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The aim of this paper is to solve p-median problems with an additional coverage constraint. These prob-
lems arise in location applications, when the trade-off between distance and coverage is being calculated.
Three kinds of heuristic algorithms are developed. First, local search procedures are designed both for
constructing and improving feasible solutions. Second, a multistart GRASP heuristic is developed, based
on the previous local search methods. Third, by employing Lagrangean relaxation methods, a very effi-
cient Lagrangean heuristic algorithm is designed, which extends the well known algorithm of Handler
and Zang, for constrained shortest path problems, to constrained p-median problems. Finally, a compar-
ison of the computational efficiency of the developed methods is made between a variety of problems of
different sizes.
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1. Introduction

The p-median problem (PMP) is one of the most studied issues
in combinatorial optimization, having many applications, among
which cluster analysis [16,21], various location problems [10]
and optimal diversity management [6] can be mentioned. For a
general discussion of the problem, the reader is directed to [10,19].

Since Kariv and Hakimi [18] proved that the PMP is NP-hard,
several heuristic algorithms have been found to solve the prob-
lem in an approximate way. Mladenovic et al. [20], Reese [24]
and Alba and Domínguez [3] survey different approximations
and metaheuristics designed for this problem, most of which
are based on interchange or swap-based local search.

The interchange heuristic for the PMP, beginning with the well
known Teitz and Bart algorithm [32], was improved with Whi-
taker’s fast implementation [33] and, more recently, Resende and
Werneck’s [27,30]. Based on these implementations, Resende and
Werneck [28,29] applied the GRASP (Greedy Randomized Adaptive
Search Procedure) methodology to PMP, resulting in different algo-
rithms which can be considered among the most efficient for the
problem.

In this paper, the p-median problem with an additional cover-
age constraint (CONPMP) is considered. The constraint establishes
that the total demand covered at a distance greater than some
pre-established coverage distance should not exceed a previously
chosen value. This constraint is related to the maximum covering
ll rights reserved.
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location problem (MCLP), which is another important location
problem (see [10,19]), whose objective is equivalent to minimizing
the demand covered at a distance greater than the coverage dis-
tance. While the solution of the PMP is associated to maximum
efficiency when designing a service, the solution of the CONPMP
problem looks for maximum efficiency subject to a required mini-
mum coverage.

CONPMP is a problem of interest in its own right, but it can also
be used for exploring the trade-off between distance and coverage,
by systematically varying the demand allowed to be covered at a
distance greater than the coverage distance. This can be done, for
example, by applying the e-constraint method to the biobjective
problem with extremum problems PMP and MCLP. This biobjective
problem is considered in [10], which presents an elementary meth-
od, based on weighted sums, for finding a set of supported efficient
solutions, and suggests that, with the e-constraint method, all
efficient solutions could be found. For an overview on available
methods for solving multiobjective integer linear programming
problems, the reader is directed to the excellent textbooks [9,11].

The main purpose of this paper is to provide methods for effec-
tively solving the CONPMP subproblems. Although the aim is not to
carry out a complete multiobjective analysis, there will be some
discussion on the inherent trade-off between distance and cover-
age, which are the objectives of the PMP and MCLP problems,
respectively. In a similar context, fixed charge facility location prob-
lems with coverage constrictions, and the corresponding trade-off
between cost and coverage, have been considered in [23,34].

It is well known that adding a constraint to an optimization
problem can make it much more difficult. This happens, for exam-
ple, in the shortest-path [15], minimum spanning tree [2] or
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assignment problems [1]. In these cases, an additional constraint
turns an easy problem into an NP-hard one. In our case, PMP is al-
ready NP-hard, so adding the CONPMP constraint does not modify
this complexity, but the problem is computationally more difficult.

In this paper, different heuristic procedures for the CONPMP
problem are developed. The first group of algorithms are modified
versions of the local search and interchange algorithms used in the
PMP. In this way, local search procedures are designed both for
constructing and improving feasible solutions for CONPMP. These
procedures are the basis for the design of a multistart GRASP heu-
ristic for the CONPMP problem. Given that GRASP procedures are
among the most efficient for solving PMP, it is hoped that this will
also be the case for CONPMP.

The next heuristic procedure for CONPMP is based on Lagran-
gean relaxation. Lagrangean relaxation is a well-known methodol-
ogy for solving large-scale combinatorial optimization problems. It
is based on exploiting the inherent structure of each problem in or-
der to obtain lower and upper bounds on the optimal value of the
problem. For surveys on the theory and applications of Lagrangean
relaxation, see for instance [14,22]. Daskin [10] is an excellent ref-
erence on the application of Lagrangean relaxation techniques to
different location problems.

Lagrangean relaxation based heuristics have been proposed in
the literature for numerous combinatorial optimization problems.
Some of them are: [10,5] for the PMP, [7] for the set covering prob-
lem, [4] for the capacitated facility location problem, [6] for the
diversity management problem, [21] for the cluster analysis prob-
lem, [8] for the train timetabling problem and [31] for the fixed
charge transportation problem.

Lagrangean relaxation techniques have very often been applied
to problems with an additional constraint. So, in [15] Handler and
Zang develop specific procedures for constrained shortest-path
problems, based on Lagrangean relaxation. Similar procedures
have been developed, for instance, for constrained assignment
problems [1] and constrained minimum spanning tree [2], to men-
tion only a few. On the other hand, in [17], the Handler and Zang
algorithm is extended to general resource constrained optimiza-
tion problems, and the running time of the resulting algorithm is
established.

In this paper, we apply Lagrangean relaxation to the CONPMP
problem based on the resolution of subproblems of type PMP. In-
stead of using classical procedures, such as subgradient optimiza-
tion [21,22] or bisection search for the case of a unique
multiplier [13], the extension of the well-known algorithm of Han-
dler and Zang [15] for the restricted shortest path problem to CON-
PMP has been found to be much more efficient here. The extension
of the Handler and Zang algorithm to other structured problems
with an additional constraint is termed the Lagrangean Relaxation
Based Aggregated Cost (LARAC) algorithm in [17,35]. The solution
found by the LARAC method can, in addition, be improved with
the local search heuristic, finally resulting in a very efficient heuris-
tic method that provides solutions near optimality.

The paper is structured as follows. Section 2 states the problem
and establishes the notation used in the rest of the article. Sec-
tion 3 develops the basic procedures of local search for the CON-
PMP problem, which lead to the multistart GRASP algorithm in
Section 4. Section 5 develops a Lagrangean relaxation which is
the basis of the LARAC algorithm. Section 6 presents the compu-
tational results obtained when comparing the different approxi-
mations on two whole batteries of problems. Section 7 gives the
final conclusions.
2. Statement and notation

CONPMP may be stated as follows:
Minimize
Xm

i¼1

Xn

j¼1

hidijyij ð1Þ

subject to
Xn

j¼1

yij ¼ 1 i ¼ 1; . . . ;m ð2Þ

yij 6 xj i ¼ 1; . . . ;m; j ¼ 1; . . . ;n ð3Þ
Xn

j¼1

xj ¼ p ð4Þ

Xm

i¼1

Xn

j¼1

qijyij 6 e ð5Þ

xj 2 f0; 1g j ¼ 1; . . . ;n ð6Þ
yij 2 f0; 1g i ¼ 1; . . . ;m; j ¼ 1; . . . ;n ð7Þ

In this statement, m is the number of points of demand of a ser-
vice, n the number of points of possible establishment of service, p
the number of service points which will be opened, hi the demand
at point i, dij the distance between the demand point i and service
point j; xj 2 {0, 1} is the location variable, defined for j = 1, . . . , n,
with xj = 1 if a facility is located at point j, and yij 2 {0, 1} is the
assignment variable, defined for i = 1, . . . , m, j = 1, . . . , n, with
yij = 1 if all demand at point i is assigned to a facility at point j.

The objective function (1) expresses the sum total of distances
traversed by all clients of the system. The constraints (2) indicate
that all demand points must be serviced or assigned to a unique
service point. The constraints (3) guarantee that if a service point
is not open, then it cannot service any demand point, that is,
xj ¼ 0) yij ¼ 0; i ¼ 1; . . . ;m. The constraints (4) mean that the to-
tal number of open installations must be the pre-established num-
ber p. Finally, (6) and (7) state that all variables take only the
values 0 and 1.

The coefficients qij in the constraints (5) are defined as follows,
based on a coverage distance DC established by the user:

qij ¼
hi if dij > DC

0 otherwise

�
ð8Þ

So, the left hand side of (5) is the total demand covered at a distance
greater than DC, which must not exceed e, also specified by the user.

If we denote byF the feasible set given by the constraints (2)–(4)
and (6) and (7), by f1ðyÞ ¼

Pm
i¼1

Pn
j¼1hidijyij, and by f2ðyÞ ¼Pm

i¼1

Pn
j¼1qijyij, the problem can be stated in a more compact form as:

ðPÞ Minimize f 1ðyÞ ð9Þ
subject to ðx; yÞ 2 F
f 2ðyÞ 6 e ð10Þ

It should be noted that F is the feasible set of a PMP problem
without constraints. To avoid trivial cases, in all that follows, it will
be supposed that F is nonempty. It will also be assumed that exact
or approximate algorithms are available to solve PMP problems
with any linear objective.

Regarding the feasibility of problem (P), for k = 1, 2, consider
first the two PMP problems:

ðPkÞ Minimize f kðyÞ
subject to ðx; yÞ 2 F ð11Þ

Let ðxk; ykÞ 2 F be an optimal solution of (Pk). Defining e1 = f2(y1)
and e2 = f2(y2), the following is immediately verified:

Proposition 1. If the feasible set for PMP F is nonempty, then

1. Problem (P) is feasible if and only if e2 6 e.
2. If e P e1, then (x1, y1) fulfills the constraint f2(y) 6 e, and is there-

fore an optimum for (P).
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Thus, the only case of interest for (P) is when e2 6 e 6 e1. These
two values are obtained by solving the two p-median problems
(Pk), for k = 1, 2.

3. Local search heuristics for the CONPMP problem

In this section, two heuristic procedures are developed based on
local search. These procedures are modifications of the usual inter-
change search for PMP [32,33,27,30], in order to take into account
the additional constraint (5). In every case, the neighborhood
structure is the following: given ðx; yÞ 2 F ;Nðx; yÞ consists of those
(x0, y0) such that x0 is obtained from x via a simple interchange and
y0 by assigning the closest j with x0j ¼ 1 to each demand point i.

3.1. Heuristic for finding a feasible solution

This subsection looks at how to construct feasible solutions for
problem (9) and (10). It is assumed that heuristic algorithms to solve
any PMP with a linear objective are available and, in this way, the
solutions verifying ðx; yÞ 2 F will be generated. Although it is possi-
ble to design simple greedy heuristics that consider the constraint
f2(y) 6 e, analogous to those developed in [23] for uncapacitated
fixed charge facility location, we have observed that, for p-median
problems, these heuristics frequently end without finding a solution
that verify the constraint (10). The following algorithm is essentially
a local search algorithm for PMP with the objective of minimizing
f2(y), which ends with the first solution that satisfies f2(y) 6 e.

Algorithm 1. H1 Algorithm

Input: Any solution ðx; yÞ 2 F .
Output: A solution ðx�; y�Þ 2 F verifying f2(y⁄) 6 e.

General Step.
1. If f2(y) 6 e, let (x⁄, y⁄) = (x, y) and stop.
2. Examine N(x, y). If there is no (x0, y0) 2 N(x, y) such that

f2(y0) < f2(y), stop. A local optimum has been reached but no
feasible solutions have been found.

3. Choose (x0, y0) 2 N(x, y) such that f2(y0) < f2(y), redefine
(x, y) = (x0, y0) and go back to Step 1.

End of H1

3.2. Improvement heuristic

Now we shall start from a feasible solution, that is, one satisfying
ðx; yÞ 2 F and f2(y) 6 e, with the aim of improving the objective f1(y).

Algorithm 2. H2 Algorithm

Input: A solution ðx; yÞ 2 F with f2(y) 6 e.
Output: A solution ðx�; y�Þ 2 F verifying f2(y⁄) 6 e

General Step.
1. Examine the neighborhoods (x0, y0) 2 N(x, y), which

satisfy f2(y0) 6 e. If there is no (x0, y0) 2 N(x, y) which
simultaneously satisfies f1(y0) < f1(y) and f2(y0) 6 e, let (x⁄,
y⁄) = (x, y) and stop, since a local optimum has been reached.

2. Take (x0, y0) 2 N(x, y) such that f1(y0) < f1(y) and
f2(y0) 6 e, let (x, y) = (x0, y0) and go back to Step 1.

End of H2

As with any local search algorithm, both H1 and H2 can be
implemented using either a best improving or a first improving
strategy.
4. Multistart GRASP heuristic

The H1 (construction) and H2 (improvement) heuristics of the
previous section can be included in various forms in a multistart
algorithm which considers two important aspects of any metaheu-
ristic: diversification and intensification. In this paper, the GRASP
methodology has been chosen for CONPMP because it is one of
the most efficient metaheuristics for the PMP problem. For com-
prehensive information on GRASP methodology see [25,26].

A GRASP is a multistart process in which each iteration consists
of two main blocks: construction of a feasible solution, and
improvement by local search. Diversification is obtained, in the
construction phase, with a randomized greedy algorithm, while
intensification is obtained, in the improvement phase, with a local
search algorithm. The different iterations are independent, and the
best solution found is saved and returned as the result.

In the construction phase, a feasible solution is iteratively con-
structed, one element at a time. To this end, at each iteration, let
the set of candidate elements be set by all elements that can be
incorporated to the partial solution under construction without
destroying feasibility. Then a restricted candidate list (RCL) is con-
sidered, formed by the elements that can be incorporated to the
partial solution under construction and have the best incremental
cost. The element to be incorporated is randomly selected from
those in the RCL. The RCL can be chosen with different criteria,
but one of the more important is the cardinality-based criteria. In
this case, the cardinality of RCL is a priori fixed to some chosen va-
lue r, and the RCL is made up of those elements having the r best
costs. See [25,26] for many other ways of forming the RCL.

For CONPMP, we have found that a randomized greedy algo-
rithm frequently ends with no feasible solution, due to the simulta-
neous presence of the constraints (4) and (10). This is significantly
different for the fixed charge facility problem with a coverage con-
straint considered in [23], for which it is possible to open enough
facilities for constraint (10) to be fulfilled. In our case, the number
of open facilities is fixed to p, and it is not so easy to design a greedy
algorithm that takes into account the constraint (10).

The first phase of a GRASP iteration, which usually corresponds to a
randomized greedy algorithm for CONPMP, has been replaced by two
steps: a randomized greedy algorithm for the PMP (P1), with objective
f1(y), followed by an H1 algorithm to restore feasibility. It is expected
that algorithm H1 will restore feasibility without deteriorating the
objective f1(y) excessively. The second phase is the improvement heu-
ristic H2, with the aim of improving the objective f1(y). The complete
algorithm, with K starts, is the following (it is the iteration index):

Algorithm 3. H3GRASP Algorithm

Input: K.
Output: A solution ðx�; y�Þ 2 F verifying f2(y⁄) 6 e.

Initial Step. Set f �1 ¼ 1; it ¼ 0.
General Step. While it 6 K, do:

1. Iteration. Set it = it + 1.
2. Greedy randomized construction. Apply a greedy ran-

domized construction method to the PMP problem (P1) with
objective f1(y), and let ðx1; y1Þ 2 F be the obtained solution.

3. Feasibility. Beginning with ðx1; y1Þ 2 F , apply algorithm
H1 to find a feasible solution. If one is found, let ðx2; y2Þ 2 F ,
with f2(y2) 6 e. If not, exit the iteration and go back to step 1.

4. Local search. Beginning with (x2, y2), apply algorithm
H2, and let (x3, y3) be the obtained solution.

5. Update. If f1ðy3Þ < f �1 , set f �1 ¼ f1ðy3Þ; ðx�; y�Þ ¼ ðx3; y3Þ.
end do.
End of H3
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5. A Lagrangean relaxation based heuristic

5.1. Lagrangean relaxation
Lagrangean relaxation is one of the most commonly used tech-
niques for large scale combinatorial optimization problems. For
general information on this technique, the reader is remitted to
the references given in Section 1. It is based on exploiting the
inherent structure of each problem to obtain lower and upper
bounds on the optimal value of the problem. For CONPMP, it is
clear that the constraint (10) is what makes the problem more dif-
ficult, so it is a candidate to be dualized.

Dualizing the constraint (10) in the formulation (9) and (10),
with a multiplier k P 0, the following Lagrangean function is
obtained:

LðkÞ ¼ min
ðx;yÞ2F

f1ðyÞ þ kf2ðyÞ � ke:

After eliminating the constant term �ke, for any k P 0 the subprob-
lem that has to be solved is

PðkÞ min
ðx;yÞ2F

ff1ðyÞ þ kf2ðyÞg ð12Þ

Note that P(k) is a p-median problem with an aggregated cost
objective. The corresponding dual problem is:

ðDLÞmax
kP0

LðkÞ
5.2. LARAC algorithm

In general, the maximization of L(k) is achieved by a subgradi-
ent algorithm [14,21,22]. When a single constraint is dualized, as
in our case, simpler procedures could be used, based on the prop-
erties of L(k), such as a bisection search (see [13]). Based on the
Handler and Zang algorithm [15] for the restricted shortest path
problem, Jüttner [17] and Xiao et al. [35] have extended its use
to other problems of combinatorial optimization with an addi-
tional constraint, and called the resulting algorithm LARAC
(Lagrangean Relaxation Based Aggregated Cost), because of the
form of the objective function of subproblem P(k) in (12). In this
section, the LARAC method is applied to CONPMP.

The following properties and observations are derived from the
well-known theory of Lagrangean Relaxation (see [14,21,22,17]),
and give the motivation and main algorithmic ideas. The following
notation will be used: m(�) is the optimal value of problem (�), and
z = m(P).

1. For all k P 0, L(k) 6 z (lower bound). In particular, if k⁄ maxi-
mizes L(k), then L(k⁄) = m(DL) 6 z.

2. L(k) is concave and piecewise linear.
3. A given value k P 0 maximizes L(k) if and only if there are two

solutions ðxA; yAÞ 2 F and ðxB; yBÞ 2 F , both being optimal solu-
tions to P(k) for which f2(yA) P e and f2(yB) 6 e. These solutions
can coincide, in which case f2(yA) = f2(yB) = e. A proof of this
property can be found in [17].

4. It is interesting to consider the biobjective problem min{-
f1(y),f2(y)} subject to ðx; yÞ 2 F . Observe that, via Lagrangean
Relaxation, we will only obtain supported efficient solutions
for the biobjective problem because, for any k > 0, the subprob-
lem P(k) is a special case of the method of weights, with k1 = 1,
k2 = k (see [11] for the basic elements of multiobjective combi-
natorial optimization).

5. If the feasible solutions ðx; yÞ 2 F are represented in two-
dimensional space by (f1(y),f2(y)), a typical case can be seen in
Fig. 1. The efficient supported solutions are A1, A2, A4, and A6,
while the optimal solution of the problem corresponds to the
unsupported point A3. In this case, with Lagrangean relaxation,
the best solution that can be obtained is A4.

6. The main idea of the LARAC method can be illustrated using
Fig. 2. At each iteration, there are two supported efficient solu-
tions, which, in the objective space, correspond to a point
A = (a1, a2) satisfying a2 > e, and a point B = (b1, b2) satisfying
b2 6 e, and are therefore associated to a feasible solution of (P).
Let k be the absolute value of the slope of the line connecting
A and B. Minimizing P(k) will result in a point C, and one of the
three following cases: (a) C is below the line f2 = e, as point C1

is in Fig. 2. In this case, C corresponds to a new feasible solution
that improves the present solution B, and so B is replaced by C.
(b) C is above the line f2 = e, as point C2 is in Fig. 2. Then, A is
replaced by C. (c) C is equal to A or B. By the third observation,
the maximum of L(k) has been reached and the algorithm stops.

Algorithm 4. LARAC algorithm

Output: A feasible solution ðx�; y�Þ 2 F verifying f2(y⁄) 6 e and
f �1 ¼ f1ðy�Þ.

Initial Step.
1.1 Solve problem P1, which is the p-median problem with

objective f1(y), and let ð�x; �yÞ be an optimal solution. If
f2ð�yÞ 6 e, then ð�x; �yÞ is an optimal solution of problem
(P), so stop. Otherwise, set A ¼ ðf1ð�yÞ; f2ð�yÞÞ.

2.2 Solve problem P2, which is the p-median problem with
objective f2(y), and let ð�x; �yÞ be an optimal solution. If
f2ð�yÞ > e, then problem (P) is not feasible, so stop.
Otherwise, take B ¼ ðf1ð�yÞ; f2ð�yÞÞ and ðx�; y�Þ ¼ ð�x; �yÞ.

General Step.
Given A = (a1, a2), B = (b1, b2) with a2 > e, b2 6 e, a1 < b1,

2.1 Let k ¼ b1�a1
a2�b2

.
Solve the p-median problem P(k), and let ð�x; �yÞ be an

optimal solution, with corresponding point
C ¼ ðf1ð�yÞ; f2ð�yÞÞ.
2.2 If C is equal to A or B, stop, since the maximum value of

L(k) has been reached. Otherwise,
2.3 If C – B and f2ð�yÞ 6 e, then necessarily f1ð�yÞ ¼ c1 < a1.

Set B ¼ f1ð�yÞ, f2ð�yÞ, ðx�; y�Þ ¼ ð�x; �yÞ and go to (2.1).
2.4 If C – A and f2(y) > e, then necessarily c2 ¼ f2ð�yÞ < a2.

Set A ¼ f1ð�yÞ, f2ð�yÞ and go to (2.1).
End of LARAC.

If P(k) has been solved optimally, the final bound on the optimal
value z is valid (see Fig. 1):

LB 6 z 6 UB

where LB = L(k) � ke and UB ¼ f �1 . Alternatively, the lower bound can
be computed as the intersection of the line joining A and B with the
line f2 = e, giving the value:

LB ¼ f A
2 � f B

1 � f B
2 � f A

1

f A
2 � f B

2

� f B
1 � f A

1

f A
2 � f B

2

e:

On the other hand, if P(k) has been solved by heuristic methods,
the lower bound may not be correct, although the upper bound al-
ways is.

Additionally, the solution obtained by the LARAC method may
be improved by the local search algorithm H2.
6. Computational results

In this section, the computational results obtained by applying
the procedures in previous sections to a series of CONPMP



Fig. 2. Main iteration of the LARAC algorithm.

Fig. 1. Representation on the biobjective space.
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problems are presented. The aim of these experiments is twofold.
On the one hand, the effectiveness of the GRASP and LARAC proce-
dures has to be assessed and compared, in terms of solution quality
as well as the required computation time. On the other hand, the
analysis of the trade-off between distance and coverage, obtained
when varying the value e, can illustrate the main applicability of
model CONPMP in the context of location decisions.

In addition, the lower dimensional problems have been solved
up to optimality with XPRESS-Optimizer version 20.00.11 [12].
The solver in XPRESS has one of the most efficient implementations
of the Branch and Cut algorithm, and includes the most recent
developments in integer programming, such as different cutting
planes, heuristics and preprocessing methods, as well as sophisti-
cated rules for guiding the enumeration tree. The availability of
the optimal values enables the exact deviation of the values ob-
tained by GRASP and LARAC methods to be obtained.

All the algorithms necessary to run the XPRESS, GRASP and LAR-
AC methods have been programmed in C, compiled with Microsoft
Visual C++.NET version 7.1 and run on a PC Intel (R) Core (TM)2
CPU 6300 @ 1.85 GHz with 1.98 GB of RAM.

In order to compare the different methods, two data sets have
been used. The first one contains 60 CONPMP problems generated
in the following manner: in all cases m = n is taken with values 300,
500, 800 and 1000, respectively; integer demands are generated
uniformly between 10 and 100, and Euclidean real distances are
found from coordinates generated uniformly between 0 and
1000, without rounding. For each dimension, 5 problems have
been randomly generated, thus obtaining 20 PMP problems. For
each of these test problems, the following 3 values of e are taken:
e2 + b(e1 � e2), with b = 0.2,0.5 and 0.8, respectively, finally obtain-
ing 60 CONPMP problems. For every problem, p = 15 and DC = 12
have been taken.
The second data set consists of 32 real data extracted from the
data set of the 3100 counties in the contiguous US, which can be
obtained at the following web address: http://www.census.gov/
geo/www/gazetteer/places2k.html. The 250, 500, 750 and 1000
most populous counties have been extracted and the distances cal-
culated, from the latitude and longitude, assuming a spherical
earth projected onto a plane, without rounding. For each dimen-
sion, the values p = 10 and p = 20 have been taken, and DC = 130
in all cases. Finally, for each of the eight cases, the following 4 val-
ues of e have been taken: e2 + b(e1 � e2), with b = 0.2, 0.4, 0.6, and
0.8, respectively, finally obtaining 32 CONPMP problems.

Before presenting the results, some details should be given on
how each algorithm was run.

1. XPRESS was run with all default options, except for a time limit
of 6 h, and this was done only for those problems of size 500 or
lower, since for those of greater size the efficiency of a general
purpose solver is drastically reduced. In fact, after 6 h, no solu-
tion is found for dimensions 750 or greater.

2. GRASP. The multistart algorithm H3 has been run with K = 20
iterations. This choice gives a good balance between the final
time and the quality of the obtained solutions. In the greedy con-
struction step, a restricted list of candidates based on cardinal,
with a value of r = 80, has been used. From previous experimen-
tal tests, it was observed that this parameter setting is the most
suitable for a large number of the studied problems. Increasing
or decreasing this value does not, in general, much improve
the quality of the obtained solution. In the local search algo-
rithms, H1 and H2, the best improving rule has been chosen.

3. LARAC. The most important issue in this algorithm is the choice
of method for solving the PMP aggregated cost subproblems. To
do so, a GRASP method has been used, following the Resende
and Werneck implementation [27,28,30] with K = 20 iterations
and a restricted list of candidates based on the cardinal, with
a value of r = 80, as in the previous case.

Tables 2–5 in Appendix A contain a summary of the results ob-
tained for the two data sets. The first column contains the name of
the problem, which refers to m and n. For the second data set, the
second column shows the number of medians p, and the remaining
columns have the same interpretation for both datasets. Instead of
thinking in terms of the original objectives f1(y) and f2(y), it is eas-
ier and more meaningful to think in terms of average distance and
percentage of total demand covered at a distance greater than DC.
So, the column labeled e shows the chosen value of the maximum
percentage of the total demand covered at a distance greater than
DC. For problems of size 500 or lower, the column labeled z shows
the optimal value of the average distance obtained with XPRESS,
whereas zG shows the average distance obtained with GRASP and
zL with LARAC. The column labeled t indicates the time required
by XPRESS, in seconds, and analogously tG and tL the time for the
GRASP and LARAC methods. For all the problems for which the
optimum value of the average distance z has been calculated, the
said value is presented in boldface, and the percentages of the devi-
ation obtained by GRASP and LARAC are dG ¼ 100 zG�z

z and
dL ¼ 100 zL�z

z ; respectively.
Overall, the results displayed in Tables 2–5 show that both

GRASP and LARAC are very efficient methods for solving the CON-
PMP, although it must be emphasized that LARAC is more efficient
than GRASP, due to the quality of the solutions it produces and the
execution time. Moreover, the behavior of GRASP and LARAC is
fairly consistent, with a very low variability over the whole set of
instances, both for the generated as well as the real cases. Next,
we analyze these questions in some detail.

For those problems having dimension 500 or lower, for which
XPRESS is able to obtain the optimal solutions, the average

http://www.census.gov/geo/www/gazetteer/places2k.html
http://www.census.gov/geo/www/gazetteer/places2k.html


Table 1
e-Constraint method, pm250, p = 20.

Point Av. dist. Coverage Point Av. dist. Coverage

1 82.9310 19.4739 19 85.8534 15.2977
2 83.0255 18.7309 20 86.1398 15.1566
3 83.2803 18.7223 21 85.9863 14.9672
4 83.7955 18.6573 22 86.3390 14.7794
5 83.8009 18.4940 23 86.6458 14.7328
6 83.8490 18.3954 24 87.4950 14.2661
7 83.7145 18.3940 25 87.8286 14.0900
8 83.8755 17.9143 26 87.8476 14.0784
9 83.8958 17.7698 27 88.1813 13.9022

10 83.9439 17.6712 28 88.4734 13.7611
11 83.9705 17.1901 39 89.3141 13.7401
12 84.1034 16.8596 30 89.6477 13.5640
13 84.4560 16.6719 31 89.6667 13.5524
14 85.0631 16.6252 32 90.0004 13.3762
15 85.2400 16.1732 33 90.4831 13.3415
16 85.7585 16.0219 34 93.3770 13.2908
17 85.7788 15.8774 35 96.4907 13.2862
18 85.8269 15.7788 36 93.8397 13.2561
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percentages of deviation obtained by GRASP are 0.55, 0.15, 0.15,
and 0.72 for problems s300, s500, pm250, and pm500 respectively;
while those obtained by LARAC are 0.09, 0.05, 0.09, and 0.11, for the
same problems. The total averages over the 46 cases are 0.39 and
0.08 for GRASP and LARAC, respectively, which shows that the solu-
tions obtained by both methods are of very high quality, mainly
those of LARAC. In fact, LARAC reaches the optimum in 23 out of
the 48 cases, while GRASP reaches it in 11 out of the 48 cases.
Table 2
Computational performance, dataset 1, sizes 300 and 500. Boldface values are the optimu

Problem e XPRESS GRASP

z t zG

s300_1 22.0256 8.9323 56 9.0380
s300_1 23.6032 8.7951 34 8.7951
s300_1 25.3111 8.7627 48 8.7627

s300_2 20.6154 8.9469 57 8.9588
s300_2 23.6522 8.7545 68 8.7912
s300_2 24.0630 8.7515 84 8.7584

s300_3 19.8059 8.7967 75 8.8536
s300_3 21.6649 8.6581 19 8.6727
s300_3 23.4026 8.6074 27 8.6186

s300_4 21.8812 9.0526 45 9.2761
s300_4 23.1715 8.8219 17 8.9112
s300_4 24.4618 8.7449 77 8.7658

s300_5 22.4227 8.9115 19 9.0052
s300_5 24.4996 8.8426 20 8.8876
s300_5 26.5567 8.8273 47 8.8449

Average 46.2

s500_1 25.6196 9.3343 145 9.3395
s500_1 26.7839 9.2756 146 9.2787
s500_1 27.9560 9.2636 61 9.2636

s500_2 24.5478 9.2914 292 9.2928
s500_2 26.4250 9.2142 130 9.2407
s500_2 28.2029 9.1852 91 9.1852

s500_3 23.2652 9.3909 379 9.4181
s500_3 25.76622 9.3205 418 9.3289
s500_3 26.2049 9.3130 420 9.3272

s500_4 22.4291 9.2434 245 9.2904
s500_4 24.3661 9.1618 268 9.1729
s500_4 26.3946 9.1213 85 9.1213

s500_5 24.0793 9.3236 167 9.3526
s500_5 26.2146 9.2547 288 9.2626
s500_5 28.1745 9.2079 86 9.2218

Average 214.73
For those problems having dimensions greater than 500, the
deviations cannot be calculated, but LARAC gives a strictly better
solution than GRASP in 35 out of the 48 cases, while the opposite
happens in 7 cases, and in another 4 cases both methods are equal.

Regarding the total computation time, the first thing to note in
Tables 1–4 is the clear difference between the times of XPRESS on
the one hand and those of GRASP and LARAC on the other. This is to
be expected when comparing a general purpose solver with a heu-
ristic method, which is specifically designed for the task. Compar-
ing GRASP and LARAC, significant differences are observed
between the two datasets. In all cases, LARAC is faster than GRASP,
but while for the first dataset, it is on average 2.3 times faster, for
the second one, the ratio increases to 16.2. We have not found an
explanation for this fact, except the differences in the data, mainly
the scale of the demands.

It can be concluded that both GRASP and LARAC methods are
efficient for solving CONPMP, although it has been somewhat sur-
prising that LARAC is a little more efficient than GRASP, in both the
quality of the solutions and for the computation time.

Tables 1–4 also show, although in a rather coarse way, the
tradeoff between mean distance and percentage of coverage at dis-
tance greater than DC. Given that, in generating the CONPMP prob-
lems, only 3 values of e were chosen for the first set and 4 for the
second, the trade-off can only be visualized approximately. Even
so, it can be observed how, in every problem, the average distance
decreases as the value of the maximum percentage e increases.

In order to obtain more complete information on the trade-off,
it should be necessary to solve the problem (9) for more values of
m.

LARAC

tG dG zL tL dL

2.75 1.18 8.9323 4.44 0
21.88 0 8.7951 2.52 0
32.47 0 8.7689 3.53 0.07

4.27 0.13 8.9469 3.94 0
26.75 0.42 8.7545 3.33 0
28.80 0.08 8.7515 2.50 0

6.92 0.65 8.8536 4.39 0.27
20.63 0.17 8.6640 9.20 0.07
31.48 0.13 8.6146 5.44 0.08

4.80 2.47 9.0526 10.81 0
15.61 1.01 8.8555 3.86 0.38
25.72 0.24 8.7590 3.38 0.16

6.30 1.05 8.9115 3.92 0
21.70 0.51 8.8679 3.09 0.29
30.09 0.20 8.8330 5.58 0.07

18.68 0.55 4.66 0.09

39.25 0.06 9.3343 46.52 0
74.52 0.03 9.2787 14.03 0.03
85.55 0 9.2636 23.88 0

74.09 0.02 9.2944 16.86 0.03
103.94 0.29 9.2244 21.83 0.11
123.59 0 9.1852 20.16 0

15.78 0.28 9.3942 12.72 0.03
86.72 0.30 9.3289 16.84 0.09
65.13 0.15 9.3130 28.27 0

16.78 0.50 9.2448 46.39 0.02
77.63 0.12 9.1819 16.55 0.21
74.83 0 9.1213 13.20 0

32.06 0.31 9.3236 17.63 0
60.75 0.08 9.2761 9.20 0.23
86.63 0.15 9.2079 19.70 0

67.81 0.15 21.59 0.05



Table 3
Computational performance, dataset 1, sizes 800 and 1000.

Problem e GRASP LARAC

zG tG zL tL

s800_1 26.1298 9.5908 82.25 9.5892 78.22
s800_1 27.0324 9.5538 267.28 9.5241 45.81
s800_1 28.9135 9.4989 175.72 9.5061 43.20

s800_2 26.8938 9.5299 157.19 9.5080 62.44
s800_2 28.1132 9.4862 447.91 9.4463 49.33
s800_2 29.5640 9.4128 270.72 9.4128 61.77

s800_3 25.9320 9.6300 34.36 9.4708 38.77
s800_3 26.6025 9.4765 59.72 9.4319 64.91
s800_3 27.3099 9.4251 138.17 9.4251 36.98

s800_4 25.4831 9.6993 79.72 9.5671 37.31
s800_4 27.3945 9.5360 354.56 9.4773 54.78
s800_4 29.0262 9.4666 242.36 9.4434 94.17

s800_5 25.6175 9.5348 162.31 9.5152 39.11
s800_5 27.1858 9.4473 409.55 9.4504 65.11
s800_5 29.2019 9.4379 263.47 9.4323 37.08

Average 209.68 53.92

s1000_1 28.2056 9.7784 70.91 9.6809 241.41
s1000_1 29.4082 9.6348 306.22 9.6348 356.70
s1000_1 30.8361 9.6845 417.31 9.6213 105.75

s1000_2 26.4047 9.7778 32.94 9.6503 195.69
s1000_2 27.8202 9.6123 228.22 9.6060 46.06
s1000_2 29.4901 9.5746 437.09 9.5544 60.69

s1000_3 26.4553 9.6566 55.80 9.6324 167.17
s1000_3 28.1821 9.5486 277.42 9.5403 75.97
s1000_3 30.5749 9.5090 507.58 9.5073 81.61

s1000_4 27.0251 9.5889 96.13 9.5669 116.09
s1000_4 28.6249 9.5248 281.13 9.5158 363.91
s1000_4 30.2099 9.5094 388.67 9.4978 117.36

s1000_5 26.6755 9.5559 93.34 9.5424 143.34
s1000_5 28.1603 9.4971 235.88 9.4964 87.75
s1000_5 29.6899 9.4665 426.25 9.4666 117.09

Average 256.99 151.77

Table 5
Computational performance, dataset 2, sizes 750 and 1000.

Problem p e GRASP LARAC

zG tG zL tL

pm750 10 40.2299 197.4405 80.23 188.7478 21.27
pm750 10 41.963 183.0916 101.41 180.0362 26.55
pm750 10 43.6962 176.7785 118.64 177.1955 27.11
pm750 10 54.4293 175.4104 141.61 175.4104 28.53

pm750 20 22.1873 106.4569 921.00 105.4022 43.00
pm750 20 23.5294 104.4218 1206.64 104.2248 84.70
pm750 20 24.8716 103.232 1498.77 102.756 45.34
pm750 20 26.2138 102.1501 1413.77 101.5164 53.36

Average 685.25 41.23

pm1000 10 41.449 202.399 228.52 204.5442 40.16
pm1000 10 43.2836 188.2565 271.78 190.1617 39.56
pm1000 10 45.1181 183.9809 292.20 183.1855 49.64
pm1000 10 46.9526 181.4904 313.06 181.6898 43.38

pm1000 20 23.6156 109.4082 1846.66 107.9114 153.22
pm1000 20 24.7519 106.2316 2348.75 106.1406 100.63
pm1000 20 25.8882 105.247 2905.80 104.8802 114.94
pm1000 20 27.0245 104.5349 3068.34 104.0866 98.25

Average 1409.38 79.97
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parameter e. Better yet, a method of multi-objective integer pro-
gramming should be used that guarantees obtaining the entirety
Table 4
Computational performance, dataset 2, sizes 250 and 500. Boldface values are the optimu

Problem p e XPRESS GRAS

z t zG

pm250 10 32.72 157.07 106.00 157.3
pm250 10 35.13 152.55 99.95 152.9
pm250 10 37.54 150.77 110.48 150.
pm250 10 39.95 149.80 124.92 149.

pm250 20 14.90 86.27 33.47 86.3
pm250 20 16.55 84.95 48.69 85.4
pm250 20 18.20 83.73 71.58 83.8
pm250 20 19.85 82.93 61.47 82.9

Average 82.06

pm500 10 37.09 186.87 3553.23 186.8
pm500 10 38.74 174.91 718.20 175.5
pm500 10 40.39 172.06 562.38 173.4
pm500 10 42.04 170.67 1261.66 170.

pm500 20 18.82 99.85 278.47 102.4
pm500 20 20.31 96.67 367.22 96.6
pm500 20 21.80 94.78 362.25 95.7
pm500 20 23.28 93.91 432.9 94.7

Average 942.03
of the efficient boundary, or a good approximation of it. The form
of problem (9) directly suggests applying the e-constraint method
(see [9,11]). Two matters must be resolved in order to apply this
method: how to modify the value of e, and how to solve the result-
ing subproblems, which, in this case, are CONPMP. Regarding the
first matter, if the actual solution produces objective values f1

and f2, it suffices to take e ¼ f2 � 1 to obtain the next solution. As
regards solving the CONPMP problems, the previous computa-
tional results suggest that the LARAC method is the most efficient.

By way of illustration, in Fig. 3 and Table 1, the result of apply-
ing the e-constraint method to problem pm250, with p = 20 can be
seen. The CONPMP subproblems have been solved using LARAC
and the H2 local search method. The complete procedure obtained
36 solutions, and took 94.73 s. Given that the subproblems have
been solved heuristically, it cannot be guaranteed that all the solu-
tions obtained will be non-dominated. In fact, out of the 36 solu-
tions, those numbered 20 and 35 are dominated and should be
m.

P LARAC

tG dG zL tL dL

8 4.89 0.19 157.07 1.83 0
4 5.88 0.25 152.94 2.33 0.25

77 7.13 0 150.77 2.00 0
80 7.16 0 149.80 1.95 0

3 24.86 0.07 86.27 5.27 0
63 32.50 0.60 85.24 3.09 0.34
6 39.22 0.15 83.87 2.95 0.16
3 43.75 0 82.93 3.39 0

20.67 0.15 2.97 0.09

7 23.05 0 187.19 6.59 0.16
5 26.06 0.36 175.44 8.03 0.30
2 31.86 0.79 172.06 5.28 0

67 31.89 0 170.67 5.56 0

9 93.33 2.64 99.85 15.84 0
7 153.17 0 96.67 15.47 0
8 213.01 1.05 94.78 20.73 0
7 235.13 0.90 94.33 23.19 0.44

100.94 0.72 12.58 0.11
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Fig. 3. Efficient frontier for problem pm250, p = 20.
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eliminated. In spite of this, the tradeoff between both objectives
can be observed, either in Table 1 or in the corresponding Fig. 3.
This information could be valuable for a decision-maker faced with
a location problem for which the objectives of distance and cover-
age are important.

7. Summary and conclusions

In this paper, different heuristic procedures are developed for
the p-median problem with an additional coverage constraint
(CONPMP). Local search algorithms for CONPMP, for constructing
and improving feasible solutions, are obtained as modified versions
of the local interchange search algorithms for the PMP. Based on
these local search procedures, a GRASP multistart heuristic for
the CONPMP problem is developed.

On the other hand, starting from a Lagrangean relaxation of the
CONPMP, which is based on the solution of subproblems of type
PMP, the LARAC algorithm is designed as an extension of the
well-known Handler and Zang algorithm for the restricted shortest
path problem. In addition, the local search improvement heuristic
is applied to the solution obtained by the LARAC algorithm, result-
ing in a very efficient heuristic, which, in general, yields better
solutions than the GRASP algorithm.

In order to compare the GRASP and LARAC methods, two data
sets have been used, the first randomly generated and the second
extracted from the data set of the 3100 counties in the contiguous
US, with a total number of 92 CONPMP problems. In addition, the
lower dimensional problems have been solved up to optimality
with XPRESS-Optimizer. After extensive computational experi-
ments with the 92 problems, it can be concluded that both the
GRASP and LARAC methods are efficient for solving CONPMP,
although LARAC has turned out to be somewhat more efficient
than GRASP, both because of the quality of the solutions as well
as for the computation time.
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Tables 2–5.
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