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This paper presents a new local search for solving the continuous p-median problem in the plane. The
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basic idea is to first find a good starting solution by overlaying the area containing the set of demand
points with a grid and solving heuristically the location problem on this grid. The solution is then used
as an initial point for running an improved version of Cooper’s well-known alternating local search.
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1. Introduction

The p-median problem is probably the most widely used
model in location analysis and the most researched one
[1,13,20,21,34]. The problem is to locate p facilities to serve n
demand points each with an associated weight. Each demand
point patronizes the closest facility and the objective is to
minimize the weighted sum of distances of all demand points.
The more researched version of the problem is in a network
environment where demand points are located on vertices and
distances are measured as shortest distances between any two
points on the network [13]. Hakimi [26,27] proved that optimal
locations of the facilities exist at the nodes of the network. In the
discrete version of the p-median problem it is assumed that the
locations of the facilities are restricted to a finite set of candidate
sites. By the Hakimi property the p-median problem in a network
environment is thus converted to a discrete problem.

The p-median problem in a planar environment is commonly
called the continuous “location-allocation” problem [11,12]. It is
also referred to as the multisource Weber problem (e.g., see [7]).
Some earlier papers on the subject are Babich [3], Love and Morris
[33], Sherali and Shetty [43] for rectilinear distances, Cooper
[11,12], Chen [10], Drezner [16] for Euclidean distances, Sherali
and Tuncbilek [44] for squared Euclidean distances, and Bongartz
et al. [4] for general ¢, distances. Love [32] solved the problem on
a line using dynamic programming.

The state of the art on the Euclidean distance problem in the
plane is the extensive work by Brimberg et al. [7]. Interested
readers are also referred to survey papers of the p-median
problem given in Mladenovi¢ et al. [37] for the discrete model
and Brimberg et al. [6] for the continuous one. For a recent

* Corresponding author. Tel.: +1 714278 2712.
E-mail addresses: Jack.Brimberg@rmc.ca (J. Brimberg),
zdrezner@fullerton.edu (Z. Drezner).

0305-0548/$ - see front matter © 2012 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.cor.2012.07.012

overview of solution approaches see Brimberg and Hodgson [8]
and its list of references.

The problem is to find p locations for facilities in the plane. A
set of n demand points each with an associated weight w; > 0 is
given. Each demand point gets its service from the closest facility
to it. The objective is to minimize the total sum of weighted
minimum distances to the facilities. Let d;i(X;) be the distance
between demand point i and facility j located at X; = (x;,y;). The
vector of unknown locations is X={Xj,...,Xp}, and thus, the
objective function to be minimized is

FX)= > wi min (diX) (M)

i=1

The nonconvexity of the objective function and the existence
of multiple local minima were observed by Cooper, the originator
of the model [11,12], who proposed several heuristic approaches
to solve it. The best known of these methods is the elegant
alternating heuristic of Cooper, although at the time the author
was not much impressed with it. This method takes advantage of
the two simple sub-problems embedded in the model. That is,
given the locations of the facilities (vector X), the demand points
are simply allocated to their closest facility (with ties broken
arbitrarily). Once the allocations or partition of the customer set is
fixed, the problem reduces to p independent single facility
problems with convex objective functions that can be solved
numerically by an iterative process such as the Weiszfeld proce-
dure [47,48]. Thus, Cooper’s alternating approach switches
between location and allocation phases until no further improve-
ment in the objective function is found.

Cooper’s alternating local search starts by dividing the custo-
mer set into p subsets of approximately equal size. To overcome
this rather messy initialization, Scott [42] suggested that the
procedure start by randomly selecting p trial facility locations.
The original intent of Cooper was to apply the algorithm once.
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Maranzana [35], working on a similar alternating scheme for the
network version of the problem, was the first to propose a multi-
start application of the local search, where repeated trials are
conducted from different randomly generated initial solutions.
The random multi-start version of Cooper’s algorithm combined
with Scott’s starting solution remained the state-of-the-art for
solving the planar problem, in spite of the development of several
competing local searches. These include the work by Tornqvist
et al. [46] who suggested employing a gradient search rather than
alternating between location and allocation. Here the objective
function is improved by moving the configuration of facility
locations in the direction of steepest descent. Other gradient-
based heuristics are found in Murtagh and Niwattisyawong [38],
Chen [10], and the projection method of Bongartz et al. [4]. It was
not until the advent of metaheuristics such as tabu search,
variable neighborhood search and the genetic algorithm that
better heuristics were developed to solve the problem, with
significant improvements obtained especially on larger scale
instances (e.g., see [7] for further details).

It is interesting to note the similarity between Cooper’s
alternating method and the K-means algorithm widely used in
statistics and clustering [29,30]. This similarity was pointed out
by Arthanari and Dodge [2]. Both heuristics apply the same idea
of switching between location and allocation phases. However, in
clustering and statistical models, the fixed points (referred to here
as demand points) are considered homogeneous, and hence, all
assigned a unit weight. Also the K-means algorithm uses squared
Euclidean distance to measure the distance between the centers
(facilities) and the fixed points. This makes the location phase
much easier to solve, since the center of gravity of a given subset
of fixed points may be found by simple closed formulas, instead of
the more time-consuming numerical procedure for finding the
median point when straight Euclidean distances are used.

The location-allocation problem defined in (1) is known to be
NP-hard [36]. Therefore, approximate methods are needed to find
‘good’ solutions to problems of larger scale that may occur in
practice. In this paper we present a new heuristic for solving (1).
The main idea is to replace random starting points in Cooper’s
algorithm by high-quality starting points. This is accomplished by
overlaying the area containing the demand points with a grid, and
solving heuristically a relaxation of model (1) where the facility
locations are restricted to the nodes of the grid. The mesh size
must be selected with care in order to allow high quality starting
solutions to be obtained. On the other hand, the grid should not
be too fine since this will increase computation time unnecessa-
rily. The solution found on the grid is used in the next phase as a
starting point in a Cooper-type local search.

The heuristic presented here has a similar flavor as the
p-median heuristic in [28]. In the latter case, the authors solve
exactly a discrete version of (1) where the facility sites are
restricted to the set of demand points. They complete the solution
with a single adjustment in continuous space using the allocations
obtained in the discrete phase. Although very good solutions are
obtained (also see [7]), the computation time in the first phase
quickly becomes excessive so that results are only reported for
smaller instances. We believe our approach has several important
advantages. First, the grid allows much more flexibility than the
restriction to the set of demand points. Second, the heuristic
solution of the discrete relaxation allows larger instances to be
solved in reasonable time. Finally our approach terminates with a
complete local search in continuous space instead of a single
adjustment step.

The main heuristic presented here may be classified as a
composite heuristic, in that it combines two heuristics in sequence.
The first (discrete) phase is used to find a high-quality starting
solution for the second phase where an improved alternating local

search is applied to find a local optimum in the original continuous
space. Of course we could consider several other possibilities for
either phase. For example, there are greedy algorithms proposed in
the literature for the network model that could be used alterna-
tively in the first phase to find the starting solution. These include
the algorithm by Kuehn and Hamburger [31] where facilities are
added one at a time at the fixed points (or nodes) in a greedy way
that causes the biggest reduction in the objective function each
time; this process continues until p facilities are opened. An
efficient implementation of this heuristic is given by Whitaker
[49]. Another approach is the stingy approach (e.g., [22,41]), which
starts with more than p open facilities at the nodes and removes
them one at a time in a way that increases the objective function as
little as possible each time; this would continue until p facilities
remain. In fact any heuristic applied to a discretized version of the
continuous model could be selected for the initial phase, and
there are several to choose from (e.g., see the survey paper by
Mladenovic et al. [37]). Furthermore, other techniques could be
considered in the second phase for augmenting the alternating
search, such as applying a “drop and add” step as discussed in
Densham and Rushton [14] for the network model, and Brimberg
et al. [7] for the continuous model, instead of the transfer follow-up
procedure that we propose. But this deviates from the main
purpose of the paper, which is to show that by combining a good
starting solution with a simple local search, we may obtain very
fast and competitive heuristics for the location-allocation problem
in the continuous plane.

Another interesting question is whether the quality of the final
solution (measured by the value of the objective function)
depends on the quality of the initial solution. We found that
there is a highly significant correlation between the quality of the
starting solution and the final solution of Cooper’s alternate
method. This suggests that it is beneficial to generate good
starting solutions for Copper’s algorithm.

The paper is organized as follows. In the next section, the
details of our heuristic are presented. First we describe the
alternating local search that is used after the grid search, and
which incorporates several improvements to the original Cooper
algorithm. We also propose heuristic algorithms for the grid
search that follow the algorithms suggested in [15] for the
multiple competitive location problem in the plane. Improve-
ments are also given for the grid search and for the Weiszfeld
procedure that is embedded in the alternating local search with
the aim of making the new procedure as efficient as possible.
Section 3 describes the computational experiments that were
carried out. A discussion of the computational results is also
provided. We finish with some conclusions and directions for
further research.

2. The algorithms

We propose improvements to the alternate approach suggested
by Cooper [11,12]. We also propose heuristic algorithms that follow
the algorithms suggested in Drezner et al. [15] for the solution of
the multiple competitive location problems in the plane.

2.1. The alternate approach

Cooper [11,12] suggested the alternate approach to heuristi-
cally solve the location-allocation (p-median) problem. As noted
above, the idea is to alternate between allocating the demand
points to facilities and finding the optimal location for each subset
and to repeat the process until convergence. This process must
converge to a local minimum because the value of the objective
function decreases every iteration. We suggest a modified version
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of the Cooper [11,12] approach which provides better results than
the original approach. To avoid bias in the updates of the locations,
the order of updating the locations is performed randomly. We
also maintain an indicator vector of length p associated with the
facilities. A zero indicator value means that the facility is not
necessarily at the optimal location for the set of demand points
attracted to it. It is equal to 1 if the facility is located at the optimal
location for the set of demand points attracted to it.

2.1.1. New alternating local search

1. Initial locations for p facilities are generated (randomly or
otherwise).

2. Each demand point is assigned to the closest facility partitioning
the set of demand points to subsets each attracted to a facility.

3. An assignment vector is maintained along with an indicator
vector of length p associated with the facilities that is initially
set to all zeroes.

4. A facility with an indicator of zero is randomly selected.

5. The Weiszfeld algorithm [47] as accelerated in Drezner [17] is
used to find the optimal location of the selected facility for the
subset of demand points currently attracted to that facility.
The facility is relocated and the indicator for the relocated
facility is set to one.

6. The demand points are re-allocated to their closest facilities.
For each demand point that changed an assignment, the two
facilities involved in the change (including possibly the facility
that just has been relocated) get an indicator of zero.

7. If all indicators are equal to one, stop. Otherwise, go to Step 4.

2.2. The transfer follow-up

When the alternate approach terminates, we propose an
exchange algorithm as an attempt to improve the solution.
Demand points are transferred one at a time from one subset to
another. Examining all transfers of demand points to other subsets
is inefficient. We select a pre-specified number L of demand points
to be transferred to a particular different subset one at a time.
These L transfers are selected as follows. Each facility attracts
demand points in a Voronoi region [45,39] that is defined by
perpendicular bisectors with all other facilities. We select demand
points that are close to the boundary between two facilities and
transfer them to the facility on the other side of the boundary.

2.2.1. The transfer follow-up

e For each demand point i the difference between the shortest
distance to a facility and the second shortest distance to
another facility J; is calculated.

e The L smallest values of ¢; are selected for transfer starting at
the smallest §; and continuing in order.

o The L transfers to be examined are transferring the assignment
of a demand point from its closest facility to its second closest.
Note that the objective function initially increases with the
transfer, but subsequently may be reduced by re-positioning
the two affected facilities.

o If a transfer fails to improve the value of objective function, the
transferred point is returned to its original subset.

e If a transfer leads to an improved value of the objective
function, it is performed, and the transfer follow-up terminates.

o If all L transfers fail to improve the value of the objective
function the algorithm terminates.

Once the transfer follow-up finds an improved solution, the
alternate method is restarted followed by the transfer follow-up.

The two vectors used by the alternate approach are updated
considering the implication of the executed transfer on these
vectors. If the transfer follow-up fails to find an improved
solution, the algorithm terminates. The combined alternate
approach and the transfer follow-up is termed the improved
alternate approach, or in short, IALT.

2.3. Pseudo-code of IALT

An initial vector X of locations X; for j=1,...,p is given. §; for
j=1,...,p is the set of all demand points attracted to facility j. a; is
the facility closest to demand point i. [; for j=1,...,p is an indicator
vector. When X; is located at the optimal solution of the Weber
problem based on §; then I;=1. Otherwise I;=0. Initially I; =0, Vj.
A parameter L is given.

1. Facility je[l,...,p] with [;=0 is randomly selected.

2. The optimal solution X* for the Weber problem based
on Sjis found. Set X;=X* and [;=1.

3. The demand points are re-allocated to their closest
facilities yielding an assignment vector a; for
i=1,...,n and updating S; for j=1,...,p.

4. For all i=1,...,n do: if aj#q; set I :Ia;:O and set
a;=4a;.

5. If at least one [j=0, go to Step 1.

6. Calculate D;, the distance to the closest facility @;
and D; the second closest distance which is to
facility b;. calculate 6;=D;—D; for i=1, ...,n.

7. The vector {J;} is sorted yielding d1)< -+ <dm). Set
k=1.

8. Perform a transfer of demand point (k) from facility
4y to facility by, by setting S;m =Sq,,—(k) and
Sg(k) =Sp,, U (k). solve two Weber problems based on ng
and S;)( ) vielding Xl’l(k) and X;,[k) defining the vector X .

9. 1f FX') <F(X), set X=X and go to Step 3.

10. 1f FX)>F(X), set k=k+1. If k<L go to Step 8.
Otherwise, the algorithm terminates.

2.4. Metaheuristics

As mentioned above, it is important to choose an appropriate
grid size in the relaxation of model (1) in order to be able to obtain
starting solutions of high quality. For our purposes, suppose we use
a 101 by 101 grid, which for the problems investigated provides a
number of grid points that is at least an order of magnitude greater
than the number of demand points. The set of demand points is
enclosed in a square (it can be a rectangle or a polygonal region in
general) of side S and its lower left corner is located at (xo,y). The
size of the grid is set to A =S/100. As a starting solution p facilities
are randomly selected on points (xo+kA,y,+mA) where k and m
are integers randomly generated in the range [0,100]. A “move” is
defined as moving one facility to eight possible locations: changing
x by —A, 0, +A and the same options for changing y except for the
combination of a (0,0) change. We also stipulate that moves to the
outside of the square are not considered. When only such moves
are allowed, all facilities stay on the grid. Our goal for the heuristic
is to find the best solution on the grid and use it as a starting
solution to IALT. We tested a descent heuristic, tabu search, and
simulated annealing.

2.4.1. Descent

The descent algorithm is straightforward. Evaluate all eight
moves for each facility and select the best improving move. If
there is no improving move among the 8p possible moves, stop.
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2.4.2. Tabu search

Tabu search [23-25] proceeds from the terminal solution of
the descent algorithm by allowing upward moves hoping to
obtain a better solution in subsequent iterations. A tabu list of
forbidden moves is maintained. Tabu moves stay in the tabu list
for tabu tenure iterations. To avoid cycling, most tabu search
algorithms use the reverse of recent moves as forbidden moves.
Similar to the descent algorithm, the changes in the value of the
objective function in the neighborhood are evaluated. If there is at
least one move leading to a solution better than the best found
solution, the best of such moves is executed regardless of the tabu
list. If none of the moves leads to a solution better than the best
found solution, the best permissible move (disregarding moves in
the tabu list), whether improving or not, is executed. The process
continues for a pre-specified number of iterations.

Using reverse moves in the tabu list performed very poorly. We
realized that the poor performance of the tabu search was due here
to an improper definition of the tabu list. Normally, the tabu list is
updated with the opposite move to the one that was just selected.
So, if a facility moves in the “east” direction, i.e., x is changed by +A
and y remains the same, then the tabu move entered into the tabu
list is moving that facility “west” thus returning to the same
location. However, with the special structure of the moves in the
tabu algorithm, this may not be an effective tabu list. Consider Fig. 1.
If three such moves are executed, the tabu list will not prevent such
a loop from being repeated indefinitely. There are many such loops
with the same property. When a tabu search based on such a tabu
list was constructed, its performance was not much better than the
descent algorithm. We therefore designed a different definition of
moves in the tabu list. The following tabu list led to a much
improved tabu search algorithm. There are 101 x 101=10,201
possible locations for facilities. The tabu list consists of locations
recently visited by a facility (regardless of which facility it was).

The following is a short description of the tabu search.

1. A tenure vector consisting of 10,201 entries for each potential
location is maintained.

2. The resulting solution of the descent algorithm is selected as a
starting solution for the tabu search and as the best found
solution. The number of iterations for the tabu search is set to
IT =5000p and iter=0.

3. Every potential location in the tenure vector is assigned a large
negative number.

4. The tabu tenure, T, is randomly selected in the range
[100,1000].

O ©) O

O O O

Fig. 1. A tabu list example.

5. All 8p moves (fewer possible moves if we have border facil-
ities) are evaluated and the value of the objective function is
calculated for each.

6. If a move entry i to entry j yields a solution better than the best
found one, continue to evaluate all the moves and perform the
best improving move. Update the best found solution and go to
Step 8.

7. If no move yields a solution better than the best found
solution, select the move which yields the best value of the
objective function (whether improving or not) as long as the
difference between the current iteration and the entry of j in
the tenure vector exceeds T. If all entries j of the 8p moves do
not exceed T, select the best move disregarding the tabu list.

8. The current iteration number is entered into entry i of the
selected move in the tenure vector.

9. Set iter =iter + 1. If iter=IT stop with the best found solution as
the tabu solution. Otherwise, go to Step 4.

2.4.3. Simulated annealing

The simulated annealing approach performed best in [15] and
it also performed best, as reported in the computational experi-
ments section, for the p-median problem in the plane. We set
three parameters: the starting temperature Ty, the number of
iterations N, and the factor oo <1 by which the temperature is
lowered every iteration. The temperature T is set to To. N
iterations are repeated. Every iteration the following steps are
performed:

e One of the 8p moves is selected at random and the change Af
in the value of the objective function evaluated.

e If Af<0 the move is performed, otherwise the move is
accepted and performed with a probability of e/, If the
move is not accepted, there is no change in the solution.

e The temperature T is multiplied by o.

The best solution encountered throughout the iterations is the
solution of the algorithm.

Following extensive experiments the following parameters
were used in the computational experiments

e N =500,000p.
e To=1.
° OC=1—7/N.

This selection of « leads to a final temperature which is
e’ ~ 1096 times smaller than Ty,

2.4.4. Efficient calculations

Calculating the change in the value of the objective function Af
can be done more efficiently than calculating the objective function
itself. This is applicable to all heuristics. The objective function
value is obtained by calculating the distance from each demand
point to all p facilities, selecting the shortest distance and adding
the term associated with the demand point. This requires O(np)
time. To calculate Af more efficiently, two vectors are maintained.
For each demand point we save the minimum distance to all
facilities and the facility for which this minimum is obtained.
When a location of a facility is changed, the distance to that facility
is calculated and compared with the minimum distance.

o If the distance is smaller than the minimum distance, the
difference multiplied by the weight is subtracted from Af.
The contribution of this demand point to Af is negative. The
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minimum distance vector and the facility assignment vector

are updated.

o If the distance is greater than the minimum distance then

(a) If the facility is not the one to which the minimum
distance is obtained, there is no change in Af.
(b) Otherwise, a new minimum distance is found for this
demand point by calculating all distances, and Af is
changed. In this case the contribution of this demand

Table 1

point to Af is positive.

Comparing three methods.

Also, in most calculations using the square of the distance
suffices. When finding the minimum distance, squares of
distances are compared, and the square root is applied only on
the minimum distance. In addition to the vector containing
the minimum distances for all demand points, another vector
containing the squares of the minimum distances is main-
tained so comparison between distances is done by comparing
squares of distances. This saves an appreciable amount of
computer time.

p ALT IALT
(1) (2) 3) (4) (5) (6) (1 () (3) (4) (5) (6)
5 674 261 4.89 51.31 0.1384 1.1E-44 4339 14 2.95 26.08 0.1476 1.2E-50
10 54 4701 10.31 68.85 0.1233 9.4E—36 144 424 6.25 42.82 0.1391 4.0E—45
15 10 8727 17.95 60.38 0.1010 1.6E—24 29 3191 11.66 37.56 0.1341 5.0E—42
20 0 9164 21.50 69.36 0.0986 2.0E-23 6 4613 11.41 42.71 0.1037 9.7E-26
25 0 9035 27.37 81.94 0.0560 1.0E-08 11 4627 11.65 52.82 0.0400 3.1E-05
p Simulated annealing
5 10,000 1 0 0 - -
10 1301 10 0.41 4.64 0.0038 03514
15 2 16 0.33 415 0.0143 0.0763
20 2189 66 1.01 7.57 0.0336 0.0004
25 5890 120 1.08 11.04 0.0137 0.0855
(1) Number of times optimum encountered.
(2) Number of different local optima encountered.
(3) Percent of average solution above the optimum.
(4) Percent of maximum solution above the optimum.
(5) Correlation between initial value of the objective function and the final value.
(6) One-tail p-value of the correlation being non-negative.
Table 2
Results for the IALT algorithm.
n p Best known a b Time® n p Best known a b Time®
100 2 14.13353 708,152 1.27 7.50 600 2 89.74039 508,722 0.52 39.99
100 3 10.08185 1,000,000 0.00 4.32 600 3 68.62544 1,000,000 0.00 34.01
100 5 7.19404 631,946 3.96 5.57 600 5 50.86844 187,984 0.79 31.87
100 10 4.64606 25,258 5.48 6.38 600 10 34.96318 25,430 1.89 62.74
100 20 2.65704 848 9.62 10.25 600 20 23.02266 117 3.09 112.41
100 30 1.66946 2 17.79 13.40 600 30 17.93616 1 4.59 171.40
200 2 29.83759 494,318 0.90 12.06 700 2 105.06867 434,335 0.26 45.20
200 3 22.85924 507,950 0.23 10.88 700 3 80.78105 981,551 0.10 60.19
200 5 16.69636 650,513 1.70 10.63 700 5 59.55514 139,885 0.87 37.14
200 10 10.70744 53,267 3.88 14.77 700 10 41.23822 28,270 1.50 78.40
200 20 6.64971 17 7.03 23.78 700 20 27.25898 225 2.63 144.33
200 30 4.92899 6 8.65 35.86 700 30 21.38212 1 4.00 225.63
300 2 4293134 393,289 0.10 16.85 800 2 117.73201 165,401 0.36 52.61
300 3 33.59106 982,640 0.16 24.51 800 3 90.61576 556,247 0.24 53.71
300 5 25.18148 458,833 1.01 18.34 800 5 67.60815 243,585 0.93 47.85
300 10 16.84649 107,256 2.82 25.10 800 10 46.98038 14,832 1.41 100.41
300 20 10.76098 166 5.52 44.01 800 20 31.16189 2,033 2.61 176.51
300 30 8.22219 0 6.86 65.52 800 30 24.84122 2 3.55 274.14
400 2 58.66174 300,605 037 25.96 900 2 132.89287 254,350 0.34 61.58
400 3 45.38518 423,633 0.36 21.57 900 3 103.06271 528,132 0.10 65.63
400 5 33.51992 369,597 0.88 22.75 900 5 76.12663 274,136 0.81 58.35
400 10 22.85775 14,686 2.04 38.33 900 10 53.49045 52,308 1.20 115.80
400 20 14.95262 36 3.56 64.41 900 20 35.40132 249 2.34 211.74
400 30 11.54676 1 5.64 96.17 900 30 28.20450 0 3.11 341.89
500 2 73.96976 487,276 0.61 27.53 1000 2 145.85870 82,539 0.54 63.45
500 3 56.15244 974,430 0.22 27.92 1000 3 114.20354 95,729 0.19 69.00
500 5 41.35487 95,467 0.68 28.22 1000 5 84.50642 176,031 0.53 62.93
500 10 28.41502 183,785 2.01 51.36 1000 10 59.30524 5,407 0.96 130.40
500 20 18.83322 23 3.59 89.03 1000 20 39.27941 234 227 245.61
500 30 14.47131 3 5.52 134.76 1000 30 31.44394 0 2.98 394.91

2 Number of times best known solution found.
b percent of average solution above the best known solution.
¢ Time in minutes for all one million runs.
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2.5. Additional improvements

We suggest applying the following minor modifications to
improve the performance of the algorithms.

Empty subsets: When a facility in the IALT process has no demand
points closest to it and therefore the subset associated with it is
empty, a new location for that facility is randomly generated. This is
quite common when n/p is relatively small. For further discussion of
this degeneracy problem, see Brimberg and Mladenovic [9].

Optimal demand point: Convergence of any Weiszfeld scheme
can be slow when the solution is on a demand point. Such a
occurrence is quite common (Drezner and SimchiLevi [19] proved
that the probability that a solution is on a demand point is about
1/n). Thus, the number of iterations in such cases can be quite
large. When an iteration of the Weiszfeld procedure is imple-
mented, the distances to all demand points from the current
iteration are calculated. If the distance to a demand point is less
than 0.001S, where S is the side of the square, we test whether
this demand point is the optimal solution by the formula in
[18,19,34]. If it is optimal, the demand point is returned as the
solution and if it is not, that demand point is flagged and if the
distance to that demand point is less than 0.001S in a subsequent
iteration, the check for optimality is avoided.

Improved accelerated Weiszfeld: The idea behind the accelerated
Weiszfeld [17] is to estimate the limit of the iterations by two
successive Weiszfeld iterations. Suppose that the original Weisz-
feld iterations for the x-coordinate are X x@, ... . If the differ-
ences xk+*D_x® form a geometric series, the limit point of
the sequence can be estimated. Two successive Weiszfeld
iterations are performed. Suppose that the present iteration is
(x1,y1)- The next Weiszfeld iterate is (x,y’). The next iterate is

Table 3
Heuristic results (grid search + IALT) for small values of n.

n p  Descent Tabu search Simulated annealing

a b Cc a b Cc a b C

Time' Time' Time'

100 2 6966 132 019 82 078 025 100 0.00 2.58
100 3 10,000 0.00 0.27 100 0.00 047 100 0.00 3.32
100 5 6165 427 041 100 0.00 1.01 100 0.00 4.52
100 10 414 572 076 16 3.13 293 28 035 7.33
100 20 5 1027 179 7 207 943 53 021 1259
100 30 0 2280 296 1 347 1945 3 118 1738
200 2 5190 0.82 035 100 0.00 0.51 100 0.00 4.91
200 3 5604 0.14 056 100 0.00 093 100 0.00 6.16
200 5 6461 175 081 84 064 198 100 0.00 8.30
200 10 351 405 153 60 120 573 100 0.00 13.09
200 20 0 721 319 1 194 18.16 3 011 2191
200 30 0 876 547 4 1.73 36.90 7 079 3040
300 2 3800 0.1 058 100 0.00 0.77 100 0.00 7.03
300 3 9903 0.09 095 100 0.00 140 100 0.00 8.78
300 5 4772 1.04 120 100 0.00 297 100 0.00 12.06
300 10 958 295 234 80 044 853 100 0.00 18.56
300 20 6 545 5.00 4 128 26.88 56 0.24 31.07
300 30 0 668 8.11 2 129 5483 16 0.18 43.30
400 2 4794 032 074 100 0.00 1.02 100 0.00 9.19
400 3 5115 024 113 100 0.00 186 99 0.00 1144
400 5 4068 080 1.63 100 0.00 396 100 0.00 15.36
400 10 277 206 321 80 019 1130 97 0.02 2388
400 20 0 349 6.66 1 0.86 35.55 2 013 3993
400 30 0 548 10.66 1 077 7225 6 0.16 55.56
500 2 4462 061 083 84 0.16 128 100 0.00 11.28
500 3 9781 0.19 142 100 000 232 100 0.00 13.99
500 5 2131 063 202 97 003 495 96 0.00 18.83
500 10 1954 201 411 75 054 1411 100 0.00 2899
500 20 0 350 836 1 084 4419 15 0.04 4855
500 30 0 520 13.66 2 1.07 8991 9 019 67.54

2 Number of times best known solution found.
b percent of average solution above the best known solution.
¢ Time in minutes for all runs.

(X2,¥2) = [X1+2(X'—x1),y1 +2(Y'—y,)]. We then calculate (x3,y3) by
replacing (x1,y;) with (x,,y,) in the Weiszfeld iteration. We then
calculate the estimate of the geometric series quotient 0y =
(x3—X2)/(x2—x1) and similarly 0,. The next iterate (the estimate
of the limit point of the Weiszfeld iterations) is then x; +(1/(1—
0x)(x2—x1) if 0x<0.5 and |x;—x;| > 107'9S. Otherwise, the geo-
metric series assumption is ignored, and the next iterate is x3. The
same is performed for y. We then proceed to the next iteration by
performing a sequence of two Weiszfeld iterations using the limit
estimate as (x1,y;). The algorithm terminates when the distance
between two successive Weiszfeld iterations is less than 107’S.

Initial solution: p-Median solutions tend to be spaced uniformly
with no two facilities close to one another. We therefore generated
sparse initial solutions. The first facility is randomly generated
in the square. Each subsequent facility is generated as follows.
K randomly generated locations are drawn (we used K=3).
The selected location is the one with the largest minimum distance
to already selected facilities. The process continues until p locations
are selected.

Individual grid: We experimented with each facility having its
individual grid. That means that the starting solution for any

Table 4
Heuristic results (grid search + IALT) for large values of n.

n p Descent Tabu search Simulated annealing

a b Time® 2 b Time® 2 b Time®

600 2 4851 0.55 1.08 100 0.00 1.54 100 0.00 13.16
600 3 10,000 0.00 1.75 100 0.00 2.77 100 0.00 16.35
600 5 2022 073 231 100 0.00 5.93 100 0.00 22.14
600 10 372 192 491 44 029 1691 40 0.01 34.30
600 20 2 3.01 1015 11 068 5289 64 0.07 56.90
600 30 0 430 1647 1 059 107.48 3 015 79.12
700 2 3843 0.27 120 44 022 1.79 100 0.00 15.18
700 3 9889 0.06 2.09 100 0.00 3.24 100 0.00 18.82
700 5 1911 0.83 264 98 0.00 6.94 98 0.00 25.47
700 10 387 146 575 60 019 1964 75 0.00 39.51
700 20 4 251 1202 16 035 6152 48 0.10 65.39
700 30 0 3.70 1945 4 028 12522 24 0.09 90.96
800 2 2379 031 140 81 0.15 2.06 100 0.00 17.27
800 3 6113 0.19 223 100 0.00 3.71 100 0.00 21.29
800 5 3491 0.75 320 83 0.25 7.92 100 0.00 28.69
800 10 441 137 676 61 038 2245 89 0.00 44.60
800 20 32 243 1415 12 022 7019 50 0.06 73.51
800 30 0 320 2214 7 019 14242 32 005 102.69
900 2 3075 030 160 86 0.06 231 91 0.00 19.17
900 3 5186 0.10 248 100 0.00 421 100 0.00 23.92
900 5 2994 0.78 345 86 0.18 8.90 100 0.00 31.99
900 10 632 114 746 76 0.18 2534 100 0.00 49.84
900 20 10 2.18 1591 9 020 7879 27 0.09 81.87
900 30 0 2.82 2556 7 0.18 160.01 16 0.02 114.03
1000 2 3526 044 175 59 0.10 2,57 69 0.00 21.24
1000 3 1845 0.17 270 65 0.00 4.66 81 0.00 26.40
1000 5 2300 047 4.01 97 0.01 9.89 99 0.00 35.37
1000 10 88 091 828 46 0.06 2811 60 0.01 54.82
1000 20 6 2.07 1798 15 031 87.67 46 0.11 90.07
1000 30 0 2.68 28.40 1 0.08 177.43 3 006 12562

4 Number of times best known solution found.
b Percent of average solution above the best known solution.
¢ Time in minutes for all runs.

Table 5
Summary of results.

Property IALT Desc. Tabu SA

# of times each problem solved 1,000,000
% of runs that best known (BK) found 24.4

10,000 100 100
26.4 57.5 70.1

# of Problems BK found at least once 57 47 60 60
% of average solution above BK 245 249 0.46 0.07
Average run time (min.) 75.79 5.67 28.67 33.96
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facility can be anywhere in the square but moves of facilities can
only be (£ 0.01S, + 0.01S). This variant produced better results in
experiments.

2.6. The pseudo-code for the simulated annealing algorithm

The following is a pseudo-code of the simulated annealing
algorithm:

1. Randomly select a vector X={X;} in the square
enclosing all demand points. Set F=F(X). Set the
iteration counter IT=0, T=Ty/o. Set Fpess =F.

2. Set IT=IT+1 and T=T xo. If IT>N stop with Fpes as
the solution.

3. Randomly select a facilityjel[l,...,p].

4. Randomly select iye[—1,0,1] and iy €[-1,0,1]. If ix=1i,=0
go to Step 4.

5. set Xj' =(xj+ixAx,y; +iyAy) defining X'. If X; is outside
the square enclosing all demand points go to Step 4.

6. 1f F(X)<F then
(a) if F(x/) < Fpest set Fpese = F(X/) .

(b) set X=X and F =F(X)).
(c) Go to Step 2.

7. Otherwise, calculate A=[F(X)—F]/T and randomly
generate O<u<1.

8. 1feld<u go to Step 2. Otherwise, go to Step 6b.

2.7. Testing the algorithms on a small problem

We tested three algorithms on the well-studied n=50 problems
from [20] for p =5,10,15,20,25 and for which the optimal solutions
are known [7]. In Table 1 we report for ALT, IALT, and simulated
annealing+IALT replicated 10,000 times each from random starting
solutions. We report for each method: the number of times the

Table 6
Improved best known results.

n p From [7] New BK % improv.
287 7 8160.3230 8160.3203 0.0000
287 30 2716.9071 2716.9038 0.0001

1060 5 1,851,879.9 1,851,877.3 0.0001

1060 15 980,132.1 980,131.7 0.0000

1060 20 828,802.0 828,685.7 0.0140

1060 25 722,061.2 721,988.2 0.0101

1060 30 638,263.0 638,212.3 0.0079

1060 35 577,526.6 577,496.7 0.0052

1060 40 529,866.2 529,660.1 0.0389

1060 45 489,650.0 489,483.8 0.0339

1060 55 422,770.0 422,647.2 0.0290

1060 60 397,784.4 397,718.0 0.0167

1060 65 376,759.5 376,639.3 0.0319

1060 70 357,385.0 357,381.1 0.0011

1060 75 340,242.0 340,123.5 0.0348

1060 80 326,053.2 325,990.5 0.0192

1060 85 313,738.2 313,463.0 0.0877

1060 90 302,837.0 302,600.9 0.0780

1060 95 292,875.1 292,343.1 0.1816

1060 100 283,113.0 282,624.9 0.1724

1060 105 274,576.0 273,611.0 0.3515

1060 110 265,801.0 265,242.3 0.2102

1060 115 257,605.0 256,940.1 0.2581

1060 120 249,584.0 249,142.2 0.1770

1060 125 242,930.0 242,267.4 0.2728

1060 130 236,154.0 235,653.0 0.2121

1060 135 230,431.0 229,399.4 0.4477

1060 140 224,504.0 223,519.0 0.4387

1060 145 218,279.0 217,931.3 0.1593

1060 150 212,926.0 212,717.4 0.0980

optimum was encountered, the number of different local optima
encountered, the percentage of the average solution value above the
optimum, and the percentage of the maximum solution above the
optimum. We also investigated whether a better starting solution
tends to yield a better final solution by calculating the correlation
coefficient between the initial value of the objective function and the
final value for these 10,000 runs. The IALT algorithm clearly
performed better than ALT. The simulated annealing algorithm
performed best but required longer computer time. For the ALT and
IALT algorithms there is a highly significant correlation between the
initial and final solutions. The correlation for simulated annealing is
relatively small. This suggests that if one applies the ALT and IALT
algorithms, better results are expected if the best among several
randomly generated solutions is selected as the starting solution.

Random initial solutions are generally very poor in quality. Hence,
starting the local search from such solutions may lead the descent
path to an inferior local minimum. On the other hand, by starting the
local search from a “high quality” point as obtained by our simulated
annealing heuristic on the grid, these inferior local minima are
avoided.

3. Computational experiments

Solution methods were programmed in Fortran using double
precision arithmetic. The programs were compiled by an Intel
11.1 Fortran Compiler with no parallel processing and run on a
desktop with the Intel 870/i7 2.93 GHz CPU Quad processor and
8 GB RAM. Only one thread was used.

3.1. Randomly generated problems

Sixty problems were randomly generated for n= 100,200, ...,
1000 and p=2,3,5,10,20,30 (the same n demand points were
used for all values of p). Demand points were generated in a unit

Table 7
Results for the n=50 problems.

p IALT 100 restarts IALT 1000 restarts Simul. anneal.+IALT
a b Time® @ b Time® 2 b Time®
2 0.00 0.00 0.17 0.00 0.00 1.50 0.00 0.00 77.24
3 0.00 0.00 0.16 0.00 000 1.59 0.00 0.00 102.41
4 0.00 0.00 0.17 0.00 0.00 1.76 0.00 0.01 124.93
5 0.00 0.00 0.22 0.00 000 225 0.00 0.00 147.41
6 0.00 0.00 0.23 0.00 000 228 0.00 0.00 167.16
7 0.00 0.00 0.22 0.00 0.00 220 0.00 0.00 191.62
8 0.00 0.00 0.22 0.00 000 2.12 0.00 0.26 212.66
9 0.00 0.00 0.20 0.00 000 217 0.00 0.17 234.05
10 0.00 0.01 0.22 0.00 0.00 228 0.00 036 254.28
11 0.00 0.00 0.25 0.00 0.00 236 0.00 046 274.47
12 0.00 0.00 0.25 0.00 000 245 0.00 0.52 29297
13 0.00 0.00 0.25 0.00 000 248 0.00 036 312.53
14 0.00 059 0.25 0.00 0.00 251 0.00 0.56 330.24
15 0.00 048 0.25 0.00 0.00 251 0.00 046 349.99
16 0.00 0.60 0.27 0.00 001 248 0.00 045 368.21
17 0.00 033 0.25 0.00 0.06 250 0.00 0.55 387.90
18 0.00 090 0.25 0.00 0.03 250 0.00 085 407.18
19 000 149 0.27 0.00 000 254 0.00 156 427.13
20 0.05 0.58 0.25 0.00 003 261 0.00 1.06 445.62
21 0.07 042 0.27 0.00 0.04 264 0.00 079 465.79
22 0.00 0.57 0.28 0.00 0.09 2.68 0.00 0.87 484.24
23 0.00 0.51 0.27 0.00 0.10 273 0.00 0.70 503.77
24 0.00 0.56 0.28 0.00 0.02 281 0.00 051 521.70
25 0.00 1.10 0.28 0.00 0.00 2.90 0.00 1.19 540.92
Ave = 0.01 034 0.24 0.00 0.02 237 0.00 049 317.68

2 Percent of best found solution above best known.
b percent of average solution above best known.
¢ Time in seconds for all runs.
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square and weights were generated in the interval [0, 1]. For the
transfer follow-up we used L=10.

We first tested the IALT approach which includes (by definition)
the transfer follow-up. The procedure is so efficient that we could
run one million replications for each problem. The results are
summarized in Table 2. The procedure performed very well (we
may say surprisingly well) for problems with p < 10. The procedure
did not work so well on problems with p=30. Results are much
improved when the transfer follow-up is implemented (results
without the transfer follow-up are not reported).

We then tested the heuristic algorithms on the grid followed
by the IALT approach. The descent algorithm was repeated 10,000
times for each problem starting from randomly generated starting
solutions. The tabu search and simulated annealing were repeated
100 times each. The results are reported in Tables 3 and 4.

A statistical summary of the results is given in Table 5. We
observe the following:

—

. The IALT method performed very well.

2. The descent algorithm did not provide significantly better starting
solutions to IALT as compared with a random starting solution.

3. Simulated annealing performed better than tabu search (both
were followed by IALT).

4. The best known solution was obtained at least once by

simulated annealing and tabu search in all 60 problem

Table 8
Results for the n=287 problems.

instances. IALT found the best known solution almost all the
time (57 out of 60 instances).

5. The deviation of the average solution from the best known was
very tight for simulated annealing.

3.2. Test problems used in [7]

The problems used in Brimberg et al. [7] for testing their
algorithms are with n=50 demand points [20], n=287 [4],
n=654 [40], and n=1060 [40]. Each of these problems was solved
for varying values of p by

o IALT with 100 restarts repeated 10 times for a total of 1000
replications leading to 10 solutions, each with the minimum
value of the objective function among these 100 restarts.

o IALT with 1000 restarts repeated 10 times for a total of 10,000
replications leading to 10 solutions.

o Simulated annealing repeated 100 times.

In Table 6 we list problem instances where our procedure
yielded results better than the best known results reported in
Brimberg et al. [7]. Note that the two improvements in the
objective value for n=287 are likely due to a typo in [7] or

p IALT 100 restarts IALT 1000 restarts Simul. anneal. +IALT

a b Time® a b Time® a b Time®
2 0.00 0.00 1.29 0.00 0.00 12.65 0.00 0.08 189.24
3 0.00 0.07 1.06 0.00 0.00 10.53 0.00 0.05 242.08
4 0.00 2.59 1.11 0.00 0.00 11.08 0.00 1.50 300.57
5 0.00 0.54 1.29 0.00 0.00 13.18 0.00 0.31 365.78
6 2.64 4,76 1.51 0.00 2.45 15.46 0.00 0.04 412.25
7 2.97 5.88 1.68 2.15 4.26 16.77 0.00 0.02 492.84
8 6.21 7.28 1.70 3.07 6.25 17.60 0.00 0.20 536.30
9 6.94 10.76 1.78 6.25 7.45 17.89 0.00 0.22 584.33
10 9.03 12.66 1.89 8.89 9.80 18.81 0.00 0.33 628.40
11 12.83 14.68 1.97 11.51 12.48 19.75 0.00 0.24 684.59
12 14.48 17.31 2.09 12.16 14.67 20.89 0.00 0.16 730.23
13 17.65 20.40 2.17 15.64 17.21 21.82 0.00 0.58 788.29
14 16.00 20.98 2.26 16.00 18.85 22.92 0.08 0.48 837.93
15 20.34 23.72 2.40 19.39 20.71 23.84 0.16 0.72 902.62
16 21.43 26.20 2.53 19.20 23.00 25.15 0.36 0.98 948.72
17 24.46 30.44 2.70 23.92 26.76 26.71 0.09 1.07 999.58
18 28.96 32.34 2.84 27.42 29.93 28.19 0.02 1.02 1052.07
19 32.35 36.07 2.96 28.32 31.38 29.72 0.26 0.99 1106.06
20 36.22 40.50 3.15 32.14 34.83 31.62 0.00 0.95 1157.34
25 54.38 60.14 4.17 47.68 50.93 42.34 0.69 1.82 1431.89
30 73.43 79.70 5.55 60.95 67.48 55.29 0.00 0.87 1699.69
35 86.18 97.12 6.83 82.36 88.60 68.94 0.00 1.85 1982.71
40 97.43 112.57 8.21 91.87 103.60 82.51 0.66 2.38 2251.31
45 123.65 133.56 9.56 115.24 126.14 96.61 0.61 2.90 2546.95
50 139.46 157.18 11.01 135.37 142.36 111.15 1.06 2.74 2803.84
55 176.67 186.61 12.64 149.26 165.89 126.00 0.05 2.46 3101.30
60 197.73 210.48 14.18 180.56 188.67 141.90 0.30 1.85 3368.28
65 218.90 235.99 16.75 178.81 208.53 167.81 0.61 2.27 3685.77
70 22337 251.07 18.92 202.93 22713 188.59 0.35 1.80 3948.46
75 247.27 262.09 21.23 223.45 242.15 212.74 0.02 1.30 4268.94
80 282.17 301.41 23.82 249.81 262.89 239.76 0.42 1.49 4535.46
85 268.05 309.98 26.75 240.13 271.75 269.10 0.18 1.59 4863.86
90 284.20 320.83 30.15 281.72 292.48 302.14 0.16 1.64 5131.37
95 294.32 339.44 33.59 271.19 301.60 337.20 0.11 1.73 5473.79
100 292.43 338.64 37.35 278.07 306.77 375.71 0.29 1.43 5744.30
Ave = 94.63 105.83 9.12 86.16 94.49 91.50 0.19 1.14 1994.20

2 Percent of best found solution above best known.
b percent of average solution above best known.
€ Time in seconds for all runs.
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p IALT 100 restarts IALT 1000 restarts Simul. anneal. +IALT
a b Time® a b Time® a b Time®

2 0.00 0.00 2.68 0.00 0.00 27.16 0.00 0.00 500.47
3 0.00 0.00 2.50 0.00 0.00 25.41 0.00 0.12 582.41
4 0.00 0.00 2.71 0.00 0.00 27.07 0.00 12.84 679.70
5 0.00 0.00 2.62 0.00 0.00 26.47 0.00 0.00 795.42
6 0.00 0.00 2.20 0.00 0.00 23.06 0.00 0.00 919.88
7 0.00 0.03 2.11 0.00 0.00 21.54 0.00 0.60 1054.35
8 037 0.65 2.12 0.00 0.16 21.06 0.00 0.89 1171.43
9 0.40 0.40 2.07 0.00 0.36 20.72 0.00 0.94 1307.49
10 0.00 5.17 2.09 0.00 0.00 21.03 0.00 0.62 1410.50
11 9.03 1145 217 0.00 7.18 21.42 0.00 0.30 1548.04
12 0.00 9.50 2.23 0.00 2.81 22.11 0.00 0.00 1673.66
13 2.79 8.59 2.29 0.55 3.47 23.15 0.00 0.30 1802.58
14 0.53 7.74 243 0.53 3.15 24.35 0.00 0.45 1912.18
15 6.38 7.90 2.54 5.78 6.35 25.58 0.00 0.64 2045.77
20 14.58 18.40 3.56 12.72 14.85 35.26 0.14 1.31 2679.89
25 21.63 26.05 4.98 17.18 21.66 49.83 0.00 1.60 3338.50
30 23.55 28.62 7.13 23.47 25.37 71.99 0.00 1.01 3968.63
35 19.30 27.44 10.55 18.06 21.25 105.22 0.02 1.13 4633.95
40 15.82 21.68 15.43 14.50 16.87 153.40 0.28 0.87 5280.45
45 12.78 16.89 21.67 9.59 13.06 217.04 0.45 1.61 5961.61
50 13.11 16.69 29.87 11.25 12.97 298.52 0.28 1.60 6607.92
55 14.80 16.24 39.58 9.91 13.38 398.30 0.30 1.47 7294.11
60 12.42 15.14 51.84 11.10 12.67 518.14 0.18 1.23 7942.67
65 15.31 16.90 69.64 10.13 12.63 697.62 0.13 1.30 8644.08
70 11.05 15.51 87.10 9.77 12.26 872.53 0.17 0.99 9300.08
75 10.47 13.58 107.67 9.05 11.09 1073.52 0.19 0.81 10,008.28
80 9.78 13.33 130.57 7.57 9.64 1306.24 0.44 1.34 10,674.34
85 9.13 11.85 157.56 7.23 9.55 1568.62 0.42 1.32 11,389.63
90 9.84 11.05 186.67 7.17 8.98 1864.93 0.19 1.10 12,052.14
95 6.66 9.77 220.51 6.66 8.09 2205.71 047 1.30 12,783.75
100 8.27 10.01 257.46 6.36 8.10 2580.77 0.42 1.31 13,469.77
Ave = 8.00 10.99 46.28 6.41 8.25 462.83 0.13 1.26 4949.47

2 Percent of best found solution above best known.
b percent of average solution above best known.
¢ Time in seconds for all runs.

Table 10

Results for the n=1060 problems.

p IALT 100 restarts IALT 1000 restarts Simul. anneal. +IALT
a b Time®¢ 2 b Time¢ 2 b Time®

5 0.00 0.00 12.78 0.00 0.00 126.95 0.00 000 1318.96
10 0.00 0.00 19.92 0.00 000 196.70 0.00 0.00 2277.52
15 0.00 0.10 29.53 0.00 0.01 29297 0.00 0.01 3282.23
20 0.01 048 3853 0.01 0.15 38341 0.00 004 4268.61
25 037 0.70 5094 0.02 0.17 50852 0.00 0.14 5277.34
30 030 121 6442 0.13 0.64 646.12 0.00 0.07 6249.32
35 139 228 7927 041 125 79297 0.00 0.13 7261.44
40 048 225 9636 048 1.38 953.81 0.00 025  8248.58
45 1.64 238 11331 1.05 1.74 113538 0.00 0.16  9280.23
50 296 3.69 133.14 192 257 1326.17 0.01 028 10,271.78
55 3.60 4.55 15398 240 3.05 152250 0.00 029 11,451.50
60 2.81 4.24 17342 245 298 1736.08 0.00 0.18 12,457.52
65 336 4.29 20098 199 2.83 2029.95 0.00 0.17 13,526.44
70 355 4.46 22445 264 322 2258.70 0.00 021 14,566.36
75 349 4.59 250.52 275 3.53 2499.25 0.00 0.18 15,652.84
80 3.66 4.65 27427 250 3.46 2731.05 0.00 0.15 16,658.05
85 3.69 491 298.16 3.27 3.71 3012.03 0.00 0.21 17,747.58
90 4.13 492 32548 264 3.50 3263.67 0.00 0.19 18,791.49
95 3.79 4.56 35298 2.88 3.63 3568.02 0.00 0.21 19,895.21
100 401 473 379.28 3.12 3.86 3856.80 0.00 0.28 20931.57
Ave= 2.16 293 9545 138 2.09 955.03 000 0.16 10970.73

2 Percent of best found solution above the new best known.

b percent of average solution above the new best known.

¢ Time in seconds for all runs.

rounding errors. However, some significant improvements are
obtained for the n=1060 problem sets. In Tables 7-10 we give a
summary of all our results for the four problems from Brimberg
et al. [7].

In Table 11 we compare the performance of the alternate
approach used in Brimberg et al. [7] (MALT) to the IALT approach
proposed in this paper. Except for the n=287 problems where
IALT performed unusually poorly, the IALT algorithm performed
much better in a much shorter run time for the 100 restarts case.

3.2.1. Discussion

As observed in Tables 7-10, the IALT algorithm performed very
well on the majority of test problems from [7]. We see in fact that
this simple local search matches the sophisticated applications of
metaheuristics in [7] on several of the test instances! The results
also compare very favorably with the standard alternate proce-
dure of Cooper for n=>50, 654 and 1060 (see Table 11). Run times
for the simulated annealing+IALT gave the best results. Run
times may look high. However, run times are for all 100 runs
for each value of p. For example, the average run time for each
value of p for the largest problem of n=1060 reported in Table 10
is about 3 h which is less than 2 min for one run of simulated
annealing +IALT.

To demonstrate further the complexity of model (1), consider
the following quote taken from Brimberg et al. [5] on the same
well-known 50 customer problems studied above:
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Table 11
Comparison of averages between the IALT and MALT in [7].

n IALT (100 restarts) IALT (1000 restarts) MALT (100 restarts) [7]
%Best %Ave. Time? %Best %Ave. Time?* %Best %Ave. Time?*
50 0.01 0.34 0.24 0.00 0.02 2.37 112 3.10 3.59
287 94.63 105.83 9.12 86.16 94.49 91.50 7.32 10.76 50.38
654 8.00 10.99 46.28 6.41 8.25 462.83 27.34 34.15 142.20
1060 2.16 2.93 95.45 1.38 2.09 955.03 21.47° 23.61° 725.96

2 Time in seconds for all runs.
b 0.04% added to compare with new best known solution.

It is interesting to note that of the 10,000 iterations of MLS (i.e.,
Cooper’s procedure), an optimal solution was obtained 690, 34,
1 times for p=5, 10, 15, respectively, and the worst deviation
from the optimal value was, respectively, 46.74%, 65.80%,
70.27%. In all 272, 3008, and 3363 different local solutions
were obtained, respectively, for p=5, 10, 15.

We extended this analysis, reported in Table 1, to IALT and
simulated annealing up to p=25 and obtained better character-
istics for the methods proposed in this paper.

Thus, it appears that the follow-up transfer in IALT is highly
effective in reducing the number of local minima and increasing
their quality. Meanwhile we must also recognize the inferior
results obtained by IALT for n=287 (Table 11). It should be noted
that this problem has an unusual weight distribution and most
demand points are concentrated near the center of the area,
which may diminish the usefulness of the transfer follow-up step.
The solution is not sparsely distributed and thus a sparsely
distributed starting solution hinders the performance of IALT.
When the value of L in the transfer follow-up was increased from
L=10 to L=n=287, the percentages decreased to 30.24% and
36.35% for IALT with 100 restarts but run time increased by about
eight fold.

The simulated annealing algorithm is seen to obtain consis-
tently good results in all cases (see Tables 7-10). The best found
result was in one worst case, 1% above the best known (Table 8).
The average performance in the worst case was 3% above the best
known (again Table 8). With the exception of the n=287
problems, and only one instance of the n=1060 problems, this
heuristic was always able to find the best known solution, and in
several of the instances with n=1060, even improved the state-
of-the-art (see Tables 6-10). Thus, the importance of finding good
starting solutions for IALT is confirmed.

4. Conclusions

This paper develops some powerful heuristics for solving the
p-median problem in the plane. First we show that a simple add-
on step (IALT) to the classical alternating algorithm attributed to
Cooper [11,12] (ALT), and still widely used as a local search (e.g.,
see [7]), greatly enhances this method. Furthermore, we provide
some ideas to improve the efficiency of the local search. This
improvement in efficiency is important, as the local search can be
used many times as a subroutine in more sophisticated algo-
rithms. We also show that finding good starting solutions on a
grid representation of the problem can be very effective when
combined with the improved local search. In fact, the combined
approach developed here was able to find or improve best known
solutions on several test problems.

We found that there is a highly significant correlation between
the quality of the starting solution and the final solution of ALT or

IALT. This suggests that it is beneficial to generate good starting
solutions for each of these heuristics.

Further research in this area may include more detailed
studies concerning the effect of grid dimensions on the quality
of the solution and on computing times. Other grid types (e.g.,
triangular) should also be examined. Finally, the procedures
developed here may form the basis of a general methodology
for solving other types of location-allocation problems. We plan
to apply this approach, for example, to the continuous p-center
problem. Several other continuous location models come to mind.
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