European Journal of Operational Research 219 (2012) 49-58

journal homepage: www.elsevier.com/locate/ejor

Contents lists available at SciVerse ScienceDirect

UROPEAN . OURNAL OF
PERATIONAL 1" ESEARCH

European Journal of Operational Research |

Discrete Optimization

Closest assignment constraints in discrete location problems

Inmaculada Espejo?, Alfredo Marin >*, Antonio M. Rodriguez-Chia?

2 Departmento de Estadistica e Investigacion Operativa, Universidad de Cddiz, Spain
b Departmento de Estadistica e Investigacién Operativa, Universidad de Murcia, Spain

ARTICLE INFO ABSTRACT

Article history:

Received 4 July 2011

Accepted 3 December 2011
Available online 13 December 2011

Keywords:

Discrete location
Integer programming
Valid inequalities
Closest assignment

The objective of this paper is to identify the most promising sets of closest assignment constraints in the
literature of Discrete Location Theory, helping the authors in the field to model their problems when cli-
ents must be assigned to the closest plant inside an Integer Programming formulation. In particular, con-
straints leading to weak Linear Programming relaxations should be avoided if no other good property
supports their use. We also propose a new set of constraints with good theoretical properties.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

In the following, we state the general framework of a discrete
location problem. Consider a set A={1,...,n} of points (clients
and potential plants), distances d; > 0 from point i to point j, costs
¢ of assigning client i to plant j, and a fixed number of plants to be
located, p > 1. As a part of a decision process, the set of p locations
of the plants to be opened must be decided, and then each client
must be assigned (allocated) to one of the plants, minimizing a
cost. Part of this cost will be the sum of the assignment costs ¢;;
for all pairs client-assigned plant. A concrete model will probably
include additional costs and/or additional constraints about how
to assign clients to plants, how to design the set of plants or
whatever.

Very frequently, to obtain the best (optimal) solution for a dis-
crete location problem, an Integer Programming formulation is
proposed. If this is the case, most of the times binary variables y;,
Jj € A, taking value 1 iff a plant is opened at point j, and binary vari-
ables xj;, i, j € A, taking value 1 iff client i is assigned to plant j, will
be included in the model (and perhaps some other variables z,
k € K and constraints t € T, where K and T are two arbitrary sets
of indexes). Taking cj;, CJY and ¢ the costs associated with variables
X, yj and z;, respectively, and oz, ﬁ} and v}, the coefficients in con-
straint ¢ € T for variables x;, y; and z; respectively, for any i, j € A,
k € K, as well as K C K the set of indices of z-variables which must
take integer values, the formulation of a general discrete location
problem will be in the shape of
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min Z ZCinij+ZC}/yj+chz<zk, (1)

icA jeA JjeA keK

st. Y xj=1 VicA (2)
JjeA
X<y, VijeA, (3)
> y=np, (4)
JjeA
; ; o + Jze;ﬁj-yj + gyizk <o, vteT (5)
xj >0 VijeA, (6)
0<y; <1 VjeA, (7)
Xj€Z VijeA, 8)
Y€EZ Yj€A, 9
zeeZ VkeK CK. (10)

Observe that (2)-(4) are the three classical sets of location con-
straints when the number of plants is fixed to p.

The p-median problem (Hakimi, 1965 and ReVelle and Swain,
1970) is the simplest problem in this family. It is

icA jeA
st (2)—(4), (6)—(9)
i.e.,, the assignment costs are the own distances between points

(possibly multiplied by a constant P; indicating the importance -
e.g., population or demand- of client i). Then, once the plants are
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chosen, each client i will be assigned to the closest plant, the one at a
minimum distance from i.

In a generalized version of the p-median problem, when the
costs c in the objective function do not match the distances d, after
choosing the set of plants each client will be assigned to the cheap-
est plant, i.e., the plant which contributes the minimum cost to the
objective function, regardless of the distance this plant is from the
client. Moreover, in the case where additional constraints affect the
x-variables, assignment of clients to plants can also be independent
of the distances d. In those models in which clients must be as-
signed to their closest plant, it is necessary to incorporate addi-
tional constraints (inequalities) to the formulation. These have
been named closest assignment constraints, from now on CAC.
Throughout the last forty years, several models in which CAC are
required have been studied and formulated as Integer Program-
ming problems. Once and again, authors have generated new sets
of CAC, ignoring most of the times the inequalities previously used
in the literature. To the best of our knowledge, no attempt of the-
oretically comparing all these CAC has been carried out up to date,
although Gerrard and Church (1996) dealt with some properties of
the CAC posed in the literature at that time. The most recent paper
on the topic is Lei and Church (2010), where closest assignment
constraints in the context of multi-level assignments are discussed.

It is worth mentioning that closest assignment has also been
needed in a recently introduced family of location problems, the
so-called ordered median problems (see e.g. Kalcsics et al., 2010).
Nevertheless, the formulations used to model these problems pres-
ent a different structure of variables and constraints and are out of
the scope of this work. Another very active field of research in
which CAC are needed is that of interdiction models (and the re-
lated facility hardening models), see for instance Church et al.
(2004) and the recent paper by Liberatore et al. (2011). In these
models, it is considered that p interdicted plants will not be avail-
able and clients must be assigned to the closest available plant.

Closest assignment constraints are also needed in discrete loca-
tion models where the number of plants is not previously fixed, but
to be decided as part of the optimization process. Although a fixed
number of plants is initially considered, through the paper we will
also pay attention to these other closely related models.

The objective of this paper is to identify the most promising sets
of CAC, helping the authors in the Discrete Location field to model
their problems. In particular, CAC leading to weak Linear Program-
ming relaxations should be avoided if no other good property sup-
ports their use. Among these good properties, there are two which
have been partially studied in the literature. The first one is
whether or not the constraints are valid in case of tied distances
with respect to the same client. The second one is whether or
not the addition of CAC makes it possible to relax the integrality
of a subset of integer variables. We will show which of the CAC sat-
isfy each of these properties.

With this aim, in Section 2 we review all the sets of constraints
used up to now in the literature. In Section 3 we prove the domi-
nance of some sets of constraints over other sets and give examples
to show that no other dominances exist in general. Based on one of
the proofs of Section 3, in Section 4 we build a new, non-dominated
set of CAC and we classify it. Some interesting properties of some
CAC are shown in Section 5. Since one of the CAC studied in the lit-
erature was not valid in case of ties between distances, we study
how to generalize it in Section 6. We close the article with some
conclusions in Section 7.

2. Closest assignment constraints in the literature

The earliest work in which CAC were considered in an Integer
Programming framework was Rojeski and ReVelle (1970). It was
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in the context of the budget constrained median problem where
these authors proposed the following constraints:

——

Xi+ > Yo=Y VijeA RR.

a:djg<dj

How constraints R R work was explained in Plastria (2002) making
use of the following construction.

Construction 2.1. If w;, i € I, are binary variables and z is a non
negative variable upperly bounded by H, the logical implication
(wij=0 Viel=2z=0) is exactly expressed by the constraint
zZ < HY i Wi

In the case of RR, the logic is as follows: If a plant is located at j
(1 — y;j=0) and there is no other plant closer to clienti thanj (y,=0
Vva:dj, < dy), then client i must be assigned to plant j (1 — x;;=0).
Consequently, it suffices to replace, in Construction 2.1, Hby 1, z
by 1 —x; and {w;:iel} by {1 —y;}U{ya:dia <dy} and constraints
RR follow.

This logical reasoning is only valid in the absence of ties. Then,
we will assume for the moment that, for a given client i € A, dis-
tances dy, j € A, are all different.

Later on, Wagner and Falkson (1975) introduced an alternative
set of constraints for ensuring closest center behavior in an inte-
ger-linear location-allocation mo as follows:

z Xa+y; <1 VijeA WF

a:dig>dj

Here, the logical reasoning is as follows: If a plant is located at point
j (1 —y;=0), then the assignment of client i to any plant more dis-
tant from i than j is not allowed (3,4, .4 Xia = 0). Then, by replacing,
in Construction 2.1, H by 1, z by Zfa:dwdﬁx,-a and {w;:iel} by
1 - y;, WF follow.

The third linear set of constraints designed to force closest
assignment was utilized by Church and Cohon (1976) for siting en-
ergy facilities, and afterwards by Hanjoul and Peeters (1987) in
plant location models:

Z Xa >y VijeA cC

a:dig <dj

The reasoning is: If client i is neither assigned to j nor to a plant that
is not further fromi thanj (-4, <, %ia = 0), there cannot be a plant
located at site j (y; = 0). Then, by replacing,’in Construction 2.1, H by
1,z by yj and {w;:i € I} by {xi : dix < d;j},CC follow.

RR and CC are possibly the most widely referenced CAC (see
Church and Roberts (1983), Hanjoul et al. (1990), Scaparra and
Church (2008) and Texeira and Antunes (2008), among others).

Competitive location on a network was studied by Dobson and
Karmarkar (1987). They introduced the following CAC:

Xij+ya<l \V/l.,j,aEA: dia<dij- DK

The idea of Constraints DK is that client i is not assigned to plant j
(x;; = 0) if there is another plant closer to i than j (1 — y, = 0). Hence,
for each point a such that dj, < dyj;, replace, in Construction 2.1, H by
1,z by x; and {w;:i eI} by 1 — y, to obtain DK.

Gerrard and Church (1996) studied some structural properties
of constraints RR, WF, DK and CC. We will detail below which of
our results were previously noted by these authors.

More recently, Canovas et al. (2007) studied the Simple Plant
Location Problem with Order. They considered an improvement
of inequalities WF given by

S Xat+ Y. Xty <1 VijkeA CGLM

a:dig>dj; @:dig <djj,dg>dyj

Note that additional x,,-variables are added to the left hand side of
WF which cannot take value 1 if either y; or x;4: dj; < dj, take value 1.


Maria
Resaltado
Be careful.
This inequality should not be strict
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To view how these constraints work, in Fig. 1 we have represented
nodes as points in the real plane and used Euclidean distances. The
two circumferences in the picture are centered at node k and i and
have radius d,; and dy, respectively. When y; = 1, allocations drawn
in the figure (represented by arrows with origins at i or k) are not pos-
sible because of closest assignment, i.e., in the worst case node i and k
are allocated to nodej (these nodes or some of them could be assigned
to a closer node). These allocations are associated to variables x;, and
Xq in the corresponding constraint CGLM. When y; = 0, the inequal-
ity is valid because all nodes pointed from k are closer to i than all
nodes pointed fromi and then, if k is allocated to some of these nodes,
i cannot be allocated to the nodes which are further.

These constraints can still be obtained by replacing, in Con-
struction2.1,Hby 1,zby 3=, s Xia 2 <d; dg>dyXka (after notic-
ing that at most one of these variables can take value 1) and
{witiel}by 1 -y,

Belotti et al. (2007) studied the obnoxious p-median problem,
where inequalities WF were used to enforce closest assignment.
Among other families of valid inequalities, these authors intro-
duced the following:

P> X< Y. Y, VijeA BLMN

a:dig>d;; a:dig>dj;

These constraints also enforce closest assignment. To see it, fix a
client i and assume y;=1 and y,=0 Va: di;<dy Then, from
BLMN, pZud >dj Xia < Zad >d;; Yo=p-1 implying Zu:dm>dijxiﬂ =0.
Since (3) 1mply Zad J<d;Xia = 0 it follows, from (2), x;=1. BLMN
can also be obtamed by Construction 2.1, replacing H by p, z by
e du<d;Ya and {w;:i € I} by {xis: dis < djj}, and then using equalities
(2) and (4).

Berman et al. (2009) provided the following CAC in the context
of equitable location:

> digXia + (M — dy)y;

acA

<M VijeA, BDIW

where M is a large constant (it could be chosen M = max;>_,,dia)-
Here, if a plant is opened at j (y; = 1), the assignment distance of cus-
tomer i given by >, ,diaX;s is at most equal to dy.

Finally, Marin (2011) has proposed the following CAC:

S Xat D> Va<qy VijeA M
a:dig >dj; a:dig<dj
where g;; = min{p,|6;|} and 6; = {a:d;, < djj}.

These constraints can again be obtained by replacing, in Con-
struction 2.1, H by gy, z by zu:dm<d,-jya and {w;:i € I} by {xjq: diq < djj}.

Note that constraints M can be adapted to the problems with-
out a fixed number of plants in the following way:

-~ -
-

Fig. 1. Example of how constraints CGLM work.

Vije A, M

1051 > X+ D> Yo <104,

adig >dj; a:dig<dj

3. Dominance relations between constraints

In order to compare all the CAC introduced in the previous sec-
tion, we say that a set of linear constraints Ax + A,y < b dominates
another set of linear constraints A;x +A’yy < b'if and only if

{(x,y) ERT xR :Ax+Ay<b, (2)—(4), (7)}.

{(x,y) ER” xR :AX+Ay<b (2)—(4), (7)} c

Or equivalently, assuming that constraints (2)-(4), (7) hold, to
prove that a set of linear constraints A +A,y < b dominates an-
other set of linear constraints A}x + A,y < b’ it suffices to show that
Ax+Ay < bimplies Ax+ Ay <b'.

We say that both sets of constraints are equivalent if they dom-
inate one another.

In the following we state some dominance relations between
the different CAC introduced above and summarized in Table 1.

Proposition 3.1. Constraints W and CC are equivalent.

Proof. Using (2), constraints W can be rewritten as

1= > X4y <l Y Xa> O

a:dig<d a:dig <dj
Proposition 3.2. Constraints WF dominate constraints RR.
Proof. Rewriting again WF as

1- ) Xty <

a:d<dj

T=X+ Y X 2

a:djg<dj
and now using (3), it follows

Xi+ > Ya=y. O

a:dig<d;j
Proposition 3.3. Constraints WF dominate constraints DK.

Proof. Given values i, j and a satisfying d;, < dj;, the corresponding
DK constraint x;;+y, <1 is dominated by the WZF constraint
> kdy>d,Xik + Yo < 1, since both constraints share the same right
hand side and each coefficient in the left hand side of the former is
less than or equal to the corresponding coefficient in the later. O

Proposition 3.4. Constraints DK dominate constraints BDTWV.

Proof. We will prove that, for a fixed pair i, j € A, DK constraints
X +Y; <1 Va:dig > dy, (11)
dominate BD7W constraint

S dukia + (M — dy)y; < (12)

acA

for M a large amount. Summing constraints (11) multiplied by d;,,
we get

Z diaxia +

a:dig>dj

Z dia ng

a:dig>djj

> d (13)

a:dig>dj
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Table 1
Different CAC from the literature, summarized.

Year Name Constraints Cardinality
1970 RR Xij + Cadg<d,Ya = Vi Vij €A o(n?)
1975 WF DadgsdXia +Y < TVIjEA o)
1976 cc Yadg<aXia = Yj Vi j €A o(n?)
1987 DK Xij+Ya <1 Vi j,acA: dig<dy om?)
2007 cGLM Daidy>dyXia + Dady<dydg>dgXka +¥j S TVij k€A om)
2007 BLMN PZa_d,pd,ij < YadgsdYa ViJEA on?)
2009 BDTW > aeabiaXia + (M — dy)y; <M Vi j €A o(n?)
2011 M 1051 a0 > d,Xia T Xadg<d,Ya < 1051 Vij €A on?)
2011 M uZadmgd Xia + X ad, <d;Ya < Gjj VijeA o(n?)

Adding e, < digXia + (M — . to both sides of (13),

le - Za:dm>di} diﬂ)yj

it follows
Z dlaxlﬂ M dl] Z dla + Z dlaxlﬂ
acA a:dig>d a:dig<d;
+(M=dyj— 3 du |y (14)
a:dig>d;
Since y; < 1, the right hand side of (14) is less than or equal to
Z diaxia + M- dy
a:dig<d;

Using now (2), which implies 3", 4 diaXia < djj, the right hand side
of (14) is bounded by M and (12) follows. O

Proposition 3.5. Constraints WF dominate constraints M'.

Proof. Consider a fixed pair i, j € A and a subset of constraints WF
given by

> Xp+Y <

bidp>dig

1Va:dyq < dj. (15)

Summing constraints (15) we get

Z Xip + Z Yo <

HaeA:dy <dj}| <=
a:dig<d;j b:dip>diq a:dig <djj
Soxt Y. > X+ Y Ye<[o4] (16)
a:dig<dy bdy >dj>d;q a:dig<dyj b:di>dip>diq a:dig<dj
The first sum in (16) is

Xib:Z inb=z inb

a:dig<dy by >d; bidyp>dy a:dig<dy

= > 0.

b:dy, >d;

a:dig<dy by >d;i>d;g

In the second sum in (16), variables x;, corresponding with points
closer to i than j are added as many times as points a exist closer
to i than b, i.e., |0;| times. Then from (16) we get

Z |9U|X1b+ Z |01b‘xzb+ Z ya \911 (17)

bidy, >d; bdg>dy, a:dig<dy

Constraint (17) has the same right hand side as the constraint in M’
associated with the same pair i, j, and each coefficient in (17) is
greater than or equal to the corresponding coefficient in M’. There-
fore, M’ are dominated by WF. O

It follows from the previous propositions that CC dominates R'R.
This fact was observed in Hanjoul and Peeters (1987) and Texeira
and Antunes (2008). Scaparra and Church (2008) compared these
two sets of constraints in a computational framework.

Proposition 3.6. Constraints CGLM dominate constraints WF and
CC.

Proof. Each coefficient in CGLM is greater than or equal to the cor-
responding coefficient in W. Since WF and CC are equivalent, the
result follows. O

Proposition 3.7. Constraints M dominate constraints BLMN.

Proof. For i, j € A fixed, using (4) and multiplying both sides of
constraints BLMN by qTJ where j' = min{k:dy > d;}, these con-
straints can be rewritten as

diy
P Y Xa<P— D Vo= Gy Y, Xat-- > Vo< Gy
a:dig>dj a:dig <dj a:dig>dj p a:dig<d;
(18)
We distinguish two cases:

1. p < |6y]: Then, we have that g; = p and inequalities (18) are

ST Xat+ Y Ve <y

a:dig>d; a:dig <dj

or equivalently

S Xt > Ve<ay,

a:diﬂ>dij, a:d,-ﬂ<d|.j,

exactly coinciding with M for a pair of indices i, j. The case where
d;j = maxyea{dic}, the corresponding constraint BLMN provides the
inequality }",_,y, < p, implied by (4).

2. p > |0y|: Then, the x-coefficients and the right hand side in (18)

are equal to the corresponding coefficients in M, whereas the y-

coefficients in (18) are ‘% = w \0 /| , strictly less than 1,

which is the corresponding coefficient i 1n M. O

Observe that in the above dominance results, we have only used
constraint (4) in Proposition 3.7. Therefore, all other relationships
are still valid for the case where the number of facilities to be lo-
cated are not fixed in advance.

We complete the classification with some counterexamples
showing no other dominance relations between inequalities exist.

Example 3.1. Consider an instance with n=3, p=2 and

0 21
(dj) = <2 0 3 ) A fractional point which satisfies constraints

130

BDTW as well as (2)-(4) is
1/2 12 0

(y;):(l/z,l/z,l), (x,.*j): (1/2 1/2 0) Furthermore,
0 0 1
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Table 2
Sketch of examples of non dominance between constraints.
Constraints (dy) (ci) p RR WF,CC DK CGLM BLMN BDTW M M
ij (k)

RR 0317 05 2 3 3 - 3,2 34,2 3,24 3,2 3,2 34 3,4
3026 50 4 6
1 2 0 8 2 401
7 6 80 3610

WEF,CC 07 5 3 0 3 5 4 2 - - - 2,11 13 - 1,2 -
7 0 4 8 3 06 1
54 0 6 56 0 2
3860 4 1 20

DK 03 56 05 2 3 2 1,2 1,2 - 1,2,1 1,2 - 13 1,3
3089 50 4 6
58 0 7 2 401
6 9 70 3610

CGLM 0 3 8 6 08 51 2 - - - - 24 - 23 -
3075 8 0 3 6
8 7 0 2 8 7 0 2
6 520 6 52 0

BLMN 03 46 03 97 3 43 43 423 43,2 - 43 41 41
3079 304 2
4 7 0 2 9 4 0 8
6 9 20 7 2 80

BDTW 021 01 3 2 1.3 1,3 1,23 1,3,2 1.3 - 1,2 1,2
2 0 3 10 2
130 320

M 05 6 2 016 5 2 42 4,2 43,2 423 - 42 - -
501 3 10 4 3
6 1 0 4 6 4 0 2
23 40 5320

M o137 04 7 2 2 1.3 1,3 14,3 134 1.3 13 1,4 -
1 0 46 4 0 9 3
340 8 7 9 0 8
7 6 80 2380

(x*,y*) is an optimal solution of the linear relaxation of the
generalized p-median problem, augmented with constraints
BDTW, given by

min X + 3X13 + X21 + 2X23 + 3X31 + 2X3;
st (2)—(4), BDIW, 0<y, <1%j, x> 0Vij.

When i=1,j=2 and a =3, the left hand side of DK in (x*,y*) takes
value x;, + y3 = 1.5, greater than 1. This constraint is not satisfied
by (x*,y").

Therefore constraints BD7VV do not dominate constraints DK.

Following the scheme of the above example, a complete set of
counterexamples is given in Table 2. Each row shows the data for
which the optimal solution of the generalized p-median problem
augmented with the set of constraints indicated in the first column
violates at least one constraint of each family which is not domi-
nated by this set.

In each of the columns named RR to M/, either two or three
indices defining a violated constraint of the corresponding family
are given. To find these indices we have taken advantage of the
dominance relationship between families of constraints previously
analyzed, in the sense that the indices defining a violated con-
straint of a family & are still valid to define a violated constraint
of another family ), whenever ) dominates .

Note that it was possible in all the cases to find examples with
at most n = 4, symmetric and with d; = ¢;; = 0 Vi € A. Moreover, all
the matrices shown in Table 2 satisfy triangle inequality.

These examples demonstrate that no dominance relation exists
between sets of inequalities, but the ones previously shown and
the ones got from them using transitivity, thus completing the
classification of CAC in the literature. Most of the sets of con-
straints are dominated by another set. Only CGLM and M remain
non-dominated at this point. Note that the cardinality of CGLM is

O(n?) but a subset of cardinality ©(n?) which still dominates WF
can be easily generated by fixing k to any value. CGLM do not
make use of constraint (4) and can be used in models without fixed
number of plants, like the Simple Plant Location Problem, whereas
M takes advantage of (4) and can be combined with CGLZM for
solving discrete location problems with fixed number of plants.

4. A new set of constraints

Although inequalities M’ are dominated by WZF, they were
obtained weakening inequalities M, which were designed to be
applied in the presence of constraints (4). Now, using the ideas
behind constraints (17) in the proof of Proposition 3.5 we can
reinforce constraints M as follows:

ST i+ @ —105) Wi+ G5 Y Xt Y. Ve< Gy Vij. EMR
a:dig<d;; a:dig >dj a:dig<d;j
0] =10ia <P

where z~ := min{0,z}.

To see the effect of these constraints, fix a pair (i,j) and assume
Xip =1 for some b such that d;, > dj;. Then, from (2) the remaining
x-variables in EMR will take value 0 and the effect will be the same
as the effect of M, i.e., closest assignment. Assume now x;, = 1 for
some b such that dj, < dj and |6;] — 0| < p. Again the remaining
x-variables in EMR take value 0 and the inequality becomes

> Va<ay— (10 + (0 —105))7),

a:dig<dj
ie,

> Yo <min{p, |05} — (p—1051)" — 0| = 051 — |6s]-

a:dig <djj
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That is to say, the number of plants in the set 6; is bounded by
|65 — |0i| (which in turn is less than or equal to p). This is a correct
valid bound under the assumption that no plant closer to client i
than plant b is opened.

To see that the coefficients |0;4| + (p — |05])” in EMR cannot be
improved, we show the following result.

Proposition 4.1. For any i, j€ A and b € A such that dy, <dj; the
maximum value of C which makes the inequality

Civ+ 5 Y, Xa+ D Yo <y, (19)

a:di >d; a:diq<d;;

valid for the set

[y e RY < B :(2)=(4), (7)—(9), M} (20)
is

€ = max{0, |0| + (p — |05])" }-

Proof. In order to upperly bound the value of C, we consider all
possible points in the set (20).

If x;=0, coefficient C does not matter. In particular, if
> adyzd;Xia =1, then x;, = 0. Therefore we assume in the following
that P ady>d;Xia =0 and x; = 1.

If x;, = 1, then due to the CAC M, y, = 0 Va : dj, < d;p. Therefore,
(19) reads

C+ Y. ¥a<gq;=min{p, |05}

a:dip<djg<d;j

Observe that the number of binary y-variables in this inequality is
|0] — |0i]. We consider two cases:

e p < |04]. Then the right hand side of (19) is p. There are two
possibilities:
[-]1f |05] — 0| < p, the number of y-variables taking value 1
in the left hand side of the inequality can reach |0 — [0,
and C cannot be greater than p — |6;] + |6;|.
[-]If |05 — |0i| > p, the number of y-variables taking value 1
in the left hand side of the inequality can reach p, forcing C to

be 0.
Therefore,
CiS {: lf ‘01]|_|91b‘ > P,
<P — 104 + 0] if 105] — 0] < p.

e p > |04]. Then the right hand side of (19) is |0;| and the number
of y-variables in the left hand side of the inequality can only
reach |60 — |0i|. Thus

C < |0y
Considering both cases together we obtain

=0
Cis { _
< 0] + (P — 101)

if [05] — || > P,
if [0y — 0] <p. O

We will prove that constraints EMR dominate some other sets
of constraints and are not dominated by any of them.

Proposition 4.2. Constraints EMR dominate constraints M.

Proof. Each coefficient in the left hand side of £MR is greater than
or equal to the corresponding coefficient in M. O

cGLm  EMR

WF<—>(C M

¥

BDTW

Fig. 2. Relations between constraints.

BLNN

Example 4.1. Consider an instance with n=5, p=3 and

0 8 3 5

8 0 9 3
(dj)=16 2 7 1 | satisfying triangle inequality. A frac-

3 9 0 6

53 6 0
tional point w S
2/3 0 0 0 1/3
0O 1 o 0 0
1/3 0 1/3 0 1/3
0O 0 o0 2/3 1/3
1/3 0 1/3 0 1/3
Furthermore, (x*,y*) is an optimal solution of the linear relaxation
of the generalized p-median problem, augmented with constraints
EMR, given by

(%) = @/3.1.1/3,2/3,1/3), (x;) =

min  9xq3 + 2X13 + 8X14 + X15 + 9X21 + 5X3 + 6Xo4

+ 10x25 + 2X31 + 5X33 + 7X34 + 3X35+

8X41 + 6X42 + 7X43 + 4X45 + X51 + 10X52 + 3X53 + 4Xs54
st (2)—(4),

EMR, 0<y,<1 Vj, x>0 Vij.

When i =3 and j = 2, the left hand side of RR in (x*,y*) takes value
X3, +y3 +y: =2/3 and its right hand side takes value y; = 1. This
constraint is not satisfied by (x*,y*). When i=3 and j = 2, the left
hand side of BD7W in (x*y*) takes value 7/3 + (M —2)y; =
1/3 +M.

Therefore constraints £MR neither dominate constraints RR
nor BDTW.

Example 4.2. Consider the seventh example in Table 2 (row M).
When i=4 and j =3, the left hand side of EMR in (x*,y*) takes
value xj, +y; +¥; + ¥, = 5/2, greater than the right hand side 2.
This constraint is not satisfied by (x*,y*).

Therefore constraints M do not dominate constraints EMR.

These examples, together with the dominance and non-domi-
nance relations established in the previous sections, show that
constraints EMR dominate constraints M, M’ and BLMN and
are not dominated by any set of constraints.

In this point, the sets of constraints which are not dominated by
any other set are EMR and CGLM. Fig. 2 illustrates the dominance
constraints between sets of inequalities. Here A — B means A dom-
inates B.

5. Additional properties of some constraints

Next we show that, using some of the CAC, the integrality of the
x-variables can be relaxed. Whereas in the most simple and widely
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studied discrete location problems (i.e., the Simple Plant Location
Problem and the p-median Problem) x-integrality is guaranteed
in the optimum due to the shape of the objective function, in our
case it is a consequence of the set of constraints, regardless of
the objective function shape, and is satisfied by all the feasible
solutions.

Proposition 5.1. The following equalities hold:

{wy) ezt x 70 @)—@)x) = {xy) e RY x 701 (2)—(4).x},
(21)

where

X € {RR,WF,CC,DK,CGLM, BDTW, EMRY. (22)

That is to say, when some of the CAC in the set (22) are added to con-
straints (2)-(4), integrality of the x-variables can be relaxed.

Proof. Observe that, due to the dominance relationships between
CAC, it is only needed to prove equality (21) when
X € {RR,BDTW,EMR]}.

Clearly in all cases the set on the left is included in the set on
the right hand side. Consider now an element (x,y) in the set on the
right hand side with y;=1 Vje€A; and yj=0 Vj €Ay, A;UAg=A.
Using (2) and (3) it follows

dxj=1 VieA (23)
jeA

Fix any i € A and let j; := argmin{d;;:j € A} be the closest plant with
respect to i. Then

e From RR, x5 >y;, =1, then from (23)
Xj =0 V) #j;, xe z" and (21) follows.
e From BD7TW and (3) it follows
> diaXia < dj;.- (24)

ach;

Xj, =1 and

All the coefficients in the left hand side are greater than or equal to
dy;,. Then, if x;; > 0 for some j # j;, from (23) the left hand term in (24)
would be strictly greater than dy,. Therefore, x;, = 1, x € Z* and
(21) follows.
e Foriandjj;, using (2), (3) and the corresponding constraint EMR
we obtain that

Z Xio = 1.

a:dig ;d,-ji

Moreover, for i and j; such that 05,1 — 105,] = 1 < p, the left hand side

of the corresponding constraint EMR is

(1051 + (P — 105,) x5 + 5, > Xia+ > Ya= (0]

a:di, zdij—»i a:dm<dﬁi
+ (0105 = V)X, — X + G5, > Xa+ D Ve
a:d;azdiji a:dia<d§i
that is to say, the constraint EMR is
(105, + (P = 105 = 1)” = q5)xi, + 1 < 0. (25)

If p > [05] = 105] + 1, then the inequality (25) is
(105 = g5 )%, + 1= =X, +1 <0
and then x5 = 1. If p < 05| = |05| + 1, (25) is

(|0iji| +p - ‘Oiji‘ -1 _p)xifi +1= —Xij; +1<0
and then x;, = 1. Therefore, (21) follows. O

Note that this result is also valid for the case where the number
of facilities to be located is not fixed in advance (except for the case
of EMR).

Equality (21) was observed in Gerrard and Church (1996) in the
case of constraints CC. The following counterexample shows that
the remaining sets of constraints do not present this desirable
property, observing again that it is only needed to show counterex-
amples for the case of M.

Example 5.1. Consider an instance with n=3, p=2 and

0 3 2
(dy) = (3 0 1). A fractional point which satisfies constraints
210

0 1/2 12
M as well as (2)-(4) is (y;) =(0,1,1), (x,.*j) = (0 1 0 )

0 o 1
Furthermore, (x*,y*) is an optimal solution of the generalized p-
median problem, augmented with constraints M given by

min Xy + 2X13 + X21 + 3X23 + 2X31 + 3X32

Constraints RR present an additional property. They make con-
straints ;. ,x; > 1 and (3) unnecessary. Analogously, constraints
CC make constraints 3, ,x; > 1 unnecessary.

Proposition 5.2. The following equality holds:

{(x,y)e[Ri’foi:Zx,-jgl, (4), RR}
JjeA

= {&y) eRY x 77 2)-(4), RR}.

Proof. Fix any i€ A. From (4) and since y; € {0,1} Vj, an index
Jji:= argmin{d;:y; = 1} exists. Then, from RR,

X+ D Va2 Y, =K > 1

a:dj, <diJi
Now,

o from 37, ,x; <1 = x5 =1 and x;; =0 Vj # j. Therefore x; =0
for any j such that y;=0 and (3) follows.
e > iaXi = X, =1 and (2) follows. O

It was observed in Gerrard and Church (1996) that constraints
(3) can be relaxed in the presence of RR.

Proposition 5.3. The following equality holds:

{(x,y) ERT x 2" x; <1, (3), (4), cc}

JjeA

- {(x,y) ERT x 7" : (2)—(4), cc}. (26)

Proof. Fix any i€ A. From (4) and since y; € {0,1} Vj, an index
Jji==argmin{d;:y;j=1} exists. Then, from CC, Za:dmgdij_x,-a >y =
1< (2)holds. O '

The fact demonstrated in Proposition 5.3 was observed in Gerr-
ard and Church (1996). The rest of the constraints do not present
any of these properties. To prove this assertion we present two
counterexamples.
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Example 5.2. Consider an instance with n=3, p=2 and

0 4 3
(dy) = (4 01 ) . An optimal solution of the problem
310

min 2X12 + 6X13 + 2X21 + Xo3 + 6X31 + X33
st (2), (4),
WZF, CC, DK, CGLM, BLMN, BDTW,
M, M, EMR.y;, € {01} ¥, x;€ {01} Vi

1 00
is (y]*) =(1,1,0), (xu) =10 1 0|, which violates constraint
X33 < Y3 0 01

Therefore constraints (3) cannot be relaxed when one of the sets
of constraints WF, CC, DK,CGLM, BLMN, BDTW, M, M’ or
EMR are used as CAC in a formulation.

Example 5.3. Consider an instance with n=3, p=2 and

0 2 3
(dj)=12 0 1 |.An optimal solution of the problem
310
min  2Xqy3 + 3X13 + 2X31 + X23 + 3X31 + X32
st.  (3), (4), WF, DK, CGLM, BLMN , BDTW,
M, M, EMR, y;€{0,1} V), x;€{0,1} Vi,j

0 0O
is (y;) =(1,0,1), (x;‘j) = (8 g 8) which violates constraints

x> 1vi=1,2,3.

6. Adaptation to the case of ties between distances

In this section we analyze the previous results to check whether
they are still valid when the distance from one client to two or
more plants can be equal. A typical situation of that type is when
several alternative facility sizes with different capacities and/or
costs are possible at the same site (i.e., colocations are possible)
and the situation is modeled considering each alternative as a sep-
arate potential facility (but with the same associated distances).

In this case constraints RR fail. To see it, let j; be again the clos-
est plant with respect to client i but suppose there is a second plant
j'such that dj, = d;;. then, applying RR to (i,ji) and (i,j"), it follows
x;j =1 and x; = 1. This fact was noted in Gerrard and Church
(1996) where the authors proposed alternative constraints
depending on the number of tied distances. For the sake of brevity
we only present the constraints they proposed for the case of two
tied distances, i.e., d;; = dy for some i, j # k € A:

Xi+ > Ya=¥ OC
ajidg<d;

X+ Y Yo=Y 6C

ark-dg<dy,

1 1 "
Xij + Xi + Z Yo 2 inJer/k- gc

a:dig<d;

We see how these constraints work. If y; =y, =0, the constraints
have no effect. If y;=1 and y, = 0 (resp. y, =1 and y; = 0), the effect
of GC (resp. GC') is the same as in RR and GC' has no effect. Finally, if
Yi=Yk=1, GC and GC' have no effect and GC" forces i to be assigned
to either j, k or a plant closer to client i than plants j and k.

We propose a more simple adaptation of constraints RR to the
case of ties:

Z Xig + Z Yo=Y VijeA RReur

a:dig=dj; a:dig<dj
Observe that this inequality is valid for any number of tied
distances.

Proposition 6.1. Constraints RRspr dominate constraints GC,GC'
and GC".

Proof. Fixingi,j and k and writing the two constraints R R gy COI-
responding to (i, j) and (i,k) we get

Z Xig + Z ya Zij (27)

a:dig=dj; a:dig<dj
D Xat Y Vo= Ve (28)
a:d;,=dy, a:d;<dy,

e Since —using (3)- Xix < Y (27) implies GC.
o Analogously, since x;; < y;, (28) implies GC'.
e Summing (27) and (28) multiplied by 1, GC” is obtained. O

It can be easily checked that constraints WF, CC, DK,
CGLM, BLMN, BDTW, M, M’ and EMR still work in case of
ties. Moreover, the demonstrations of all results in Section 3 which
prove relations between these constraints still work in case of ties.

Proposition 3.2 can be straightforwardly adapted to show that
the classification of RR and RR¢vr With respect to the dominance
relations is the same:

Proposition 6.2. In case of ties, constraints WJF still dominate
constraints RRemr.

Proof. Rewriting again WF as

T- ) Xaty<les Y Xt Y Xa>Y

a:dig<d;; a:dig=dj; a:dig<dj

and now using (3), it follows

ZXia+ Zya>y]—‘ O

a:dig=d; a:djg<dj

All examples used to show non-dominance relations are still va-
lid in the case of ties.

Integrality of x-variables is not yet implied by any of the CAC.
We show it in the following example.
Example 6.1. Consider an instance with n=3, p=2 and

01 1
(dyj) = (1 0 1 ) . An optimal solution of the problem
1 10

min  Xiy + X13 + X21 + X23 + X371 + X302
st (2)—(4),
RRemr, WF,CC, DK, CGLM, BLMN,

BDTW, M, M ,EMR, y; € {0,1} Vj, x; >0 Vij

1 0 0
is (y;) =(1,1,0), (x,;) = 0 1 0 |, which is not integer.
1/2 1/2 0

Nevertheless, in some problems what is important can be not if
x-variables take integer values, but if closest assignment is still sat-
isfied by the (non-integer) optimal solution of the problem. For in-
stance, in the p-median problem with ties, if two plants j; and j;
are at the same distance from client i, a solution with
X, = X;j, = 1/2 is not a problem since it can be transformed into
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Table 3
Summary of results.

Constraints Dominate Dominated by p Required Valid when ties Relax (no ties) Relax (ties) Fractional CA
RR - WZF CC CGLM N N (2)(8) = NS NS
RRemr - WF CC CGLM N Y (2)(8) > > Y
WF RR RRemr CC DK M' BDTW CC CGLM N Y (8) - Y
cc RR RRemr WF DK M' BDIW WEF CGLM N Y (8) = > Y
DK BDTW WF CC CGLM N Y (8) - Y
CGLM RR RRemr WF CC DK M’ BDTW - N Y (8) Y
BLMN - M EMR Y Y - - N
BDTW - WZF CC DK CGLM N Y (8) Y
M BLMN M’ EMR Y Y - - N
M - WZF CC CGLM M EMR N Y - - N
EMR BLMN M M’ - Y Y (8) - N

another solution with the same objective value simply doing
x;, = 1 and x5, = 0. We check now which of the sets of constraints
keep the closest assignment property in case of ties.

Proposition 6.3. At any optimal solution (x*,y*,z*) of Problem (1)-
(7), (9)-(10) (the general problem where the integrality of x-variables
has been realaxed) with an additional family of constraints
X € {RRemr, WF, CC, DK,CGLM,BDTWY}, it holds

Viji.j, €A: x5 >0, X > 0= dy, = dy,. (29)

Proof. Using (2) and (3) it follows

> xj=1VieA (30)

JjeAy

Let j; € argmin{d;;:j € A;} be a closest plant with respect to i. Then

e From either WF, DK or CGLM, x;; = 0 Vj : dj > dy,. Then, from
(30), Yjen,y-a; X5 = 1 and (29) follows.
e From either RR¢\ iz or CC, Y jeard

i Xi = 1 and (29) follows.
e From BDTW and (3) it follows '

ii=

Z diaX, < djj,. (31)

ach,

All the coefficients in the left hand side are greater than or equal to
dy,. Then, if x;; > 0 for some j: dj > d;, from (30) the left hand term
in (31) would be strictly greater than dy. Therefore,
ngAlidiJ:dijix;} =1 and (29) follows. O

However, this property is not satisfied by any of the remaining
CAC, as shown in the following example.

Example 6.2. Consider an instance with n=4, p=2 and

2
g . An optimal solution of the problem
7

o oh
oy WU

0
2
(dij) = 4
5

min  Xi2 + 7X13 + 5X14 + X21 + 5X23 + X4+
7X31 + 5X32 + 2X34 + 5Xa1 + X4z + 2X43
st. (2)—(4),
BLMN, M, M EMR, y, € {0.1} V], x; > 0Vij

0 1 0 0
R " 0 1 0 0 e e
is (yj>:(071,1,0), (x,.j): 0 0 1 0 . Here xj, = x5 =
0 12 12 0

]/2 bUtd42=77éd43=5.

The part of the proof of Proposition 5.2 where it is proved that
RR implies 3. ,x; > 1 (replacing RR by RReur) and Proposition
5.3 are valid in case of ties. Nevertheless, constraints R R ¢z do not
imply (3) as shown in the following counterexample.

Example 6.3. Consider an instance with n=3, p=1 and

01 1
(dy) = (1 0 2) . An optimal solution of the problem
120

min = 4xi; + 7X13 + 4Xp1 + 4X23 + 7X31 + 4X3;
st (2), 4),

RRemrs Y; €{0,1} v.()
is (y;) =(0,0,1), (x,;.) —(o o
X12 < V2. 00

0,1}Vi,j

, which violates constraint

7. Conclusions

We have analyzed and completely classified from the point of
view of the dominance all the Closest Assignment Constraints in
the literature of Discrete Location Theory. We have also proposed
a new non dominated set of constraints and shown that some of
the CAC present, mainly when there are no ties between distances
from the same client, some additional good properties which make
unnecessary either integrality of the x-variables or some sets of
classical location constraints.

Some of the CAC imply the integrality of the x-variables, reduc-
ing the number of integer variables in the formulation by n?, and
some of them avoid the use of constraints x; < y; reducing the
number of constraints in the formulation by n?, making them also
valuable.

As a summary of the results obtained in the paper, Table 3 re-
ports, for every family of CAC, (i) which other families it dominates,
(ii) which other families dominate it, (iii) whether a fixed number
of plants is required to use this CAC (Y) or not (N), (iv) whether it
can be used (Y) or not (N) in the presence of ties in some row of the
distance matrix, (v) which classical location constraints are implied
by the corresponding family of CAC —-and could be relaxed— in the
absence of ties (here “>" means > % = 1), (vi) which classical
location constraints are implied by the family of CAC in the pres-
ence of ties, and (vii) whether (Y) or not (N) constraints (6) can
be relaxed (even if they are not implied by the CAC) because an
integer optimal solution can be trivially derived from the fractional
optimal solution of the relaxation (see Proposition 6.3). In the ta-
ble, “NS” means that the question has no sense in this case.

The constraints which are not dominated by any other set of
constraints are those presented in Canovas et al. (2007), termed
CGLM, and the ones newly developed in this paper, termed
EMR. CGLM do not make use of the fixed number of plants and
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can be incorporated to models without this condition, whereas
EMR can only be used under this hypothesis. Although CGLM
has cardinality O(n?), a subset of cardinality O(n?) suffices to force
closest assignment and still dominates the same subsets of con-
straints. Combining both sets of inequalities can be an adequate
approach for solving CA discrete location problems with the p-
median constraint. Designing a separation algorithm inside a
branch-and-cut procedure, and computationally checking the
improvement of this combination with respect to using each set
of constraints separately, is a matter of future research.
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