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Abstract This paper presents a greedy randomized adaptive search procedure
(GRASP) coupled with path relinking (PR) to solve the problem of clustering n

nodes in a graph into p clusters. The objective is to maximize the sum of the edge
weights within each cluster such that the sum of the corresponding node weights does
not exceed a fixed capacity. In phase I, both a heaviest weight edge (HWE) algorithm
and a constrained minimum cut algorithm are used to select seeds for initializing
the p clusters. Feasible solutions are obtained with the help of a self-adjusting re-
stricted candidate list that sequentially guides the assignment of the remaining nodes.
At each major GRASP iteration, the list length is randomly set based on a probability
density function that is updated dynamically to reflect the solution quality realized
in past iterations. In phase II, three neighborhoods, each defined by common edge
and node swaps, are explored to attain local optimality. The following exploration
strategies are investigated: cyclic neighborhood search, variable neighborhood de-
scent, and randomized variable neighborhood descent (RVND). The best solutions
found are stored in an elite pool.

In a post-processing step, PR is applied to the pool members to cyclically gener-
ate paths between each pair. As new solutions are uncovered, a systematic attempt
is made to improve a subset of them with local search. Should a better solution be
found, it is saved temporally and placed in the pool after all the pairs are investigated
and the bottom member is removed. The procedure ends when no further improve-
ment is possible. Extensive computational testing was done to evaluate the various
combinations of construction and local search strategies. For instances with up to 40
nodes and 5 clusters, the reactive GRASP with PR found optimal solutions within a
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negligible amount of time compared to CPLEX. In general, the HWE algorithm in
the construction phase, RVND in the local search phase, and the use of PR provided
the best results. The largest instances solved involved 82 nodes and 8 clusters.

Keywords GRASP · Capacitated clustering problem · Path relinking · Variable
neighborhood search

1 Introduction

Clustering primarily involves the partition of objects or data points into different
groups to optimize some weighted measure of distance between them. A large va-
riety of applications exist in such areas as manufacturing, network design, pat-
tern recognition, mail delivery, habitat classification, facility location, and statisti-
cal data analysis, to name the most prominent (e.g., see Al-Sultan and Khan 1996;
Bard and Jarrah 2009; Daganzo 2005; Kaufman and Roussweuw 1990; Laporte et al.
1989). In some of these applications, the number of clusters is given while in oth-
ers the objective is to find the minimum number that satisfies a set of knapsack-
type constraints. In this paper, we address the constrained version of the problem
and present a greedy randomized adaptive search procedure (GRASP) to find so-
lutions. Such procedures generally have a construction phase and an improvement
phase (Feo and Resende 1995; Kontoravdis and Bard 1995; Rojanasoonthon and
Bard 2005). In developing the methodology, we included several options for each of
these phases that markedly improved overall performance. For phase I, we designed
both a heaviest weight edge algorithm and a constrained minimum cut scheme for
constructing feasible solutions. For phase II, we explored the use of cyclic neighbor-
hood search, variable neighborhood descent (VND) (Mladenovic and Hansen 1997;
Hu et al. 2008), and a randomized version of the latter, to achieve local optimality. In
the final step, path relinking (Glover et al. 2000) was performed on the top candidates
to see if any better solutions could be uncovered on the paths between them. The de-
sign and integration of these features with a GRASP framework represents the major
contribution of the research.

The specific problem that motivated the work arose from our collaboration with
facility planners at mail processing and distribution centers within the US Postal Ser-
vice (USPS). One of their recurrent tasks is to design zones to help rationalize the
bulk movement of mail by powered industrial vehicles (PIVs). Over the course of
the day, PIVs are used to transfer mail to and from the docks and between the var-
ious workcenters. Each workcenter performs a specific operation such as canceling
stamps, barcoding envelops, and sorting letters to carrier routes. The pickup and drop
off locations are called control points and can be regarded as fixed nodes in two-
dimensional network. The problem of specifying the zones can be formulated as a
mixed integer program. The difficulty in finding optimal solutions stems from its
combinatorial nature. In our initial testing, we were unable to achieve convergence
with CPLEX 11.0 for instances with more than 40 nodes. Therefore, we took a heuris-
tic approach.

The construction of PIV zones falls into the general area of capacitated cluster-
ing, which is further discussed in the next section along with the related literature. In
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Sect. 3, the mathematical formulation of the problem is given followed by our solu-
tion methodology which includes a reactive GRASP, two initiation procedures, our
enhanced neighborhood search techniques, and path relinking. In each case, the algo-
rithm is described and a pseudocode is given. To test the methodology, we randomly
generated a large number of instances using data provided by the USPS. The results
show that high quality solutions can be obtained for these instances, as well as for
those solved by Mehrotra and Trick (1998). We close in Sect. 6 with an assessment
of the overall approach.

2 Background and literature review

Various versions of the clustering problem have been extensively studied since the
1960s, with virtually all of them being NP-hard in the strong sense (Brucker 1978).
Because the literature is vast, we tried to cite the more recent work as well as the
work that relates directly to our methodology in order to avoid an explosion of the
reference list. Seminal papers, if not included, can be found within the articles cited.

Mulvey and Beck (1984) proposed one of the first models for what has become
known as the capacity clustering problem (CCP). In the original formulation, the ob-
jective was to find up to p capacitated clusters centered at a to-be-determined median
such that the collective dissimilarity between each customer and its median is min-
imized. Their context was sales force territory design. In formulating the CCP, let
yik = 1 if data point i is in cluster k and 0 otherwise, and let zk = 1 if data point k is
the median of cluster k and 0 otherwise (i = 1, . . . , n; k = 1, . . . , n). The basic model
is

Minimize
n∑

i=1

n∑

k=1

cikyik (1a)

subject to
n∑

k=1

yik = 1, i = 1, . . . , n (1b)

n∑

i=1

wiyik ≤ Ckzk, k = 1, . . . , n (1c)

n∑

k=1

zk ≤ p (1d)

yik ∈ {0,1}, zk ∈ {0,1}, i = 1, . . . , n; k = 1, . . . , n (1e)

where wi is the service demand of customer i,Ck is the capacity of cluster k,p ≥
�∑n

i=1 wi/(
1
n

∑n
k=1 Ck)� is the number of clusters, and cik = (

∑s
l=1(ail − akl)

2)1/2

is the dissimilarity measure between i and its median k. In the expression for cik , the
vector ai ≡ (ai1, . . . , ais) represents the s attributes associated with data point i (or
median k when appropriate). When points on a plane are being clustered, ai is the
two-dimensional vector of their X- and Y -coordinates and cik is the Euclidean norm.
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Model 1 is known as the p-median capacitated clustering problem (p-CCP) when Ck

is homogeneous (Ahmadi and Osman 2005; Lorena and Senne 2004).
The objective function 1a in effect minimizes the sum of the “distance” between

each pair of data points in a cluster. In the formulation, all n data points are candidates
for one of the p medians. Constraints 1b ensure that each data point is assigned
to exactly one cluster, and constraints 1c limit the demand of each cluster k to its
capacity Ck . Constraint 1d restricts the number of clusters created to p and is written
as an inequality because it may not be economical to use the full capacity of the
system. Logical restrictions are placed on the variables in Eq. 1e. If the redundant
constraints yik ≤ zk (i, k = 1, . . . , n) are added to the model, then a stronger relaxed
formulation is obtained. In that case, when yik is integral zk will be integral as well so
the binary restriction on those variables can be replaced by zk ∈ [0,1], k = 1, . . . , n.

A variant of model 1 known as the p-centered capacitated clustering problem
(p-CCCP) arises when the median is replaced by the centroid (Negreiros and Palhano
2005). This results in a nonlinear objective function because the dissimilarity weight
is now cik = ‖ai − ζ k‖2, where ζ k ∈ 	s is a free variable that locates the geometric
center of the cluster. In either case, a wide variety of solution strategies and techniques
have been developed, from neural networks and genetic algorithms, to fuzzy sets,
GRASP, and alternative c-means; e.g., see Chiou and Lan (2001), and Osman and
Ahmadi (2007).

Cano et al. (2002) proposed a GRASP to solve the p-centroid uncapacitated clus-
tering problem. Since the performance of GRASP is affected by the quality of the
partial initial solution, their first step was to generate good seed candidates, which
is also our first step. They then applied a probabilistic greedy Kaufman initialization
in the construction phase (Kaufman and Roussweuw 1990). The Kaufman procedure
identifies p dispersed points as the cluster centroids. In the improvement phase, the
k-means method was used for local search. Testing was done on eight real-world
benchmark data sets, the largest involving 2310 data points, 19 attributes and 7 clus-
ters. The results showed that Kaufman-based procedure outperformed its counterparts
such as random selection, Forgy’s method and MacQueen’s method [for a discussion
of the aforementioned methods, see Hansen and Mladenovic 2001 and Kaufman and
Roussweuw 1990].

Ahmadi and Osman (2005) combined GRASP and adaptive memory program-
ming to solve the p-CCCP. The possible centers were ranked and placed on a fixed-
length restricted candidate list (RCL). At each phase I iteration, one was selected
randomly using a probability measure that was updated to reflect the performance of
the elite (improving) solutions. The updating procedure was aimed at balancing the
so-called density and intensity of the centers. A similar idea is applied in this paper
except that we use the probability measure to control the RCL length rather than to
select nodes in phase I (cf. Prais and Ribeiro 1999). In the improvement phase, the au-
thors applied a restricted 1-interchange. Intensification, diversification and aspiration
were also considered by setting criteria to determine whether an improved solution
should be placed in the elite solution pool. Five randomly generated data sets were
used to test the algorithm. The largest instances contained 150 data points and 15
clusters.

Mehrotra and Trick (1998) used column generation and a specialized bounding
technique to solve the maximization version of CCP. Their pricing subproblem took
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the form of what they called a maximum weight cluster problem; a tight upper bound
was obtained by solving a transportation problem. Branching was governed by the
Ryan-Foster rule but it was often unnecessary to go beyond the root node due to the
integrality of the linear programming solution. Testing was done on a DEC Alpha
Model 300 using the same data sets as Johnson et al. (1993) who investigated a com-
piler design problem. The largest instance solved contained 61 nodes and 187 edges,
and consumed 352 sec for a right-hand-side value in Eq. 1c of Ck = 450 for all k and
394 sec for Ck = 512.

Barreto et al. (2006) used a sequential heuristic to find solutions to the capaci-
tated location routing problem, a combination of a facility location problem and a
capacitated vehicle routing problem. The proposed algorithm first solves a clustering
problem to group the customers (nodes), and then a vehicle routing problem (VRP) to
obtain the routes that were subsequently improved by local search. Two kinds of algo-
rithms (hierarchical and non-hierarchical) and six proximity metrics (single linkage,
complete linkage, group average, centroid measure, ward measure, saving measure)
were proposed and tested for the clustering problem. Optimality gaps of less than
5% were obtained, on average, for instances as large as 318 customers and 4 distrib-
ution centers, 150 customers and 10 distribution centers, and 117 customers and 14
distribution centers.

In the development of algorithms for the VRP, it is common to follow the logic
of cluster first, route second. Newell and Daganzo (1986) approached the capacitated
VRP with a single depot by grouping the customers (nodes) into zones and visit-
ing the nodes within zones in order of their longitude coordinates. For the problems
studied, the nodes were distributed randomly with a density function δ and the zones
were constructed as wedge-shaped sectors elongated toward the depot. The overall
objective was to minimize the expected total travel distance.

Ouyang (2007) extended the work of Newell and Daganzo (1986) by developing
a systematic approach to obtain an optimal zone design. The problem studied fo-
cused on the construction of vehicle routing zones (VRZ) for given shape and size
requirements, as described by Newell and Daganzo. Initially, a set of wedge-shaped
zones was created satisfying these requirements. The wedges were then conformally
mapped into square zones and a disk model was applied to obtain an approximately
optimal partition. Further refinements were carried out by the weighted centroidal
Voronoi tessellation algorithm to balance the delivery loads within the zones. From
the reported computations, the proposed methodology was seen to outperform an
adaptation of the Clarke-Wright heuristic with significant advantage being evidenced
for large instances.

3 Mathematical formulation

For a given set of nodes V and connecting edges E, we wish to partition V into p

clusters such that the sum of the “benefits” associated with the edges within each
cluster is maximized and the sum of the node weights in each cluster falls with the
interval [Cmin,Cmax]. For the PIV application with n control points, the problem can
be modeled on a graph G = (V ,E), where i ∈ V must appear in exactly one cluster
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and edge e = (i, j) ∈ E exists in G only if there is some flow between its endpoints i

and j over the week. In creating the model, we make use of the following notation.

Indices and sets
k index for clusters
i, j indices for nodes; i, j ∈ V

e index for edges in G; e ∈ E
Parameters

ce weight of edge e ∈ G; ce ≡ cij , where i, j ∈ V such that (i, j) = e ∈ E

wi weight of node i ∈ G

p number of clusters to be created
Cmax maximum permitted weight of nodes in each cluster
Cmin minimum required weight of nodes in each cluster

Variables
xek 1 if edge e has both its endpoints in cluster k,0 otherwise
yik 1 if node i is included in cluster k,0 otherwise

Model

φIP = Maximize
p∑

k=1

∑

e∈E

cexek (2a)

subject to
p∑

k=1

yik = 1, ∀i ∈ V (2b)

xek ≤ yik, xek ≤ yjk, ∀e = (i, j) ∈ E,k = 1, . . . , p (2c)

xek ≥ yik + yjk − 1, ∀e = (i, j) ∈ E,k = 1, . . . , p (2d)

Cmin ≤
∑

i∈V

wiyik ≤ Cmax, ∀k = 1, . . . , p (2e)

xek ∈ {0,1}, yik ∈ {0,1},
∀i ∈ V, e = (i, j) ∈ E, k = 1, . . . , p (2f)

The objective in Eq. 2a is to maximize the sum of the edge weights within clusters,
which is equivalent to minimizing the sum of the weights of edges between clusters. If
the endpoints of edge e are not in the same cluster, then the corresponding weight ce

is not counted. Constraints 2b ensure that each node i is included in exactly one
cluster, while constraints 2c and 2d specify that edge e = (i, j) is in cluster k if and
only if both endpoints i and j are in cluster k. Constraints 2e limit the total weight
of the nodes in cluster k to be between Cmin and Cmax. If the node weight wi = 1
for all i ∈ V , then the summation

∑
i∈V wiyik is the total number of nodes assigned

to cluster k. If Eq. 2e is omitted, it is optimal to create a single cluster; i.e., all the
nodes and hence edges would be in one cluster. Binary restrictions are placed on all
the variables in Eq. 2f.

Model 2 can be reduced by observing that constraints 2d are redundant when the
objective function is taken into account and hence can be omitted. That is, when
either yik or yjk is 0, xek is 0, which gives a feasible solution to Eq. 2d; when both yik

and yjk are 1, xek will be 1 as well since the objective is to maximize the total weight.
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A secondary consequence of this result is that, xek can be treated as a continuous
variable in the range [0, 1]. Finally, the two-sided inequality 2e can be simplified by
introducing additional slack variables sk, k = 1, . . . , p. With some algebra, we can
rewrite Eq. 2e as follows:

∑

i∈V

wiyik − sk = Cmin, ∀k = 1, . . . , p (2e′)

0 ≤ sk ≤ Cmax − Cmin, ∀k = 1, . . . , p (2e′′)

where constraints 2e′′ specify the bounds on the slack variables sk . For other formu-
lations of p-CCP, see Ferreira et al. (1998) or Mehrotra and Trick (1998).

4 Solution methodology

Model 2 is a 0-1 integer linear program of size O(pn2). For 60 data points and 5
clusters, this translates into a problem with approximately 18,000 variables and con-
straints in the worst case, which is likely to be beyond the capability of commer-
cial solvers. Real instances are often much larger. Our experience with CPLEX 11.0
showed that some instances with |V | = 40 can be solved in a matter of minutes but
when |V | = 50, runtimes exceed 10 hours. This is not surprising since the linear pro-
gramming relaxation of model 2 is arbitrarily bad. By setting xek = yik = 1/p for
all e, i and k, the objective function value in Eq. 2a is

∑
e∈E ce. In addition, sym-

metry plays havoc during branch and bound because many equivalent solutions can
be obtained by exchanging the cluster numbers of any two clusters. This situation
implies the existence of at least (p − 1)! alternative optima. Also, fixing yi1 = 0
at a particular node in the search tree has very little effect since yik, k = 2, . . . , p,
can still be nonzero. In addressing the issue of symmetry, Sherali and Smith (2001)
proposed two disruptive strategies for a network design problem among others. We
implemented both strategies in our original work but found that they increased rather
than decreased CPLEX’s runtimes and so were abandoned.

In light of these observations, we developed a reactive GRASP with the objective
of finding high quality solutions to model 2. In phase I, good initial solutions are
constructed in a greedy manner; in phase II, they are improved by local search. In a
post-processing step, a subset of the phase II solutions are assembled in what is called
an elite pool and subject to further investigation using path relinking (PR). When no
better solutions can be found along the paths connecting any pair of pool members,
the procedure terminates and the best available solution is output.

4.1 GRASP phase I

During construction, our first step is to initialize the p clusters. One of two ap-
proaches is used: the heaviest weight edges algorithm (HWE) or the constrained
minimum cut algorithm (CMC). With HWE, we identify the p nodes with the largest
weights and assign them in turn to the p clusters. The heaviest unassigned edges
incident to these nodes are then sequentially assigned to the corresponding clusters
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along with their endpoints. The CMC approach makes use of a minimum cut algo-
rithm to partition the graph into p clusters that satisfy the capacity lower bound Cmin.
In either case, the partial solutions associated with the p clusters serve as seeds. The
underlying motivation is to identify nodes and edges that are not likely to be in the
same cluster in an optimal partition. After initialization, a reactive GRASP is called
to construct feasible solutions. The details are given below.

HWE approach to the selection of p seeds

The HWE algorithm is illustrated in Fig. 1. At Step 1, sets and counters are initial-
ized. At Step 2, the nodes are ordered from largest to smallest, that is, wi1 ≥ wi2 ≥
· · · ≥ win−1 ≥ win , and the heaviest node is assigned to cluster 1, the next heaviest to
cluster 2 and so on until p clusters have been initialized or until wis = win , where
s < p. The objective is to disperse the heaviest nodes to different clusters in order
to increase the chance of getting a feasible solution when capacity is tight. When
wis = wis+1 = · · · = win , it becomes more effective to assign heavy edges rather than
nodes as seeds.

At Step 3, an additional node is assigned to those clusters that have been initial-
ized, or two nodes are assigned if the cluster is empty. In the former case, a free node
that is the most heavily connected to the existing node is selected; in the latter case,
the endpoint node of the heaviest free edge is assigned. At termination, each cluster
will contain exactly two nodes that represent a partial initial solution to the problem.
The complexity of the procedure is O(p · |V |2).

Procedure: Phase_I_Initialize_HWE(V,E, c,w,p,Cmin,Cmax, x′)
Input: Set of nodes V , set of edges E, number of clusters p, edge weights matrix c,

node weights vector w, and capacity bounds Cmin and Cmax

Output: Partial initial solution x′
Step 1: E0 = E;V0 = V ;Vk = ∅, k = 1, . . . , p;x′

ik = 0,∀i ∈ V,k = 1, . . . , p;
Step 2: k = 1;

while (k ≤ p and max{wi, i ∈ V0} 
= min{wi, i ∈ V0}){
i∗ ∈ argmax{wi : i ∈ V0};
Vk ← Vk ∪ {i∗};V0 ← V0\{i∗};x′

i∗k = 1;
k ← k + 1;

}
Step 3: for (k = 1, . . . , p){

if (|Vk| = 0){
(i∗, j∗) ∈ argmax{cij : wi + wj ≤ Cmax, (i, j) ∈ E0};
V0 ← V0\{i∗, j∗};Vk ← Vk ∪ {i∗, j∗};x′

i∗k = 1;x′
j∗k = 1;

} else {//one node already exists in cluster Vk

j∗ ∈ argmax{cij : wi + wj ≤ Cmax, i ∈ Vk, j ∈ V0};
V0 ← V0\{j∗};Vk ← Vk ∪ {j∗};x′

j∗k = 1;
}

}

Fig. 1 Pseudocode for seed selection using the HWE algorithm in phase I of GRASP
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Fig. 2 Example for identifying
seeds with HWE

Parameters
E0 set of unassigned edges
V0 set of unassigned nodes
Vk set of nodes assigned to cluster k

Figure 2 depicts the partial initial solution provided by HWE for a 9-node, 3-
cluster problem with bounds Cmin = 3 and Cmax = 5. Assume that the node weights
are w4 = 3,w3 = 2, and wi = 1,∀i ∈ {1,2,5,6,7,8,9}, and that the edge weights
are as shown in the figure. Initially, V1 = V2 = V3 = ∅. The heaviest node (node 4) is
assigned to cluster V1, while the second heaviest (node 3) is assigned to cluster V2.
Since the remaining nodes all have the same weight, cluster V3 is left empty, giving
V1 = {4},V2 = {3} and V3 = ∅. In the next step, node 5 is placed into V1 since it is the
most heavily connected to node 4, and node 2 is placed into V2 for the same reason.
Finally, edge (1,7) is assigned to V3 since it has the highest edge weight among the
free edges. The algorithm ends and the initial partial solution is V1 = {4,5},V2 =
{2,3} and V3 = {1,7}.

Minimum cut approach to the selection of p seeds

In this approach, we apply a constrained minimum cut scheme to partition the nodes
in G = (V ,E) into p subsets such that the sum of the node weights in each subset
Vk, k = 1, . . . , p, is at least Cmin, where V = ⋃p

k=1 Vk and Vk ∩ Vs = ∅ for k 
= s.
The heaviest edge in each cluster will serve as a seed while the remaining edges are
removed.

The algorithm is outlined in Fig. 3. The bulk of the work is done at Step 2 with
the call to CMC(Vk,Ek,C

min,w,S1, S2), which is a heuristic that divides G into two
subsets, S1 and S2, such that the total weight of the edges between them is minimized
while the sum of their individual node weights is at least Cmin. The problem of find-
ing the global minimum cut in a graph is a special case of model 2, that is, when
p = 2,Cmin = 1 in Eq. 2e, and the upper bound Cmax → +∞. The problem becomes
NP-hard when Cmin ≥ 2 and Cmax is finite. We used Frank’s (1994) polynomial-time
algorithm, a slight improvement on Nagamochi and Ibaraki’s (1992) algorithm, to
solve the min-cut problem [its complexity is O(|V | · |E|)] even though other lower
polynomial-time algorithms exist [e.g., Karger and Stein 1996 developed a heuristic
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Procedure: Phase_I_Initialize_CMC(V,E, c,w,p,Cmin,Cmax, x′)
Input: Set of nodes V , set of edges E, number of clusters p, edge weights matrix

c, node weights vector w, and capacity bounds Cmin and Cmax

Output: Partial initial solution x′
Step 1: V1 = V,Vk = ∅, k = 2, . . . , p;x′

ik = 0,∀i ∈ V,k = 1, . . . , p;
Step 2: while (min{|Vk| : k = 1, . . . , p} = 0){

k∗ ∈ argmax{|Vk| : k = 1, . . . , p};
//Apply constrained minimum cut heuristic to Vk .
call CMC(Vk∗ ,Ek∗ ,Cmin,w,S1, S2); // see Fig. 4
Vk∗ = S1;
k∗ = min{k : |Vk| = 0, k = 1, . . . , p}; //pick the first empty cluster
Vk∗ = S2;

}
Step 3: for (k = 1, . . . , p){

//Only keeps the heaviest edge in the cluster
(i∗, j∗) ∈ argmax{cij : i ∈ Vk, j ∈ Vk};
Vk = ∅;Vk ← ⋃{i∗, j∗};x′

i∗k = 1;x′
j∗k = 1;

}

Fig. 3 Pseudocode for seed selection using the CMC algorithm in phase I of GRASP

for the min-cut problem with O(|V |2(log |V |)3) complexity]. Our choice was based
on the fact that in previous work we found Frank’s algorithm easy to implement and
extremely efficient on similar size graphs.

CMC works by first partitioning the subgraph Gk = (Vk,Ek) into S1 and S2 for
the unconstrained case, call it UMC, and checking each subset for feasibility. If the
lower bound capacity constraint associated with, say S1, is violated, a node is selected
from S2 and placed in S1. At this step, the node that is most connected with the nodes
in S1, as measured by the sum of the weights of the incident edges whose endpoints
are in S1, is selected as long as the transfer does not violate the lower bound capacity
constraint of S2. The process is repeated until a feasible partition is obtained. The
procedure is outlined in Fig. 4.

The same graph used to illustrate HWE will be used to illustrate Phase_I_Initial-
ize_CMC for p = 3. At Step 1, V1 = V and CMC is called. At Step 1 of CMC, ap-
plying Frank’s UMC algorithm to V1 returns a minimum cut of 6 with S1 = {6}, S2 =
{1,2,3,4,5,7,8,9} and corresponding weights W(S1) = 1 and W(S2) = 11. At
Step 2 of CMC, we have W(S1) < Cmin = 2 so a node must be transferred from
S2 to S1. The calculations indicate that node 9 in S2 is the most heavily connected
to S1 so it is selected. The updated clusters are {6, 9} and {1, 2, 3, 4, 5, 7, 8}. The
operations at Step 2 stop since both S1 and S2 satisfy the lower bound Cmin. We put
V1 ← S1,V2 ← S2 and set S1 = ∅, S2 = ∅. The larger set, V2, is selected for parti-
tioning at Step 2 of Phase_I_Initialize_CMC. Applying the UMC algorithm at Step 1
of CMC returns a minimum cut of 3 with S1 = {1,7,8} and S2 = {2,3,4,5}, both of
which satisfy the lower bound constraints. Therefore, we put V2 ← S1,V3 ← S2 and
set S1 = ∅, S2 = ∅. The operations at Step 2 of Phase_I_Initialize_CMC terminate
since all three clusters are filled. The heaviest edge in each is retained and the others
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Procedure: CMC(Vk,Ek,C
min, c,w,S1, S2)

Input: Node set Vk , edge set Ek; lower bound on capacity Cmin; node weights
vector w; edge weights matrix c

Output: Partition of nodes into subset S1 and S2
Step 1: Apply UMC procedure of Frank to Vk

call UMC(Vk,Ek,S1, S2);
let W(S) = ∑

i∈S wi;
Step 2: while (min{W(S1),W(S2)} < Cmin){

k1 = argmin{W(Sk) : k = 1,2};
k2 = argmax{W(Sk) : k = 1,2};
//select the most beneficial move
i∗ = argmaxi

{∑
j∈Sk1

cij ,∀i ∈ Sk2,W(Sk2) − wi ≥ Cmin,

W(Sk1) + wi ≥ Cmin
};

Put Sk2 ← Sk2\{i∗};Sk1 ← Sk1 ∪ {i∗};
}

Fig. 4 Pseudocode of CMC scheme

Fig. 5 Example used to
illustrate CMC scheme

are removed. The final seeds for the three clusters are V1 = {6,9},V2 = {1,7} and
V3 = {3,4}, as shown in Fig. 5.

Building the candidate list

Two kinds of insertions are considered when building the candidate list (CL), the
structure used in GRASP to guide the construction of feasible solutions. The first
corresponds to an unassigned node and the second to an unassigned edge. All fea-
sible insertions are included in CL and sorted according to their contribution to the
objective value, as measured by total edge weight that would result if the node or
edge were actually added to a particular cluster. Candidates that violate the upper
bound Cmax are discarded.

Let I (i, k) be the increase in the objective function value realized by inserting
node i into cluster k and let I (e, k) be the increase realized by inserting edge e to
cluster k. Starting with the partial initial solution shown in Fig. 2 for Cmin = 3 and
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Table 1 Example of CL
CL index Edge e or node i Cluster index k I (e, k) or I (i, k)

1 (8, 9) 3 10

2 (6, 9) 3 7

3 (8, 9) 2 7

4 (6, 8) 3 5

5 (6, 9) 2 5

6 8 3 3

7 9 3 3

8 9 1 2

9 9 2 2

10 (6, 8) 2 2

11 6 1 1

12 6 3 1

13 8 2 1

14 6 2 0

15 8 1 0

16 (6, 8) 1 −∞
17 (6, 9) 1 −∞
18 (8, 9) 1 −∞

Cmax = 5, the full CL is given in Table 1. To see how these values were calculated,
consider, for example, edge (8, 9). If this edge were included in cluster 3, the objective
value would be 10 (that is, c18 + c78 + c79 + c89 = 2 + 1 + 3 + 4 = 10); if included
in cluster 2, the objective value would be 7, and if included in cluster 1, the objective
value would be −∞ since this would lead to a violation of the upper bound Cmax.
Hence, cluster 3 is the first choice for (8, 9). This insertion would increase the cluster
weight from 2 to 4, which is less than Cmax.

Self-adjusting RCL

A fraction α of the top candidates in CL, up to some parameterized maximum number
denoted by l̄RCL, are used to build RCL from which the next construction step is
taken. The length of RCL, lRCL, is determined as follows:

lRCL = min{max{αlCL,1}, l̄RCL}
where lCL is the current length of CL. The value of α in this equation is adjusted
during the GRASP iterations according to the quality of observed solutions. Prais
and Ribeiro (1999) indicate that α should be within the range of (0,1].

Let A = {α1, α2, . . . , αm} be the finite set of possible values for α and let pi be
the corresponding probability of selecting αi, i = 1, . . . ,m. Initially, pi is uniformly
distributed:

pi = 1/m, i = 1, . . . ,m
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To see how these probabilities are adjusted, let φ∗ be the best solution found in all
previous GRASP iterations and let Ai be the average value of solutions obtained
for α = αi . Initially, each Ai is set to the total edge weight of the graph and 20
experiments are run by sampling α from the above uniform distribution to get 20
additional objective function values. Updating begins at this point by calculating the
relative performance of the algorithm under αi as follows:

qi =
(

Ai

φ∗

)δ

, i = 1, . . . ,m

where δ is a shape parameter. For higher values of δ, qi will be lower since Ai ≤ φ∗.
Normalizing gives

pi = qi

/ m∑

l=1

ql, i = 1, . . . ,m

When αi yields relatively high average solutions Ai , it will have a high prob-
ably pi of being selected as the iterations progress. In the implementation, we
followed the suggestions of Prais and Ribeiro and set δ = 10,m = 10, and A =
{0.05,0.1,0.15,0.2,0.25,0.3,0.35,0.4,0.45,0.5}.

Phase I initial solution construction

The partial initial solution constructed with either HWE or CMC is extended to obtain
a feasible solution by sequentially adding nodes or edges to each of the p clusters.
Assume that RCL is built with length lRCL in accordance with above procedure. Ex-
actly one element is randomly selected from RCL with uniformly distributed proba-
bility. The insertion corresponding to the selected element is performed to extend the
current partial solution.

Again starting with the partial solution shown in Fig. 2 and with CL given in
Table 1, assume that lRCL is determined to be 6. The corresponding RCL is given in
Table 2 and is seen to contain the top 6 candidates in CL.

If the third element is chosen, for example, then edge (8,9) is placed in cluster 2
and the partial solution is updated. Now, CL is cleared and rebuilt along with RCL.
The procedure is repeated until all nodes are assigned to one of the p clusters.

For combinatorial optimization problem like constrained clustering, it is important
to note that the complexity of finding a feasible solution is the same as finding an

Table 2 Example of RCL when
lRCL = 5 RCL index Edge e or node i Cluster index j I (i, j) or I (e, j)

1 (8, 9) 3 10

2 (6, 9) 3 7

3 (8, 9) 2 7

4 (6, 8) 3 5

5 (6, 9) 2 5

6 8 3 3
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optimal solution; e.g., consider the case where there is only one feasible (optimal)
solution. Therefore, there is no guarantee that phase I will terminate with a feasible
solution although we never encountered such a situation. Nevertheless, there are at
least two options that are easily incorporated in our algorithm to deal with phase I
infeasibility:

1. Increase the upper bound on the capacity constraints and then try to reduce it in
phase II;

2. Add clusters one at a time and then try to eliminate them in phase II.

4.2 GRASP phase II

Three types of neighborhoods are explored in phase II. For current solution x, call
them N1(x),N2(x) and N3(x), let Vk(x) be the nodes in cluster k, and let Wk(x)

be the corresponding total node weight, k = 1, . . . , p. A description of the neighbor-
hoods follows.

N1(x) (Extended node insertion) Pick a node i ∈ Vk(x) with Wk(x) − wi ≥ Cmin.
Choose a cluster Vs(x), k 
= s. If Ws(x) + wi ≤ Cmax, assign i to Vs(x);
otherwise, cluster s will exceed the upper bound. For the later situation, pick
another node j ∈ Vs(x), i 
= j , and cluster s1 
= s, such that Cmin ≤ Ws(x) +
wi − wj ≤ Cmax and Ws1(x) + wj ≤ Cmax. Shift j from Vs(x) to Vs1(x).

N2(x) (Extended edge insertion) Pick an edge e ∈ E with endpoints i and j . Two
cases may arise; either e is in some cluster Vk(x) or it spans two clusters.
(1) If i ∈ Vk(x), j ∈ Vk(x) and Wk(x) − wi − wj ≥ Cmin, then find a cluster

s 
= k with Ws(x)+wi +wj ≤ Cmax and shift (i, j) from Vk(x) to Vs(x).
If no such s exists, then go to next e ∈ E. If Wk(x) − wi − wj < Cmin,
removing e from Vk(x) would violate Cmin. In this situation stop investi-
gating the current edge and go to next e ∈ E.

(2) If e is not an edge within a cluster, let i ∈ Vk1(x) and j ∈ Vk2(x). When
Wk1(x)−wi ≥ Cmin and Wk2(x)−wj ≥ Cmin, one of the following three
methods is used to extend the neighborhood: (i) find a set s 
= k1, s 
= k2

with Ws(x) + wi + wj ≤ Cmax and shift nodes i and j to Vs(x); (ii) if
Wk1(x)+wj ≤ Cmax, shift j from cluster k2 to k1; (iii) if Wk2(x)+wi ≤
Cmax, shift i from cluster k1 to k2. If Wk1(x) − wi < Cmin or Wk2(x) −
wj < Cmin, stop and go to next e ∈ E.

N3(x) (Node exchange) For nodes i ∈ Vk(x) and j ∈ Vs(x), k 
= s, if Cmin ≤
Wk(x) − wi + wj ≤ Cmax and Cmin ≤ Ws(x) − wj + wi ≤ Cmax, swap i

and j . Otherwise, go to next pair of nodes.

The complexity of constructing these neighborhoods is a function of p, |V |
and |E|. For each case we respectively have:

N1(x) ∼ O(p2 · |V |2)
N2(x) ∼ O(p · |E|)
N3(x) ∼ O(

∑
1≤k<s≤p |Vk(x)| · |Vsx|)

The corresponding pseudocodes are given in Deng (2009).
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Table 3 N1 neighborhood
generated by shifting node 8 Cluster to which Node to Cluster to which Total benefit

node 8 is moved (s) be shifted (j ′) node is shifted (s′
1) gained

1 4 2 −∞
4 3 −3

5 2 0

5 3 0

9 2 −1

9 3 3

3 – – 3

Continuing with the example in Fig. 2, assume that the current solution is
V1 = {4,5,9},V2 = {2,3,8} and V3 = {1,6,7} with capacity bounds Cmin = 3 and
Cmax = 5, and node weights w4 = 3,w3 = 2, and wi = 1,∀i ∈ {1,2,5,6,7,8,9}.
For neighborhood N1, the consequences of reassigning node 8 from cluster 2 to ei-
ther cluster 1 or 3 are shown in Table 3. If cluster 1 is the target, then one of the nodes
in cluster 1 must be removed to avoid a violation of the capacity upper bound.

For neighborhood N2, assume that the algorithm is investigating edge (8,9) which
crosses clusters 1 and 2. However, node 8 cannot be inserted into cluster 1 due
to Cmax. Alternatively, if node 9 along is shifted into cluster 2, the total benefit gained
will be 4 and 11 if edge (8, 9) is inserted to cluster 3.

For neighborhood N3, consider a swap between node 8 and some other node. After
a simple set of calculations, we find that the best swap is between nodes 8 and 6 with
benefit 1.

Capacity bounds are maintained during local search to ensure feasibility. Although
it is possible to allow infeasible solutions as a strategy to overcome local optimality,
such an approach would greatly increase the computational effort of phase II. In gen-
eral, the GRASP philosophy is to focus the effort on phase I, not phase II [see Feo
and Resende 1995 for more details]. With this in mind, diversification is introduced
by accepting inferior solutions that are within some tolerance β , a parameter that is
reduced dynamically by � after searching each of the three neighborhoods. In the
basic implementation, N1,N2 and N3 are explored sequentially with β starting at
1% and decreased to 0 in steps of size � = 0.2%. As β is reduced, the effort shifts
from diversification to intensification, and when β reaches 0, no inferior solutions
are accepted. A summary of phase II is given in Fig. 6. At Step 2, we cycle through
the neighborhoods, terminating when no improvement is possible. We call this cyclic
neighborhood search (CNS).

4.3 Basic GRASP

Given a graph G = (V ,E), a partial initial solution is constructed with either HWE
or CMC and extended to a feasible solution using the logic surrounding RCL. Phase
II is then applied a predetermined number of times to improve the current solution
within the three neighborhoods. The best solution found is output as the optimum.
The pseudocode for the basic reactive GRASP is given in Fig. 7 with the help of the
following and aforementioned definitions.
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Procedure: GRASP_Phase_II(x,w, c,β,�,Cmin,Cmax, x∗)
Input: Current solution x, node weights vector w, edge weights matrix c, capacity

bounds Cmin and Cmax, tolerance β and stepsize �

Output: Local solution x∗ with respect to neighborhoods N1(x),N2(x) and N3(x).
Step 1: x∗ = x;
Step 2: while (β > 0){

Improve the current solution by local search
call N1(x

∗,w, c,β,Cmin,Cmax, x1);
call N2(x1,w, c,β,Cmin,Cmax, x2);
call N3(x2,w, c,β,Cmin,Cmax, x3);
β = β − �;
x∗ = x3;

}
Step 3: TEW(x∗) = −∞; TEW(x3) = ∑p

k=1

∑
i,j∈Vk(x

3) cij ; //TEW = total edge
weight

Step 4: while (TEW(x3) > TEW(x∗)){
x∗ = x3;
call N1(x

∗,w, c,0,Cmin,Cmax, x1);
call N2(x1,w, c,0,Cmin,Cmax, x2);
call N3(x2,w, c,0,Cmin,Cmax, x3);
TEW(x∗) = ∑p

k=1

∑
i,j∈Vk(x

∗) cij ;TEW(x3) = ∑p

k=1

∑
i,j∈Vk(x

3) cij

}

Fig. 6 Pseudocode for Phase II of GRASP

Parameters

NGRASP number of iterations for GRASP
I init indicator of approach to build partial initial solution: I init = 0 for HWE

approach; I init = 1 for CMC approach
iter iteration counter

4.4 Variable neighborhood descent

VND is a systematic approach to exploring the various neighborhoods that define
the local search (Mladenovic and Hansen 1997). Say there are umax of them indexed
by u and Nu ⊆ Nu+1,∀u = 1,2, . . . , umax − 1. VND starts by searching the first
neighborhood N1(u = 1) and, in general, switches from the current neighborhood
Nu to the next neighborhood Nu+1 when Nu fails to provide an improved solution. If
a better solution is obtained from Nu, then VND switches back to N1. The procedure
terminates when VND reaches the final neighborhood Numax and no improvement is
possible. The last solution uncovered is locally optimal for all umax neighborhoods.

VND has been shown to be efficient in various applications (e.g., see Hu et al.
2008). In our case, it serves as an option in phase II to increase the performance of
local search even though the three neighborhoods defined above are not a subset of
each other—the usual situation in which VND is applied.
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Algorithm: GRASP
Input: Set of nodes V , set of edges E, node weights vector w, edge weights ma-

trix c, number of clusters p, capacity bounds Cmin and Cmax, indicator I init,
number of iterations NGRASP

Output: Heuristic solution xbest

Step 1: obtained partial initial solution x′
if (I init equals 0) {

call Phase_I_Initialize_HWE(V,E, c,w,p,Cmin,Cmax, x′);
} else {

call Phase_I_Initialize_CMC(V,E, c,w,p,Cmin,Cmax, x′);
}

Step 2: TEW(xbest) = −∞; //TEW = total edge weight
Step 3: for (iter = 1, . . . ,NGRASP){

construct CL and RCL, complete x′ to initial solution x randomly;
call GRASP_Phase_II(x,w, c,β,�,Cmin,Cmax, x∗);
if (TEW(xbest) < TEW(x∗)){

xbest = x∗;
TEW(xbest) = TEW(x∗);

}
}

Fig. 7 Pseudocode for basic reactive GRASP

4.5 Randomized VND

According to our initial experiments, standard VND did not lead to a balanced explo-
ration of the three neighborhoods. Most of the effort was spent searching N1. Even
though local optimality is guaranteed, such a bias might delay convergence. To ad-
dress this issue, we adopted a probabilistic weighting scheme similar to the one used
for constructing RCL.

Let pu be the probability of selecting neighborhood Nu after exploring the current
neighborhood. A uniform distribution for these values is assumed initially:

pu = 1/umax, u = 1, . . . , umax

Also, let Bu be the total benefit gained by searching neighborhood Nu so far, with
initial values set as follows:

Bu =
∑

e∈E

ce, u = 1, . . . , umax

The neighborhood to be searched in the next iteration is randomly determined by the
probabilities pu. Let u∗ be the current neighborhood and let b be the improvement
realized from the search. The total benefit for Nu∗ is updated by putting

Bu∗ ← Bu∗ + b
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Note that it is possible for b < 0, which would indicate that a nonimproving so-
lution was selected in the diversification step of Phase II. In that case, Bu∗ would
decrease and make Nu∗ a less interesting option to explore. When b > 0,Bu∗ will
increase, suggesting that more effort should be placed on searching Nu∗ . The prob-
abilities pu are hence updated to take into account the relative quality of solutions
found in each neighborhood. In particular,

pu =
(

Bu

/ umax∑

v=1

Bv

)
, u = 1, . . . , umax

The randomized version of VND is called RVND and is run for a predetermined
number of iterations, Max_Iter. In the implementation, B is set to 1000, which is
large enough to ensure that Bu > 0, u = 1, . . . , umax, for the data used in the testing,
and Max_Iter is set to 10.

4.6 Path relinking

During phase II, solutions that are unique are saved in a pool and sorted in descend-
ing order of their objective function values. The top Nelite members of the pool are
selected to form the elite solution set Selite. The general idea of PR is to construct
a path between pairs of elements in Selite to see if better solutions can be found. As
described presently, feasibility is maintained at each iteration, and for a problem with
p clusters, at most p − 2 distinct solutions will be uncovered along each path. Those
that are superior to their generators are stored temporarily and, after all original pairs
are examined, are inserted into Selite. At the same time, the bottom elements in Selite

are removed to keep |Selite| constant. The procedure ends when the maximum number
of iterations, NPR, is reached or Selite becomes stable, that is, the elements in Selite do
not change between two successive iterations.

PR was first proposed by Glover et al. (2000) and is usually combined with other
metaheuristics (e.g., see Boudia et al. 2006). Given the set Selite at the end of phase II,
the first step is to select a pair of elements, say xA and xB , to serve as path generators.
In this context, xA is known as the initiating solution and xB as the guiding solution.
In attempting to construct a path that links xA to xB , let Vk(xA) be the node set for
cluster k associated with xA and let Vs(xB) be the node set for cluster s associated
with xB . Now, define a similarity measure S(k, s) for Vk(xA) and Vs(xB) as follows.

S(k, s) =
∑

e∈Vk(xA)∩Vs(xB)

ce

The value of S(k, s) is the total weight of the common edges in Vk(xA) and
Vs(xB). The two most similar clusters, call them kA and sB , associated with the elite
solutions xA and xB , are determined by

(kA, sB) = argmax{S(k, s) : k, s ∈ {1, . . . , p}}
where ties are broken by selecting the clusters with the smallest indices.
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Fig. 8 An example of path generation

Given xA and xB , define CA and CB as the sets of clusters that are fixed at some
iteration in the procedure. Initially, CA = ∅ and CB = ∅. A path from xA to xB is
generated in the following manner. First, the most similar clusters kA and sB are
identified according to the aforementioned logic. Cluster kA is then modified to be
exactly the same as cluster sB by inserting and removing nodes. The cluster to which
a node is moved is determined by a simple local search to minimize the decrease in
objective function value. After this operation is performed a new solution x1 emerges
from xA. The two sets CA and CB are updated by putting CA ← CA ∪ {kA} and
CB ← CB ∪{sB}. Solution x1 is then improved to be x∗

1 by local search subject to the
restriction that the clusters in CA are kept constant. Now, starting from x∗

1 the process
is repeated to get x∗

2 , and so on. Termination occurs after p − 2 iterations at which
time all p clusters are fixed in the sets CA and CB; the resulting solution is exactly
the same as xB . The path generated from xA to xB is as follows.

xA → x∗
1 → x∗

2 → ·· · → x∗
p−2 → xB

Finally, let xC∗ = argmax{TEW(x∗
k ) : k = 1, . . . , p − 2} be the best solution found

along this path. If TEW(xC∗) > max{TEW(xA),TEW(xB)}, then it is stored and after
all pairs of elements in Selite are examined, it is inserted into Selite. If the capacity
bounds are tight, it is possible that no feasible solution will be discovered between
xA to xB . In that case, PR fails for xA and xB , and the next pair is examined.

An example of path generation based on the graph in Fig. 2 is given in Fig. 8.
The nodes are to be partitioned into three clusters with Cmin = 3, Cmax = 5 and
w4 = 3,w3 = 2 and wi = 1, i ∈ {1,2,5,6,7,8,9}. Assume that xA is {{1,7,8},
{2, 9, 4}, {3, 5, 6}} with objective function value φA = 15 and that xB is {{1, 4, 7},
{2, 5, 6}, {3, 8, 9}} with φB = 12. Starting with CA = ∅ and CB = ∅, the goal is to
generate a path from xA to xB . At Step 1 the clusters most similar with respect to
solutions xA and xB are kA = 1 and sB = 1 with S(kA, sB) = 6. Node 8 in V1(xA)

is removed and inserted into V2(xA) while node 4 in V2(xA) is shifted toV1(xA).
Call the transformed solution xC , and note that cluster 1 in xC is exactly the same as
cluster 1 in xB; that is, V1(xC) = V1(xB).

Next, the constant sets are updated giving CA = {1} and CB = {1}, and a local
search is performed on xC , which results in an improved solution xC∗ . At the next
step, the most similar clusters with respect to xC∗ and xB are determined to be kC∗ = 2
and sB = 3. The sets CA and CB are now {1, 2} and {1, 3}, respectively. To make
cluster 2 in xC∗ the same as cluster 3 in xB , node 6 is selected and placed in V3(xC∗)
while node 3 is shifted to V2(xC∗). The resulting solution is exactly the same as xB .
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Procedure: Path_generation(w,c,Cmin,Cmax, nPR, xA, xB, x∗)
Input: Node weights vector w, edge weights matrix c, capacity bounds Cmin and

Cmax, PLS parameter nPR, initiating solution xA, guiding solution xB

Output: Best solution x∗ found along the path from xA to xB

Step 1: CA = ∅; CB = ∅; TEW∗ = −∞; r = 1;
Step 2: while (xA is not the same as xB){

(kA, sB) = argmax{S(k, s) : k, s ∈ {1, . . . , p}};
make VkA

(xA) the same as VsB (xB) by inserting and removing nodes so
that xA becomes xr ;
// keeping the clusters k ∈ CA constant, if the PLS condition is satisfied
then apply local search to xr in an attempt to obtain a better solution x∗

r

if (r mod nPR + 1 equals 0) {
call N1(xr ,w, c,0,Cmin,Cmax, x);xr = x;
call N2(xr ,w, c,0,Cmin,Cmax, x);xr = x;
call N3(xr ,w, c,0,Cmin,Cmax, x∗

r );
}
if (TEW(x∗

r ) > TEW∗){
TEW∗ = TEW(x∗

r );x∗ = x∗
r ;

}
xA = x∗

r ; r ← r + 1;
}

Fig. 9 Pseudocode for path generation

The best solution found along the path is xC∗ with φC∗ = TEW = 20. Since
φC∗ > φA and φC∗ > φB,xC∗ is outputted and stored for possible insertion into Selite.
The pseudocode for path generation is shown in Fig. 9. In our implementation, |Selite|
is set to 20. For each pair of solutions xA ∈ Selite and xB ∈ Selite, two paths are gener-
ated, the first starting from xA and approaching xB and the second taking the reverse
course. For a given Selite, the total number of paths is O(|Selite|2). When Selite be-
comes stable the best solution found up to that point is output.

A potentially inefficient aspect of PR is the application of local search to each
solution encountered along a path. Empirically, we found that a complete local search
(CLS) strategy may affect the solution quality only locally within the same basin of
attraction. In addition, the current solution may have been uncovered previously so
applying local search a second time is wasteful. One way to reduce the computational
effort is to apply local search only after encountering nPR solutions along a path,
where nPR is a parameter adjusted according to the solution quality. This strategy
is referred to as partial local search (PLS) to distinguish from CLS. For p clusters,
nPR ∈ {1,2, . . . , p − 2}, where nPR = 1 indicates that local search is applied to each
solution in the path, nPR = 2 indicates that it is applied to every second solution, and
so on. Note that there are at most p solutions along a path including the initiating
solution and the guiding solution. Because both of these are already locally optimal,
nPR ≤ p − 2.

The value of nPR is randomly selected at the beginning of each path. The probabil-
ity function used for this purpose is based on a performance measure Pi(n

PR), which
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is defined as the average objective function value over a path when the frequency of
applying local search was nPR; that is,

Pi (n
PR) =

Ni∑

j=1

I {j mod nPR}Aij

/ Ni∑

j=1

I {j mod nPR}

where i is the index for path, Ni is the number of solutions discovered along path
i, j is the index for the solutions discovered on a path, Aij is the objective value of
the j th solution discovered on path i and I {j mod nPR} is a Boolean indicator func-
tion equal to 1 when (j mod nPR) = 0 (i.e., 〈true〉) and 0 otherwise. The summation∑Ni

j=1 I {j mod nPR} counts the total number of times local search is applied while

exploring path i. If nPR is not selected for path i, then Pi(n
PR) = 0.

Next, we compute the accumulated performance, denoted by AP(nPR), for a par-
ticular value of nPR by summing over all the paths already generated.

AP(nPR) =
ncur∑

i=1

Pi(n
PR)

Here, ncur is the number of paths that have been explored up to and including the
current path.

At the beginning of PR, the probability p(nPR) of selecting a particular value of
nPR ∈ {1,2, . . . , p − 2} is assigned a uniform distribution; that is,

p(nPR) = 1/(p − 2)

After exploring a path, this function is updated as follows.

p(nPR) = AP(nPR)
/ p−2∑

nPR=1

AP(nPR)

Thus, values of nPR corresponding to higher accumulated performance will have a
higher probability of being selected.

5 Computational results

The proposed methodology was implemented in C++ and run under Ubuntu Linux
on a Dell Poweredge 2950 workstation with 2 dual core hyperthreading 3.73 GHz
Xeon processors and 8 GB memory. In the testing, model 2 was solved, both heuris-
tically with the reactive GRASP and directly with CPLEX 11.0 when possible. A
comparison of the results gives insight in the quality of the GRASP solutions as well
as the limits of CPLEX.

The following settings were used for the GRASP.

• Both HWE and CMC schemes were applied in Phase I to construct partial initial
solutions but in separate runs to allow for comparison.
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• Initial value of diversification parameter: β = 0.01 with � = 0.002 in Phase II.
• Three options were examined for local search: (1) CNS; (2) VND; (3) RVND.
• Number of GRASP iterations: NGRASP = 5 × ntest with ntest being the number of

nodes in the test instance.
• In PR, the maximum number of iterations is NPR = 50, the number of elite solu-

tions maintained is |Selite| = 20.

After some experimentation, the following settings were used for CPLEX.

• Cut generators off.
• Emphasis of feasibility over optimality.
• Optimality tolerance EpOpt = 1E–04.
• Default frequency for MIP heuristics.

In the experiments, the methodology was tested on three data sets. The first con-
tained relatively small instances that were randomly generated based on data provided
by the USPS. Each instance was generated from a different seed. The second con-
tained instances that reflected the full USPS problem. The third were obtained from
Mehrotra and Trick (1998). In the next section, we outline the USPS application and
describe how the node and edge weights were specified.

5.1 USPS application related to clustering control points

The cost of running a mail processing and distribution center (P&DC) is determined
in part by the size and composition of the workforce. One of management’s goals is
to use as few powered industrial vehicles (PIVs) or drivers as possible to move the
mail between workcenters, so restricting the number of control points (workcenters)
that a driver can service would be suboptimal. However, to facilitate supervision and
to avoid violating union rules, control points are first clustered into zones and then
the minimum number of PIVs required to service each zone is determined. In the
clustering step, it is necessary to take into account such factors as distance between
nodes and transfer frequencies. Two nodes are likely to be grouped together if they
are directly linked in the process flow, are relatively close to each other, and one is a
frequent terminal point of the other.

In the clustering model, it is necessary to specify a measure that numerically cap-
tures these characteristics. Such a measure can be viewed as the edge weights, cij ,
connecting pairs of nodes i and j in a directional graph. For the test cases, we used
the following formula to determine these weights.

cij = fij + fji

dij

× dmax

The parameter fij in this equation denotes the frequency of travel from node i to
node j over the planning horizon The numerator represents the traffic intensity, the
denominator, dij , the length of edge (i, j), and the parameter dmax the maximum
edge length in the graph, that is, dmax = max{dij : (i, j) ∈ E}. This value is used to
normalize the distance dij . If the demand between two nodes i and j is high and they
are close together, then the corresponding edge weight will have a relatively high
value so the two nodes would likely be in the same optimal partition.
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P&DCs typically have between 80 and 90 control points, each of equal weight
from management’s point of view, so we set wi = 1,∀i ∈ V . In the planning stage, the
number of clusters is specified by the facility manager taking into account the daily
volume, the building’s footprint, the equipment layout, and the various components of
the material handling system. In addition to PIVs, which consist of tugs and forklifts,
facilities use fixed conveyers, rolling carts, and an assortment of other mechanisms
for material handling. Mathematically, the problem is equivalent to model 2.

5.2 Random test instances

Instances of practical size cannot be solved optimally with commercial codes so to
test our methodology, we randomly generated a series of data sets based on the char-
acteristics of the Chicago P&DC. This involved the following steps.

(1) Let V be the set of control points in the original P&DC data set and let E be the
corresponding set of edges. Define the density γ of the underlying graph as

γ = |E|/|EC|
where |EC| is the number of edges when the graph is completely connected.
For the given data, the density γ is approximately 0.1626. Also, let cmax and
cmin be the maximum and minimum edge weights, respectively; that is, cmax =
max{cij , (i, j) ∈ E} and cmin = min{cij , (i, j) ∈ E}.

(2) Randomly select ntest nodes from the original P&DC data set. Let V test be the
corresponding set of nodes and fix wi = 1,∀i ∈ V test. The number of edges in
the completely connected test graph is |Etest

C | = ntest(ntest − 1)/2.
(3) Define m = (2 · γ · |Etest

C |)/ntest. The product γ · |Etest
C | is the number of edges

in the test graph that should be generated to maintain the same density, and m

is the average number of edges incident to each node in the test graph. In our
procedure we aim for �m� rather than m incident edges. For example, if ntest = 25
and γ = 0.1626, then |Etest

C | = 300 and �m� = �3.9� = 3, which means that on
average each node is connected to 3 other nodes.

(4) Let Etest be the edge set of the test instance, where initially, Etest = ∅. For
each node i ∈ V test, let Ni be the set of nodes already connected to i and to
begin, set Ni = ∅. If |Ni | ≥ �m� − 1, go to next node i in V test. Otherwise,
let pj ,∀j ∈ V test\Ni, j 
= i, be the probability for a node j to be connected
to node i. This probability is computed as the ratio of the remaining num-
ber of nodes to be connected to i divided by the number of unassigned nodes:
pj = (�m� − |Ni |)/(ntest − |Ni | − 1). If j is selected, Ni ← Ni ∪ {j},Etest ←
Etest ∪ {(i, j)}. The edge weight cij is uniformly generated from the interval
[cmin, cmax].

5.3 Comparison of GRASP and PR with CPLEX

In the first experiments, we compared the reactive GRASP to CPLEX using the differ-
ent phase I and phase II options for instances with ntest = 30 nodes and p = 5 clusters.
Ten instances were randomly generated in accordance with the above scheme with
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bounds Cmin = 5 and Cmax = 8. The model was built with CPLEX 11.0 Concert
Technology version 25 and contained 2330 variables and 4386 constraints. The num-
ber of GRASP iterations was set to NGRASP = 5 × ntest = 150, and was followed by
PR in all cases with either CLS or PLS. Finally, a 3600 sec time limit was placed on
all CPLEX runs.

The results are summarized in Table 4. The second column lists the density of the
realized graph, γ test = |Etest|/|Etest

C |. The third and fourth columns give the results
for the two combinations (HWE, CNS) and (CMC, CNS) prior to path relinking. The
upper row values report the best solutions found by GRASP for the corresponding
pair. The lower values in parentheses report the iteration number at which the best
solutions were first discovered. Columns 5 and 6 give equivalent results for (HWE,
VND) and (CMC, VND), while columns 7 and 8 report the results for (HWE, RVND)
and (CMC, RVND). With the exception of problem no. 3 for combination (CMC,
RVND), GRASP found identical solutions with the various phase I and phase II op-
tions. Average runtimes, tavg, over the six scenarios are given in column 9.

The results for PR with CLS averaged over the six scenarios are contained in
columns 10 and 11. Similar results for PR with PLS are contained in columns 12
and 13. The entries in the columns labeled “PR+CLS” were determined by averaging
the results for the six scenarios in each row after PR with CLS was run. Similarly, for
PR + PLS in columns 12 and 13. The tavg results are for PR alone.

As can be seen in the table, PLS achieves the same solutions as CLS but in
less time with the exception of problem no. 8. Other than for problem no. 3, PR
could not improve the GRASP solutions since they are optimal. This is confirmed
by the results from CPLEX given in columns 14 and 15. The last column pro-
vides the gap between the average PR + CLS solution and the CPLEX solution,
[(φPR+CLS − φCPLEX)/φCPLEX] × 100%, which is zero for all cases.

Table 5, which is derived from Table 4, compares the average performance of the
six phase I–phase II combinations. For j = 1, . . . ,6, let j = 1 indicate (HWE, CNS),
j = 2 indicate (HWE, VND), j = 3 indicate (HWE, RVND), j = 4 indicate (CMC,
CNS), j = 5 indicate (CMC, VND), and j = 6 indicate (CMC, RVND). Define the
average error ej for combination j as follows

ej = 1

N test

N test∑

i=1

[(
φPR+CLS

ij − φGRASP
ij

)/
φPR+CLS

ij × 100%
]
, ∀j = 1, . . . ,6

where N test = 10 is the number of instances, φGRASP
ij is the best solution found by

GRASP with combination j for instance i. The average error ej measures the im-
provement attained by PR + CLS over the GRASP solutions in all instances for com-
bination j . The higher ej , the more improvement provided by PR + CLS.

The second column in Table 5 shows the average number of iterations needed to
obtain the best solution for (HWE, CNS) and (CMC, CNS), respectively. The values
were calculated by averaging the number of iterations inside parentheses in column
three for (HWE, CNS) and column four for (CMC, CNS) in Table 4. The third column
gives the average errors of (HWE, CNS) and (CMC, CNS), respectively. The next
columns report the same statistics for the remaining combinations. As mentioned,
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Table 5 Average performance for different phase I and phase II combinations for ntest = 30,

p = 5,Cmin = 5 and Cmax = 8 with PR + CLS

Phase I Phase II

CNS VND RVND

Avg. number Avg. error Avg. number Avg. error Avg. number Avg. error

of iterations ej (%) of iterations ej (%) of iterations ej (%)

HWE 10.7 0.00 17.0 0.00 12.1 0.00

CMC 8.5 0.00 15.6 0.00 7.2 0.02

GRASP found the optimal solutions with ej = 0.00,∀j = 1, . . . ,5 except for the last
combination (CMC, RVND), e6 = 0.02.

Applying HWE in phase I required a greater number of iterations on average than
CMC to find the best solutions no matter which option was applied in phase II. When
the phase I option was fixed, VND required more iterations than its two counterparts,
which performed equally well.

The second set of initial experiments was performed on a 40-node graph for p = 5
clusters with bounds Cmin = 5 and Cmax = 9. Model 2 contained 4105 variables
and 7846 constraints for each of the 10 instances investigated, and NGRASP = 200
iterations. Once again, all instances were generated randomly from the USPS data.

The results are summarized in Table 6. All the GRASP–PR runs consumed much
less time than CPLEX as can be seen in columns 9, 11 and 13. For problem nos. 1,
3, 4, 5, 7 and 8, CPLEX converged to the optimum; for the remaining instances the
1-hour time limit was reached before optimality could be confirmed. For the GRASP,
PR improved the phase II solutions in some cases, especially when VND was applied.
In all cases, CLS and PLS achieved identical solutions but PLS required slightly less
time. In addition, GRASP with PR invariably provided equivalent or better solutions
than CPLEX in much less time.

The average performance of the Phase I–Phase II combinations with PR + CLS
for the 40-node instances is reported in Table 7. For a given Phase I option, RVND
required the least number of iterations, followed by CNS and then VND. In addition,
the average error was highest for VND, while the errors for CNS and RVND were
roughly the same. When either CNS or VND was applied in Phase II there was little
difference with respect to HWE and CMC. However, when RVND was applied, CMC
required 37% fewer iterations than HWE on average.

The third set of initial experiments was performed on a 50-node graph with
p = 5,Cmin = 5 and Cmax = 12. The optimization model contained 6380 variables
and 12306 constraints, while the number of GRASP iterations NGRASP = 250. Again,
ten instances were randomly generated from the original USPS data following the
aforementioned scheme.

The results are reported in Table 8. All of the GRASP runs finished within 7 sec
while the PR runs finished within 30 sec. In all cases, the PR solutions were better
than those provided by CPLEX except for problem no. 5 where they were identical.
Note that CPLEX was never able to converge but always found feasible solutions
within the allotted time.
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Table 7 Average performance for different phase I and phase II combinations for ntest = 40,p = 5,

Cmin = 5 and Cmax = 9 with PR + CLS

Phase I Phase II

CNS VND RVND

Avg. number Avg. error Avg. number Avg. error Avg. number Avg. error

of iterations ej (%) of iterations ej (%) of iterations ej (%)

HWE 41.0 0.01 73.6 0.05 38.2 0.00

CMC 43.2 0.00 63.4 0.12 24.8 0.01

The average performance of GRASP is reported in Table 9 for the 50-node
instances. The average error ej > 0, j = 1, . . . ,6, which means that on average
PR + CLS found improved solutions for all combinations. When the Phase I op-
tion was fixed, VND had the highest error, followed by CNS and RVND. For CNS
and VND in Phase II, the errors from HWE and CMC were nearly identical. When
RVND was applied, the error from HWE was less than half of the error from CMC.
With respect to the average number of iterations, VND and RVND performed equally
well, while CNS required the least number of iterations no matter which option was
used in Phase I.

In the fourth set of initial experiments we investigated the performance of GRASP
and PR + PLS as the number of clusters p was varied from 2 to 10 for the same
30-node graph associated with problem no. 1 in Table 1. The bounds were set to
be Cmin = 2 and Cmax = 15 to reduce their effect on the computations. The results
were similar to those already discussed. In all cases, the optimal solution was found
by GRASP and CPLEX, but runtimes differed markedly. GRASP with PR + PLS
were quite stable no matter which combination was used but CPLEX had increasing
difficulty as the number of clusters increased.

In the fifth set of initial experiments, a parametric analysis was performed on the
bounds for p = 5 fixed. The bounds [Cmin,Cmax] were initially set to [2, 10] and then
modified in even steps to reach [6, 6]. For all runs, GRASP with PR was able to find
the same optimum obtained by CPLEX but in considerably less time. Similar to the
fourth set of experiments, the performance of GRASP was insensitive to the bounds
while CPLEX had more difficulty as the range shrank. The full set of results for the
latter two sets of experiments can be found in Deng (2009).

5.4 Application of GRASP and PR to the complete USPS dataset

In the second set of tests, we applied GRASP with PR using PLS to the full USPS
dataset, which has 82 nodes and 540 edges (i.e., |V test| = 82 and |Etest| = 540). The
bounds were set as follows: Cmin = 10 and Cmax = 20. The goal was to investigate
the six combinations of phase I and phase II options for a range of p values. In each
run, the number of GRASP iterations NGRASP = 410.

The results are reported in Table 10 for p ∈ {5,6,7,8}. The first column gives the
number of clusters p. The second column indicates the options used for GRASP. The
third column, φbest, is the best solution found by GRASP and PR. The fourth column
indicates the improvement achieved by PR. In column 5, the value ibest denotes the
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Table 9 Average performance for different phase I and phase II combinations for ntest = 50,p = 5,

Cmin = 5 and Cmax = 12 with PR + CLS

Phase I Phase II

CNS VND RVND

Avg. number Avg. error Avg. number Avg. error Avg. number Avg. error

of iterations ej (%) of iterations ej (%) of iterations ej (%)

HWE 62.9 0.11 108.5 0.20 106.5 0.03

CMC 87.9 0.12 110.8 0.27 111.0 0.08

iteration at which the best solution was first found by GRASP. If ibest = NGRASP, the
best solution was found by PR. The column labeled tbest reports the amount of time
spent to find the best solutions while the column toverall gives the combined runtime
of GRASP and PR. For problems with 5, 6 or 8 clusters, the same objective function
values were found for all six options. For p = 7, the best solutions were found under
different combinations. In 12 out of the 18 instances associated with the datasets for
p = 5,7,8 clusters, PR improved the GRASP solutions by up to 1.15%; for p = 6,
PR offered no improvement. In all cases, runtimes were well under 200 sec.

5.5 GRASP performance on the benchmark problems

In the final set of experiments, GRASP with PR was applied to a set of six benchmark
instances with known optimal values. The datasets were provided by Mehrotra and
Trick (1998) who solved each of them on a DEC ALPHA 3000 (Model 300) worksta-
tion with 150 MHz Alpha 21064 CPU using CPLEX 2.1 as the linear programming
solver. The largest dataset contains 61 nodes and 187 edges. In their runs the num-
ber of clusters was not specified, so to duplicate that scenario, we set p = 12, a high
enough value to ensure that we would always have a sufficient number of clusters.

The results for option (HWE, RVND) with PR and PLS activated are reported
in Table 11 along with the optimal solutions for two sets of runs, the first with
Cmin = 0,Cmax = 450 and the second with Cmin = 0,Cmax = 512. The number of
iterations, NGRASP, was set to 250 in all cases. Our best solutions φbest are given
in columns 4 and 10, the iteration number at which the best solution ibest was first
encountered is given in columns 5 and 11, the corresponding runtimes tbest are given
in columns 6 and 12, and the total runtimes toverall are given in columns 7 and 13.

From the table, we can see that our methodology finds the exact optimum in all
cases except the last in considerably less time than reported by Mehrotra and Trick.
This, of course, is not surprising since we are using a much faster machine. Scaling
runtimes, however, indicates that their algorithm is competitive with ours and so may
be preferred for instances of the size investigated their study since it guarantees op-
timality. Nevertheless, it is difficult to compare performance of exact and heuristic
methodologies, especially across different platforms. To a large extent the computa-
tional effort of any metaheuristic such as GRASP is proportional to the number of
iterations, NGRASP here, specified at the outset. A final point about the results is that
PR only improved the GRASP solution for the largest instance.
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Table 10 Computational results from GRASP and PR with PLS for complete USPS dataset with
ntest = 82,Cmin = 10 and Cmax = 20

No. of Phase I Phase II GRASP & PR + PLS

clusters p φbest PR ibest tbest toverall

Impr. (%) (sec) (sec)

5 HWE CNS 1577.03 0.00 116 22 99

HWE VND 1577.03 0.02 410* 69 127

HWE RVND 1577.03 0.02 264 57 135

CMC CNS 1577.03 0.00 41 6 93

CMC VND 1577.03 0.00 410* 70 96

CMC RVND 1577.03 0.00 18 5 113

6 HWE CNS 1540.76 0.00 228 34 91

HWE VND 1540.76 0.00 185 27 79

HWE RVND 1540.76 0.00 228 52 140

CMC CNS 1540.76 0.00 44 7 91

CMC VND 1540.76 0.00 3 1 83

CMC RVND 1540.76 0.00 64 15 112

7 HWE CNS 1371.57 1.15 410* 91 104

HWE VND 1367.32 1.02 410* 64 89

HWE RVND 1371.57 1.15 410* 89 158

CMC CNS 1371.57 0.99 410* 107 138

CMC VND 1371.57 0.31 410* 55 88

CMC RVND 1355.97 0.00 92 17 142

8 HWE CNS 1148.66 0.36 410* 80 121

HWE VND 1148.66 0.52 410* 96 120

HWE RVND 1148.66 0.64 410* 85 126

CMC CNS 1148.66 0.00 227 34 80

CMC VND 1148.66 0.26 410* 62 88

CMC RVND 1148.66 0.13 410* 74 117

*For these instances, the best solution was found by PR in the post-processing stage after 410 GRASP
iterations

6 Summary and conclusions

The reactive GRASP presented in this paper was designed to find high quality so-
lutions to the p-capacitated clustering problem. In phase I, two efficient approaches
(HWE and CMC) are presented for constructing partial initial solutions, and a dy-
namic restricted candidate list is proposed to then obtain feasible solutions. In the
improvement phase, three neighborhoods, i.e., CNS, VND and RVND, are consid-
ered for the local search. In a post-processing step, PR is applied to overcome local
optimality and to attempt to uncover even better solutions. Both CLS and PLS are
implemented with PR. All components of the methodology were extensively tested
on a number of instances of practical size. According to the results, HWE and CMC
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were comparable when combined with CNS in VND, while HWE combined with
RVND gave the best overall performance. However, the runtimes of the latter pair
where slightly above the runtimes of the other combinations. During PR, PLS and
CLS provide similar results with the latter being a bit more efficient.

In all instances tested, GRASP provided the same or better solutions than CPLEX.
These results offer some assurance that GRASP can find high quality solutions when
optimality cannot be established. As the number of nodes, edges, and clusters in-
crease, the difficulty in solving model 2 optimally increases as well, often exponen-
tially. For the 50-node, 5-cluster instances, CPLEX failed to converge within the im-
posed 1-hour time limit so we cannot be sure that the solutions found by our method-
ology are optimal. Nevertheless, that fact that we were able to optimally solve most
of the benchmark problems further attests to its effectiveness.

With respect to path relinking, we can confirm the mixed results reported by others
such as Boudia et al. (2006) who have performed similar analyses. For relatively
small problem instances, PR offered no advantage here since GRASP was able to
find the optimum without it. For larger instances, including the USPS application and
some of the benchmark datasets, post-processing the GRASP solutions led to slightly
better objective function values. However, the improvement was rarely significant, so
it is arguable whether the procedure is justified even when using PLS instead of CLS.
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