02 13.58 57 31.35 34
ratb75_384_191 6.43 21.36 14.63 60 51.85 99
rat783_522_261 4.79 21.95 13.69 60 96.68 59
dsj1000_667_333 19.05 34.48 26.46 60 240.53 59
r11323_882_441 0 37.46 13.86 53 255.95 21
r11889_1260_629 13.15 28.49 20.36 60 1337.72 60

the local search component of GRASP. This situation occurred in only 10 out of the
360 conducted tests (2.77%), demonstrating the efficiency of the A-FVS. The only
two instances that reported at least one occurrence of this situation (where Min. (%)
= () are the only two that reported less than 60 better solutions by the local search.
As previously explained in Section 4.2.1 while calibrating i,,,,, the distribution of the
nodes in r11323 makes it a challenging instance to solve, similarly for pr439. These
two instances also reported the least number of cases where GRASP was able to find
better solutions multiple times. It can be then concluded that the distribution of
the nodes highly affects the performance of the A-FVS. The average time increases
as the size of the instance increases as well. In conclusion, the evidence shows that
the A-FVS algorithm as the local search heuristic can provide a better quality in
the solutions of virtually all the tests and that the multi-start approach of GRASP
allows the exploration of high-quality solutions in a reasonable time (less than 25
minutes for the largest instance, in average). To the best of our knowledge, r11889
is the largest instance from the TSPLIB that has been used to solve the ANPCP,
specifically splitting it as 1260 users and 629 potential facilities (1889 nodes in total),
while r11323 is the largest in Sdnchez-Oro et al. (2022), where all of the 1323 nodes

are used as both users and facilities.



CHAPTER 5

CONCLUSIONS

We have GRASP metaheuristic to solve the discrete version of the a-neighbor p-
center problem (ANPCP), which consists of selecting p centers out of m facilities
such that the maximum distance from any user to its ath center is minimized.
This problem is a generalization of the p-center problem (PCP) for which o = 1 is
implicitly assumed. In real-world applications, the ANPCP aims to have a minimum
guaranteed response time between a customer or demand point and its center by
considering the notion of providing backup centers in case one of them fails to
respond to an emergency, ensuring that even if up to a — 1 facilities fail, every

customer has a functioning facility close to it.

We proposed a metaheuristic framework that implements GRASP, using a
constructive heuristic that uses the objective function of the p-dispersion problem
(PDP) as a surrogate function because the original objective of the ANPCP is com-
putationally expensive to calculate during the construction phase. This algorithm
was then adapted to use a value-based restricted candidate list (RCL) to be coupled
within GRASP, and identified as the Randomized Greedy Dispersion (RGD). We
reduced the time complexity of the original algorithm by introducing an array that
stores the distances between the facilities outside of the solution and their closest
center. The constructed solution is then improved by a vertex substitution or inter-

change local search heuristic. We designed an algorithm specifically for the ANPCP

o2
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by adapting the concept of the fast interchange, naming it the Alpha Fast Vertex
Substitution (A-FVS). This algorithm is significantly faster due to the use of data
structures that store how the assignments between users and centers behave after a
swap of facilities, allowing to reuse these expensive computations by accessing them
instead of recalculating them. Results of computational experiments on this meta-
heuristic approach were reported and analyzed, proving its efficient performance to

solve the ANPCP.

5.1 FUTURE WORK

An idea for future research that is worthwhile exploring could be to develop a fast
construction heuristic that follows similar ideas from A-FVS, such as the use of
specific data structures since the construction algorithm used in this work does not
evaluate the objective function of the ANPCP. Another interesting idea could be to
develop a Tabu Search version of the A-FVS to exploit the local search and increase

diversification.

A natural area for future work is the use of an exact method to obtain lower
bounds and compare them with our proposed heuristic. The ANPCP is a very
computationally demanding problem and so finding optimal solutions is difficult,
but one can attempt to get at least lower bounds on the objective function value

that could give an estimate of the quality of the solutions delivered by the heuristic.

Finally, an extension of this work would be to compare our proposed heuristic
with that from Sanchez-Oro et al. (2022), where the authors developed a GRASP
metaheuristic improved by Strategic Oscillation and a Tabu Search; however, they
consider only one set of nodes for both users and facilities, while we considered
two different sets. To fix this for our algorithms, users and facilities can be forced
to share the same set of nodes, with an extra restriction that ensures that once a

node is chosen as a center, it cannot longer be considered as a user. This would be
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necessary since the algorithms presented in this work assume that any node is either
a user or a potential facility, never both, and if this assumption is maintained when
solving an instance that considers only one set of nodes, then the minimum distance

would always be 0 because the nearest node of any node would be itself.



APPENDIX A

DETAILED GRASP FINAL RESULTS

Tables A.1 to A.6 show the results of running GRASP(8 = 0.2, i1y.x = 100) once on
each of the instances from the selected subset. The first group of columns, from left
to right, consists of the identifier or index of the variation of the split instance (sub-
column v) and the parameters of the solver (sub-columns p and «, respectively).
The next group, z(S), includes the objective function value of the best solution of
all iterations given by the constructive heuristic (sub-column RGD), the objective
function value of the best improved solution of all iterations given by the local
search heuristic (sub-column A-FVS), and the relative improvement of the local
search solution (sub-column Diff. (%)). Note that both objective function values
can be independent of each other: the best A-FVS could have happened in a different
iteration than the best RGD. This group gives insight into how much the quality of
the solutions improves when the A-F'VS algorithm is used as the local search phase
of GRASP. The third group, A-FVS Imp. (%), consists of the minimum, maximum,
and average (sub-columns Min., Max., and Avg., respectively) relative improvement
of the solution yielded by the local search, calculated from all the iterations. The
last group, UPC, consists of the minimum, maximum, and average (sub-columns
Min., Max., and Avg., respectively) assigned users per center in the best solution
found in the experiment. The next column, Time (s), is the computing time in

seconds required to run GRASP with a limit of 1800 seconds (30 minutes), and the

95
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last column, 7;, is the last iteration that resulted in a better solution within GRASP.

In some of the individual executions, the best improved solution was not better
than the best constructed solution (z(S) Diff. (%) = 0). At the same time, in all of
these cases, there were no improvements in 100 iterations (4; = 0). This means that
in some instances with some parameters there is a local optimum which is easy to

arrive at but difficult to escape from.

Note that several solutions reported a minimum of zero users assigned per
center (UPC Min. = 0), meaning that there was at least one center that was not
serving any user. We refer to this type of center as an empty center. From a
decision-making perspective, the fact that the solution includes empty centers does
not make sense: in that case, it would be better to simply remove them from the
solution. However, according to the mathematical model, S must contain exactly
p centers, and also there is no constraint about a minimum number of users to
serve. The decision to include or not a facility in the solution is made solely on the
objective function, which cares only about the distances between users and facilities.

Therefore, a solution with empty centers is still feasible under this mathematical

model.
TABLE A.1: Results for pr439_293 146

2(5) A-FVS Imp. (%) upPC
v p o | RGD A-FVS Diff. (%) | Min. Max. Avg. | Min. Max. Avg. | Time (s) | i
2 4621 3868 16.30 10.08 47.30 28.78 19 81 41.86 38.42 5
! 3 5930 5433 8.38 0 33.04 19.04 6 102 41.86 45.96 13
2 3222 2719 15.61 0 38.60 19.24 1 70 20.93 15.14 7
0 M 3 4090 3401 16.85 5.43 38.06 16.98 1 74 20.93 27.93 45
2 2620 2620 0 0 40.47 14 0 70 13.95 7.55 0
2 3 3278 3222 1.71 0 27.24 15.88 0 48 13.95 10.14 0
2 4646 4204 9.51 2.63 39.25 2331 6 123 41.86 28.98 4
! 3 5942 5205 12.40 1.73 42.52  21.57 9 102 41.86 76.58 1
2 3506 2794 20.31 12.87 43.96 27.41 0 80 20.93 23.63 3
b 3 4204 3630 13.65 4.48 33.06  23.40 2 52 20.93 29.70 1

Continues in next page.
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|
z(S) A-FVS Imp. (%) UPC
v p o | RGD A-FVS Diff. (%) | Min. Max. Avg. | Min. Max. Avg. | Time (s) | ¢
91 2 3506 2714 22.59 22.59 43.60 26.39 0 53 13.95 13.22 0
3 4204 3506 16.60 16.60 29.82  20.93 0 44 13.95 15.10 0
2 4500 4201 6.64 2.27 38.98  25.02 0 153 41.86 33.98 2
T 3 6026 5330 11.55 10.79 36.89 22.53 11 95 41.86 63.27 5
2 3316 2876 13.27 6.06 38.25  23.22 1 102 20.93 22.25 12
2 M 3 3951 3586 9.24 3.23 31 22.24 2 51 20.93 29.76 0
2 3115 2571 17.46 17.46 38.09 24.79 1 67 13.95 12.96 0
21 3 3483 2987 14.24 11.43 35.89 22.07 0 75 13.95 30.70 10
2 4646 4201 9.58 7.53 42.70  22.64 10 74 41.86 30.69 0
T 3 6275 5381 14.25 7.56 39.86 24.84 2 146 41.86 65.45 2
2 3265 2774 15.04 0.83 35.33  18.59 0 99 20.93 28.62 64
5o 3 4153 3595 13.44 0 33.23  20.15 1 69 20.93 53.85 95
2 2841 2277 19.85 15.49 40.98 28.24 1 39 13.95 17.88 1
21 3 4153 2815 32.22 7.10 43.35 31.03 0 84 13.95 32.85 11
2 4750 4226 11.03 10.17 39.43 24.55 10 117 41.86 29.21 1
T 3 6110 5155 15.63 1.73 41.33  21.39 15 94 41.86 98.11 46
2 3757 3450 8.17 8.17 31.87 21.11 2 78 20.93 13.60 0
4o 3 4201 3757 10.57 10.57 35.24  24.59 1 50 20.93 25.72 1
2 3745 3450 7.88 7.88 28.02 15.95 1 42 13.95 8.95 0
2t 3 4201 3499 16.71 16.71 31.98 22.82 2 48 13.95 20.94 0
2 4652 4250 8.64 7.35 36.91 22.76 0 111 41.86 38.56 1
T 3 6122 5087 16.91 1.40 40.63  25.51 12 110 41.86 90.66 0
2 4250 2719 36.02 0 45.58  34.90 0 7 20.93 26.86 6
b 3 4386 4250 3.10 3.10 29.31 14.19 3 48 20.93 21.36 0
2 4250 2719 36.02 36.02 45.58 39.09 0 60 13.95 13.38 0
2 3 4310 4250 1.39 1.39 14.93 11.12 0 57 13.95 15.74 0
2 4662 4025 13.66 4.16 42,47 2412 3 87 41.86 36.70 0
T 3 6100 5064 16.98 6.86 42.52  26.30 2 143 41.86 65.43 2
2 3552 3115 12.30 12.30 38.77  25.28 1 56 20.93 14.79 0
6 1 3 4265 3588 15.87 2.64 41.16  24.16 1 100 20.93 25.38 14
2 3390 3115 8.11 8.11 29.27 16.70 1 38 13.95 6.48 0
2t 3 3839 3261 15.06 11.85 34.45 24.06 1 51 13.95 16.61 0
2 4567 4201 8.01 8.01 40.65  25.12 0 100 41.86 32.58 2
T 3 6110 5235 14.32 12.58 39.52 25.71 8 179 41.86 80.86 0
2 3399 3070 9.68 9.68 40.68  20.79 0 61 20.93 14.41 0
o 3 4296 3650 15.04 13.32 47.03 23.01 2 59 20.93 27.83 6
2 3070 3070 0 0 18.29 10.75 0 50 13.95 5.67 0
2t 3 4201 3316 21.07 21.07 36.55 25.04 0 49 13.95 25.31 0
2 4688 4004 14.59 2.72 37.45  23.53 0 147 41.86 34.21 0
T 3 6042 5256 13.01 0 36.68  20.85 7 166 41.86 65.24 1
8

Continues in next page.
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z(S) A-FVS Imp. (%) UPC

v p o | RGD A-FVS Diff. (%) | Min. Max. Avg. | Min. Max. Avg. | Time (s) | ¢

4 2 3221 2642 17.98 4.56 38.27 18.35 1 75 20.93 14.61 0

3 4049 3483 13.98 1.11 33.12  20.05 2 54 20.93 28.72 3

2 2498 2452 1.84 1.84 33.77  19.27 0 76 13.95 9.43 0

2 3 3070 3070 0 0 37.99 21.72 0 39 13.95 13.22 0

2 4702 4339 7.72 7.39 36.77  22.22 9 83 41.86 33.84 2

! 3 6108 5318 12.93 1.28 32.52  17.69 8 105 41.86 47.71 2

2 3272 2735 16.41 8.13 43.13  22.69 0 91 20.93 23.49 10

oo 3 4311 3473 19.44 4.56 41.18 26.94 0 89 20.93 40.94 8

2 2700 2095 22.41 12.04 42,75  28.17 1 55 13.95 27.43 22

2 3 3483 2735 21.48 17.02 45.68 28.89 0 69 13.95 32.70 13
TABLE A.2: Results for rat5675_384_191
z(S) A-FVS Imp. (%) UPC

v p o | RGD A-FVS Diff. (%) | Min. Max. Avg. | Min. Max. Avg. | Time (s) i

2 150 131 12.67 0 41.33 19.64 25 55 42.67 50.66 26

K 3 195 161 17.44 0 37.55 14.63 19 72 42.67 55.11 27

2 103 81 21.36 4.85 4497 27.87 13 34 20.21 56.57 42

0w 3 122 105 13.93 0 42.63 17.68 4 40 20.21 40.45 40

2 81 66 18.52 0 47.29  27.26 22 13.71 50.50 59

2 3 102 82 19.61 0 44.52 24.73 3 22 13.71 64.38 85

2 146 127 13.01 0 41.10  19.69 26 69 42.67 48.60 14

K 3 195 158 18.97 0 35.08 16.80 12 98 42.67 56.09 6

L 19 2 93 85 8.60 0 40.82 21.64 7 35 20.21 45.23 56

3 126 105 16.67 0 37.50 16.96 11 30 20.21 48.10 38

2 7 67 12.99 4.44  38.53 20.79 6 24 13.71 37.55 15

2 3 96 82 14.58 1.83 3543 20.93 4 22 13.71 33.71 22

2 148 129 12.84 0 40.81  20.29 23 62 42.67 52.48 27

’ 3 193 162 16.06 0 36.47 17.39 7 95 42.67 70.14 25

5 19 2 102 83 18.63 0 3776  18.12 8 35 20.21 28.48 3

3 122 106 13.11 0 34.16  15.88 9 38 20.21 32.33 0

2 78 66 15.38 241 4590 24.72 7 23 13.71 51.28 86

2 3 98 83 15.31 0 36.55 17.15 8 23 13.71 41.48 50

2 145 129 11.03 1.18  39.17  20.89 29 73 42.67 39.53 5

’ 3 195 157 19.49 0 33.47 18.15 21 61 42.67 73.16 22

3 19 2 95 82 13.68 0 39.47  20.37 11 30 20.21 54.49 86

Continues in next page.
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z(9) A-FVS Imp. (%) UPC

v p «a| RGD A-FVS Diff. (%) | Min. Max. Avg. | Min. Max. Avg. | Time (s) i
3 123 106 13.82 0 35.26 16.22 11 39 20.21 34.50 9

2 75 66 12 0 43.65  20.08 5 23 13.71 39.19 37

2 3 99 83 16.16 0 35.71  18.33 4 31 13.71 34.62 19

2 140 131 6.43 0 37.50 18.55 26 57 42.67 49.98 24

K 3 193 160 17.10 0 33.74 16.80 24 74 42.67 93.57 56

2 98 80 18.37 0 37.59  20.07 6 28 20.21 50.27 58

e 3 120 108 10 1.40 31.36 16.08 8 39 20.21 30.19 4
2 78 67 14.10 0 39.47 2281 3 23 13.71 43.98 51

% 3 98 86 12.24 0 38.57 17.18 3 24 13.71 30.17 2

2 150 125 16.67 0 37.38 19.06 27 82 42.67 48.33 5

K 3 188 157 16.49 0.48 3296 15.96 5 79 42.67 123.22 108

2 97 80 17.53 0 41.26  18.62 12 34 20.21 53.11 56

v 3 122 105 13.93 0 34.73  16.55 8 34 20.21 85.58 151
2 78 65 16.67 2.56  43.31 21.50 7 22 13.71 31.05 5

2 3 98 82 16.33 0 42.18 16.12 6 25 13.71 38.65 37

2 148 124 16.22 1.24 38.57 20.86 26 60 42.67 49.95 3

K 3 194 160 17.53 0 33.07 14.57 10 71 42.67 99.75 80

2 99 81 18.18 0 42.76  19.88 4 35 20.21 43.25 29

o 3 119 106 10.92 0 38.20 18.11 5 36 20.21 45.73 54
2 81 68 16.05 0 38.94  20.39 5 22 13.71 33.18 12

2 3 96 83 13.54 0 37.76  17.74 4 26 13.71 38.64 36

2 151 129 14.57 1.71 37.50 19.64 25 67 42.67 44.42 9

K 3 193 159 17.62 0 38.568 1791 16 95 42.67 86.68 42

2 96 83 13.54 0 37.84 1841 6 38 20.21 40.98 39

T 3 120 108 10 0 33.51  17.57 5 35 20.21 35.89 5
2 79 65 17.72 0 42.48  20.59 5 21 13.71 32.56 9

2 3 98 83 15.31 0 37.68 15.77 3 27 13.71 48.09 86

2 149 129 13.42 0 41.78  19.27 11 101 42.67 78.17 88

K 3 195 156 20 0 37.50 16.31 15 91 42.67 100.55 88

2 94 86 8.51 0.99 37.67 17.05 5 34 20.21 27.91 9

s 3 121 106 12.40 0 33.54 17.40 3 33 20.21 50.80 55
2 76 67 11.84 0 39.64 19.61 6 27 13.71 54.10 65

2 3 97 87 10.31 0 36.11  14.28 7 31 13.71 23.94 3

2 142 126 11.27 0 38.99 19.90 17 68 42.67 93.41 133

K 3 194 157 19.07 0 33.86 17.16 8 75 42.67 78.82 49

9 19 2 94 81 13.83 0 42.25  19.60 9 32 20.21 46.81 49
3 120 106 11.67 0 34.94 17.82 11 30 20.21 55.78 77

2 76 67 11.84 0 36.80 17.74 3 23 13.71 42.86 59

% 3 92 82 10.87 0 37.96 16.58 2 30 13.71 42.24 45
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TABLE A.3: Results for rat783_522 261
z(S) A-FVS Imp. (%) UPC

v p o | RGD A-FVS Diff. (%) | Min. Max. Avg. | Min. Max. Avg. | Time (s) i

2 144 121 15.97 0 37.25 19.90 13 65 40.15 87.36 8

1 3 181 161 11.05 0 34.85 15.71 10 7 40.15 107.38 52

2 100 84 16 0 42.76  23.83 7 34 20.08 70.38 31

0 26 3 125 103 17.60 0 34.15 19.45 8 36 20.08 65.12 13

2 79 63 20.25 1.15 44.09 21.31 5 21 13.38 63.28 41

59 3 90 85 5.56 0 37.86  20.39 6 31 13.38 50.97 14

2 138 117 15.22 0 33.50 16.15 18 61 40.15 68.44 17

1 3 177 160 9.60 0 35.09 15.71 9 82 40.15 70.36 1

2 92 81 11.96 0 45.12 17.84 10 37 20.08 64.52 13

o 3 117 102 12.82 0 36.78  16.87 9 35 20.08 59.76 8

2 73 64 12.33 2.47 48.06  21.29 7 21 13.38 74.69 31

59 3 97 81 16.49 0 34.68 17.57 2 26 13.38 99.43 80

2 140 120 14.29 0 39.91 17.48 20 60 40.15 90.44 44

13 3 174 159 8.62 0 31.97  16.32 25 57 40.15 96.28 29

2 99 83 16.16 0 42.48 18.34 7 39 20.08 73.61 38

2 % 3 116 104 10.34 0 38.82 16.03 6 36 20.08 102.13 102

2 82 64 21.95 0 39.50 19.65 5 27 13.38 59.51 11

59 3 91 83 8.79 0 37.67 16.40 5 23 13.38 111.08 137

2 141 122 13.48 0 38.07 15.65 15 75 40.15 119.78 105

13 3 174 155 10.92 0 32.91 14.35 15 53 40.15 158.30 116

2 93 81 12.90 0.79 39.29 1591 6 33 20.08 91.47 78

520 3 120 103 14.17 0 34.97 14.45 10 43 20.08 96.05 69

2 76 65 14.47 0 46.40  20.63 6 25 13.38 117.28 52

39 3 98 81 17.35 0 34.13 15 5 25 13.38 61.84 22

2 145 120 17.24 1.99 40.38 16.21 25 66 40.15 59.53 0

13 3 175 155 11.43 0 35.04 15.55 23 65 40.15 170.26 118

2 95 83 12.63 0.99 40 20.12 6 30 20.08 58.64 2

4% 3 121 104 14.05 0 34.25 16.02 4 36 20.08 109.85 80

2 76 64 15.79 0 46.28 17.46 5 29 13.38 130.92 115

59 3 89 83 6.74 0 39.73 17.50 5 22 13.38 93.24 89

2 141 117 17.02 0 38.91 18.77 25 59 40.15 113.41 55

13 3 175 155 11.43 0 37.25 15.98 12 73 40.15 98.75 29

2 94 83 11.70 0 45.12  18.96 7 31 20.08 75.24 19

b 20 3 122 102 16.39 0 41.76  18.89 10 32 20.08 139.57 85

2 75 64 14.67 0 47.24  20.03 24 13.38 116.60 70

59 3 93 81 12.90 0.98 40.28 19.51 4 23 13.38 66.24 4

2 139 116 16.55 0 39.09 17.06 19 67 40.15 155.14 118

13 3 172 153 11.05 0 37.35 14.70 12 79 40.15 235.03 196
6
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|
z(9) A-FVS Imp. (%) UPC
v p «a| RGD A-FVS Diff. (%) | Min. Max. Avg. | Min. Max. Avg. | Time (s) i
% 2| 9 79 13.19 0.97 40.60 19.70 | 9 34 2008 | 70.02 23
3| 118 102 13.56 0 3540 1675 | 4 37 2008 | 82.74 37
2| 76 63 17.11 0 4219 1878 | 6 22 13.38 | 61.75 11
R I 82 11.83 0 3577 1670 | 4 21 13.38 | 103.73 | 93
2 | 141 119 15.60 0 4286 19.09 | 18 62  40.15 | 243.02 | 230
N 154 14.44 1.56 3252 1540 | 10 68  40.15 | 95.97 19
2 | 98 81 17.35 1.96 3592 2098 | 6 35 2008 | 78.13 33
o 3| 119 100 15.97 0 37.06 1514 | 7 38 20.08 | 95.69 56
2| 76 67 11.84 215 4480 1984 | 4 24  13.38 | 87.87 60
9 3| 101 83 17.82 0 3741 19.05 | 3 23 13.38 | 112.08 | 97
2 | 142 122 14.08 0 4163 1823 | 15 77 4015 | 11564 | 66
Boa ] e 159 4.79 0 3291 1749 | 14 100  40.15 | 11349 | 25
2| o4 82 12.77 0 3826 1839 | 5 34 2008 | 97.17 69
5% 3| 120 101 15.83 0 3941 1789 | 7 31 20.08 | 83.99 42
2| 76 64 15.79 115 37.07 2055 | 2 31 13.38 | 91.16 36
9 3| 92 81 11.96 0 3636 1719 | 3 30 13.38 | 138.21 | 159
2 | 138 116 15.94 0 3959 1754 | 20 61  40.15 | 75.82 16
Bog s 154 14.92 0 3216 14.19 | 22 72 40.15 | 82.89 22
2| 95 83 12.63 0 3542 1661 | 8 34 2008 | 67.85 32
A P 106 8.62 0 3576 12.86 | 8 35  20.08 | 61.38 29
2| 76 64 15.79 0 3679 1659 | 5 23 13.38 | 65.72 29
9 3| 93 82 11.83 0 3462 1469 | 6 28  13.38 | 9438 | 110
TABLE A.4: Results for dsj1000_667_333
z(9) A-FVS Imp. (%) UPC
v p o | RGD A-FVS Diff. (%) | Min. Max. Avg. | Min. Max. Avg. | Time (s) i
2 | 308261 240066  22.12 14.26 5343 3341 | 12 120 41.69 | 141.38 | 12
' 5| 200802 301403 2329 299 4540 29.02 | 6 90  41.69 | 244.75 | 80
2 | 194691 135457  30.42 16.12 6152 40.96 | 6 52 2021 | 279.35 | 92
0 3 3 | 276399 195519  29.26 19.50 5158 4136 | 0 52 2021 | 297.10 | 28
2 | 162719 119988  26.26 20.82 57.20 37.46 | O 27 1361 | 222.11 16
9 3 | 198560 137900  30.55 24.97 57.89 4017 | 1 31 13.61 | 402.99 | 96
2 | 319477 232986  27.07 16 5588 4049 | 5 68  41.69 | 200.95
Y 5| soa0e1 34143 19.65 16.95 43.28 3387 | 2 101 41.69 | 155.73 4
| gy 2| 208811 138022 33.90 24.95 59.71 4219 | 4 41 2021 | 353.30 | 56
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z(9) A-FVS Imp. (%) UPC

v p o | RGD A-FVS Diff. (%) | Min. Max. Avg. | Min. Max. Avg. | Time (s) i
3 | 262976 191871 27.04 15.79  55.97 34 0 69 20.21 232.65 38

2 | 170353 129112 24.21 24.21 55.10 37.25 1 30 13.61 142.40 0

“ 3 | 213660 140168 34.40 26.07 52.18 39.85 2 33 13.61 263.76 22

2 | 304718 236454 22.40 6.89  49.15 30.20 11 116 41.69 197.30 62

16 3 | 421141 319532 24.13 7.30 42.69  25.72 6 88 41.69 128.75 1

2 | 210481 138022 34.43 22.07 57.67 38.31 4 48 20.21 239.25 51

2% 3 | 261446 193633 25.94 19.15 53.82 36.45 4 57 20.21 213.75 4
2 | 173650 116619 32.84 29.91 54.42 43.23 2 37 13.61 263.42 10

9 3 | 215846 141419 34.48 27.28 54.42  40.56 2 29 13.61 217.39 2

16 2 | 330175 234863 28.87 12.41  54.94 35.15 9 108 41.69 185.68 41

3 | 419161 319571 23.76 13.87 45.45 31.64 1 96 41.69 174.21 16

2 | 195792 142085 27.43 17.05 54.89 37.70 3 48 20.21 278.35 75

5 3 | 257576 191358 25.71 17.56  47.23  33.77 1 58 20.21 262.68 18
2 | 160673 116711 27.36 24.70 53.72  39.35 2 29 13.61 234.65 4

» 3 | 208439 150629 27.73 19.78  49.39  33.66 0 37 13.61 298.87 48

2 | 323605 249358 22.94 12.54  47.59  32.28 6 99 41.69 144.33 3

16 3 | 411597 307951 25.18 13.58 45.47  31.55 9 103 41.69 218.16 2

2 | 199042 139954 29.69 16.17  59.98  43.79 3 47 20.21 213.13 19

to 3 | 274260 199545 27.24 18.49 50.20 36.36 0 68 20.21 194.34 14
2 | 156110 126368 19.05 17.32 54 34.09 2 34 13.61 135.58 1

9 3 | 198125 144134 27.25 20.27  55.69 40.11 2 28 13.61 394.83 62

2 | 296483 234631 20.86 0 44.87 2543 9 109 41.69 173.56 50

16 3 | 412850 327486 20.68 12.25  44.99 28.82 2 103 41.69 154.72 8

2 | 196487 136793 30.38 15.37  54.92  38.77 4 60 20.21 247.54 24

o 3 | 254095 189368 25.47 12.58 50.01  32.25 3 55 20.21 203.34 21
2 | 153593 118189 23.05 18.33 57.99 36.68 2 40 13.61 259.41 40

9 3 | 197313 139429 29.34 20.42  59.87 36.79 1 34 13.61 223.14 3

2 | 307683 235038 23.61 10.40 48.19 29.74 15 109 41.69 153.90 3

16 3 | 406856 310159 23.77 16.98 46.83 30.91 6 117 41.69 175.33 22

2 | 201424 136984 31.99 18.75  50.39  34.35 7 42 20.21 335.62 81

6 3 3 | 241554 193710 19.81 6.71 51.30 26.41 0 61 20.21 432.50 135
2 | 153576 115727 24.65 16.45 47.08 35.44 1 34 13.61 258.04 58
» 3 | 206856 141258 31.71 18.75 44.30 31.05 1 30 13.61 481.95 127

2 | 318914 232986 26.94 14.98 55.53  35.17 6 103 41.69 178.03 17

10 3 | 412272 324330 21.33 16.93 45.55 33.26 8 105 41.69 195.15 8

2 | 187000 139044 25.64 19.56  53.84 36.24 6 60 20.21 429.26 135

T 3 | 254670 193624 23.97 11.82  51.27  28.03 0 68 20.21 259.54 56
2 | 163942 118490 27.72 26.39 53.05 36.15 2 33 13.61 230.50 8

» 3 | 206567 142574 30.98 22.21  49.60 35.65 0 35 13.61 414.58 76

16 2 | 324875 237927 26.76 15.60 49.40 32.15 10 81 41.69 128.31 3
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|
z(9) A-FVS Imp. (%) UPC
v p o | RGD A-FVS Diff. (%) | Min. Max. Avg. | Min. Max. Avg. | Time (s) i
3 | 395901 307951 22.22 438 4983 2416 | 6 114 41.69 | 159.80 4
2 | 198236 142012 28.36 18.38 47.84 3455 | 4 53 20.21 | 205.32 5
% 3 | 237051 185564 21.72 10.99 51.05 30.84 1 81  20.21 | 358.17 | 79
2 | 164865 114758 30.39 24.62 49.02 35.64 | 2 30  13.61 | 203.34 8
9 3 | 187154 144494 22.79 12.91 47.98 3291 | 0 35  13.61 | 293.84 8
2 | 314337 236946 24.62 15.02 51.54 3425 | 6 76 41.69 | 131.75 16
10 3 | 396710 319234 19.53 7.76  42.07 3112 | 11 113 41.69 | 190.38 | 25
2 | 206856 142530 31.10 2491 5410 39.12 | 6 49  20.21 | 218.08 | 20
o 3 | 257474 194134 24.60 17.54 48.60 30.85 | 0 49  20.21 | 240.96 | 13
4o 2 | 159515 114218 28.40 17.72  50.86 35.68 | 2 34 13.61 | 32292 | 113
3 | 206856 143102 30.82 26.02 54.10 3873 | 0 36  13.61 | 241.57 9
TABLE A.5: Results for r11323_882_441
z(S) A-FVS Imp. (%) UpPC
v p o | RGD A-FVS Diff. (%) | Min. Max. Avg. | Min. Max. Avg. | Time (s) i
2 | 4158 3434 17.41 17.41 41.91 3059 | 7 68  40.09 | 191.08 0
> 3| 5172 3900 24.59 16.32  41.50 28.72 7 67  40.09 | 375.52 18
o s 2 | 3853 3434 10.87 10.87 3560 20.70 | 0 45 20.05 | 55.74 0
3| 4162 3547 14.78 14.78 38.86 26.23 | 0 43 20.05 | 97.73 0
2 | 3715 3434 7.56 756 2629 1591 | 0 30  13.36 | 45.46 0
00 3 | 3908 3547 9.24 924 28.89 1938 | 0 35  13.36 | 66.94 0
2 | 3597 3124 13.15 12.16  43.43 29.84 | 10 71 40.09 | 324.25 0
2 3| 4785 3775 21.11 10.11  41.36  25.55 | 12 62  40.09 | 509.68 | 70
2 | 3124 3124 0 0 2881 1392 | 2 41 20.05 | 43.73 0
b 3| 3853 3365 12.67 12.67 31.54 22.21 3 48 20.05 | 99.28 0
2 | 3124 3124 0 0 22.96  7.90 1 35  13.36 | 28.72 0
06 3| 3620 3365 7.04 7.04 2540 14.95 | 0 35  13.36 | 61.12 0
2 | 3667 2992 18.41 1042 48.92 28.99 | 7 82  40.09 | 1342.66 | 245
2 3 | 4445 3953 11.07 7.81 3801 2333 | 14 88  40.09 | 330.50 1
2 | 2752 2752 0 0 3486 12.03 | 0 38 20.05 | 50.47 0
2o 3| 3275 2870 12.37 11.47 4635 26.38 | 0 38 20.05 | 232.62 0
2 | 2752 2752 0 0 19.18  3.29 0 30 13.36 | 24.01 0
06 3| 2870 2870 0 0 2820 1330 | 0 33 13.36 | 60.21 0
2 | 4068 3475 14.58 12.67 37.65 26.55 | 15 75 40.09 | 205.39 1
> 3| 4763 3918 17.74 5.84 4091 2598 | 10 67  40.09 | 618.10 | 95
3
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|
z(S) A-FVS Imp. (%) UpPC

v p o | RGD A-FVS Diff. (%) | Min. Max. Avg. | Min. Max. Avg. | Time (s) i

“ 2 3918 3475 11.31 11.31  32.01 16.29 5 44 20.05 73.05 0

3 3983 3550 10.87 10.87 30.73  22.26 7 44 20.05 132.63 0

2 3649 3475 4.77 4.77 27.57 12.80 1 31 13.36 60.71 0

06 3 3918 3550 9.39 6.30 26.30 15.26 3 32 13.36 83.92 0

2 3856 3043 21.08 14.68 48.66 31.13 0 76 40.09 358.64 32

22 3 4837 3861 20.18 12.03 41.56  27.70 0 87 40.09 473.06 48

2 2689 2580 4.05 4.05 45.28  25.51 1 44 20.05 74.58 0

o 3 3959 3290 16.90 16.90 36.97 23.37 0 49 20.05 103.81 0

) 2 2580 2580 0 0 29.85 13.28 1 42 13.36 31.23 0

06 3 3448 3290 4.58 4.58 31.01 16.60 0 33 13.36 49.17 0

2 3736 3208 14.13 13.46 44.75  29.66 1 70 40.09 340.13 22

22 3 4560 3853 15.50 9.85 41.27  26.82 14 75 40.09 390.58 31

2 3233 2058 36.34 19.83 51.08 38.93 0 50 20.05 880.30 135

oo 3 3630 3233 10.94 10.94 41.16 26.35 0 45 20.05 104.77 0

2 3233 2022 37.46 37.46  52.60 42.33 0 30 13.36 112.81 0

06 3 3630 3233 10.94 10.94 32.43 18.08 0 30 13.36 62.11 0

2 3860 3036 21.35 10.55 46.44 29.14 0 61 40.09 681.22 92

22 3 4817 3817 20.76 2.14 44.04 28.16 16 82 40.09 994.99 177

2 2753 2022 26.55 17.54 47.63 34.73 0 37 20.05 552.51 59

6 4 3 3454 2621 24.12 17.77 4793 31.78 0 42 20.05 632.61 73

2 2489 2022 18.76 18.76  44.30 31.86 0 30 13.36 100.15 0

06 3 3275 2489 24 23.34 44.36  31.79 0 33 13.36 129.34 0

2 4024 3531 12.25 12.25 4196 26.76 12 75 40.09 146.36 0

22 3 4774 3775 20.93 6.37 38.83  25.87 4 60 40.09 387.64 34

2 3550 3531 0.54 0.54 29.18 15 2 53 20.05 52.26 0

T 3 4068 3550 12.73 12.73 31.31 22.85 1 49 20.05 120.73 0

2 3550 3531 0.54 0.54 26.04 11.07 4 32 13.36 41.66 0

06 3 3967 3550 10.51 10.51 26.15 17.24 1 36 13.36 83.23 0

2 3729 3054 18.10 3.24 48.06  30.51 12 74 40.09 384.35 6

22 3 4751 3749 21.09 9.58 43.56  25.17 1 72 40.09 569.40 102

2 2954 2948 0.20 0.20 36.95 17.27 7 49 20.05 57.20 0

5o 3 3657 3124 14.57 14.57 35.88  26.90 2 44 20.05 163.81 0

2 2948 2948 0 0 19.39 8.53 2 29 13.36 28.99 0

06 3 3448 3124 9.40 9.40 31.89 17.26 1 36 13.36 69.15 0

2 3852 3069 20.33 11.73 45.66  30.50 1 75 40.09 273.51 2

2 3 4679 3738 20.11 10.01  44.23 28.24 14 64 40.09 887.88 158

2 2948 2085 29.27 19.08 48.25 35.30 0 43 20.05 408.35 12

9 3 3481 2948 15.31 15.31 41.70 26.71 0 46 20.05 223.92 0

2 2948 1905 35.38 34.94 51.20 41.22 0 29 13.36 179.07 0

06 3 3417 2948 13.73 13.73 27.14 19.73 0 35 13.36 93.86 0
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TABLE A.6: Results for r11889_ 1260 629

2(5) A-FVS Imp. (%) uPC

v p o | RGD A-FVS Diff. (%) | Min. Max. Avg. | Min. Max. Avg. | Time (s) i
2 3058 2530 17.27 0 48.04 22.92 9 78 40.65 1110.82 46

3 3 3612 3137 13.15 8.35 43.38  24.68 14 81 40.65 1625.43 78

2 2293 1800 21.50 15.30 38.43 25.66 1 51 20.32 858.60 8

00 3 2679 2198 17.95 11.71 43.88 22.85 2 41 20.32 1179 28
2 1821 1376 24.44 11.25 46.36  32.98 2 31 13.40 1770.33 96

o 3 2331 1759 24.54 19.07 40.44 29.33 0 34 13.40 1807.71 121

2 3085 2511 18.61 0 46.15  26.52 10 68 40.65 1501.56 96

3 3 3790 3173 16.28 12.20 43.16  26.26 14 73 40.65 929.89 19

2 2192 1767 19.39 8.66 45.12 27.42 1 46 20.32 1547.76 105

b 3 2632 2204 16.26 6.49 36.55  22.96 2 48 20.32 1120.83 40
2 1739 1426 18 13.51 47.85 34.73 1 30 13.40 1612.61 95

o 3 2366 1767 25.32 9.47 37.47  28.10 0 33 13.40 1806.09 144

2 3109 2518 19.01 12.67 4491 24.04 19 63 40.65 828.17 23

3 3 3765 3176 15.64 9.23 41.78  26.26 10 70 40.65 1146.66 53

2 2245 1790 20.27 12.96 37.82 26.64 3 46 20.32 1071.89 47

20 3 2656 2223 16.30 10.24 48.31 24.51 1 45 20.32 1541.20 93
2 1849 1396 24.50 15.22 48.25 34.64 1 30 13.40 1801.08 116

o 3 2295 1758 23.40 6.51 39.44  28.26 0 32 13.40 1804.43 91

2 3131 2478 20.86 10.64 43.26  26.86 16 80 40.65 975.57 25

3 3 3783 3160 16.47 5.47 40.84 27.36 14 84 40.65 1065.21 37

2 2276 1783 21.66 6.75 43.66  26.51 1 49 20.32 1092.30 57

50 3 2680 2223 17.05 13.73 4235 26.36 1 54 20.32 769.92 15
2 1891 1399 26.02 15.38 46.11 35.45 0 35 13.40 1511.96 96

o 3 2355 1766 25.01 4.97 37.33  27.07 0 32 13.40 1166.84 43

2 3160 2563 18.89 6.93 45.98 25.81 21 71 40.65 748.86 4

31 3 3664 3149 14.06 11.14 42.60 26.43 13 82 40.65 1806.51 240

2 2256 1796 20.39 9 35.65  26.64 3 41 20.32 875.56 17

‘o0 3 2708 2224 17.87 10.76  47.52  26.56 1 41 20.32 1803.60 126
2 1860 1411 24.14 16.88 44.08 33.55 1 38 13.40 1140.19 34

o 3 2312 1767 23.57 0 46.06  29.84 0 30 13.40 1670.71 95

2 3077 2487 19.17 3.72 44.85  25.56 6 75 40.65 1702.53 134

31 3 3845 3147 18.15 9.80 40.48 26.35 15 69 40.65 889.77 9

2 2247 1783 20.65 13.19 3799 26.47 3 41 20.32 1810.34 130

o 3 2653 2168 18.28 6.72 38.50  25.50 1 50 20.32 1800.33 111
2 1878 1386 26.20 0 48.20 34.10 3 29 13.40 1466.30 69

o 3 2336 1797 23.07 9.30 4497 2781 0 40 13.40 1127.89 19

2 3088 2509 18.75 5.33 43.52  25.15 19 71 40.65 1431.65 89

o 3 3804 3163 16.85 4.10 37.57  24.54 5 73 40.65 1121.64 20
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|
z(S) A-FVS Imp. (%) UpPC

v p o | RGD A-FVS Diff. (%) | Min. Max. Avg. | Min. Max. Avg. | Time (s) i
2 2266 1784 21.27 12 38.89 27.03 3 42 20.32 920.72 21

62 3 2756 2229 19.12 9.62 43.44  23.18 3 39 20.32 1517.51 88

2 1994 1426 28.49 16.59 45.14  33.69 2 34 13.40 983.04 20

o 3 2283 1763 22.78 10.08 41.05 28.71 0 29 13.40 1155.46 30

2 3086 2464 20.16 9.31 43.43  25.38 14 93 40.65 1109.10 53

3 3 3848 3122 18.87 8.18 43.78  26.76 11 70 40.65 1806 209

2 2193 1768 19.38 12.36  44.73  26.96 4 37 20.32 916.31 27

v 3 2622 2223 15.22 10.76  36.05 25.06 2 42 20.32 881.17 24
2 1891 1401 25.91 18.35 48.92  33.57 1 34 13.40 1710.89 128

o 3 2384 1721 27.81 11.48 44.09 29.02 0 37 13.40 1310.36 48

2 3056 2484 18.72 5.15 43.14  24.93 19 68 40.65 845.65 6

31 3 3851 3147 18.28 8.20 43.51  26.69 13 88 40.65 1269.12 80

2 2223 1780 19.93 13.45 44.08 27.62 0 48 20.32 1808.27 159

5 0 3 2735 2209 19.23 11.44 46.26  27.45 0 49 20.32 740.24 6
2 1763 1391 21.10 10.45 45.15 33.93 1 30 13.40 1699.70 114

o 3 2290 1763 23.01 12.45  49.72 29.24 0 29 13.40 1810.69 105

2 3065 2497 18.53 3.51 44.76  25.63 18 73 40.65 1661.05 134

31 3 3860 3174 17.77 1.51 43.03  26.44 9 88 40.65 1507.35 88

2 2173 1797 17.30 10.08 36.44 26.92 2 48 20.32 929.92 13

9 62 3 2719 2211 18.68 9.75 43.28  27.06 3 45 20.32 1144.25 39
2 1954 1414 27.64 18.42 45.71 34.15 1 34 13.40 1689.41 107

o 3 2312 1763 23.75 4.50 47.50  28.87 0 36 13.40 1805.01 136
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