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1. Introduction

Consider a combinatorial optimization problem de-
fined by a finite ground set E = {1,...,n}, a set of
feasible solutions F C 2F, and an objective func-
tion f : 28 — R. In the minimization version, we
seek an optimal solution S* € F such that f(S*) <
f(S), VS € F. The ground set E, the cost function f,
as well as the set of feasible solutions F are defined
for each specific problem. For instance, in the case
of the traveling salesman problem, the ground set E
is that of all edges connecting the cities to be visit-
ed, f(S) is the sum of the costs of all edges e € S,
and F is formed by all edge subsets that determine
a Hamiltonian cycle.

A greedy randomized adaptive search procedure
(GRASP) [46, 47] is a metaheuristic for finding ap-
proximate (i.e. good sub-optimal, but not necessari-
ly optimal) solutions to combinatorial optimization
problems. It is based on the premise that diverse,
good-quality starting solutions play an important
role in the success of local search methods.

A GRASP is a multi-start method, in which each
GRASP iteration consists of the construction of
a randomized greedy solution followed by local
search using the constructed solution as the start-
ing point for local search. This procedure is applied
repeated times and the best solution found over all
GRASP iterations is returned as the approximate
solution. The pseudo-code in Figure 1 illustrates a
basic GRASP for minimization.
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procedure GRASP
Require: im ax
f* ¢ oo;
for i <ipaxdo
X ¢ GreedyRandomized();
X ¢ LocalSearch(X);
if f(x) < f*then
f* « f(x);
X* ¢ X;
end if
end for
return x*;

Figura 1: GRASP pseudo-code

In this paper, we first focus on the two most im-
portant components of GRASP, namely construc-
tion and local search. Then we examine how path-
relinking can be used in GRASP as a memory and
intensification mechanism. Parallel GRASP is dis-
cussed next. The paper ends with a partial list of
successful GRASP applications.

Recent surveys on GRASP can be found in
[99, 90] and an extensive annotated bibliogra-
phy is in [54] and is updated at the URL
http://graspheuristic.org/annotat ed.



procedure Const ruct - C
Require: k, E, c(+);
X < 0;
C «E;
Compute greedy cost c(e), Ve € C;
whileC # 0do
RCL « {k elements e € C with smallest
c(e)};
Select element s at random from RCL;
X+ xU{s};
Update candidate set C;
Compute greedy cost c(e), Ve € C;
end while
returnx;

Figura 2: GRASP construction pseudo-code: cardi-
nality based RCL

2. GRASP construction

In this section we describe several greedy ran-
domized construction mechanisms. These proce-
dures mix greediness with randomization in differ-
ent ways.

All of the construction mechanisms that we consid-
er build a solution one element at a time. At each
step of the construction process, a partial solution is
on hand. An element that can be selected to be part
of a partial solution is called a candidate element.
Consider a set covering problem, where one is giv-
en a matrix A = [ajj] of zeros and ones, a cost c; for
each column j, and wants to determine a set J of
columns having the smallest total cost } jc;cj such
that for each row i, at least one column j of the set
(cover) has entry ajj = 1. In this problem, a partial
solution is a set of columns not necessarily form-
ing a cover. Any previously unselected column is a
candidate element. The solution set J is built one
element (column) at a time until set J is a cover.

To determine which candidate element to select
next to be included in the solution, one usually
makes use of a greedy function. A greedy function
measures the myopic contribution of each element
to the partial solution. In the case of set covering, a
sensible greedy function is the ratio pj/c;j between
the number p;j of yet-uncovered rows that would
become covered if column j is selected and the con-
tribution c; to the total cost of selecting column j to
be in the solution. The greedy choice would be to
add the column with the largest greedy function.

procedure Construct -V
Require: a, E, c(-);
X < 0;
C«+E;
Compute greedy cost c(e), Ve € C;
whileC # 0 do
c. < m7n{c(e) |[e eC};
c* +— m7ax{c(e) |[ecC};
RCL+ {eeC|c(e) <c.+a(c*—ci)};
Select element s at random from RCL;
X+ xU{s};
Update candidate set C;
Compute greedy cost c(e), Ve € C;
end while
return x;

Figura 3: GRASP construction pseudo-code: value-
base RCL

There are several possible ways to add randomness
to this procedure. One of the first ideas was the use
of a restricted candidate list (RCL) [46]. Such a
list contains a set of candidate elements with high
greedy function values. The next candidate to be
added to the solution is selected at random from the
restricted candidate list. The RCL can consist of a
fixed number of elements (cardinality restriction) or
elements with greedy function values within a giv-
en range. Figure 2 shows pseudo-code fora GRASP
construction procedure based on cardinality restric-
tion. For example, let ¢* and c,. denote, respective-
ly, the largest and smallest greedy function values
for the candidate elements, and let a be a real num-
ber such that 0 < a < 1. In a value-based restricted
candidate list, the RCL consists of all candidate el-
ements e whose greedy function value c(e) is such
that c(e) < c.+a(c* —c.). Note that if a = 0, then
this selection scheme is a greedy algorithm, where-
asif a = 1, thenit is totally random. Figure 3 shows
pseudo-code for a GRASP construction procedure
based on value restriction. Determining which val-
ue of a to use will be discussed later.

One can also mix random construction with greedy
construction as follows. Select a partial set of candi-
date elements sequentially at random and then com-
plete the solution using a greedy algorithm [101].
Figure 4 shows pseudo-code for such a construction
procedure.

Another approach is through cost perturbation. In
this, one randomly perturbs the cost data and ap-
plies a greedy algorithm [30]. Figure 5 shows



procedure Const ruct - RG
Require: k, E, c(-);
X+ 0;
C«+E;
Compute greedy cost c(e), Ve € C;
fori=1,2,...,kdo
if C # 0then
Select element e at random from C;
X+ xU{e};
Update candidate set C;
Compute greedy cost c(e), Ve € C;
end if
end for
whileC # 0 do
e. « argmin{c(e) |e e C};
X xU{e};
Update candidate set C;
Compute greedy cost c(e), Ve € C;
end while
returnx;

Figura 4: GRASP construction pseudo-code: ran-
dom then greedy construction

procedure Const r uct - PG
Require: E, c(-);
X« 0;
C «+E;
Randomly perturb problem data;
Compute perturbed greedy cost ¢(e), Ve €
C;
whileC # 0do
e, « argmin{¢(e) |eeC};
X+ xU{es};
Update candidate set C;
Compute  perturbed  greedy  cost
(e), VeeC;
end while
returnx;

Figura 5: GRASP construction pseudo-code: con-
struction with perturbations

procedure Const ruct - B
Require: a, E, c(-);

X+ 0;

C «+E;

Compute greedy cost c(e), Ve € C;

whileC # 0 do
c. < m7n{c(e) |[e eC};
c* +— m7ax{c(e) |[ecC};
RCL+ {eeC|c(e) <c.+a(c*—ci)};
Assign rank r(e), Ve € RCL;
Assign a probability Ti(r(e)) of selecting
element e RCL favoring well ranked can-
didate elements;
Select element s at random from RCL with
probability T¢(r(s));
X+ xU{s};
Update candidate set C;
Compute greedy cost c(e), Ve € C;

end while

return x;

Figura 6: GRASP construction pseudo-code: biased
value-based RCL

pseudo-code for this construction procedure.

A final example of a GRASP construction proce-
dure is a variation on the value-based RCL ap-
proach. In this procedure, called bias function [28],
instead of selecting the element from the RCL at
random with equal probability assigned to each el-
ement, different probabilities are assigned, favoring
well-ranked elements, i.e. elements with low greedy
cost over elements with higher costs. The elements
of the RCL are ranked according to their greedy
function values. The probability T(r(o)) of select-
ing element o is

B bias(r(o))
H(0) = 5 ias((@))’

where r(o) is the rank of element ¢ in the RCL.
Several alternative for assigning bias to the ele-
ments have been proposed. For example,

= random bias: bias(r) =1;

= linear bias: bias(r) = 1/r;

= exponential bias: bias(r) =e™".

The pseudo-code in Figure 6 illustrates this proce-
dure.



procedureLocal Sear ch
Require: x°, AL(), f(-);
x < x%;
whilex is not locally optimal w.r.t. A{(x) do
Lety € A((x) be such that f(y) < f(x);
XY,
end while
returnx;

Figura 7: Local search pseudo-code

In the next section, we discuss how to determine
which value of a to use in the RCL-based schemes
discussed above. Recall that that if a = 0, then
these selection schemes resemble a greedy algo-
rithm, whereas if a = 1, they are totally random.

3. Local search

A local search algorithm repeatedly explores a so-
lution neighborhood in search for a better solution.
When no improving solution is found, the solu-
tion is said to be locally optimal. Figure 7 shows
pseudo-code for a local search procedure.

Local search plays an important role in GRASP
seeking locally optimal solutions in promising re-
gions of the solution space. It differentiates GRASP
from the semi-greedy algorithm of Hart and Shogan
[59], by definition never doing worse than semi-
greedy, and almost always producing better solu-
tions in less time.

Though greedy algorithms can produce reasonable
good solutions, and starting with such a solution
will usually cause local search to quickly converge
to a local minimum, their main drawback as a gen-
erator of starting solutions for local search is that
they lack diversity. By repeatedly applying a greedy
algorithm only a single or very few solutions are
generated. On the other hand, a totally random al-
gorithm produces a large amount of diverse solu-
tions. However, these solutions are usually of very
poor quality and using them as initial solutions for
local search usually leads to slow convergence to a
local minimum.

To benefit from the fast convergence of the greedy
algorithm and the large diversity of the random al-
gorithm, one customarily uses an a value strictly
in the interior of the range [0,1]. Since one does

not know a priori which value to use, a reasonable
strategy is to select a different value at each GRASP
iteration at random. This can be done using a uni-
form probability [97] or using the reactive GRASP
scheme [91].

In the reactive GRASP scheme, let W =
{a1,...,am} be the set of possible values for
a. The probabilities associated with the choice
of each value are all initially made equal to
pi =1/m, i =1,...,m. Furthermore, let z* be the
incumbent solution and let A; be the average value
of all solutions found using a =aj, i =1,...,m.
The selection probabilities are periodically reeval-
uated by taking pi = qi/ L, dj, with gi = z*/Aj
fori=1,...,m. The value of g; will be larger for
values of a = a; leading to the best solutions on
average. Larger values of g; correspond to more
suitable values for the parameter a. The probabili-
ties associated with these more appropriate values
will then increase when they are reevaluated.

More elaborate local search schemes have been
used in the GRASP framework, including tabu
search [67, 37, 1, 108], simulated annealing [71],
variable neighborhood search [31, 53], and extend-
ed neighborhood search [3].

4. Path-relinking

Perhaps one of the main drawbacks of the pure
GRASP is its lack of memory structures. GRASP it-
erations are independent and make no use of obser-
vations made during earlier iterations. One remedy
for this is the use of path-relinking with GRASP.
Path-relinking was originally proposed by Glover
[57] as a way to explore trajectories between elite
solutions obtained by tabu search or scatter search.
Using one or more elite solutions, paths in the solu-
tion space leading to other elite solutions are ex-
plored to search for better solutions. To generate
paths, moves are selected to introduce attributes in
the current solution that are present in the elite guid-
ing solution.

Path-relinking in the context of GRASP was intro-
duced by Laguna and Mart”i [68] and was followed
by a number of extensions, improvements, and suc-
cessful applications [5, 30, 100, 103, 101, 53]. It
has been used as an intensification scheme, where
solutions generated at each GRASP iteration are re-
linked with one or more solutions from an elite set



procedure PR
Require: Xs, X;
Compute symmetric difference A(Xs,X;);
X ¢ Xs;
f* < man{f(x), f(x)};
x* « argmin{ f (xs), f (%) };
while A(xs,X:) # 0 do
m* < argmin{ f (x®m),Vm € A(X,)};
A(X@ m*7xt) « A(Xaxt) \ {m*},
X4 Xdm*,
if f(x) < f*then
f* « f(x);
X* X
end if
end while
return x*;

Figura 8: Path-relinking pseudo-code

of solutions, or in a post-optimization phase, where
pairs of elite set solutions are relinked.

Consider two solutions xs and x; on which we wish
to apply path-relinking from xs to x. Figure 8 il-
lustrates the path-relinking procedure with pseudo-
code. The procedure starts by computing the sym-
metric difference A(xs,X;) between the two solu-
tions, i.e. the set of moves needed to reach x; from
Xs. A path of solutions is generated linking xs and
Xt. The best solution in this path is returned by the
algorithm. At each step, the procedure examines all
moves m € A(x,x;) from the current solution x and
selects the one which results in the least cost solu-
tion, i.e. the one which minimizes f(x @ m), where
X @ m is the solution resulting from applying move
m to solution x. The best move m* is made produc-
ing x@® m* and move m* is removed from the sym-
metric difference of A(x ® m*,x;). If necessary, the
best solution x* is updated. The procedure termi-
nates when x; is reached, i.e. when A(x,x;) = 0.

Path-relinking maintains an elite set P of solutions
found during the optimization [55]. The first |P| dis-
tinct solutions found are inserted into the elite set.
After that, a candidate solution x* is added to P if its
cost is smaller than the cost of all elite set solutions,
or if its cost is greater than the best, but smaller than
the worst elite solution and it is sufficiently different
from all elite set solutions. If accepted into the elite
set, the new solution replaces the solution most sim-
ilar to it from the set of elite solutions having worse
cost than it [101]. The elite set can be periodically
renewed [4] if no change in the elite set is observed

for a specified humber of GRASP iterations. One
way to do this is to set the objective function values
of the worse half of the elite set to infinity. This way
new elite set solutions will be created.

Several alternative schemes have been proposed for
path-relinking. Since path-relinking can be com-
putationally demanding, it need not be applied af-
ter every GRASP iteration, but rather periodically.
Usually the paths from x; to x; and from x; to x; are
different and both can be explored. Since paths can
be long, the full trajectory need not be followed.
One can restrict following a truncated path starting
at xs and another starting at x;.

5. Paralld GRASP

Most parallel implementations of GRASP fol-
low the multiple-walk independent thread strategy
[112], which distributes the iterations over the pro-
cessors [4, 8, 9, 48, 70, 76, 78, 82, 87, 88]. In gen-
eral, each search thread has to perform i a/ p itera-
tions, where p is the number of processors and iy ax
is total number of iterations. Each processor keeps a
copy of the sequential algorithm, the problem data,
and an distinct seed to generate a pseudo-random
number stream. A single global variable is used to
store the best solution found over all processors.
One of the processors is the master, reading and dis-
tributing problem data, generating the seeds used by
the pseudo-random number generators at each pro-
cessor, distributing the iterations, and collecting the
best solution found by each processor. Since the it-
erations are independent and a small amount of in-
formation is exchanged, linear speedups can be eas-
ily obtained if no major load imbalance is present.

Martins et al. [78] implemented a parallel GRASP
for the Steiner problem in graphs. Parallelization is
achieved by the distribution of 512 iterations over
the processors, with the value of the RCL param-
eter o randomly chosen in the interval [0,0,0,3] at
each iteration. The algorithm was implemented in C
on an IBM SP-2 machine with 32 processors, using
the MPI library for communication. The 60 prob-
lems from series C, D, and E of the OR-Library [23]
were used in the computational experiments. The
parallel implementation obtained 45 optimal solu-
tions over the 60 test instances. The relative devi-
ation with respect to the optimal value was never
larger than 4 %. Almost-linear speedups observed
for 2, 4, 8, and 16 processors with respect to the se-



quential implementation are illustrated in Figure 9.
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Figura 9: Average speedups on 2, 4, 8, and 16 pro-
Cessors.

Path-relinking may also be used in conjunction with
parallel implementations of GRASP. In the case of
the multiple-walk independent-thread implementa-
tion described by Aiex et al. [5] for the 3-index
assignment problem, each processor applies path-
relinking to pairs of elite solutions stored in a lo-
cal pool. Computational results using MPI on an
SGI Challenge computer with 28 R10000 proces-
sors showed linear speedups.

Alvim and Ribeiro [8, 9] showed that multiple-walk
independent-thread approaches for the paralleliza-
tion of GRASP may benefit from load balancing
techniques whenever heterogeneous processors are
used or if the parallel machine is simultaneous-
ly shared by several users. Almost-linear speedups
can be obtained with a heterogeneous distribution
of the iterations over the p processors in g > p
packets. Each processor starts performing a pack-
et of [ima/q] iterations and informs the master
when it is done with its packet of iterations. The
master stops the execution of each slave processor
when there are no more iterations to be performed
and collects the best solution found. Faster or less
loaded processors will perform more iterations than
the others. In the case of the parallel GRASP im-
plemented for the traffic assignment problem de-
scribed in [91], this type of dynamic load balancing
strategy allowed reductions in the elapsed times of
up to 15% with respect to the times observed for
the static strategy, in which the iterations were uni-
formly distributed over the processors.

The efficiency of multiple-walk independent-thread
parallel implementations of metaheuristics, based
on running multiple copies of the same sequential
algorithm, has been addressed by several authors.

A given target value t for the objective function
is broadcast to all processors, which independent-
ly execute the sequential algorithm. All processors
halt immediately after one of them finds a solution
with value at least as good as 1. The speedup is giv-
en by the ratio between the times needed to find a
solution with value at least as good as T, using re-
spectively the sequential algorithm and the parallel
implementation with p processors. It is necessary
to ensure that no two iterations start with identical
random number generator seeds. These speedups
are linear for a number of metaheuristics, including
simulated annealing [39, 84], iterated local search
algorithms for the traveling salesman problem [41],
tabu search, provided that the search starts from a
local optimum [22, 109], and WalkSAT [107] on
hard random 3-SAT problems [61]. This observa-
tion can be explained if the random variable time
to find a solution at least as good some target val-
ue is exponentially distributed, as indicated by the
following proposition [112]:

Proposition 1: Let Py(t) be the probability of not
having found a given target solution value in t time
units with p independent processes. If Py (t) = e~/
with A € R*, corresponding to an exponential dis-
tribution, then Py (t) = e=P/2,

This proposition follows from the definition of the
exponential distribution. It implies that the proba-
bility 1 —e~P!/A of finding a solution within a given
target value in time pt with a sequential algorithm
is equal to the probability of finding a solution at
least as good as that in time t using p independent
parallel processors. Hence, it is possible, on aver-
age, to achieve linear speedups in the time to find
a solution within a target value by multiple inde-
pendent processors. An analogous proposition can
be stated for a two parameter (shifted) exponential
distribution [6]:

Proposition 2: Let Py(t) be the probability of not
having found a given target solution value in t time
units with p independent processors. If Py(t) =
e~ =W/ with A € R* and p € R, corresponding
to a two-parameter exponential distribution, then
Po(t) = e~P=HI/A,

Analogously, this proposition follows from the def-
inition of the two-parameter exponential distribu-
tion. It implies that the probability of finding a solu-
tion within a given target value in time pt with a se-
quential algorithm is equal to 1 —e~(Pt=W/A while
the probability of finding a solution at least as good
as that in time t using p independent parallel pro-
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Figura 10: Superimposed empirical and theoreti-
cal distributions (times to target values measured
in seconds on an SGI Challenge computer with 28
processors).

cessors is 1 —eP(t=H/A |f = 0, then both proba-
bilities are equal and correspond to the non-shifted
exponential distribution. Furthermore, if pu < A,
then the two probabilities are approximately equal
and it is possible to approximately achieve linear
speedups in the time to find a solution within a tar-
get value using multiple independent processors.

Aiex et al. [6] have shown experimentally that the
solution times for GRASP also have this proper-
ty, showing that they fit a two-parameter exponen-
tial distribution. Figure 10 illustrates this result, de-
picting the superimposed empirical and theoretical
distributions observed for one of the cases stud-
ied along the computational experiments report-
ed by the authors, which involved 2400 runs of
GRASP procedures for each of five different prob-
lems: maximum independent set [48, 94], quadratic
assignment [70, 95], graph planarization [98, 102],
maximum weighted satisfiability [97], and max-
imum covering [92]. The same result still holds
when GRASP is implemented in conjunction with
a post-optimization path-relinking procedure [5, 4].

In the case of multiple-walk cooperative-thread
strategies, the search threads running in parallel ex-
change and share information collected along the
trajectories they investigate. One expects not on-
ly to speed up the convergence to the best solu-
tion but, also, to find better solutions than those
found by independent-thread strategies. The most

Cuadro 1: Speedup with respect to a single pro-
cessor implementation. Algorithms are independent
and cooperative implementations of GRASP with
path-relinking. Instances are abz6, nt 10, or b5, and
| a21, with target values 943, 938, 895, and 1100,
respectively.

independent paralld GRASP
processors
problem 2 4 8 16
abz6 200 336 6.44 1051
nt 10 157 212 3.03 4.05
orb5 195 297 3.99 5.36
la21 164 225 3.14 3.72
average. | 1.79 267 4.15 591

cooper ative parallel GRASP
processors
problem 2 4 8 16
abz6 240 421 1143 2358
n 10 175 4.58 836 16.97
orb5 210 491 889 1576
| a2l 223 447 754 1141
average: 212 454 9.05 16.93

difficult aspect to be set up is the determination
of the nature of the information to be shared or
exchanged to improve the search. Care is needed
not to use up too much additional memory or time.
Cooperative-thread strategies may be implemented
using path-relinking, by combining elite solutions
stored in a central pool with the local optima found
by each processor at the end of each GRASP iter-
ation. Canuto et al. [30] used path-relinking to im-
plement a parallel GRASP for the prize-collecting
Steiner tree problem. Their strategy is truly cooper-
ative, since pairs of elite solutions from a central-
ized unique central pool are distributed to the pro-
cessors which perform path-relinking in parallel.
Computational results obtained with an MPI imple-
mentation running on a cluster of 32 400-MHz Pen-
tium 1l processors showed linear speedups.

Aiex et al. [4] compared independent and cooper-
ative parallel GRASP with path-relinking imple-
mentations for job shop scheduling. Both imple-
mentations used MPI on a SGI Challenge computer
with 28 R10000 processors. The cooperative par-
allel GRASP maintains a pool of elite solutions at
each processor. When a new incumbent (best so far)
solution is found by any processor, that solution is
sent to all other processors to be inserted into their
respective elite set pools. Table 1 illustrates that
while sub-linear speedups were observed for the in-



dependent parallel GRASP, super-linear speedups
were achieved by the collaborative implementation.

6. Applications

GRASP was first applied to set covering [46]
in 1989, and, since then, has been applied to a
wide range of problem types. The reader is re-
ferred to Festa and Resende [54] and the URL
http://graspheuristic.org/annotated foran
extensive annotated bibliography of GRASP. We
conclude this paper with a partial list of applica-
tions of GRASP, showing its wide applicability.

routing [12, 15, 20, 32, 65];

= logic [38, 88, 93, 96];

= covering and partition [11, 13, 46, 56, 58];
= location [1, 37, 62, 110, 111];

= minimum Steiner tree [31, 76, 77, 78, 103];

= optimization in graphs [2, 48, 66, 86, 92, 98,
102, 52, 69, 35];

= assignment [45, 55, 70, 71, 79, 82, 87, 91, 89,
106, 60];

= timetabling, scheduling, and manufactur-
ing [17, 18, 19, 24, 36, 40, 42, 43, 44, 49, 50,
64, 104, 105, 114, 7];

= transportation [12, 42, 45, 72, 21];
= power systems [25, 26, 16];

= telecommunications [2, 14, 62, 71, 91, 92,
100, 29, 83, 113, 63, 73];

= graph and map drawing [51, 68, 98, 102, 74,
75, 27];

= speech [34];

= statistics [80, 81];

= biology [10];

= mathematical programming [85];
= packing [33]; and

= V/LSI [11], among other areas of application.
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